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Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ìåæäóíà-
ðîäíîãî Ôîíäà CRDF (ïðîåêò RM2-2243)

ÓÄÊ.519.6

Â.Ò.Æóêîâ, Î.Á.Ôåîäîðèòîâà

Î ïðåäîáóñëàâëèâàíèè ñòàáèëèçèðîâàííûõ êîíå÷íî-ýëåìåíòíûõ ñõåì
âûñîêîãî ïîðÿäêà.

ÀÍÍÎÒÀÖÈß

Èçó÷åíû íåêîòîðûå ïîäõîäû ê ïðåäîáóñëàâëèâàíèþ êîíå÷íî-ýëåìåíòíûõ
ñòàáèëèçèðîâàííûõ äèñêðåòèçàöèé (SUPG/GLS) âûñîêîãî ïîðÿäêà. Ïðåä-
ñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ. Â êà÷åñòâå ìîäåëè âû-
áðàíî óðàâíåíèå êîíâåêöèè-äèôôóçèè. Ðàññìîòðåíû òðè òèïà ïðåêîíäè-
öèîíåðîâ ïðè ïðåäïîëîæåíèè, ÷òî êîíå÷íî-ýëåìåíòíàÿ ñõåìà, ïîñòðîåí-
íàÿ íà ëèíåéíûõ ýëåìåíòàõ, ìîæåò áûòü ðåøåíà ýôôåêòèâíî.
Ñòð. 19, òàáë. 18, áèáë. íàçâ. 5.

O.B.Feodoritova, V.T.Zhukov.

On preconditioning stabilized high order discretization.

ÀBSTRACT

Some approaches for construction of preconditioners are analyzed, that
may be used to improve e�ciency of iterative methods for linear systems
arising from high order �nite element discretization.
The results of numerical investigations of preconditioning techniques for

stabilized high order �nite element discretization (SUPG/GLS) are presented.
As a model convection-di�usion equation is used. It is considered three types
of preconditioners under assumption that linear element scheme can be e�ciently
solved.
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1 Ââåäåíèå

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ñïîñîáû ïîñòðîåíèÿ ýôôåêòèâíûõ àë-
ãîðèòìîâ ðåøåíèÿ ñòàáèëèçèðîâàííûõ ñõåì ÌÊÝ âûñîêîãî ïîðÿäêà, ïî-
ëó÷àåìûõ ïðè äèñêðåòèçàöèè äèôôåðåíöèàëüíûõ óðàâíåíèé. Â êà÷åñòâå
êîíêðåòíîãî ïðèìåðà âçÿòî óðàâíåíèå êîíâåêöèè-äèôôóçèè. Íàñ áóäóò
èíòåðåñîâàòü ñèíãóëÿðíî-âîçìóùåííûå çàäà÷è, â êîòîðûõ êîýôôèöèåíò
äèôôóçèè ìàë ïî ñðàâíåíèþ ñ ìîäóëåì âåêòîðà êîíâåêòèâíîé ñêîðîñòè.
Â êà÷åñòâå äèñêðåòíûõ àíàëîãîâ èñïîëüçóþòñÿ hp-êîíå÷íî-ýëåìåíòíûå
àïïðîêñèìàöèè SUPG/GLS, êîòîðûå øèðîêî ïðèìåíÿþòñÿ ïðè ðåøåíèè
çàäà÷ äèíàìèêè âÿçêîé æèäêîñòè. Õîðîøî èçâåñòíî, ÷òî ñèñòåìû ëè-
íåéíûõ óðàâíåíèé, âîçíèêàþùèå ïðè äèñêðåòèçàöèè, ïëîõî îáóñëîâëåíû
è îáóñëîâëåííîñòü óõóäøàåòñÿ ñ ðîñòîì ÷èñëà ñòåïåíåé ñâîáîäû, ò.å., ñ
óìåíüøåíèåì õàðàêòåðíîãî ðàçìåðà h ÿ÷ååê ñåòêè è óâåëè÷åíèåì ñòå-
ïåíè ïîëèíîìîâ p, èñïîëüçóåìûõ äëÿ ïðåäñòàâëåíèÿ ðåøåíèÿ â ÿ÷åéêàõ
ñåòêè. Ïëîõàÿ îáóñëîâëåííîñòü çàòðóäíÿåò ïîëó÷åíèå äîñòàòî÷íî òî÷íî-
ãî ðåøåíèÿ è çàìåäëÿåò ñõîäèìîñòü èòåðàöèîííûõ ïðîöåññîâ.
Ïî ýòîé ïðè÷èíå ïðåäîáóñëàâëèâàíèå äèñêðåòíîé çàäà÷è ÿâëÿåòñÿ ñó-

ùåñòâåííûì òðåáîâàíèåì äëÿ ýôôåêòèâíîãî ïðèìåíåíèÿ, íàïðèìåð, òà-
êèõ ìåòîäîâ, êàê ìåòîäû ñîïðÿæåííûõ íàïðàâëåíèé, îáîáùåííûé ìåòîä
ìèíèìàëüíûõ íåâÿçîê.
Èçâåñòíî, ÷òî âîçìîæíîñòè ñòàíäàðòíûõ ïðåäîáóñëàâëèâàòåëåé, îñíî-

âàííûõ íà ïðèáëèæåííîé ôàêòîðèçàöèè ìàòðèöû A ñèñòåìû óðàâíåíèé,
îãðàíè÷åíû, ïîýòîìó äëÿ ñèñòåì óðàâíåíèé hp-ÌÊÝ íà íåñòðóêòóðíûõ
ñåòêàõ ñ áîëüøèì ÷èñëîì íåèçâåñòíûõ àêòóàëüíîé ÿâëÿåòñÿ ðàçðàáîòêà
ñïåöèàëüíûõ àëãîðèòìîâ ðåøåíèÿ.
Öåëü äàííîé ðàáîòû ñîñòîèò â ïîñòðîåíèè è èçó÷åíèè ïðåäîáóñëîâëåí-

íûõ hp-ñõåì, íà íåñòðóêòóðíûõ òðåóãîëüíûõ ñåòêàõ, äëÿ êîòîðûõ ÷èñëî
îáóñëîâëåííîñòè µ = ‖A‖‖A−1‖ ðàâíîìåðíî îãðàíè÷åíî ïî h è p ( èëè
ÿâëÿåòñÿ èõ ñëàáî ìåíÿþùåéñÿ ôóíêöèåé).
Ïðè ïîñòðîåíèè ïðåäîáóñëàâëèâàòåëåé äëÿ ñõåì âûñîêîãî ïîðÿäêà (p >

1) ìû ñ÷èòàåì, ÷òî íà çàäàííîé ñåòêå ñõåìà ñ ëèíåéíûìè ýëåìåíòàìè
(p = 1) ìîæåò áûòü ðåøåíà ýôôåêòèâíî. Ýòî ïðåäïîëîæåíèå ðàçóìíî,
òàê êàê åñëè èñïîëüçóþòñÿ ýëåìåíòû âûñîêîãî ïîðÿäêà, òî ñåòêà ìîæåò
áûòü áîëåå ãðóáîé, ÷åì â ñëó÷àå ðàñ÷åòà ñ ïîìîùüþ ñõåìû ïåðâîãî ïî-
ðÿäêà (p = 1).
Ðåøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé, ñîîòâåòñòâóþùåé àïïðîêñèìà

öèè ëèíåéíûìè ýëåìåíòàìè íà òàêîé ãðóáîé ñåòêå, ìîæåò áûòü ïîëó÷åíî
îòíîñèòåëüíî ëåãêî ëèáî ïðÿìûì ìåòîäîì,
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ëèáî èòåðàöèîííûì ìåòîäîì ñî ñòàíäàðòíûì ïðåäîáóñëàâëèâàòåëåì,
ëèáî ìíîãîñåòî÷íûì ìåòîäîì.
Íà ïðàêòèêå óêàçàííîå ïðåäïîëîæåíèå âûïîëíÿåòñÿ óæå ïðè íå�áîëüøèõ

ñòåïåíÿõ ïîëèíîìîâ p = 2, 3.

2 Ïîñòàíîâêà çàäà÷è

Â îãðàíè÷åííîé îáëàñòè Ω ⊂ R2 ñ ãðàíèöåé ∂Ω ðàññìàòðèâàåòñÿ ìî-
äåëüíàÿ êðàåâàÿ çàäà÷à äëÿ ëèíåéíîãî óðàâíåíèÿ êîíâåêöèè-äèôôóçèè:
íàéòè u(x, y) òàêîå, ÷òî

Lu ≡ −∇ · (ε ∇u) + p∇u+ au = f, (x, y) ∈ Ω, (2.1)

u(x, y) = g(x, y), (x, y) ∈ ∂Ω (2.2)

Çäåñü âÿçêîñòü ε(x, y), âåêòîð êîíâåêòèâíîé ñêîðîñòè
p = (p1(x, y), p2(x, y)) à òàêæå a(x, y), f(x, y), g(x, y) çàäàííûå ôóíê-

öèè, ε(x, y) > 0, a(x, y) ≥ 0.
Äèñêðåòèçàöèÿ ñèñòåìû (2.1) � (2.2) îñíîâàíà íà ñòàáèëèçèðîííûõ

ìåòîäàõ êîíå÷íûõ ýëåìåíòîâ SUPG/GLS. Â êà÷åñòâå ïðîåêöèîííûõ ðàñ-
ñìàòðèâàþòñÿ ñåìåéñòâà Vh ⊂ H1

0 êîíå÷íî-ýëåìåíòíûõ ïîäïðîñòðàíñòâ:
ïîäïðîñòðàíñòâî Vh ñîñòîèò èç êóñî÷íî-ïîëèíîìè�àëüíûõ ôóíêöèé ñòå-
ïåíè k ≥ 1 (çäåñü è äàëåå ñòåïåíü ïîëèíîìà îáîçíà÷àåòñÿ ÷åðåç k) íà
òðèàíãóëÿöèè Th ∈ T , îáðàùàþùèõñÿ â íóëü íà ãðàíèöå ∂Ω.
Äèñêðåòíàÿ çàäà÷à ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì: íàéòè uh ∈

Vh òàêîå, ÷òî

B(uh, vh) = (f, vh), ∀vh ∈ Vh. (2.3)

Áèëèíåéíàÿ ôîðìà B(., .) èìååò âèä:

B(u, v) = (ε∇u,∇v) + (p∇u+ au, v) +
∑
t

τ(Lu− f,Lv)tri

Ïàðàìåòð τ çàâèñèò îò ðàçìåðà ÿ÷åéêè ñåòêè, èíäåêñ (tri) óêàçûâà-
åò, ÷òî èíòåãðèðîâàíèå îãðàíè÷åíî ÿ÷åéêîé, t çàäàåò íîìåð ÿ÷åéêè è,
íàêîíåö, ñóììèðîâàíèå ïðîâîäèòñÿ ïî âñåì ÿ÷åéêàì ñåòêè. Ñòàáèëèçè-
ðóþùèé îïåðàòîð L îïðåäåëÿåò òèï ìåòîäà:

L̄v = Lv − Galerkin/least squares (GLS),

L̄v = p∇v + av − streamline upwind/Petrov −Galerkin (SUPG).
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Â ðåçóëüòàòå ïîëó÷àåòñÿ ëèíåéíàÿ ñèñòåìà

Au = b (2.4)

ðàçìåðàN = dimVh, ãäå u îáîçíà÷àåò âåêòîð íåèçâåñòíûõ uh â íåêîòîðîì
áàçèñå Vh, A - ìàòðèöà æåñòêîñòè.
Ñòåïåíü ïîëèíîìîâ k, êîòîðàÿ èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ êîíå÷íî-

ýëåìåíòíîãî ïðîñòðàíñòâà Vh áóäåì íàçûâàòü ïîðÿäêîì äèñêðåòíîé ñõå-
ìû (2.3). Îãðàíè÷èìñÿ ñëó÷àåì ïîñòîÿííîé ñòåïåíè ïîëèíîìîâ ïî âñåì
ÿ÷åéêàì (òðåóãîëüíèêàì) ñåòêè Th.
Ñëîæíîñòè ðåøåíèÿ òàêèõ ñèñòåì èçâåñòíû. Îíè óñèëèâàþòñÿ ñ óâå-

ëè÷åíèåì ðàçìåðà ñåòêè.

3 Âûáîð áàçèñà â Vh

Ïóñòü Φ1 è Φ2 ïðåäñòàâëÿþò äâà ðàçëè÷íûõ áàçèñà êîíå÷íî-ýëåìåíòíîãî
ïðîñòðàíñòâà Vh (dimVh = N):

Φ1 = {ϕn(x), n = 1, ..., N},
Φ2 = {ϕ̄n(x), n = 1, ..., N}, x ∈ R2.

u è ū îáîçíà÷àåò âåêòîð íåèçâåñòíûõ un ∈ Vh â áàçèñå Φ1 è Φ2 ñîîò-
âåòñòâåííî.

u = (u1, ..., uN)>,

ū = (ū1, ..., ūN)>,

uh =
N∑
i=1

uiϕi =
N∑
i=1

ūi ϕ̄i. (3.1)

A è Ā ìàòðèöû æåñòêîñòè áèëèíåéíîé ôîðìû (2.3) â áàçèñàõ Φ1 è Φ2 :

aij = B(ϕi, ϕj), āij = B(ϕ̄i, ϕ̄j).

Tîãäà Ā = C>AC, ãäå C ìàòðèöà ïåðåõîäà îò áàçèñà Φ1 ê áàçèñó Φ2,

ò.e., ϕ̄k =
N∑
j=1

cjkϕj, k = 1, ..., N , èëè, ÷òî ýêâèâàëåíòíî, C - ìàòðèöà

ïåðåõîäà îò âåêòîðà ū ê âåêòîðó u : u = Cū. Âûáèðàÿ ñîîòâåòñòâóþ-
ùèé áàçèñ â Vh, áèëèíåéíàÿ ôîðìà ïðåäñòàâëÿåòñÿ ìàòðèöåé æåñòêîñòè,
êîòîðàÿ ìîæåò áûòü ýôôåêòèâíî ïðåäîáóñëîâëåíà. Òðàäèöèîííûì ÿâëÿ-
åòñÿ áàçèñ, ïîñòðîåííûé èç ïîëèíîìîâ Ëàãðàíæà. Áóäåì äàëåå íàçûâàòü
åãî "óçëîâûì" áàçèñîì. Àëüòåðíàòèâíûì ÿâëÿåòñÿ èåðàðõè÷åñêèé áàçèñ,
â êîòîðîì ñòàíäàðòíûé ëèíåéíûé êîíå÷íî-ýëåìåíòíûé áàçèñ ïîñëåäîâà-
òåëüíî äîïîëíÿåòñÿ ïîëèíîìàìè íàðàñòàþùåé ñòåïåíè. Äàëåå ýòîò áàçèñ
áóäåì äëÿ êðàòêîñòè èìåíîâàòü ìîäàëüíûì.
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Â äàííîì ïðåïðèíòå îãðàíè÷èìñÿ ýòèìè äâóìÿ ñëó÷àÿìè, õîòÿ èí-
òåðåñíî áûëî áû ïðîàíàëèçèðîâàòü îðòîãîíàëüíûé è, òàê íàçûâàåìûé,
íèçêî-ýíåðãåòè÷åñêèé áàçèñû.

4 Ïðåäîáóñëàâëèâàíèå ëèíåéíûõ ñèñòåì, âîçíèêàþùèõ ïðè

êîíå÷íî-ýëåìåíòíîé äèñêðåòèçàöèè âûñîêîãî ïîðÿäêà

Ñèñòåìà (2.4) ïëîõî îáóñëîâëåíà è åå ÷èñëî îáóñëîâëåííîñòè µ = ‖A‖ ‖A−1‖
âîçðàñòàåò ñ ðîñòîì ïîðÿäêà ñõåìû k è óìåíüøåíèåì ñåòî÷íîãî ðàçìåðà
h. Ïîñòðîåíèå ýôôåêòèâíîãî ïðåäîáóñëàâëèâàòåëÿ äëÿ ðåøåíèÿ òàêîé
ñèñòåìû âàæíàÿ òåìà ÷èñëåííîãî àíàëèçà.
Èòàê, â êàæäîé ÿ÷åéêå ñåòêè ïðèáëèæåííîå ðåøåíèå uh ëèíåéíî êîì-

áèíèðóåòñÿ èç áàçèñíûõ ôóíêöèé {ϕn(x), n = 1, ..., 3k}

uh =
3k∑
i=1

uiϕi,

ãäå k > 0 ïîðÿäîê àïïðîêñèìàöèè, ui, i = 1, ..., 3k âåêòîð íåèçâåñòíûõ.
Êàæäîé êîýôôèöèåíò àññîöèèðîâàí ñ îïðåäåëåííîé òî÷êîé òðåóãîëüíè-
êà. Ïðè k = 1 ýòè òî÷êè ñîâïàäàþò ñ âåðøèíàìè òðåóãîëüíèêà. Â ñëó÷àå
k > 1 ïîÿâëÿþòñÿ äîïîëíèòåëüíûå (k − 1) òî÷êà íà êàæäîé ñòîðîíå
òðåóãîëüíèêà. Áàçèñ ïîðÿäêà k > 2 äîëæåí ê òîìó æå ñîäåðæàòü òî÷-
êè, ëåæàùèå âíóòðè òðåóãîëüíèêà. Ýòè "âíóòðåííèå" òî÷êè ìîãóò áûòü
èñêëþ÷åíû íà ýòàïå äèñêðåòèçàöèè ñ ïîìîùüþ ïðîöåäóðû, èçâåñòíîé â
ìåòîäå êîíå÷íûõ ýëåìåíòîâ êàê "static condensation".
Òàêèì îáðàçîì, ìû èìååì äâå ãðóïïû íåèçâåñòíûõ: ïåðâàÿ ñâÿçàíà ñ

óçëàìè òðèàíãóëÿöèè (âåðøèíàìè òðåóãîëüíèêîâ) è áóäåò äàëåå èìåíî-
âàòüñÿ óçëàìè ãðóáîé (coarse) ñåòêè uc. Îñòàëüíûå óçëû, ñîïîñòàâëåí-

íûå äîïîëíèòåëüíûì òî÷êàì íà ðåáðàõ, áóäåì íàçûâàòü óçëàìè ïîäðîá-
íîé (�ne) ñåòêè uf .

4.1 hp-ïðåäîáóñëàâëèâàíèå ("Schwab")

Ïîäõîä, ðàññìîòðåííûé â ýòîì ïîäðàçäåëå, îïèðàåòñÿ íà ðàáîòó [1], â
êîòîðîé àâòîð íà ïðèìåðå 2D óðàâíåíèÿ Ïóàññîíà ðàññìàòðèâàåò hp-
äèñêðåòèçàöèþ íà ïðîèçâîëüíûõ ñåòêàõ ðåãóëÿðíîé ôîðìû è ñàìîãî îá-
ùåãî ðàñïðåäåëåíèÿ ñòåïåíè k.
Ðàáîòà ïðåäñòàâëÿåò îïòèìàëüíûé ïðåäîáóñëàâëèâàòåëü ïðè óñëîâèè,

÷òî ëèíåéíàÿ ñèñòåìà, âîçíèêàþùàÿ ïðè àïïðîêñèìàöèè â ÿ÷åéêàõ ëè-
íåéíûìè ýëåìåíòàìè ìîæåò áûòü ðåøåíà ýôôåêòèâíî.
Â äâóìåðíîì ñëó÷àå ïîêàçàíî, ÷òî âûáîð ìîäàëüíîãî áàçèñà ïîçâîëÿ-
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åò ïîñòðîèòü áëî÷íî-äèàãîíàëüíûé ïðåäîáóñëàâëèâàòåëü äëÿ ìàòðè-
öû A òàê, ÷òî ÷èñëî îáóñëîâëåííîñòè ïðåäîáóñëîâëåííîé ñèñòåìû ðàâ-
íîìåðíî îãðàíè÷åíî ïî h è ðàñòåò ëîãàðèôìè÷åñêè ñ ðîñòîì ïîðÿäêà k
èñïîëüçóåìûõ ïîëèíîìîâ.
Ýòîò ïðåäîáóñëàâëèâàòåëü óñòðîåí ñëåäóþùèì îáðàçîì. Îáîçíà÷èì

÷åðåç Nc ÷èñëî óçëîâ ãðóáîé ñåòêè, ò.å. ÷èñëî âíóòðåííèõ óçëîâ òðèàí-
ãóëÿöèè áåç ó÷åòà óçëîâ Äèðèõëå, à ÷åðåç Ned ÷èñëî âíóòðåííèõ ðåáåð.
Ïðåäîáóñëàâëèâàòåëü M ñîñòîèò èç Nc×Nc áëîêà, ñîîòâåòñòâóþùåãî

âíóòðåííèì óçëàì òðèàíãóëÿöèè è Ned äèàãîíàëüíûõ áëîêîâ ðàçìåðîì
(k − 1) × (k − 1) êàæäûé (â íàøåì ñëó÷àå ðàçìåðû áëîêîâ ïîñòîÿííû
â ðåçóëüòàòå ïðèíÿòîé ïîñòîÿííîé ïî çàäà÷å ñòåïåíè ïîëèíîìîâ). Ýòè
áëîêè ñîîòâåòñòâóþò "ðåáåðíûì" ìîäàì.
Ìû ïîñòðîèëè òàêîé ïðåäîáóñëàâëèâàòåëü è ÷èñëåííî ïðîâåðèëè, ÷òî

îí äåéñòâèòåëüíî ÿâëÿåòñÿ îïòèìàëüíûì äëÿ óðàâíåíèÿ Ëàïëàñà, íî íå
äàåò ïîëîæèòåëüíûõ ðåçóëüòàòîâ â ñëó÷àå äîìèíèðîâàíèÿ êîíâåêöèè.
Ýòîò ôàêò èìååò îáúÿñíåíèå: ñâÿçüþ îòäåëüíûõ áëîêîâ ìàòðèöû A â
ýòîì ñëó÷àå íåëüçÿ ïðåíåáðå÷ü.
Â ëèòåðàòóðå [3] ïðèâåäåí àíàëîãè÷íûé íåãàòèâíûé ðåçóëüòàò â òðåõ-

ìåðíîì ñëó÷àå äàæå äëÿ óðàâíåíèÿ Ëàïëàñà.

4.2 Òî÷íîå èñêëþ÷åíèå íåèçâåñòíûõ

Ïåðåíóìåðóì âåêòîð íåèçâåñòíûõ ïðèñâîèâ íà÷àëüíûå èíäåêñû f-óçëàì
uf , à ñëåäóþùèå c-óçëàì uc. Òîãäà ëèíåéíàÿ ñèñòåìà (2.4) áóäåò èìåòü
áëî÷íóþ ôîðìó:

Au =

(
Aff Afc

Acf Acc

)(
uf
uc

)
=

(
bf
bc

)
= b

Ïðèìåíèì LU-ðàçëîæåíèå

A = LU =

(
I 0

Acf A
−1
ff I

)(
Aff Acf

0 S

)
ãäå

S = Acc − Acf A
−1
ff Afc

Shur Complement áëîêà Acc.
Òàêèì îáðàçîì, àëãîðèòì ðåøåíèÿ ñèñòåìû (2.4) áóäåò ñîñòîÿòü èç

äâóõ øàãîâ.

1. Ïðÿìîé õîä: ðåøàåì ëèíåéíóþ ñèñòåìó ñ íèæíå-òðåóãîëüíîé ìàòðè-
öåé L



8

L

(
wf

wc

)
=

(
bf
bc

)
Â ðåçóëüòàòå èìååì: wf = bf è wc = bc − Acf A

−1
ff bf

2. Îáðàòíûé õîä: ðåøàåì ëèíåéíóþ ñèñòåìó ñ âåðõíå-òðåóãîëüíîé ìàò-
ðèöåé U

U

(
uf
uc

)
=

(
wf

wc

)
Ýòîò øàã ðàçäåëÿåòñÿ íà äâå ÷àñòè:

(a) Ðåøèòü Suc = wc

(b) Ðåøèòü Affuf = bf − Afcuc

Äåòàëè ïðàêòè÷åñêîãî ïðèìåíåíèÿ ýòîãî ïîäõîäà çäåñü íå ðàññìàòðè-
âàþòñÿ. Èõ ìîæíî íàéòè, íàïðèìåð, â [4]. Íàñ æå áóäåò èíòåðåñîâàòü
òîëüêî âîïðîñ ïðåäîáóñëàâëèâàíèÿ áëîêîâ S è Aff .
Äëÿ ïðåäîáóñëàâëèâàíèÿ S áûëî âûáðàíî äâà âàðèàíòà â çàâèñèìîñòè

îò èñïîëüçóåìîãî áàçèñà.

• Óçëîâîé áàçèñ. Îáîçíà÷èì ÷åðåç Alin ñòàáèëèçèðîâàííóþ êîíå÷íî-
ýëåìåíòíóþ äèñêðåòèçàöèþ ïîðÿäêà k = 1; ñîîòâåòñòâóþùåå êîíå÷íî-
ýëåìåíòíîå ïðîñòðàíñòâî ñîñòîèò èç êóñî÷íî-ëèíåéíûõ ïîëèíîìîâ.
Èìåííî ýòîò îïåðàòîð M = Alin èñïîëüçóåòñÿ äëÿ ïðåäîáóñëàâëèâà-
íèÿ S. Ñàì æå îïåðàòîð M ìîæåò áûòü îáðàùåí, íàïðèìåð, ñ ïîìî-
ùüþ ILU-ôàêòîðèçàöèè.

• Ìîäàëüíûé áàçèñ. Â ýòîì ñëó÷àå äëÿ ïðåäîáóñëàâëèâàíèÿ S èñïîëü-
çóåòñÿ áëîê Acc.

Â ðîëè ïðåäîáóñëàâëèâàòåëÿ äëÿ Aff áûëè âûáðàíû è ïðîàíàëèçèðî-
âàíû ïðèáëèæåííûé îáðàòíûé îïåðàòîð (SPAI) â ôîðìå, ïðåäñòàâëåííîé
M. Grote è T. Huckle [2] è ILU - ôàêòîðèçàöèÿ.

4.3 Ïðèáëèæåííîå èñêëþ÷åíèå íåèçâåñòíûõ

Ìû ïðåäñòàâëÿåì ñïåöèàëüíûé âàðèàíò ìíîãîñåòî÷íîãî ìåòîäà. Îí ìî-
æåò áûòü èíòåðïðåòèðîâàí êàê ïðèáëèæåííîå èñêëþ÷åíèå íåèçâåñòíûõ
äëÿ äèñêðåòèçàöèé âûñîêîãî ïîðÿäêà è èñïîëüçîâàí è äëÿ ðåøåíèÿ ñè-
ñòåì óðàâíåíèé, è äëÿ ïðåäîáóñëàâëèâàíèÿ.
Êàê è â ñëó÷àå òî÷íîãî èñêëþ÷åíèÿ íåèçâåñòíûõ ïîëíûé âåêòîð íåèç-
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âåñòíûõ ðàçäåëÿåòñÿ íà äâå ãðóïïû (uc, uf). Ñîîòâåòñòâåííî ñèñòåìà
óðàâíåíèé (2.4) ðàñïàäàåòñÿ íà äâå ÷àñòè. Ê ïåðâîé ïðèíàäëåæàò óðàâíå-
íèÿ, ñîîòâåòñòâóþùèå ñ-óçëàì, êîòîðûå èìåþò øàáëîí "çâåçäà ñì. Ðèñ.1.
Âòîðàÿ ÷àñòü ñîñòîèò èç óðàâíåíèé äëÿ f-óçëîâ ñ øàáëîíîì "ðîìá ñì.

Ðèñ.2. Îáúåäèíåíèå âñåõ òðåóãîëüíèêîâ, êîòîðûå ôîðìèðóþò "çâåçäó"
áóäåì íàçûâàòü ìàêðî-ýëåìåíòîì. Íàì ïîíàäîáèòñÿ ñïåöèàëüíàÿ êëàññè-
ôèêàöèÿ óçëîâ, âõîäÿùèõ â ñîñòàâ ìàêðî-ýëåìåíòà. À èìåííî, ââåäåì â
ðàññìîòðåíèå c, e, r-óçëû (ñì. Ðèñ.1): c ïî ïðåæíåìó îáîçíà÷àåò óçåë òðè-
àíãóëÿöèè, r îïðåäåëÿåò òî÷êè, ëåæàùèå ñòðîãî âíóòðè ìàêðîýëåìåíòà
è e çàäàåò òî÷êè, ðàñïîëîæåííûå íà åãî ãðàíèöå; r è e òî÷êè ÿâëÿþòñÿ
f-óçëàìè ñåòêè.
Àëãîðèòì îñíîâàí íà èñêëþ÷åíèè f-êîìïîíåíò ðåøåíèÿ è ïîñòðîåíèè

óðàâíåíèé äëÿ ñ-ñåòêè. Ýòî èñêëþ÷åíèå âûïîëíÿåòñÿ ïðèáëèæåííî è ìî-
æåò áûòü èíòåðïðåòèðîâàíî êàê ìíîãî-ñåòî÷íàÿ ïðîöåäóðà. Îäèí èòåðà-
öèîííûé øàã ýòîé ìíîãîñåòî÷íîé ïðîöåäóðû âûãëÿäèò ñëåäóþùèì îá-
ðàçîì:
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1. Ïî âñåé ãðàíèöå ìàêðîýëåìåíòà çíà÷åíèÿ e-ïåðåìåííûõ ue ðàññ÷èòû-
âàþòñÿ ëèíåéíîé èíòåðïîëÿöèåé ñ-ïåðåìåííûõ âäîëü ñîîòâåòñòâóþ-
ùåãî ðåáðà.

ui+1
e = (ui+1

c,1 − uic,1)we + (ui+1
c,2 − uic,2)(1− we) + uie, (4.1)

ãäå âåðõíèé èíäåêñ i çàäàåò íîìåð èòåðàöèîííîãî øàãà, uic,1, u
i
c,2 íà-

÷àëüíàÿ è êîíå÷íàÿ ñ-êîìïîíåíòû ðåáðà, we - êîýôôèöèåíò èíòåðïî-
ëÿöèè. Ýòî ìîæåò áûòü îòíîñèòåëüíîå ðàññòîÿíèå îò ðàññìàòðèâàå-
ìîãî f-óçëà e äî êîíå÷íîé ñ-òî÷êè íà ðåáðå. Êðîìå òîãî, ìû èñïîëüçî-
âàëè îïåðàòîð èíòåðïîëÿöèè, îñíîâàííûé íà ðåøåíèè èñõîäíîé çàäà-
÷è, äëÿ îáåñïå÷åíèÿ ñâîéñòâà "upwinding" â îïåðàòîðå èíòåðïîëÿöèè
(4.1).

2. r-êîìïîíåíòû "çâåçäû"èñêëþ÷àþòñÿ òî÷íî ðåøåíèåì ñîîòâåòñòâó-
þùåé ëèíåéíîé ñèñòåìû íåáîëüøîé ðàçìåðíîñòè, ðàâíîé ÷èñëó r-
ïåðåìåííûõ â ìàêðîýëåìåíòå.

3. Â ðåçóëüòàòå âûïîëíåíèÿ ýòèõ äâóõ øàãîâ f-ïåðåìåííûå èñêëþ÷àþò-
ñÿ èç èñõîäíîé ñèñòåìû óðàâíåíèé è ìû ïîëó÷àåì óðàâíåíèÿ òîëü-
êî äëÿ ñ-ïåðåìåííûõ. Ýòà ñèñòåìà ðåøàëàñü ñ ïîìîùüþ èçâåñòíîãî
ìåòîäà ïîäïðîñòðàíñòâ Êðûëîâà GMRES ñ ILU â êà÷åñòâå ïðåäîáó-
ñëàâëèâàòåëÿ.

4. Èòåðàöèîííûé øàã çàâåðøàåòñÿ èíòåðïîëÿöèåé ïîëó÷åííîé íà ïðåäû-
äóùåì ýòàïå ïîïðàâêè â óçëû ïîäðîáíîé ñåòêè. Ïðîöåäóðà èíòåðïî-
ëÿöèè âûïîëíÿåòñÿ ñîâìåñòíî ñ ðåëàêñàöèåé. Â ðåçóëüòàòå íàõîäèòñÿ
íîâîå èòåðàöèîííîå ïðèáëèæåíèå u = (uc, uf) óðàâíåíèÿ (2.4).

Îñòàíîâèìñÿ ïîäðîáíåå íà ïðîöåäóðå ðåëàêñàöèè. Îíà îñíîâàíà íà
ñëåäóþùåì ñâîéñòâå: r-êîìïîíåíòû îäíîãî ìàêðîýëåìåíòà ÿâëÿþòñÿ e-
êîìïîíåíòàìè äðóãîãî. Ïîýòîìó ïîñëå ðàñ÷åòà r-êîìïîíåíò â ìàêðîýëå�
ìåíòå ýòè çíà÷åíèÿ èñïîëüçóþòñÿ (âìåñòî ëèíåéíîé èíòåðïîëÿöèè) â êà-
÷åñòâå ãðàíè÷íûõ e-çíà÷åíèé â ñîñåäíèõ ìàêðîýëåìåíòàõ.
Ýòî íàïîìèíàåò àëüòåðíèðóþùóþ ïðîöåäóðó Øâàðöà.
Äëÿ óëó÷øåíèÿ ñâîéñòâ ïðîöåäóðû ðåëàêñàöèè ìû äîïîëíèòåëüíî ïðî-

âîäèì ðåëàêñàöèþ ïî "ðîìáàì" (îáû÷íî 2-4 äîïîëíèòåëüíûå ñãëàæèâà-
þùèå èòåðàöèè).
Îïåðàòîð èíòåðïîëèðîâàíèÿ P ñ ãðóáîé ñ-ñåòêè íà ïîäðîáíóþ f-ñåòêó

îïèñàí íèæå:

1. Â êàæäîì ìàêðî-ýëåìåíòå ãðàíè÷íûå çíà÷åíèÿ, ò.å. e-ïåðåìåííûå,
ðàññ÷èòûâàþòñÿ ñ èñïîëüçîâàíèåì ëèíåéíîé èíòåðïîëÿöèè ñ-êîìïîíåíò



11

âäîëü ñîîòâåòñòâóþùåãî ðåáðà èëè áåðóòñÿ óæå ïåðåñ÷èòàííûå çíà-
÷åíèÿ, ïîëó÷åííûå â ïðîöåññå èíòåðïîëÿöèè ïî ñîñåäíåìó ìàêðî-
ýëåìåíòó, ñîäåðæàùåìó ýòî ðåáðî.

2. r-êîìïîíåíòû â êàæäîì ìàêðî-ýëåìåíòå ïîëó÷àåòñÿ èç ðåøåíèÿ ñî-
îòâåòñòâóþùåé ëîêàëüíîé ëèíåéíîé ñèñòåìû.

Îïåðàòîð ïðîåêòèðîâàíèÿ ÿâíî íå ñòðîèòñÿ. Îïåðàòîð Acc, ïîëó÷àåìûé
â ðåçóëüòàòå ïðåäëîæåííîãî àëãîðèòìà èìååò ôîðìó RAP , ãäå R - îïå-
ðàòîð ïðîåêòèðîâàíèÿ, ñîïðÿæåííûé îïåðàòîðó èíòåðïîëèðîâàíèÿ P .
Ðàçâèòèå ïðåäñòàâëåííîãî àëãîðèòìà íå çàâåðøåíî â íàñòîÿùèé ìî-

ìåíò. Íåîáõîäèìû ñïåöèàëüíûå óñèëèÿ äëÿ îáåñïå÷åíèÿ íàäåæíîñòè àë-
ãîðèòìà. Äëÿ ïîëó÷åíèÿ ñõîäèìîñòè, íåçàâèñÿùåé îò ñåòî÷íîãî ðàçìåðà,
â îáùåì ñëó÷àå íåîáõîäèìî ïðåäïðèíÿòü öåëûé ðÿä äîïîëíèòåëüíûõ óñè-
ëèé. Òåì íå ìåíåå, ïðîñòûå ïðèìåðû, ïðèâåäåííûå íèæå, ìîæíî íàçâàòü
îáíàäåæèâàþùèìè.

5 Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ

×èñëåííî ïðîàíàëèçèðîâàíû ðàçëè÷íûå òåõíîëîãèè ïðåäîáóñëàâëèâà-
íèÿ äëÿ ñèñòåì, âîçíèêàþùèõ ïðè SUPG äèñêðåòèçàöèè âûñîêîãî ïî-
ðÿäêà. Äëÿ âû÷èñëåíèÿ ÷èñëà îáóñëîâëåííîñòè µ èñïîëüçîâàëîñü SVD-
ðàçëîæåíèå ìàòðèöû M−1A, ãäå M - ïðåäîáóñëàâëèâàòåëü.
Ïðåäâàðèì àíàëèç ïðåäîáóñëàâëèâàòåëåé ñðàâíèòåëüíûìè òàáëèöàìè

÷èñëà îáóñëîâëåííîñòè ìàòðèöû æåñòêîñòè A â ðàçëè÷íûõ áàçèñàõ. Íà-
ïîìíèì, ÷òî â äàííîì ïðåïðèíòå ðàññìàòðèâàþòñÿ òîëüêî óçëîâîé è
ìîäàëüíûé áàçèñû. Ñðàâíåíèå ïðîâåäåíî äëÿ äâóõ ñëó÷àåâ - îïåðàòî-
ðà Ëàïëàñà è "ìÿãêîé"êîíâåêöèè ( Re ≈ 1). Ìîäàëüíûé áàçèñ, êàê è
îæèäàëîñü, ïîêàçûâàåò ëó÷øèå õàðàêòåðèñòèêè â îáîèõ ñëó÷àÿõ.

Òåñò No.1 îïèñàíèå.

• äâóìåðíîå óðàâíåíèå Ëàïëàñà

• ãðàíè÷íûå óñëîâèÿ Äèðèõëå

• Ω = [0, 1]× [0, 1]

• ðåãóëÿðíàÿ òðèàíãóëÿöèÿ: êàæäàÿ ÿ÷åéêà ïðÿìîóãîëüíîé N×N ñåò-
êè ðàçäåëåíà íà äâà òðåóãîëüíèêà.
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Òàáëèöà 1. ×èñëî îáóñëîâëåííîñòè A.( ñåòêà 8× 8)

Ñòåïåíü ïîëèíîìà k óçëîâîé áàçèñ ìîäàëüíûé áàçèñ

2 137 42

3 276 53

4 635 74

Tàáëèöà 2. ×èñëî îáóñëîâëåííîñòè A.( ñåòêà 8× 8).

Lu ≡ −∇ · (ε ∇u) + (p ,∇u), ε = 0.1, p = (1, 0),

Ñòåïåíü ïîëèíîìà k óçëîâîé áàçèñ ìîäàëüíûé áàçèñ

2 97 30

3 195 40

4 448 58

hp-ïðåäîáóñëàâëèâàíèå ("Schwab").

Àíàëèçèðóåòñÿ ïðåäîáóñëàâëèâàòåëü, ïðåäñòàâëåííûé C.Schwab. Ñî-
ãëàñíî ðåçóëüòàòàì [1] ðàññìîòðåí òîëüêî ìîäàëüíûé áàçèñ. Âîçìîæíî-
ñòè ýòîãî ïîäõîäà ïðîäåìîíñòðèðîâàíû íà äâóõ òåñòàõ: ïåðâûé ñîîòâåò-
ñòâóåò óðàâíåíèþ Ïóàññîíà (òåîðåòè÷åñêè îáîñíîâàííûé âàðèàíò), âòî-
ðîé ïðåäñòàâëÿåò ñëó÷àé äîìèíèðóþùåé êîíâåêöèè.

Òåñò No.1 (óçëîâîé áàçèñ, îïèñàíèå ïðèâåäåíî âûøå).

Òàáëèöà 3. ×èñëî îáóñëîâëåííîñòè A. Ïîðÿäîê ñõåìû k = 2.

Ñåòêà size(A) µ(A) µ(M−1
SchwabA)

4x4 49 18.0 9.6

8x8 225 46.0 13.0

16x16 961 200.0 16.0

32x32 3969 880.0 18.0

size(A) - ðàçìåð ìàòðèöû .

Òåñò No.2 îïèñàíèå.

• Lu ≡ −∇ · (ε ∇u) + (p ,∇u), ε = 10−5, p = (1, 0),

• ãðàíè÷íûå óñëîâèÿ Äèðèõëå,

• Ω = [0, 1]× [0, 1],

• ðåãóëÿðíàÿ òðèàíãóëÿöèÿ: êàæäàÿ ÿ÷åéêà ïðÿìîóãîëüíîé N×N ñåò-
êè ðàçäåëåíà íà äâà òðåóãîëüíèêà.
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Òàáëèöà 4. ×èñëî îáóñëîâëåííîñòè A. Ïîðÿäîê ñõåìû k = 2.

Ñåòêà size(A) µ(A) µ(M−1
SchwabA)

4x4 49 97. 92.

8x8 225 400. 440.

16x16 961 1200. 1600.

32x32 3969 2700. 3900.

Çàêëþ÷åíèå. Êàê è äîêàçàíî â [1] MSchwab ÿâëÿåòñÿ ïðåäîáóñëàâëè-
âàòåëåì äëÿ îïåðàòîðà Ëàïëàñà, íî íå äàåò õîðîøèõ ðåçóëüòàòîâ â ñëó-
÷àå êîíâåêòèâíîãî ïðåîáëàäàíèÿ. Ñâîéñòâà MSchwab àíàëèçèðîâàëèñü
äëÿ äâóõ ñëó÷àåâ k = 2 è 3, íî ïðåäñòàâëåíû òîëüêî äëÿ k = 2. Ïîâû-
øåíèå ñòåïåíè ïîëèíîìîâ óõóäøàåò âñå õàðàêòåðèñòèêè è ýòîò ôàêò íå
íóæäàåòñÿ â êîììåíòàðèÿõ.

Òî÷íîå èñêëþ÷åíèå íåèçâåñòíûõ.

Èññëåäîâàíû äâà âàðèàíòà ïðåäñòàâëåíèÿ ðåøåíèÿ. Â êàæäîé ÿ÷åéêå
ðåøåíèå ïðåäñòàâëÿåòñÿ ïîëèíîìîì ñòåïåíè k > 1. Ñíà÷àëà áûë ðàñ-
ñìîòðåí óçëîâîé áàçèñ, ïîñòðîåííûé íà áàçå ïîëèíîìîâ Ëàãðàíæà, à çà-
òåì - ìîäàëüíûé (èåðàðõè÷åñêèé).

Òåñò No.1 (óçëîâîé áàçèñ, îïèñàíèå ïðèâåäåíî âûøå).

Òàáëèöà 5. ×èñëî îáóñëîâëåííîñòè S. M = Alin.
k = 2 k = 3 k = 4

Ñåòêà size(S) µ(S) µ(M−1S) µ(S) µ(M−1S) µ(S) µ(M−1S)

4x4 9 2.7 2.2 2.5 2.3 2.3 2.6

8x8 49 9.2 2.8 8.1 3.1 7.0 3.6

16x16 225 35.1 2.9 30.3 3.4 25.6 4.0

32x32 961 138.9 3.0 119.3 3.5 56.8(∗) 4.1(∗)

(∗) Ïîñëåäíèé ðåçóëüòàò äëÿ ïîðÿäêà k = 4 áûë ñîñ÷èòàí íà ñåòêå 24×24
(ðàçìåð ìàòðèöû 529× 529).
Ðåçóëüòàòû, ïðåäñòàâëåííûå â òàáëèöå ïîêàçûâàþò, ÷òî îïåðàòîðM =

Alin ìîæåò ðàññìàòðèâàòüñÿ êàê ïðåäîáóñëàâëèâàòåëü äëÿ S â ñëó÷àå 2D
Ëàïëàñà. Îïåðàòîð æå M = Acc íå ìîæåò âûñòóïàòü â ýòîé ðîëè, ÷òî
âèäíî èç òàáëèöû íèæå.

Òàáëèöà 6. ×èñëî îáóñëîâëåííîñòè Acc.

Ñåòêà k = 2 k = 3 k = 4

4x4 1.6 1.3 1.2

8x8 1.9 1.5 1.3

16x16 2.0 1.5 1.3



14

×èñëî îáóñëîâëåííîñòè Acc ïðàêòè÷åñêè íå óâåëè÷èâàåòñÿ ñ óìåíüøå-
íèåì ñåòî÷íîãî ðàçìåðà h â îòëè÷èå îò ÷èñëà îáóñëîâëåííîñòè îïåðàòîðà
S. Ýòîò ôàêò íå äàåò íàì íèêàêèõ øàíñîâ èñïîëüçîâàòü Acc â êà÷åñòâå
ïðåäîáóñëàâëèâàòåëÿ äëÿ S â óçëîâîì áàçèñå. Êàê áóäåò âèäíî ïîçæå â
ìîäàëüíîì áàçèñå ñèòóàöèÿ ìåíÿåòñÿ.
Ñëåäóþùèå òðè òàáëèöû äåìîíñòðèðóþò âîçìîæíîñòè SPAI â êà÷å-

ñòâå ïðåäîáóñëàâëèâàòåëÿ äëÿ Aff . Ïàðàìåòð ε - æåëàåìàÿ òî÷íîñòü â
ïðîöåññå ìèíèìèçàöèè Ôðîáåíèóñîâîé íîðìû

min‖I −MSPAIAff‖F < ε

Ïàðàìåòð ρ èíôîðìèðóåò î êîëè÷åñòâå âû÷èñëèòåëüíîé ðàáîòû: ρ ðàâíî
îòíîøåíèþ ðàçìåðà øàáëîíà (ò.å., ÷èñëó íåíóëåâûõ ýëåìåíòîâ) ìàòðèöû
M = MSPAI ê ðàçìåðó øàáëîíà Aff :

ρ =
nnz(M)

nnz(Aff)
.

Èíîãäà äîïîëíèòåëüíî ïðèâåäåíà õàðàêòåðèñòèêà ρdns ðàâíàÿ îòíîøå-
íèþ ðàçìåðà øàáëîíà M = MSPAI ê ðàçìåðó øàáëîíó Aff .

Òàáëèöà 7. ×èñëî îáóñëîâëåííîñòè Aff .
Ïîðÿäîê ñõåìû k = 2.

Ñåòêà size(Aff) µ(Aff) µ(MSPAIAff) µ(MSPAIAff)
ε = 0.2 ε = 0.1

4x4 40 4.8 2.1, ρ = 0.8 1.4, ρ = 1.6

8x8 176 5.5 2.4, ρ = 0.8 1.5, ρ = 1.7

16x16 736 5.8 2.5, ρ = 0.7 1.5, ρ = 1.7

32x32 3008 5.8 2.6, ρ = 0.7 1.5, ρ=1.7, ρdns=3.e-3

Òàáëèöà 8. ×èñëî îáóñëîâëåííîñòè Aff .
Ïîðÿäîê ñõåìû k = 3.

Ñåòêà size(Aff) µ(Aff) µ(MSPAIAff) µ(MSPAIAff)
ε = 0.1 ε = 0.03

4x4 80 20.1 2.0, ρ = 1.9 1.4, ρ = 3.8

8x8 352 25.7 2.4, ρ = 2.2 1.4, ρ = 5.2

16x16 1472 27.6 2.5, ρ = 2.4 1.4, ρ = 5.9
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Òàáëèöà 9. ×èñëî îáóñëîâëåííîñòè Aff .
Ïîðÿäîê ñõåìû k = 4.

Ñåòêà size(Aff) µ(Aff) µ(MSPAIAff) µ(MSPAIAff)
ε = 0.03 ε = 0.01

4x4 120 50.0 2.2, ρ =4.0 1.40, ρ =5.7, ρdns=0.6

8x8 528 66.6 2.7, ρ =5.4 1.65, ρ =9.0, ρdns=0.2

16x16 2208 72.4 4.0 , ρ =6.0 1.64, ρ =11., ρdns=0.1

Õàðàêòåðèñòèêè MSPAI ïðàêòè÷åñêè íå èçìåíÿþòñÿ ïî îòíîøåíèþ ê
ñåòî÷íîìó ðàçìåðó h ïðè íåèçìåííîì ïîðÿäêå ñõåìû k, íî ñ óâåëè÷åíèåì
ñòåïåíè ïîëèíîìîâ k íåîáõîäèìî óìåíüøàòü ïàðàìåòð ε äëÿ ñîõðàíåíèÿ
ïðåäîáóñëàâëèâàþùèõ ñâîéñòâ SPAI-îïåðàòîðà, ÷òî â ñâîþ î÷åðåäü ñðàçó
æå ïðèâîäèò ê óâåëè÷åíèþ âû÷èñëèòåëüíîé ðàáîòû.
Èòàê, äàëåå äëÿ óçëîâîãî áàçèñà áóäåì ðàññìàòðèâàòü òîëüêî îïåðàòîð

M = Alin. Íàñ áóäåò èíòåðåññîâàòü åãî ïîâåäåíèå â ñëó÷àå äîìèíèðîâà-
íèÿ êîíâåêòèâíîãî ïðîöåññà.

Teñò No.2 (óçëîâîé áàçèñ, îïèñàíèå ïðèâåäåíî âûøå)

Òàáëèöà 10. ×èñëî îáóñëîâëåííîñòè S.
M = Alin.

k = 2 k = 3 k = 4

Ñåòêà size(S) µ(S) µ(M−1S) µ(S) µ(M−1S) µ(S) µ(M−1S)

4x4 9 5.6 1.3 5.5 1.2 5.4 1.3

8x8 49 20.8 2.5 19.4 1.5 18.3 2.1

16x16 225 61.1 5.1 51.0 2.2 42.1 3.8

Ïðèâåäåííûå â òàáëèöå ðåçóëüòàòû ïîçâîëÿþò ðàññìàòðèâàòü îïåðàòîð
M = Alin êàê ïðåäîáóñëàâëèâàòåëü äëÿ S è â êîíâåêòèâíî-äîìèíàíò�íîì
ñëó÷àå. Ðå÷ü, îäíàêî, èäåò î ñëó÷àå "õîðîøèõ" ñåòîê. Áåçóñëîâíî íåîá-
õîäèìû äîïîëíèòåëüíûå èññëåäîâàíèÿ â ñëó÷àå ñåòîê ñ áîëüøèì ÷èñëîì
àíèçîòðîïèè è áîëåå ñëîæíûõ òåñòîâ (ê êîòîðûì îòíîñÿòñÿ, íàïðèìåð,
öèðêóëÿöèîííûå òå÷åíèÿ, òå÷åíèÿ, ñîîòâåòñòâóþùèå ðàçðûâíûì êîýô-
ôèöèåíòàì è ò.ä.).
Áëîê Aff â ñëó÷àå ïðåîáëàäàþùåãî êîíâåêòèâíîãî ïðîöåññà âåäåò ñåáÿ

èíà÷å, ÷åì â ñëó÷àå äâóìåðíîãî Ëàïëàñà. ×èñëî îáóñëîâëåííîñòè ìàò-
ðèöû Aff óâåëè÷èâàåòñÿ ïðè óìåíüøåíèè øàãà ñåòî÷íîãî "øàãà" h è
óâåëè÷åíèè ñòåïåíè ïîëèíîìà k. Îïåðàòîð SPAI äåìîíñòðèðóåò â ýòîì
ñëó÷àå ñëåäóþùèå ñâîéñòâà.
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Òàáëèöà 11. ×èñëî îáóñëîâëåííîñòè Aff .
Ïîðÿäîê ñõåìû k = 2.

Ñåòêà size(Aff) µ(Aff) µ(MSPAIAff)

4x4 40 22.9 1.7, ρ =2.0, ρdns =0.2, ε =0.1

8x8 176 73.7 1.4, ρ =6.3, ρdns =0.2, ε =0.006

16x16 736 187.7 1.4, ρ =11.5, ρdns =0.07, ε =0.003

Òàáëèöà 12. ×èñëî îáóñëîâëåííîñòè Aff .
Ïîðÿäîê ñõåìû k = 3.

Ñåòêà size(Aff) µ(Aff) µ(MSPAIAff)

4x4 80 50.6 1.3, ρ =2.6, ρdns =0.3, ε =0.01

8x8 352 148. 1.3, ρ =6.5, ρdns =0.2, ε =0.003

16x16 1472 354. 1.3, ρ =13.0, ρdns =0.079, ε =0.001

Òàáëèöà 13. ×èñëî îáóñëîâëåííîñòè Aff .
Ïîðÿäîê ñõåìû k = 4.

Ñåòêà size(Aff) µ(Aff) µ(MSPAIAff)

4x4 120 125.2 1.3, ρ =3.2, ρdns =0.3, ε =0.003

8x8 528 365.9 1.3, ρ =7.4, ρdns =0.2, ε =0.001

16x16 2208 877.5 1.5, ρ =16.5, ρdns =0.1, ε =0.0003

Äëÿ ñîõðàíåíèÿ ÷èñëà îáóñëîâëåííîñòèMSPAI Aff íà îäíîì è òîì æå
óðîâíå, íåçàâèñÿùåì îò ðàçìåðà ñåòêè è ïîðÿäêà ñõåìû, ìû âûíóæäåíû
óìåíüøàòü ïàðàìåòð ε, ò.å. óâåëè÷èâàòü ðàçìåð øàáëîíà MSPAI . Áîëåå
ïðåäïî÷òèòåëåí â ðîëè ïðåäîáóñëàâëèâàòåëÿ äëÿ Aff ILU ïîäõîä.

Table 14. ×èñëî îáóñëîâëåííîñòè M−1
ILUAff .

Ñåòêà k = 2 k = 3 k = 4

4x4 1.1 1.3 1.3

8x8 1.2 1.9 2.0

16x16 1.3 3.8 5.0

Â ñëó÷àå ìîäàëüíîãî áàçèñà îïåðàòîð M = Acc èãðàåò ðîëü àíàëî-
ãè÷íóþ îïåðàòîðó M = Alin â óçëîâîì áàçèñå. Ðåçóëüòàòû ÷èñëåííûõ
ýêñïåðèìåíòîâ ïðàêòè÷åñêè íå îòëè÷àþòñÿ.

Teñò No.1. (ìîäàëüíûé áàçèñ, îïèñàíèå ïðèâåäåíî âûøå)
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Òàáëèöà 15. ×èñëî îáóñëîâëåííîñòè S.
M = Acc.

k = 2 k = 3 k = 4

Ñåòêà size(S) µ(S) µ(M−1S) µ(S) µ(M−1S) µ(S) µ(M−1S)

4x4 9 2.7 2.1 2.5 2.3 2.3 2.6

8x8 49 9.2 2.7 8.1 3.1 7.0 3.6

16x16 225 35.1 2.9 30.3 3.4 25.6 4.0

Ðåçóëüòàòû ýêñïåðèìåíòîâ äëÿ òåñòà 2 íå ïðèâåäåíû ïî ïðè÷èíå ïîë-
íîãî èõ ñîâïàäåíèÿ ñ ñîîòâåòñòâóþùèìè äàííûìè â óçëîâîì áàçèñå.

Çàêëþ÷åíèå. Îïåðàòîðû M = Alin è M = Acc âåäóò ñåáÿ îäèíàêîâî
â äâóõ ïðåäëîæåííûõ âûøå òåñòàõ. Óçëîâîé áàçèñà òðåáóåò äëÿ ïîñòðî-
åíèÿ ïðåäîáóñëàâëèâàòåëÿ ðàñ÷åòà îïåðàòîðà Alin, â òî âðåìÿ êàê äëÿ
ïåðåõîäà â ìîäàëüíûé áàçèñ íàì íåîáõîäèìî ïîñòðîèòü ìàòðèöó ïåðåõî-
äà.

Ïðèáëèæåííîå èñêëþ÷åíèå íåèçâåñòíûõ.

Ýòîò ïîäõîä àíàëèçèðîâàëñÿ òîëüêî äëÿ ñëó÷àÿ óçëîâîãî áàçèñà. Â
ïðåäëîæåííûõ ýêñïåðèìåíòàõ áûëà èñïîëüçîâàíà ïðîñòåéøàÿ ðåëàêñà-
öèîííàÿ ïðîöåäóðà: ôàêòè÷åñêè ýòî áëî÷íûé âàðèàíò àëãîðèòìà Ãàóññà-
Çåéäåëÿ áåç êàêîé-ëèáî ñïåöèàëüíîé ïåðåíóìåðàöèè.
Íà êàæäîì èòåðàöèîííîì øàãå m ðàññ÷èòûâàëàñü íåâÿçêà
‖b − Aum‖L2

. Íà÷àëüíàÿ íåâÿçêà ðàâíÿëàñü ‖b ‖L2
, ÷òî ñîîòâåòñòâóåò

âûáîðó íóëåâîãî íà÷àëüíîãî ïðèáëèæåíèÿ.
Óðàâíåíèÿ íà ñ-ñåòêå ðåøàëèñü ñ ïîìîùüþ GMRES ïðåäîáóñëîâëåí-

íîì ILU.
Èòåðàöèè ïðîäîëæàëèñü äî òåõ ïîð, ïîêà îòíîñèòåëüíàÿ íåâÿçêà íå

ñòàíåò ìåíüøå óêàçàííîé òî÷íîñòè,

‖b− Aum‖L2

‖b ‖L2

< 10−5.

Ñðåäíÿÿ ñêîðîñòü ñõîäèìîñòè îöåíèâàëàñü êàê(
‖b− Aum‖L2

‖b ‖L2

) 1
m

.

Òåñò No.1 (îïèñàíèå ìîæíî íàéòè âûøå).
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Òàáëèöà 16. Ñðåäíÿÿ ñêîðîñòü ñõîäèìîñòè.

Ñåòêà k = 2 k = 3 k = 4 k = 5

8x8 0.27 0.27 0.27 0.28

16x16 0.32 0.35 0.40 0.43

32x32 0.38 0.42 0.49 0.53

64x64 0.38 0.45 0.52 0.59

Tåñò No.2 (îïèñàíèå ìîæíî íàéòè âûøå).

Òàáëèöà 17. Ñðåäíÿÿ ñêîîñòü ñõîäèìîñòè.

Ñåòêà k = 2 k = 3 k = 4

8x8 0.34 0.33 0.51

16x16 0.44 0.31 0.49

32x32 0.44 0.30 0.47

Òåñò 2 èìååò ïîãðàíè÷íûé ñëîé âîçëå ãðàíèöû x = 1. Îí äîâîëüíî
ïðîñò è ïîêàçûâàåò ïîñòîÿííóþ ñêîðîñòü ñõîäèìîñòè (ïðèáëèæåííî 0.6
äëÿ ïîðÿäêîâ k = 2,3,4) íà ïîñëåäîâàòåëüíîñòè ñåòîê: 8x8, 16x16, 32x32.
Íèæåïðèâåäåííûé òåñò áîëåå ðåàëèñòè÷åí.

Òåñò No.3.

• çàäà÷à Ïðàíäòëÿ ( ðåøåíèå Áëàçèóñà): ε = 10−5, p âçÿòî èç
òî÷íîãî ðåøåíèÿ;

• ãðàíè÷íûå óñëîâèÿ Äèðèõëå;

• ðàññ÷åòíàÿ îáëàñòü - ÷åòûðåõóãîëüíèê ñ âåðøèíàìè [0.5; 0],[20.5; 0],
[17.5; 0.105], [0.47; 0.03];

• ðåãóëÿðíàÿ òðèàíãóëÿöèÿ: êàæäàÿ ÿ÷åéêà ïðÿìîóãîëüíîé N×N ñåò-
êè ðàçäåëåíà íà äâà òðåóãîëüíèêà.

• óçëîâîé áàçèñ.

Òàáëèöà 18. Ñðåäíÿÿ ñêîðîñòü ñõîäèìîñòè.

Ñåòêà k = 2 k = 3 k = 4

8x8 0.65 0.52 0.66

16x16 0.75 0.80 0.88

32x32 0.78 (*) (*)

64x64 0.78 (*) (*)
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Çíàê (*) óêàçûâàåò ñëó÷àè äåãðàäàöèè ïðîöåññà ñõîäèìîñòè. Äëÿ ýòîãî
ñóùåñòâóþò ðàçíûå ïðè÷èíû:

1. Âûáîð ñòàáèëèçèðóþùåãî ïàðàìåòðà τ ÿâëÿåòñÿ î÷åíü âàæíûì ìî-
ìåíòîì, îïðåäåëÿþùèì ñõîäèìîñòü ìíîãîñåòî÷íîãî ìåòîäà. Ýòîò ôàêò
áûë óñòàíîâëåí â ðàáîòå [5].

2. Ðåëàêñàöèîííàÿ ïðîöåäóðà äîëæíà áûòü èçìåíåíà (ñïåöèàëüíàÿ íó-
ìåðàöèÿ, ïðîãîíêà, ò.ä.).

Çàêëþ÷åíèå. Àëãîðèòì äåìîíñòðèðóåò ïîòåíöèàëüíûå âîçìîæíîñòè
äëÿ äîñòèæåíèÿ õîðîøåé ñõîäèìîñòè. Äëÿ êîíâåêòèâíî äîìèíèðóþùåãî
ñëó÷àÿ ïðåäëîæåííûé àëãîðèòì ïîêàçûâàåò òèïè÷íîå äëÿ ìíîãîñåòî÷-
íîãî ìåòîäà ïîâåäåíèå.
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