Opnena Jlenuna Nucturyr [Ipuknaguoit Maremaruku um. M.B. Kempima

M.II. lNananun, E.B. CaBenkon

CoBMecTHOe UCIOJIL30BAHNIE METOJa KOHEYHBIX

JJIEMEHTOB 1 METO/Ja KOHEYHbIX CYIIEeP3J/JIEMEHTOB

Mockga, 2004



AnHoTanusa

B pabore mpencraBieHbl pe3yIbTATh TEOPETUIECKOTO W UUCIEHHOTO WCCAEIOBAHUS AJTOPUTMA,
OCHOBAHHOTO Ha COBMECTHOM MCIIOJIL30BAHUM METOHa KOHEUHBIX JIEMEHTOB U METO/1a KOHEUHBIX
cynepaieMeHTOB. [losyueHsl oreHKY OmMMOOK Jjisi OJHOTO W3 BapUAHTOB METOA JJIs PEIIeHUSs
ypasuernus Jlamraca. PaccmoTpeno npumenenre MeToa JiJist YUCJIEHHOTO PEIeHns 3aJa9u O CKO-

POCTHOM CKHUH-CJIOE.
M.P. Galanin, E.B. Savenkov

On combined finite element /finite superelement approximations

Abstract

In this paper we present some results on theoretical and numerical investigation of combined
finite element /finite superelement approximations. Error estimates for one variant of this method

for Laplace equation are presented. Some numerical results for velosity skin-layer problem are

presented.
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B nanHoi#t paboTe pacCMOTPEHO COBMECTHOE HCIIOJb30BaHUE METOJa KOHEU-
HBIX CYTIEPJIEMEHTOB ¥ OOBIYHOTO METO/a KOHEUHBIX JIEMEHTOB.

Meros koueunbix cynepasgementor (MKCD) npemioxken B paborax
P.I1. ®enopenko u ero kosier ([1]-[4]) kax cpeacTBo 4YuCIEHHOrO pereHust
3a/1a4, PeIeHrne KOTOPbIX HMEEeT JIOKAJbHBIE OCOOEHHOCTH, COCPEIOTOUCHHBIE
B 00JIACTSAX, JUAMETP KOTOPBIX CYIECTBEHHO MEHbIIE JUaMeTpPa HUCXOIHOM
00J1aCTH, B KOTOPOI peraeTcs 3ajiada. 1eopeTudecKOMy W YUCJIEHHOMY HC-
cieposannio MKCD nocssiienst paborst ([5]-7]), a Takske paboTs aBropos
(I8-1]).

B Merojie KOHEYHBIX CyINEepaJIeMEHTOB pacdeTHas obJiactb () pa3buba-
eTCsI Ha HEKOTOPOe KOJMYECTBO I0m00JacTeif-CynepaieMeHToB {2, Tak, 9TO
Q = UQyg. Hasee, ucnonb3ysi oneparopsbl [Iyankape-CresoBa, ocyiiecTsiisi-
eTCsI TIepexo/l OT MCXOAHON 3a/1a9r K 3a/1a49€ OIPeJIeJIeHNsT CIe0B PeIleHust
Ha TpaHUNax cymnepaieMeHToB (2. Vcmnonb3oBanue omeparopoB [lyankape-
CrekJ/10Ba 103BOJISIET UCKJIIOYUTh U3 PACCMOTPEHUsI «BHYTPEHHOCTUY» CyIIep-
ssieMeHTOB. [locsie 3Toro nocrpoeHHas 3a,/1a49a JJisi CJIEJ0B AIMPOKCUMUPYETCS
TeM WA UHBIM IIPOEKIHOHHO-CETOYHBIM METOIOM.

B paccmarpuBaeMOM KOMOMHHPOBAHHOM IIOJIXOJ€ B PACUETHON oOJacTw
TaK->Ke BBIJIEJISIETCS HEKOTOPOe KOJMYECTBO IOJ00JIaCTel-CyIepaIeMeHTOB,
HO OHH y2K€ He ITOKPBLIBAIOT BCIO pacdyeTHyIO 00J1acTh. B mogobyactsx, 3aHs-
TBHIX CyIepJIEeMEHTaMU, TaK »Ke, KaK U B IIPEeJIbIAYIIeM CJIydae, OCyeCTBIIAeT-
CsT IEPEXOJT K PACCMOTPEHUIO CJIEJOB PEIeHnsT Ha TPAHUIAX CYTepIIEMEHTOR.
B gactu obacTu, He 3aHSITON CylepIieMeHTaMu, UCIIOJIb3YeTCsl OObIUHAST All-
IIPOKCUuMalud ME€TOda KOHEYHBIX JJICMEHTOB.

Takoit mojxos oka3biBaeTcss 3PPEKTUBHBIM B CJIydae, KOrJa pelleHne 3a-
Jlaqu uMeeT HeDOJIBINoe KOJUIECTBO JIOKAJbHBIX OCOOEHHOCTEH W pacdeT pe-
IIEHUsI BJIAJH OT HUX MOYKET MPOBOAUTHCS OOBIYHBIMU METOJAMU U Ha KPYTI-
HOII ceTKe, IIar KOTOPO# COM3MEpPHUM C PasMepoM cylepaJjeMmeHTa. BuyTpu

CylIepJIEMEHTOB, KaK U paHee, pacyeT IPOBOJIUTCA HA MEJIKOI CeTKe, 103BO-



B ominune or 0OBIYHOINO METO/Ia KOHEUIHBIX CYIIEPIJIEMEHTOB, B 9TOM CJIy-
Jae yke He TpeOyeTcst pacCInThIBATH Oa3UCHBIE (DYHKIMK CYTIEPITEMEHTOB B
TOI YacTu 00JIACTH, TJie PelleHne TJI1aKOoe.

PaccMoTpuM 0COOEHHOCTH TTOJIXOIOB, UCTIOIB3YEMbIX IIPU UCCJIEIOBAHUN U
UCIOJTb30BAHUK OOBIYHOTO METOJa KOHEUHBIX 3JIEMEHTOB, METO/a KOHEUHBIX
CYTIePIJIEMEHTOB ¥ KOMOMHUPOBAHHOTO TTOAXOIA.

AJIrOpUTMUYIECKH ITH METOJbI CXOJIHBI, aJIOPUTM IIOCTPOCHUST KOHEIHO-
MEPHOI1 3a/1a4u MOXKeT PacCMaTPUBATLCA KaK (popMaJjbHOE 0000IEeHIe METO-
na ['anepkuna. Bo Beex ciydasix npubJInKeHHOe pellleHne UIeTcs KaK JIMHel-
Hast 000JI0YKa HEKOTOPOI cuctembl Da3ucHbIx QyHKIMi. KoneaunomepHasi 3a-
Jada (cucremMa JIMHEHHBIX aarebpanyecKux ypaBHEHU Uit AMILIATY L KOHEY-
HBIX 9JIEMEHTOB/CYIIEPJIEMEHTOB) BO BCEX CJIydasix (POPMAaIbHO MOJLYYaeTCst
U3 yCJIOBUsI OPTOTOHAJIBHOCTH HEBS3KHU ITPHUOJIMYKEHHOI'O PEIIeHUsT HEKOTOPO-
My KOHEYHOMEDPHOMY IOAIPOCTPAHCTBY. [Ipu 3TOM HCHONB3yeTCs OObITHAST
ciiabast mocTaHOBKa, pernaeMoit 3a1aan. Omindne COCTOUT JINIITb B TOM, 9TO B
cryaae MKD 6azucubie dyHKImu 3aar0rcst (MCXO/Is U3 HEKOTOPHIX YCIIOBHIA),
a B ciydae MKCD (uim KoMOMHEPOBAHHOTO MOAX0a) BCe (MM HEKOTOPLIE)
Oa3ucHbIe (PYHKIIUNA PACCUUTHIBAIOTCS KAK TOUHDBIE PEIIEHUS pacCMaTpUBae-
MOW 3a/Ia4u.

HecMmoTpst HA BHEITHEE CXOJICTBO, 3TU METOJbl KQUYECTBEHHO PA3JIMIHbBI C
TOYKM 3peHusi ux Teopuu. OCTAHOBUMCS HA ITOM TMOAPOOHEE.

[TycTsp pemrenune 3amadm OPUHAMIEKAT HEKoTOpomy mpocrpanctsy W, a
TPUOJIM>KEHHOE PEIIeHre UINEeTCsT KaK JIeMEHT KOHEIYHOMEPHOI'O MPOCTPaH-
crBa Wj, C W. IlpocrpanctBo W), siBiisiercst inHEHHOR 0D0I0UKOR TOM mim
UHOW cucTeMbl 0a3UCHBIX (DYHKITUIA.

B MeTo/1e KOHEIHBIX 3JIEMEHTOB TPOCTPAHCTBO W), BhIOMpaeTcs: Tak, 9To0bI
€ro 3JIEMEHTHI AIllIIPOKCUMUPOBAJIH IPOU3BOJIbHBIN 3JIEMEHT IpocTpancTsa W.

Hpyrumu cioBamu, TpebyeTcsi HAJU9IUe ONEHKHU JIJIsi OIMIMOKU HAWMJIYUIIEro



VweW: inf ||w—w| <e(w,h),
wp €Wy

rae e(w, h) — oueHka ommbKMU MHTEPHOJANUY IeMeHTa w dyHKIuel wy, €
Wh, e(w, h) — 0 npu yBesudenuu pasmeproctu npocrpancrsa Wy, (wiu npu
CTPEMJIEHHHU TlapaMeTpa Juckperusaiuu h K Hyio). [lociegoBarebHOCTD
npocrpatcts { W} npu sTom HasbiBaeTcs npedeavro naomuotd 8 W ([12]).

B coorsercrBun ¢ gemmoit Cea ([13], ¢.109) omubka npubimKeHHOTO pe-
IIEHUS OICHUBACTCA CBEPXY BEJUUMHOM OIMMOKM HAUJTYYIIero MpUOIUKCHISA

peLIeHUsT JJIEMEHTOM IIpocTpancTBa Wi,
|lu —up|| < C inf |Ju— wy| < Ce(u, h),
wrEWY,

TJie uj, — NPUOJIMKEHHOE pelleHue 3a/1a49u. TakuM oOpa3oM, OIeHKa OIUOKY
IPUOJIMXKEHHOI'O PEIIeHUsI CBOAMTCs K OLEHKE OIIMOKU MHTEPIOJISIIUK [IPOK3-
BOJIbHOU (hyHKIUU u3 W snemenTamu npocrparcTsa Wy, OTciona BeITeKaeT
OJIHO M3 OCHOBHBIX TpebOBaHMit K OA3MCHBIM (DYHKIMSIM — OHU JIOJIKHBI 00-
JIQJIaTh AlPOKCUMUPYIOIIMME CBOHCTBAMH.

N meHHO 9TO CBOWCTBO U HE OyI€T BBITOJHSITHCS, €CTH MBITATHCS KCIIOJIb30-
BaTh Jist ucciaegoBanuss MKCD pacemoTpennyio mpouenypy HEmocpeacTBe-
Ho. B camom gmene, B8 MKCY 6asucHble GpyHKINEM He 3aa0TCsI, a PacCIu-
THIBAIOTCS KaK TOYHBIE pelieHus 3aja4dn. [lo-aTomy B 00leM ciiydae OHU
He Oy yT obJsiagaTh KAKUMU-JIMO0 ANMPOKCUMUPYIONMMHU CBOMCTBAMU ¥ JIJIsi
HUX BesqnauHa € (w, h) yKe He OyJeT CTPEMUTHCS K HYJIIO JIJTs TIPOM3BOIBHOTO
weW.

OTMerrM, 9TO B HEKOTOPHIX YACTHBIX CIydasiX CylepajieMeHTHbIe Da3uc-
Hble QYHKIUKM Oy IyT 00safaTh anlpOKCUMUAPYIOMUMA CcBoiicTBaMu. Hampu-
mep, Tak Oyaer npu perernn ¢ nomoipio MKCS ypasuenus Jlamiaca wuiu
[Tyaccona, eciim cynepajieMeHThbl Oy/lyT KBajpaTaMu, a PEIIeHUEe Ha, MX pe-
Opax OyJieT MHTEPIIOJIMPOBATHCS KyCOIHO-JIUHERHbIM obpa3omM. Torma cymep-
9JIeMeHTHbIE 0a3ucHble PYHKIUU OyayT OOBITHBIME OuJIMHEHHBIMU (DYHKIIN-

AMU, KOTOPbIE HMCIIOJIb3YIOTCA U B OOBIYHOM METOJ€ KOHCYHBIX JJICMCHTOB.



HO, 0OpaTuM BHEMAaHKE HA TO, YTO Ipu HocTpoeruu ammapokcumannii MKCD
0 CYIIECTBY 3aJal0TCs1 He camu OasucHbie QyHKIMU (OHU, KAK yKe ObLIO
CKA3aHO, PACCIUTHIBAIOTCS CIENUAIBHBIM 00Pa30M ), a CIeabl ITUX (DyHKImit
Ha TPAHUIAX CYIep3JIEeMEHTOB, T.€. HEKOTOpPbIe 'paHUYHbIe 0a3MCHBIE (DYHK-
nun. Tak, B ykazanueix Beime paborax P.II. @emopenko ([1]-[4]) ansa kBaz-
PATHBIX CYIIEP3JIEMEHTOB UCIIOIb30BaJaCh KYCOUHO-JIMHEeHAsT HHTEPIIOJIAINAA
(0 4yeThipeM y3JiaM Ha I'DAHUIE CYNepIIeMEHTa) U KyCOUYHO-KBAPATHIHA
MHTEPIONsANus (0 BOCBMU y3JaM Ha TPAHUIE — YIVIaM KBaJpaTa U CPeji-
HIM TOYKaM ero pebep). DTu rpaHuvIHble 6a3uCHbIE DYHKIMN Y2Ke 00J1a1a10T
AIMIPOKCUMUPYIOIMIUMHU CBONCTBAMK B IPOCTPAHCTBE (DYHKIUHA, 38 JaHHBIX Ha
rpanuie. Ecin 3anmmrcath 3aa1y OTHOCHTEIHHO ITUX, TPAHUIHBIX, (DYHKIIHIHA,
UCKJIIOYKB U3 PACCMOTPEHUS «BHYTPEHHOCTUY CYIIEPIJIEMEHTOB, TO K HEll y2Ke
MOXKHO IIPUMEHUATH T€PUI0 aOCTPAKTHBIX BapPUAILMOHHBLIX yPABHEHUN U IIPO-
eKIMOHHBIX MeToJ10B. [Ipu sTOM omunbKa NpuOJIMKEHHOI'O pelleHus OyerT
OIIPEJIEJIATHCS OIIMOKON MHTEPIOJISIIUU IPOU3BOJIbHON (DYHKIIMU, 3aJaHHOM
Ha T'DAHUIE CYIIepP3JIEeMEHTOB, 3JIEMEHTaMU COOTBETCTBYIOIIEIO0 KOHEUHOMED-
HOT'O MPOCTPAHCTBA (PYHKIMHI, TaKxKe 3aJaHHBbIX Ha I'paHuie. VIMEHHO 3TOT
[10/1X0/1, UCIIOJIb3YeTCst B JAHHON U Ipeblayiux paborax asropos ([8]-[11]).

Takum obpa3oM, cxema IoJIX0/la UMeeT cieayomuil Bu. Mcxonnas 3a1a-
43 3aMEHAETCs dKBUBAJICHTHON €il 3ajia4yeil [Jid OIpeJieJieHus CJIeI0B pellle-
HUsI Ha T'PAHUNAX CcymnepasieMmeHToB. Jlajiee K Hell NPUMEHSIIOTCS CTAHIAPT-
HbIE IIOJXOJIbl U METOJIbl TeOPUHU aOCTPAKTHBIX BapPHUAIMOHHBIX ypPaBHEHMUI
U TIPOEKIMOHHO-CETOYHBIX METOJOB, MO3BOJISIONINE TTOJIYIUTh OIEHKN OIIN-
60k. OcHOBHOE OTJIMYKE OT TPAJUIMOHHOTO MOIXOIa 3aKJII0UaeTCs B CBEJIe-
HUU UCXOJIHON 3a/1a9¥ K 3a/a4e ONpPEJIeJICHUs CJIeJOB PEIIeHus Ha IPAHUIAX
CYIIEeP3JIEMEHTOB C KCIIOJb30BAHUEM COOTBETCTBYIOIIUX OIIEPATOPOB U (DYHK-
I[IOHAJIbHBIX [IPOCTPAHCTB.

[Tpu cBeeHNN UCXOMHOM 381891 K 3aJ1a9€ JJIsI CJIEJ0B UCIOJIb3YIOTCS OTIe-

patopsl [Iyankape-CreksioBa. Onu Obuin mmpetoxkennsl B paborax Jlebemena,



obsiactu. Ilpu 3TOM MeTO/bI JIEKOMIIO3UIUU O0JIACTU PACCMATPUBAIOTCA KaK
UTEPAIMOHHBIE METO/IbI PEIIEHNs] COOTBETCTBYOIINX YPABHEHU JIJIsT CJIEJIOB.
DTO TO3BOJISIET UCIOJb30BATh MIPU WX MCCIEJOBAHUU TEOPUIO UTEPAITMOHHBIX
METOJIOB pellieHusT abCTPaKTHBIX OMEPATOPHBIX YpaBHeHU. B cooTBeTCTBHE C
ONMCAHHBIM BBIIIE MOJIXOIOM METOJI KOHEUHBIX CYIIEPIJIEMEHTOB MOXKET Pac-
CMATPUBATHCS KAK MMPOEKIIMOHHBIA MeTOJ| PEIlIeHNsI STHX YPaBHEHMUIA.

PaccmoTpum Tenepb KOMOMHUPOBAHHBIH 1moax0a. OT JBYX HpeablIyninx
OH OTJIMYAETCS TEM, UYTO B HEKOTOPBIX KOHEUYHBIX JIEMEHTAX HCIOJb3YIOTCS
OOBIYHBIE anppoKcuMupytomue dasuchbie GyHKIWH (Kak B OOBITHOM METOJE
KOHEUHBIX JIEMEHTOB), & B HEKOTOPBIX — Cyle€paJIeMeHTHbIE Oa3ucHble (yHK-
1. [Ipu nocTpoeHnn OIEHOK MPUOJIMKEHHOTO PEIIeHUST B 9TOM CJIydae UC-
10JIb3YeTCst KAK OObIYHBIN KOHEUHO-3/IEMEHTHbIH [OX0/ (B TeX MOJ00/IaCTsX,
IJI€ UCIOJIb3YIOTCs OObIYHbIe Oa3uCHbIe (DYHKIUKM) TAK U CyNepIJIeMEHTHbII
ox0/1 (B TeX MOMOBIACTAX, IVIe UCIOIb3YIOTCS CyNepIeMEeHTHbIE ODa3UCHbBIE
byukuun). [lepexon or KCXOMHOM 381241 K 3a/[a4e ONPEJIEJICHHs] CIIEJIOB OCY-
IIECTBJISIETCS JIOKAJBHO, JIUIIL TaM, IJe 3TO HeoOxoauMo. COOTBETCTBEHHO
U3MEHSTCS U MPOCTPAHCTBO, B KOTOPOM OIPEJIEISETCS PEIleHre, U HOPMbI B
HeM. [logpobHO 00 9TOM HamMCaHO HUXKE, B OCHOBHOM TEKCTE PabOTHI.

[TomuepkHeMm errne pas, 9TO CBeIEHWE 3aJa49d K 3aJa4e JJIsT CJIEJIOB JIJIs
MKC?S nim KoMOMHHPOBAHHOI'O I10J1X0/1a HEOOXOIUMO JIMIID JIJIsI TEOPETHIe-
CKOI'O MCCJIEJIOBAHUST METO/Ia. DTO MMO3BOJISIET UCIIOJIB30BATH ITPU 0OOCHOBAHUK
9TUX METOJIOB T'OTOBYIO U XOPOIIO pa3paboTannyio Teopuio. C TOUKHU 3pEeHUS
aJICOPUTMa OCTPOeHust KoHedHoMmepHoit 3agaun (CJIAY) s1u Merojbl cxoj-
HBbI ¢ OOBIIHBIM METOJOM KOHEUHBIX JIEMEHTOR.

CyMMupyst BBIMNIECKA3aHHOE, TOIIEPKHEM eIlle pa3 OTINYUS MEeTOIa KO-

HEYHBIX JIEMEHTOB U ME€TO/Ja KOHCYHbLIX CYIIECPIJIEMCHTOB.



1. Ilpu nmocrpoenuu annpokcumaruit MKS 3anada 3anuchiBaeTcs Kak Ba-
PHAIIMOHHOE YPaBHEHUE OTHOCUTEILHO UCKOMOI (pyHKIMu. Ero perernne

— cuaboe (060OIIEHHOE) PellIeHe HCXOJHON 3a/a4H.

2. Pazbuenne 067acTi Ha KOHEUHDBIE 3JIEMEHTHI IIPOU3BOIUTCS HA STAIIE II0-
cTpoeHust anmnpokcuMmanuii MK nyst maHHoil 3ama4u, mMocje 3Tamna mo-

cTaHOBKHU I depeHnnaabHoi 3a1a9u.

3. IlapamMerp nuCKpeTu3alyuyu B JAHHOM CJIydae — Imar b IpocTpaHCTBEHHOI
KOHEUHO-3JIEMEHTHO# CeTKH, 3aJJaHHOI B pacueTHo obsiactu. [Ipubiiu-
2KEHHOE PEUICHUE CXOAUTCA K TOYHOMY B COOTBETCTBYIOLLECH HOPME 11pU

h — 0.

4. BasucHble pyHKINK, TOCTPOEHHBIE Ha, TOI CETKe, TOKHBI 00J1a1aTh CO-
OTBETCTBYIOIMMHE AMMPOKCUMUPYIONMME CBOHCTBAMU (CBOWCTBOM IOJI-

HOTRI) Tipu h — 0.

5. /ImameTp KOHEIHBIX JIEMEHTOB CTPEMUTCS K HYJIIO, KOT/Ia mar h cerkn

CTPEMHUTCA K HYJIIO.

MeToa KOHEYHBIX CYTI€pP3JIEMEHTOB

1. Ilpu mocrpoennn amnmpokcumannii MKCD 3amagua 3amnmcbiBaeTcst Kak
BapUAIMOHHOE YPAaBHEHWE OTHOCUTEJIHHO CJIEJIOB MCKOMOU (DYHKIIMU Ha
I'PAHUIAX CYIEPIJIEMEHTOB. Kro perenue — cjiejibl peIeHust nCXOIHOM

3ala91 Ha I'PaHHUIaX CYIIEPIJIEMEHTOB.

2. Pazbuenue obsiactu Ha CynepaIEMEHThI TPOU3BOJIUTCS HA ITATIE TTOCTPO-
eHUsT YKa3aHHOI c1aboii moctaHoBKU. CyTepajieMeHTHAST CeTKa He sIBJISI-
eTCsI «PA3HOCTHON» B OOBITHOM CMbIC/IE ITOTO CJIOBA. DTO MPOCTO Pas-
Ounenue obJaCTH Ha MEHbIINe 11o100acTi. PasMepsl cynepaieMeHToB He

MEHAIOTCA IIPU CTPEMJIEHUU MTapaMeTpa JUCKPETU3aluu K HYJIO.



ceTka, 3aJlaHHAs Ha IpaHUIAX mojgobsacreii-cynepastementon. Ilar A
9TOI CEeTKU SIBJISIETCsI IMapaMeTpoM Juckperusannu. [Ipubsrkennoe pe-

IIeHne 3aa9l CXOJAUTCS K TouHOMYy, Korma h — 0.

4. Basucubie pyHKIMM, 3aJaHHbIE HA I'PDAHUYHON CETKE, JOJKHbI 00JIa-
JlaTh alpoKcuMupyomumu cBoiicrBamu. «CyrepajieMeHTHbIEy 0a3uc-
Hble (DYHKIHHA PACCIUNTBIBAIOTCS KaK TOUYHBIE DEIIeHUs] MCXOMHON 3a-
Jla9¥ C I'PAHMIHBIMUA OA3MCHBIMU (PYHKIUSIMUA B Ka4ECTBE I'DAHUIHBIX
ycsioBuii. OHE MOryT He 00J1a/1aTh KAKUMU-JIM00 allIPOKCUMUPYIOIINMI

CBOMCTBaMU.

5. [luameTp cymnepajieMeHTOB HUKAK HE 3aBUCUT OT Iiara h pPasHOCTHOM

ceTku u He MmeHsiercs npu h — 0.

KoMOuHupoBaHHBIN MOAXO0/T

1. Ilpu nocrpoenun anmnpokCUMaIMil 3a/ia4a 3alUChIBAETCS KaK Bapuali-
OHHOE ypaBHEHWE OTHOCUTEJIbHO ABYX (yHukiuit. [lepBas uz nux — cuej
pelIeHusd 3a/1a49M Ha I'PAHULE CYIIEP3JIEMEHTOB, BTOpas — PElIeHUe B 9a-

cTu 0bJIaCTH, He 3aHATON Cynep3IeMEHTaAMU.

2. Pazbuenue obyractu Ha CynepaIeMeHThI TTPOU3BOJIUTCS HA, ITATIE TTOCTPO-
eHUsl yKa3aHHO cyiaboit mocranoBku. CymepasieMeHTHAsI CeTKA He siBJIsi-
eTCsl «Pa3HOCTHOIY» B OOBIYHOM CMBICJIE TOI'O CJIOBa. DTO MPOCTO Pas3-
Ouenure obOJACTU HA MEHbIIKE 110/100/1acTi. Pasmepsl cynepajieMeHTOB He
MEHSIOTCS IPU CTPEMJIEHUY TTapaMeTpa, JUCKPeTU3aluu K HyJ110. B oriu-
yne o1 MKC3 cynepaseMeHTbl 3aHIMAIOT HE BCIO pacYeTHYIO 00JIacTh,

a JIMb €€ 49aCTb.

3. s annpokcumanuu 3a/ia4u UCIOJIb3YETCs IPOCTPAHCTBEHHAS KOHEY-
HO-3JIEMEHTHAs CeTKa, 3aJ[aHHas B YaCTH PACUYETHON ODJIACTH, HE 3aHs-
TOl cynepajiementamu. JIjisi annmpoKcuMaluy pelieHus Ha I'PaAHUIE Cy-

IepajIeMeHTa HCIIOJIb3YyEeTCA OI'PaHNYICHUE yKaBa,HHOﬁ CETKHU Ha I'PaHUILY

9



Jnuckperudanyn. [Ipubmkennoe perenne 3aJa9u CXOUTCS K TOYHOMY,
korjia h — 0. I1pu 3TOM K HYJITO CTPEMUTCS KaK IIAr MPOCTPAHCTBEHHOM

CeTKH, TaK W HIar FpaHHqHOﬁ CETKH Ha I'PaHHUIE CYIICPIJIEMEHTA.

4. Bazucuble ((yHKIUK, 3aJaHHbIE Ha [IPOCTPAHCTBEHHOH KOHEIHO-
9JIEMEHTHOI CeTKe, JTOJKHBI 00J1a/1aTh alllIPOKCUMUPYIOIIMMU CBORCTBA-
mu. BazucHble GyHKIMM HA MPAHUYHON CETKE MOJYYaAIOTCS KaK OrPaHMU-
yeHue 6a3UCHBIX (DYHKIMN BHYTpU 0OJIACTH HA IPAHUILY CYIIepJIeMeHTa.
«CynepaemenTHbiey 0a3ucHbIe (PYHKIUMU PACCIUTHIBAIOTCS KAK TOYHbIE
pelleHnsi UCXOJHON 3a/1a9u C I'PAHUYHBIMU Oa3UCHbIMUA (DYHKIUSIMUA B
KadeCTBe IPAHMIHBIX ycaoBuit. OHE MOryT He 00J1aJaTh KaKHMHU-JTHOO

A POKCUMUPYIONIUMU CBOHCTBAMMU.

5. /IlmameTp cynepasieMeHTOB HUKAK HE 3aBUCHT OT mmiara h pa3sHOCTHOM

ceTky U He meHsiercst upu h — 0.

Paznuiy B nmoaxonax Takxke wurioctpupyioT Puc. 1-2. Ha Puc. 1 nokaza-
HO pasOueHre KBaJpaTHON 06JIaCTH HA YeThipe KOHEYHbIX 3JIeMeHTa (CIeBa),
deThipe KOHEUHbIX CylepajieMenTa (B IEeHTPe) W Ha OJIUH CyNepajieMeHT U 3
KOHEUHBIX ajieMenTa (crpasa). [Ipu 9moM pasMepbl KOHEYHBIX JIEMEHTOB U
KOHEYHBIX CYIIePJIEMEHTOB OJMHAKOBbI 1 paBHbl h = H. Cerku cOBIaIaIOT.

Ha Puc. 2 nokazano paz0duenue Toii 2Ke 00/1acTH Ha KOHEIHbIE 3JIEMEHThI 1
KOHEYHBIE CyTIePJIEMEHThI, KOIJIa Iar PA3HOCTHOW CETKHU B J[Ba pa3a MEHbIIIE,
dem Ha npejpyiyiem pucydke, h = H/2. Ilar cerku onsith OJMHAKOB, HO
reOMETPHsS CETOK CTaJja pa3audHoit. Ha jeBoii, KOHEeUYHOIJIEMEHTHOM’, CeTKe
AIIIPOKCUMUPYIOTCsE (DYHKIMHU, 33J[aHHbIe BO BCEil jBymepHoil obsacru. Ha
IEHTPAJIbHOU, CYIIep3JIEMEHTHOM, alllPOKCUMUPYIOTCA (DYHKIUU, 33 aHHbIE
Ha T'DaHMUIAX CylepdjeMeHTOB. ['paHMYHasi ceTKa CTaJia B JiBa pasa bosee
MEJIKOi, pa3Mep CyIepaJIeMEHTOB HE M3MEHWJICSI M IO-TIpeXkHeMy paBeH H.
Ha mpaBoii cerke (/7151 KOMOMHHPOBAHHOTO MOX0/A) TPOU3OILIO U3MEJTBIC-

HUE CEeTKM B YacTH 00JIaCTH, HE 3aHSTON cymepasiemeHTOM. CynepsieMeHT
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MKD3 MKC3 MK2/MKC>

Puc. 1. Pacuernas cerka, h = H.

MK? MKC? MK?/MKC?

Puc. 2. Pacuernas cerka, h = H/2.

PACIIOJIOXKEH B JIEBOM HIXKHEM yruly obsiactu. Ero pasmep He usmenuics, ns-
MEHWJIACK JIMIIh CETKa Ha ero TPaHUIe, KOTOPast CTajda B JIBa pa3a MeJjbde.

HanHasi paboTa MoCBsIIIeHa NCCIe0BAHUIO OMUCAHHOIO BbIIIE KOMOUHUPO-
BAHHOT'O IO/IX0/1a. B Heil mocTpoeHa cirabast MOCTAHOBKA 331841 U YKA3AH CIIO-
cob ee alMpPOKCUMAIMHN, KOTOPbIH IIPUBOJIUT K JIAHHOMY YHUCJIEHHOMY METOLY,
MCCIIEJIOBAHBI €€ CBOMCTBA, 1OJIydeHbl ONeHKN OomuboK MeToja. Kak u pauee,
3aJ1a4a 3aIMCbIBACTCS B TaKOi (hopMe, UTo JIJIsi e UCCIIeI0BAHUST CTAHOBUT-
Cs1 BO3MOXKHBIM MIPUMEHSITh XOPOIIO paspaboTaHHble TEOPUU BAPUAIIMOHHBIX
ypaBHEHHU{ U TPOEKIMOHHO-CETOYHBIX METOJI0B. B 1esoM B cBoeil «J0Ka3a-
TeJIbHOM JacThy» JaHHast pabora ciaenyer pabore ([10]). B neit ucnonbsyercs
CXOJIHBI TIOJIXO/] IIPY [TOCTPOSHUHU U UCCJIEJIOBAHNN CJIaDOI IOCTAHOBKH U I10-
CTPOEHUY KOHETHOMEPHON 3a/1a4H.

Pabora BbimosiHena npu qacTudHOR bunancoBoii noiepxke PODU (mpo-

ekt Ne 03-01-00461).
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ITycrs 2 C R? — orkpbitas obsnacth, 0S) — ee rpanuna, Lz(Q) — npocrpan-
cTBO PyHKIHH, CyMMUpyeMBbIX ¢ KBaapatoM B obmactu Q, WH(Q) C Ly(Q)
— npoctpanctBo CobosieBa (byHKIHMI, UMeOmmx B objgactu {2 cymmupye-

MBIe ¢ KBaJpPaTOM Tepsbie mpomssognbie, Wi (Q) — sambkanme CO(Q) B
W(Q), W,*(09) — npocrpancrso cienos na 09 bynkuuit us Wi(Q),
WQ_l/Z(aﬂ) = (WQ/Z(aﬂ))/, Wy Q) = (Wzl(Q))', (+,-)a — CKAJApHOE MPO-
usBejieHre B npocrpancTBe Lo(€)) mim OTHONIEHHE JBOHCTBEHHOCTH MEXK-
ay W3(Q) u W5 (), noposxkennoe ckaisipubiM nponsseiennem B Lo($),
(-,*)gq — CrausipHOe mpomsBenenne B Ly(0)) win oTHOIIEHNE JBOHCTBEHHO-
CTU MEXKJLy VV21 / 2(89) u Wy Y 2(39), HOPOXKJCHHOE CKAJISIPHBIM [IPOU3BEIE-
aueM B Lo(0€2). st kakoro-nubo npocrpancrsa F uepes F' Oynem obo3Ha-

9aTh JBOMCTBEHHOE K HeMy mpoctpanctBo. depes {z,y, ...} O6ymem obosHa-

YaTh JJEMEHT MPsIMOro NnpousBejieHnss X X Y X -« -.

3 IlocranoBka 3agaun

Paccmorpum kpaesyio 3aa4dy dupuxie s ypasuenusi [Iyaccona B obsracTu
Q C R%:
onpedeaums u € Wy (Q, —A): —Au=f, z€Q, (1)
ulpa =0,  (2)
fE L), Wy (—-A)={u:ueWy(Q), —Aue Ly(Q)}.

Bynem npemnosnaratsh, uro obnacts {2 C R?2 — oTKpwITasg OJHOCBsA3HAs

00J1aCTh.
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4.1 Popmyaa I'puna

OCHOBHBIM CPEJCTBOM IIOCTPOCHUSI U UCCIICJIOBAHUA ODOOINEHHBIX MOCTAHO-
BOK KPaeBbIX 33]1a4 dABJsieTcs gpopMya ['puHa B MpocTpaHCTBE Wzl(Q), KO-
TOpast ABJAETCS CIeAcTBHEM abcTpakTHOH dbopmyssl [puna ([18], ¢.188) u

dopMmyupyeTcs ciieLyomuM 00pa3oM: CyIeCTBYeT eMHCTBEHHbBIN OIIePATOD
5§ WHQ, —A) = Wy 3(09), raxoit, wro

a(u,v) = (—Awu,v)q + (du, Yv)4q , Yu € Wy (Q,—A), v € WJ(RQ),
W3(Q,—A) = {u € Wy () : —Au € Ly(Q)},

a(u,v) = /V’u,-V'U dQ.
Q

Bnech v : WHQ) — VV21 / 2(89) — ONEPATOP BHIYUCIICHUST CIEIA, YU = U|g.
Ecmu v € W2(Q2) u rpanuma 052 obnactu §) TakoBa, 9TO UMEET MOYTH

BCIOJIy BHEIITHIOIO HOPMAJIb 71, TO

ou ou
du = 57 (0u, Yv)gq = il dry.
o0

4.2 Kiaaccudeckas cjaabasd MOCTaHOBKA

Kiaccuueckas crabast mocraHoBka kpaesoit 3agadn (1)—(2) umeer criemyio-

ugmit Bug ([18]):

o

onpedeaums u € Wy () :
ou0) = (fi0), Vo e WHQ); [ € La(@). ()

Nzsecrho, ([18], ruasa 6), uro 3amauu (1)-(2) u (3)) 9KBUBATIEHTHBI.
TMocranoska (3) 6yaer umeTs cMbica u ipu f € Wy H(£2), Ho B aTOM Cirydae

OHa y»ke He OyzeT 9KBUBaJeHTHa nocTanoBke (1)-(2).
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[Tpenmnonoxkum, uTo 00JacCTh {2 MOXKHO NPEACTABUTHL B BUJE 00beIUHEHUS

aByx mogobnacteit 2 n ()

npudeM 00JiacTb {2g ABJSIETCSI CTPOTO BHYTPeHHeH 1moa00/acTbio obactu €2,
Q, C Q. Obaacts €, 6yneM HA3BIBATH CyIEPAIEMEHTOM. JIjIst POCTOThI OY-
JIEM PACCMATPUBATH TOJIHKO OJWH CyTIEPIIEMEHT, XOTS 9TO HE MPWHIIATTAAI b-
HO.

[Tycts I's — rpanuna cymnepanementa 2, 'y = 0€,. st npocroTsr Oyiem
CYUTaTh, 4TO I'panuiia [’y obnactu {2y sABJIsETCSA OJIHOCBAZHOIA.

['panuna I'y obmactu €2y B 9TOM Ciiydae OyneT UMeTh JBE KOMIIOHEHTBI

CBSI3HOCTH,

Ff =ITqUTy,

rae I'g = 0€) — Buemmnsas gacrTb rpanuip objaactu {2y
Mgl 6yseM cauTaTh, YTO IPAHUIBI BCEX PACCMaTPUBAEMBbIX 00JIacTell siB-
JISTIOTCST MHOTOYTOJIbHUKAMHK, XOTsI 3TO U HE 00s13aTeIbHO.

[Tpumep pazduenust obsiactu npusejieH Ha Puc. 3.

Puc. 3. ObsacTh u cynepaieMenT.

14



HUKAMH, TO Ha UX IPAHUIE [IOYTH BCIOAY CYIIECTBYET BHEIIHsISI HOPMAJIb.
Ha 3ToM 3r1amne yxke HOSBJISIOTCS Pa3/ndus JAHHOIO MOJAX0Ja U «O0bIU-
Horo» MKC3. B ommune or MKCS 31ech cynepaieMeHThbl He MOKPHIBAIOT
BCIO PaCUeTHYIO 001aCTh. EIMHCTBEHHBIN CymepajeMenT ), ABJISIeTCs MPOCTO
HEKOTOPO#l BHYTpEHHEeH MOoA00aCThIO MMOJTHONE pacdeTHO# obsacTh §2.

Onpegenum mpoctparcTBo W ciaemyoomum o0pasom:
W= W21(Qf) X W;(Qs)

Qunement v € W npegncraBnsger coboit Habop n3 2-x byHKINR v U v, UV =
{vf,vs}, npuuem vy € Wy (), vs € W3 (£2).
[Tpoussonbhyio byukimio u € Wi(Q)(Ws(2)) Moxkuo paccmarpubaTh

Kak ajement npocrparncrsa W (Wy), ecim nmonoxkuts u = {uy, us}, tfs =

U|Qf’s.

Takke OyeM paccmarpuBarh npocTpancTso Wy,
Wo = Who(Qy) x WH(E).

Buecy Wy(€y) — nompnpocrpancrso npocrpaucrsa Wy (2y), cocrosumee u3
dbynskumil, koTopele obpamatorca B 0 Ha BHemIHell rpanune obJsactu 2¢, T.e.
Ha FQ

CrpaBeJJIuBO CJIeIyIoIlee yTBePXK IeHHe

Jlemma 4.1. Qynxyus v € W npunadaesicum npocmpancmey Wo () moeda

u Moavko mozda, Ko20a

(vi, up)oa, + (vs, s)oq, =0, Vu € M, (4)

ede
e {“ = {us, s} € Wy 2(09) x Wy H2(09) -

—

Elw - (¢1)¢2) S W21(Q) X WZI(Q)7 :u'f,s — 1; T_if,s}a

Nfs — GHEWNHAA HOPMaD & epanuye OS2 uau 082, coomeememeeno.

15



neunoro B (|10]). Yemosue (4) mpeacrasisier coboit ciabyio hopmy ycmoBus
HENpepbIBHOCTH QPYHKIMM v Ha obmieil rpanue nogobaacreit 2y n (.
Paccmorpum ciabyio nocranosky (3) samaun (1)-(2). Moxkno moxasars,

4YTO OHA YKBUBAJIEHTHA, CJIELyIONEeil MOAU(UIIMPOBAHHON C/1a00# IIOCTAHOBKE:

onpedesums u = {uf,us} € Wy = WQI,O(Qf) x Wy (Qs) : (5)
(ug, wp)oa, + (us, ts)oo, =0, Y € M, (6)

as(us,vs) = (fs,vs)q,, Vus€ I/I;%(QS), (7)

af(uf,vf) + (sus, VsVs)on, = (ff,vf)a;, Vv € Wo/zl (€2). (8)

31ech

af,s(u,v) = / VUVUCZQ]‘,S) u,v € W21(9f75)7
Q

f78

frs = Fflos, € La(Qys),  (frsrvss)o,, = / fodQy .
Qf,s

3/1eCh 75 — OnepaTop BbIYUC/ICHUs cyiesa Ha rpanute 0§2; obsactu (1.

JloKazaTesibCTBO 3TOr0 yTBEPXKIEHMsT CXOJHO C JOKa3aTeIbCTBOM aHAJIO-
ruasoro yrepxkaerus B ([10]).

[Tosicaum embica yerosuii (5)—(8). YesoBue (5) mojguuHsieT u rJIaBHbIM M'Da-
HUYHBIM yCIOBUSM (2) 1 obecrieqnBaeT HeOOXOANMYIO IVIAJIKOCTh U B ITOI00J1a~
crax ¢ u ();, 9TO OMPABABIBACT BO3MOXKHOCTH NCTIONB30BAHNSA B HUX (hOPMY-
abl 'pura. OTMeTnM, 910 Jijist TPOU3BOJIbHbBIX JIeMEeHTOB npocTpancTs W un
Wo dopmyiny I'puna B obiactu () uCIosb30BaTh HEIb3s, T.K. IPOU3BOJIbLHBII
9JIEMEHT 9THUX MPOCTPAHCTB MOXKET He 00J1aJaTh CyMMUPYEMbIM C KBAJIPATOM
0DODIIEHHBIM T'PAINEHTOM BO Beeil obsiacTu {2, XOTsSI OH BCErJa MMEET CyM-
MUDPYeMbI#l ¢ KBaJpaToM OOOOIIEHHBIN IpaJieHT B KaxKJoil u3 objacreit {1y,
Q.

Cnajgkoctb u BO Beeit obsactu ) (T.e. MPUHAIJIEXKHOCTH U TIPOCTPAHCTBY

W3 (2)) obecrieunsaer yeorue (6). st smementos W nmm Wy, nogunnen-
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HO.

Buimonienue yciosuit (7) sKBUBaIeHTHO ToMy, 9To byHKIHs us € W3 (§2)

SIBJISIETCS CTabbIM pernenureM ypasrenus (1) B obmactu (2. T.k. B 9TOM yCio-
o

un v € W3 (£), To coornomenue (7) He HAKIAJIBbIBAIOT HA U; HUKAKUX

IPAHUYHBIX YCJIOBUH (JPyrUMHU CJIOBaMH, Jirobast QyHKIMS Ug, SBISIOMIASCS

cabbIM pelenneM ypaBHeHus: (HO He KpaeBoil 3ajgaun) (1), Oyner ymosie-

TBOPATH cooTHOIeHuUsIM (7)).

Yenosue (8) 3ambikaeT cucreMy 3Tux cooTHommenui. OHO sABJsieTcst clie/l-
CTBUEM MCXOJHON ciaboii mocranoBku, coorHotenust (7) u dopmysnbr ['puna
Jutst obsactu €.

OTMeTuM OTIMYMe JAHHOIO yTBEPXKJEHUSI OT AHAJOTMIHOIO yTBEDKIe-
nus 1yis MKCO. B ypasuenun (8) comepxurcs ciaraemoe Buja af(uf, vy),
koroporo Het B ciydae MKC. 9r1o cszano ¢ Tem, uro 8 MKCS cynepaie-
MEHTBI TIOKPBIBAIOT BCIO pacueTHyo objacTb. [locie mpuMeHeHrs: B KasKJI0M
U3 CynepasieMeHTOB (hopMyJibl ['prHA TPU Mepexojie K PacCMOTPEHUIO CJie-
JIOB DELIEHUsI U HOPMAJbHbBIX NPOU3BOJHBIX HA TPAHMIAX CyEpPJIEMEHTORB
MHTErPaJibl 110 BHYTPEHHUM YaCTSM CYIEPJIEMEHTOB IIPONAJIAIOT. 3/IECh XKe
nepexoJ|, K ciaegam ¢ noMouipbio (opMysibl [puHa OCYIECTBIAETCS JHUIIbL B
ojiHOI momobacTu — cynepaementa (). HTErpaJbl 1Mo ocraBIiieiics 4acTu

obmacru 2 = Q \ Q, ocraforcs.

5 Iloctpoenue BapuarmoHHOTrO ypaBuenus b(u,v) = f(v)

B IIPOCTPAHCTRBE CJIEJIOB

5.1 OmnepaTopbl 1 UX CBOICTBA

Bsegem oneparop G : WQI/ 2(89) — W3(S2), conocrapasiomuii GyHKIMl

1/2

o € W,'°(0R) dbyuxmuio u = Gy € W4 (), KoTopas sBjsgeTcs peleHreM
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ulsa =0, @€ W, 09),
a(u,v) =0, Yo e Wi(Q). 9)

UzBectHo, uro G — JuHERHbBIN HENPEPLIBHBIA omepaTop, T.e.
Vei,co € R Glerpr + cap2) = c1G (1) + c2G(p2),
Gl < C lellreon

rje kouctanta C' > 0 He 3aBUCUT OT (.

Ucnonbzys dopmyiy ['puna, uz (9) momyawum:
a(u,v) = (0u,Yv) 50, Yo € Wy (),
WJIH, YIUThIBast, 910 U = Gp:
a(G,v) = (§Gp, 1)y Yo € WE(RQ), Vo e Wy2(09).

Ecin perenue u = Go € W(Q), 1o du = Ou/07 un

oG
a(Gy,v) = aﬁ‘% dl, YveWiQ), VYeeWi*o9).
oN

Beejem B paccmorpenue onepatop P : W, / 2(0Q) —» Wy Y 2(692) (onepa-

top Ilyamnkape CTekioBa), OnpeaeeH bl CIeayOnM 06pa3oMm:
Pp =6Gep.

Ecnu pemenne u = Gy € W(Q), To

0Gyp
Py = 7

B nasbreiiiem Beerya Oyer ucnosb3oBaThest obozuadenue 0(-)/0n, naxe
ec/ii HOpMaJlbHas NIPOU3BOIHAs HEe CYIIECTBYeT B KJIACCUUYECKOM CMBICIIE.

YKkaxkeM HEKOTOpbIe CBOCTBa oneparopoB P u G:

1. Oneparop P siBisieTcst JIMHEHHBIM U HEIIPEPbIBHBIM.
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a(Gp,v) = (Pp,vv) 4 - (10)

3. T.k. (10) Bepro ms Vv € W3 (£2), To ono 6yyier BepHo jyuis v = Gb, rje

(NS W;ﬂ(ﬂ). Torja, yuuTbiBas CAMMETPUIHOCTD a(u, v), MOy YUM:

Vi, 02 € Wy 2(0Q) 1 (Pip1, 02) = a(Gepr, Gipy) =
= a’(GSO% Ggpl) = <9017 P(102> )

T.e. onepaTop P sBJiseTCss CHMMETPUYIHBIM.

5.2 TlocTpoenme BapmanmoHHOTO ypaBHeHUd |

Paccmorpum noctpoenmyio Boime cucremy cootnorenuii (5)-(8). [pexcra-
BuM byHKImio u B Buge u = w+U, ups = wy+Uss tne w = {wy,ws} € W

— Takag (PyHKIUs, 9TO

—Awg = fs BQS7 ws|803 =0,

wf:OBQf.

[TocTtpoennasi Takum obpazoMm (DYHKIUS ws OyIeT MPUHAIJIEKATH MPO-
crpatctBy Wy () u siBasaTbCA B o10671acTH (25 peIieHreM UCXOIHOTO YPaB-
Henust. CMBICH TIpeJCTaBIeHusT (DYHKIME W B TAKOM BHJE — CBECTH 3aJady
(7) K 3aja9e ¢ HyJIEBO MPABOH YACTHIO.

Ormernm, aro yukims w = {wy, ws} B 9TOM Cirydae Oyjer HeIPePbLIBHOI

o
na I's u Gyner npunaexarsh npocrpanctsy Wa ().
[TopcraBus u = w + U B cootnomenns (5)-(8), momyaum ypaBHEHUS JIJIs

U= {Uf, Us}:

onpedeaumv U = {Uy,U,} € Wy = Wyo(Qy) x Wy (Qs) : (1)
(Us,np)on, + (Us,ms)aa, =0, Vn € M, (12)

as(Us,vs) =0, Yo, € W5 (Qs), (13)
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(ff7vf)Qf - <58w8a787}s>603, Yv € W;(Q) (14)

Ucnonwayst onepaTopbl P u G jJist obyactu (2, |, nepenuireM COOTHOMEHS

(12)-(14) B BUE:

(Ugsms)oq, + (s ms)oa, =0, Vu € M, (15)
US = GSSO& (16)

af(Uf7 Uf) + <Ps,u37 7$Us>695 -
(ff7vf)Qf - <58w8a787}s>603, Yv € W;(Q) (17)

3mech ps = v:Ug — cnen dyukmuu Uy va I'y = 08, Ps, G5 — onepatopbl P u
(G, coorBercTByIOMKE MOH00IACTH §2;.

Takum obpaszoM, (popMaIbHO 331898 MOXKET PElIAThCs B JIBa ITAIA:

1. ITo coornomenusim (15), (17) onpenensiem napy byuxunit {Uy, us}, rae
U — pemenne 3agaqn B obsactu (¢, ¢, — ciaen na I'y pemenna Uy 3agaan

B obstactu ).

Ormerum, aro B cuity (15) ps = Uy|r,. Taxum o6pazom, xorst popmasin-
HO 33,1498 U 3aIIMCaHa OTHOCUTENIBHO ABYX HensBecTHBIX — { Uy, s}, BTO-
poe U3 HUX SIBJISIETCS [IPOCTO OIPAHUYEHUEM [EPBOIO HEM3BECTHOI'O HA
IPAHUILy CyIIepP3/IeMEHTa. TeM He MeHee, Mbl Oy1eM paCCMaTPUBATD 3a,1a-
4y UMEHHO B TAKOM BH/IE, T.K. IIPU IIOCTPOCHHUHN AIIIPKOCUMAIUI yCIOBIE
(15), BoOOIIIE TOBOPST, MOXKET HE BBIOIHATHCS TOTHO, & AMIMTPOKCHMUPO-

BATHCS TaK ke, KaK coorHorenus (16) u (17).

2. ITo usBectHoO# dynkIwn 1 cormacuo (16) BoccTaHABIMBaEM peICHUE
Us B mogobmactu €2, pemast B {2, COOTBETCTBYIOIIYIO KPAeBYIO 3a/1a9y

(T.e. BbrumcisieM 3Havenue oneparopa Gy Ha GyHKiwn s, Us = Ggpis).

Hast ypasrenust (17) cipaBejiMBbI Te K€ 3aMEUaHusl, 9TO U JJIs yPaBHe-
Hus (8) B pazjesie 4.3 — nepexoy K cjiejiaM peliieHust 1 oneparopam [lyankape-

CTekJ/ioBa OCYIIECTBJIETCA JIUIIb HA IPaHUIe cymnepajeMenTa s, KOTOPbIi
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nrefics qacTu obsactu coorBercrByer unrerpas Buga af(Uys,vs). Ilepexon k

cJIejaM pemieHnA 3/1eCb HE IIPOUCXOIUT.

5.3 IlocTtpoenme BapuammoHHOro ypaBHeHus II

Paccmorpum ruibbeproBo npocrpaHcTBo H, onpejiesieHHOe CJIeAyomuM 00-

pasoM:

H = LQ(Qf) X LQ(&QS),

rie La(§2¢) (L2(0€25)) — mpOCTPAHCTBO CyMMUPYEMBIX € KBaIPATOM (DYHKITHIA
na {1y (0€25). Duement z npocrpanctsa H — ynopsigodennas napa GpyHKIHi,
= {u,p}, rne u € La(Qy), p € La(08s).

CkaJisipHOE NIPOU3BEJIEHNE U HOPMY B 3THUX IPOCTPAHCTBAX BBEJEM OObIY-

HBbIM 0Opa3oM:

2
wmm=/wmﬁnwm=wm%
Oy

<:u’ V>393 = //“/ dl, ||NH<29S2k - <,u, ,u>89k'
00,

B npoctpanctBe H BBejieM CKaJisipHOE IIPOU3BEJIEHNE U HOPMY IPSIMOIO

IIPOU3BEACHUA:

(a:,y)H - (ua U)Qf + </"’ V>6Qs’ HxHiI - (xax)H’

r={u,u}t € Hyy={u,v} € H.
AHaJIOrMIHO BBEIEM HOPMUPOBAHHOE MPOCTPAHCTBO

X = WH(Qy) x Wy (09,),
loll = lullfsa, + 6l == {uwu} € X,

B npocrpancTBe X paccMOTPUM MOITPOCTPAHCTBO

Xy = {:1: ={u,pt € X: FveWy(Q),u=0vlg,,p= ’U|HQS}-
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HOJIb Ha BHENIHefl rpaHmie obgactu ()l U ABIAIOTCA HENPEePBHIBHBIMUA HA
[y = 0Qs. Hust npousBosbaOro ssiementa = {u, u} € Xo p = ulaq,, T.€.
BTOpas KOMIIOHEHTa, dJIEMEHTa & OJHO3HAYHO omnpejessercs mepBoit. [loaro-
My X, KaK JJTHEHHOE TPOCTPAHCTBO, MOXKHO OTOXKJIECTBUTH C TPOCTPAHCTBOM
WQ{O(Q 7). Ho kax HOpMHpPOBaHIbIE TPOCTPAHCTBA OHU PA3JINYIHBL.

B kadecTBe NMpOCTpaHCTBA, ABOHCTBEeHHOrO K X, OyJeM paccMaTpuBaTh

IPOCTPAHCTBO

X' =Wiy(Qy) x W, ?(09,).

PaccMmorpuM Tenephb ompejiesieHHbIe BbIllle JIMHEHHbIH omepaTtop P

W;/2(6’QS) — W2_1/2(898), v Oununeinyo Gopmy

b(:z;,y) = af(ua 'U) + <P8:u7 V>6Qs’
r={u,u} € X, y={v,v}€X,

OTIpesIeJIEHHYIO I BceX T,y € X.

Jlemma 5.1. @opma b(-,-) asasemea nenpepvisnot cummempuunot noso-

otcumenvho onpedesennoti burunetinot gopmoti 6 npocmparncmee Xy, m.e.
Ve,y € Xo: [bey) < allely vl Ve € Xo: ellell < bz, z).

Hoxazameavcmeo. CHMMETPUIHOCTD, HEIIPEPBIBHOCTD U OMJIMHEHHOCTD hOP-
MBI ABJIAIOTCA IIPAMbBIM CJIICACTBUEM CUMMETPUYIHOCTHU, HEIIPEPbLIBHOCTU U JIKU-
HeitHocTn oreparopon Ilyankape-Crekiiosa.

JloKazkeM TOJIOKUTETBHYIO OIpeseseHHOCTh Gopmbr b(-,-). s sToro
PacCMOTPUM TPOM3BOJILHBIN 37ieMeHT © € X W mpojesaeM psi mpeodpa-

30BaHUN:

Vo ={up,p} € Xo: bz, z) = af(us,uf) + (Pspr, )on, =
af(us, uf) + as(Gsp, Gsp) = ag(ug, uf) + as(us, us),
rie us = Ggu. [o mocrpoenuio npocrpancra Xg nemMenT g = ulaq,. Ilo-

sromy (Jlemma 4.1) byukmusa u = {uy, us} € Wy Moxker paccMaTpuBaThCH
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<+ L &\ 7/ 4 /

) cyMMupyeMBIii ¢ KBapPaTOM I'DAIAEHT, 1

b(z,z) = a(u,u) = /Vu - Vu dSQ.
0

o o

B srom mhipaskenun u € W (Q). Ussecrno, uro B npocrpancrse Wi ()
dbopma a(u,v) 3amaer (IHEPreTHIECKYIO) HOPMY, SKBUBAJEHTHYIO OOBIYHOI
HopMme mipoctpanctsa Wi ()

ou

el = Il + | 523

LIL, () ‘ Lz(Q)-

Orcroga mosryanm:

2 2 2
b(z,2) > C llulfza = C (lusllinya,) + lusllini) -
st objacreil ¢ KyCOYHO-IVIQJIKON I'pAHUIEH CIPaBEJINBO CJIELyIOIee

nepasenctso ([20]):
Vu e WD)+ Nl 2 G Irullgyegn, G0

HamomuuM, 910 3/1€Ch 7y — OmepaTop BhIYUCIEHUS ciaeja Ha O0f2.

[TpomokuB mpeodpa30BaHus, TOJYIUM:
b(@,2) > C sl + Co 1ol rn g, = lall,
Takum obpaszom,
b(z,z) > C |z|[%,, C>0.
[

BusinHeiHOCTD, HEPEPBIBHOCTD U MOJIOXKHUTEJIbHAST ONPEIEIEHHOCTH (hOop-

MBI b(+, ) HO3BOJIAIOT CHOPMYIUPOBATH JIJIs HEe CJIEIYIOMLYIO 3a/1a9dy:
onpedesums ¢ € Xo:  b(z,y) = F(y), Yy € X, (18)

rine F(-) — nempepwiBHbIi nunelinbii dynkiponas va X, F € X',
B coorsecrun ¢ semmoit Jlakca-Musbrpama ([13]) pernenne 97oit 3a1atm
CYIIECTBYET M €JMHCTBEHHO.

Haxkomner, cupasejiuBa
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F(y) = (ff7U)Qf - <58w87 V>6987
FeX CcH, y={vv}elX,

ws — Pynryua uz (15)-(17).
Iycmy pewenue 3adavu (18) das makozo F umeem eud © = {uy, ju}.

Tozda pewenue u € W3 (Q) uczodnoti sadawu umeem 6ud u = {us, G+

ws}.

JlokazaTesabCTBO CBOAUTCs K 3arucu coorHomenuit (15)-(17) ¢ ucnonb3o-
BAHUEM BBeJICHHBIX obozHadenuii. [Ipu stom ycnosue (15) ymosierBopsiercs
33 CYeT BBIOOPA COOTBETCTBYIOIIErO MPOCTpaHcTBa X, yciosue (17) apiser-

Cs1 Pa3BEPHYTO 3alMChI0 BAPUAIIMOHHOTO ypaBHeHust (18).

6 IlocTpoeHme KOHEYHOMEPHOI 3ajauu

Bamady (18) MOXKHO AINMPOKCHMUPOBATH TEM WJIM WHBIM ITPOEKIMOHHO-
CETOYHBIM MeTOJOM. IIpoeKInoHbIe METOIbI PEIlleHnsT a0CTPAKTHBIX Olepa-
TOPHBIX YPaBHEHUI U KpaeBbix 3a/a4 paccmorpennt B [12],[19].

1t IpoCTOTHI paccMOTpUM Jiniiih MeTOJ, ['anepkuna-ByOHOBa, KOT1a TPO-
CTPAHCTBA OA3UCHBIX U MPOOHBIX (DYHKIMH COBIAIAIOT.

Kak y»xe OblIO CKa3aHO BbIIE, B CUJYy YCJIOBUSI HENPEPbIBHOCTH Ppellle-
HMsl Ha TPaHKIE CylepajieMeHnTa, X, KaK JIMHEHHOe MPOCTPAHCTBO, MOXK-
HO OTOXKJIECTBUTH C MPOCTPAHCTBOM W%)O(Qf). Bropasi koMmmonenTa 3Jie-
MeHTa & = {uf, pt} mpocrpancTBa X( OJHOBHATHO ONPEIENSIeTCs IEPBOii,
1= uglaq,.

[Tpescrasienue snementa upocrpancrsa Wy () B Buje saementa npo-
crparcTBa X HEOOXOAUMO JIMIID JIJisi TOKA3aTEIbCTBA CBONCTB 3ajaun (18)
(HOJIOXKUTEJILHON ONPEJEJIEHHOCTH U HENPEPbIBHOCTU OWJIMHEHHON (hOpMBbI
b(,-) B COOTBETCTBYIOIIEM IPOCTPAHCTBE).

[TosroMy HEOOXOIUMO AIIPOKCUMHPOBATL JIUIIL KOMIIOHEHTY uf. Ilpu
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dbepeHIEaIbHOM CTydae, ONPEIessieTcsl KaK OIPAHUYEHUE Uf ), HA DAHMUILY
I’y = 025 cynepaiemenTa.

Hnst annpokcumanun 3aga9u (18) BeiGepeM HEKOTOPOE KOHETHOMEPHOE
nogupocrpancrso Vy, npocrpancrsa Wy o(€f), spisomeecs: jiuneitHoi 060-
JIOYKO# cucreMbl dyHKIMM {gogf) N, C W2170(Q f)-

[Tpubnuxkennoe pemienne 3agauu (18) OymeM uckaTh B BUjIE

N

upn = Y aipy. (19)

i=1
[TpubsvkeHHbIM perierneM 3aja4au (18) OyjeM canTaTh pernenue ey oied

KOHECYHOMEPHOM 3a/la4yn:
onpedeaumv urp € Xop:  blupn, on) = F(en), Veon € Xop.  (20)

31ech
b(ugn, on) = ap(ugn, on) + (Pswsn, ¥s0n)o0,-
Bribupas pa3iudabiM 00pa30M IOIPOCTPAHCTBO X p, MOXKHO IIOJIYUUTh

pa3JIn49Hbl€ BapUaHTbl ME€TOJA.

Pacuer BO Bcex citydasix OyjieM MPOBOJUTH 10 CJEyIOIIell cxeme:

1. Jlns kaxx 1o pyHKIMMA cp,(;), HOCHUTEJIh KOTOpO#i nepecekaercsi ¢ I' = 02,

BbIYUC/IUM U 3aIlIOMHUM (byHKILI/H/I

30 = Gypl)

" = Pl = 98" /on,.
s onpenenennst pyHKIMA @g) B mogobjyactu {2y HEOOXOZUMO pe-
IIUTH KPAEBYIO 3/1a9y C KPAEBbIM YCJIOBUEM, OIIPEIe/ISIeMbIM (DYHKIHEH

2. ChopmupoBas 1 pemmB KoHeYHOMEpHYO 3a1ady (20), nosydum npu-

OsKeHHOe perenue {uy q, n = U ploq,  3amaqn (18).
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BBIUKCJIEHHBIE OllepaTopbl ['puHa JJisi TPAHUYHBIX Oa3UCHBIX (DYHKIUM, T.e.

(h)

bynkmm ;.

dopMaJibHO MOAX0]T SKBUBaJIeHTeH 00braHOMY MK, ectu cuntaTh, 9T0 B
obsnactu €1y GasucHble DYHKIMN 33]]aI0TCA KaKUM-T100 00pa3oM, a BO BHY-
TPEHHOCTH CymepaJeMeHTa (), OHUM TPOJOJIKAIOTCS KaK PEIeHUsT MCXOTHON

3a,/1a4H1.

7 Omnenku onmobok

Paccmorpum meros Bybynosa-l'asiepkuna, Korua cucremMbl 0a3uCHbIX U 1TPOO-
HbIX (PYHKIUI COBIIAIAOT.

B sToM cityuae oreHKa OMUOKY CBOIUTCS K OIEHKE BEJUIUHBI HAUJTY TIIIe-
ro NpuOJIMXKEHWsT PEeIeHusT (p 3aa9l JIeMEHTaAMU KOHEIHOMEPHOI'O MOJIPO-
CTPAHHCTBa X j.

B coorBercrum ¢ memmoit Cea ([13], ¢.109), ans ommbku meToma crpa-
BE/IJINBO HEPABEHCTRO:

— < M inf — 21
o = onlly, < M inf o=yl 1)

)

rie koucranta M > 0 He 3aBUCHT OT .

Hopwmy B mpaBoit qactu HepaBeHcTBa (21) omeHuM CJIeLyonmmM obpa3oM:

e
Jinf e =il < llo—#lx,,

riae & € Xoj, — UHTEPIOJIAHT PellleHus T, IOCTPOCHHbIH 110 cucTeMe DyHKIUR

{SOS)} C Xo.

B namewm ciydae Hopma amemenTa © € {uyf, u} € X umeer Bujx

2 2 2
12l = llusllwy ) + el g, -
Takum obpa3oMm, TpedyeTcs: OlEHUTh BEJIUUNHY
12 ~ 12 -2
e = 2% = llur = Gsllwyq, + 16 = Bllgarpg,) -
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yrojbHoi cerke. Takxke OyJieM CUMTAThb, YTO I'PaHHUIA 0DJACTH, B KOTOPOI
OCYIIECTBJISIETCS PEIIeHUe 331291, AIIIPOKCUMUPYETCsT TOTHO.
Ilyctb T} — TpeyroJabHUKN TPUAHTYJIAINN.
o
[TpemooxKuM, 4To pelieHne uexoanoi sagaqn u € W2(Q2) N WHQ).

Torpa st nepBoro ciaraeMoro crpaseyiusa onenka ([13],[12]):
_—
lus = gl < Ch,

h = max;diamT;, C > 0 ne sasucur or h, C = C([lullyzq,):00), 0o -
MUHUMAJIbHBIA yTrOJl TPEYroJbHUKA B TPUAHIYJISAIIAH,

Ouenum Tenepsb ||u — ,&||W21/2(ms). [Iycts 7; — pebpa TpuaHTYJISIIIH, 00-
pagytoriue rpaunuiy 0€2s. B mpejesnax kaxk1oro Takoro pebpa i — JuHeiHast

dyukmusa. Torma
i = Allggarepa, = D In = Allyaepq,) -
i
Mozkno nokazath ([10]), ato ecu p € Ci () N W21/2(%), TO
Iy < a2l (Gl +1).

rae |7i| — pmna pebpa i, o = Iglgyxlu’(é“)l-

- 1
| — M||W21/2(ags) < Z o? |yl <§|%| + 1) ,

re o; = max|u'(§) — f(&)].

K3

Orcrona

st o; cuipapeyinBa ciejyonas otetka ([21], ¢.35):

o; = max|y' — @] < ag;ilvil, g = max|u”(s)].
SE; S€Y;

CutetoBaTeIIHHO,

1
~112
s = Blygran,y < 3 el (5hid +1)

)
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=TT o

12 1
= Wl < 2 il (3l +1) <
2 3 1
25 bl (5hid +1) <
)
aghf’y( b —|—1>Z|%|—a2 ( h —|—1>L

rae L — pomna 0€)g. YauTsiBasi, 9T0 JjuHa pedpa TPeyroJbHUKa HE TTPEBOC-

XO04uT €ro guamMerpa, OKOHY1aTEJbHO 1101y YUM

- 1
[ — N”?y;/“’(ans) <COR (gh + 1) ;

rne C' > 0 e 3aBucur or h.

OKoHYATEIbHO MOTydaeM
1
|z — Z||% < CLh+ Cyh? (gh + 1) :

3neco kouctanTel C, Cy He 3aBucat ot mara cetku h. Koncranta C 3aBucur
OT BTOPBIX IPOM3BOJAHBIX pellleHus U reomerpuu cerku B objacru (2f, Co
3aBUCUT OT BTOPBIX IPOM3BOJHBIX PEIIEHUsI TOJHKO Ha rpaHuie 0€2;.
OTmeTnM, 9TO BKJIAJ 3TUX JIBYX CJIaraeMbIX B CYMMAapHYIO OIIHOKY MO-
’KeT OBITh Pa3JIMYHBIM B Pa3JUUHBIX cUTyalusax. OH 3aBUCAT OT reOMETPUH
cynepaseMenTa 1 TuddepeHInaJbHbIX CBOUCTB pellenns B objaacTu {1¢ u Ha
rpanute 0€2;. OO0Iast peKOMeHIaIisl 3/1eCh TaKasl K€, KaK W JJIsi OPUTHHAJIb-
noro MKCD — ocobernocru pemierust (O0JIbIIIe IPAUEHThI) JOIKHBI ObITH
COCPEJIOTOYEHBI BHYTPH cyliepajieMenTa (2. BHe Hero u Ha ero rpaHuiie pere-
HUE JIOJKHO OBITH JOCTATOYHO IJIaJKON (DYHKIHE. DTUM MOXKHO JOOUTHCS
YMEHbIIIEHUSI OIMMOKN TPUOJIMXKEHHOI'O PEIIEHUs 38 CYET YMEHBITCHUST KOH-

crant C7 u Cy Ipu HEM3MEHHOW BeJIMYnHE I1ara, .

8 IIpumepsl pacdyeToB

PaccmoTpenHbIit KOMOMHUPOBAHHBIM BapPUAHT METOJ1a KOHEIHBIX CyIepaJie-

MEHTOB JaJiee IIPUMEHACTCA OJId PEIHICHHA 3aJa91 O CKOPOCTHOM CKHH-CJIOE.
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IIEM UX 3J1eCh KOPOTKO.

MaremaTndeckas II0CTaHOBKA 3a/1a41 O CKOPOCTHOM CKUH-CJIOE UMeeT CJie-
nyrornuii Bug: Tpebyetcs onpenenutsh dyukuuio H = H(z,y,t), yaoBrerso-
PSIONLYIO B JIByMeEpHO# obsiactu {) ypaBHEHUIO

OH . 1 S

¥ 3a/JaHHbIM HAYAJIbHBIM ¥ I'PAHUYHBLIM yCJIOBUSIM.
3ajada periaercd B apymepHoii obiactu 2 = 24 UQg, rae (2 — 0baacTh,
3aHUMaeMasi Hampasisitoreii (pesabcom), (24 — obacTb, 3aHUMaeMast SKOPEM
(Puc. 4).
[Tpu sToM

Oa S QR)
B(@,t) = d(t), ©€QaUQy lz,t) = |

Ua(t), x €y

BekTop cKOpOCTHU sIKOpsi HAIpaBJeH Bjosib ocu O,

Ua(t) = (ua(?),0),

e ug(t) B paccMaTpuBaeMoil JByMEPHO OCTAHOBKE MOXKET CUUTATHCS 3a-
naHHol dyHkimed Bpemenn. Konkperublit Buj GyHKImU u,(t) onpepesser-
Cs1 TIOJTHOM TTOCTAHOBKOM 33/1a91, BKJIIOYAIONIEH B ceOsi ypaBHEHUS JIBUXKEHUST
SIKOPSI.

Ha gactu 'y rpanuisl pacyeTHoit obsacTtu 3aJaHbl TPAHUYHBIE YCJIOBUSA
1 poma, Ha ocTaBIeiicss YacTu paHuIbl ['] 3aJaHbl TPAHUIHBIE yCJIOBUS 2
poza.

Buy pacuerHoit obiactu npusejen Ha Puc. 4.

3ajava cHavYaJIa allpoOKCUMUPOBAJIACH MO BPEMEHU MOJHOCTHIO HESIBHBIM
obpazom. 3areMm s ONpEIeJeHUsT PEIIeHnsT Ha, KayKJOM BPEMEHHOM CJIOe
UCIIOJIb30BAJICS. METOJ KOHEUHBIX CyIEPIJIEMEHTOB UJIU €10 PACCMATPUBAEMbIf

BapUaHT.
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0.1

>0.05

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Puc. 4. Pacuernag obnacro.

[Tpu pacuerax ucrnosib3oBaJiach CeTKa, puBeaeHHas Ha Puc. 5. [lisa am-
POKCUMAIIMK PEIICHNUSI B «OOBITHBIX», KBaJApaTHbIX, C HCIOIB30BAJINCH

OOBbIYHbIE OMIMHEHHbIE Oa3uCHbIE (DYHKIIWH.

0.1

0.05

0
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
Puc. 5. Pacuernaa cerxka.

Ha Puc. 6 npuBeieHo pelrenue 3a/1a4u HEITOCPEJICTBEHHO PACCMOTPEHHBIM
MeTosoM. BuHo, 9TO perrenue 3ajiauu HEMOHOTOHHO. DTO CBS3AHO C HAJIU-
queM B 3a/1a4€e mpeobJa aloniero KOHBEKTUBHOTO mepeHoca. [1pu aTom Mmakcu-
MAaJILHBIH [T0 MOJLYJIIO OTPUIATEILHBIA MUHUMYM perrenus cocrapiser 0.20%
OT PaBHOMEPHOUW HOPMBI PEITeHUS.

Jljist ycrpaHeHusi 9TOTO HeJOCTaTKa YUCIeHHOTo pererns: B pabore ([11])
PaACCMOTPEHBI PA3JIMUYHbIe BapuaHThl MoHoToHM3annu. Ha Puc. 7 npuseneno
pelreHre 3a/1a49u Py UCIOJb30BAHIY HEJIMHEHHON NCKYCCTBEHHON nddy3uu
(mOAPOOHOCTH aJTOPUTMa MOHOTOHHU3AIMY puBeIeHbI B [11]).

st cpaBHEHUST PACCMOTPUM PE3YJIbTATHI PEIIeHUsT TOH e 3a,1a91 00bIY-
HbIM METOJIOM KOHEYHBIX 3JIEMEHTOB.

Ha Puc. 8 u Puc. 9 npusenennr K9 cerka n K9 permenne Toit »xe camoii
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Level H

19 3.95748
17 3.49064
15 3.0238

13 255697
11 2.09013
9 1.6233

7 1.15646
5 0.689627
3
1

0.222792
5.56499E-07

1
0.35 0.4

Puc. 6. MK9-+MKCD3, uckyccrrennas quddy3usi He UCIOIb3yeTCsl.

0.1
0.09

Level H

19 3.95807
17 3.49241
15 3.02676
13 25611

11 2.09545
9 1.62979

0.08
0.07

0.06 1.16414

7
5 0.698482
3
1

0.05
0.232827

0.04 5.43924E-07

0.03
0.02
0.01

Puc. 7. MK9+MKC3, nenuneitnas uckyccrsennasi nudpdy3usi.

zagaun. [llar K9 cerkn Takoit xe, Kak u jgiast C9 cetku. KO n CO cerku
OTJIMYAIOTCS JINIITH OJHUM, «0C00bIMy, CD, BHYTPH KOTOPOTO COCPEJIOTOUEHA,
O0CODEHHOCTH pelnenust 3aa4n. KO pelienne CHIbHO HEMOHOTOHHO, MAaKCH-
MAaJILHBIH 110 MOJYJIIO OTPULATENbHBI MUHUMYM COCTaBJgeT npumepro 15%
OT PaBHOMEPHOU HOPMBI peleHusi. TakKuM oOpa3oM, OJIHO JIMIIb HCIOJb30-
BaHUe «0c000r0» CD MPUBOANAT K YMEHBINEHUIO HE(PUIUIECKAX OCIUIIISIIAI
noutw Ha aBa nopsaka. Ha Puc. 10 mpusegerno K9 perrenne s1oit 3ama4m ¢

UCIIOJIb30BAHNEM HEJIMHEHHON UCKYCCTBeHHON jauddy3un.

10

0 5 10 15 20 25 30 35 40 45

Puc. 8. Pacuernag K9 cetka
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Level H

17 3.88096
15 3.26529
13 264962
11 2.03395
9 1.41828
7 0.802611
5 0.186942
3
1

0.0079408
-0.428727

Level H
19 3.95608
009 17 3.49066
0.08 b4 15 3.02524
13 255982
0.07 11 2.09439
9 162897
1.16355

0.06 7
5 0.698132
3
1

> 5——

0.05

0.232711

0.04 0.00787462

0.03
0.02
0.01

2l

1
0 0.05 0.1 0.

o

Puc. 10. MKD, nenmneitnast uckyccreennas aud@ysusi.

9 3akJIroueHue

B nauuoit paboTe mpeacTaBiIeHbl Pe3yJIbTAThl TEOPETUIECKOTO U IUCIEHHOIO
WCCIIEIOBAHNS aJrOPUTMa, OCHOBAHHOTO HA COBMECTHOM WCIOJIH30BAHUU M€~
TOJIa KOHEYHBIX JIEMEHTOB U METO/Ia KOHEUYHBIX CynepasieMeHToB. [lomydernr
OLIEHKH OMIMOOK JJIsl OJHOIO W3 BAPUAHTOB METOJa JJIsi PEIIeHUs] ypaBHe-
aust Jlamiaca. AJIrOpUTM IPUMEHSIICSA JJisi YUCJAEHHOI'O pPEeIleHus 3aJia91 O
CKOPOCTHOM CKHH-cjioe. Jljist 970 3ajadm MpOBEJIEHO CPABHEHWE METOa C
ODBIYHBIM METOJIOM KOHEUHBIX 3JIeMEHTOB. [[Jis pacCMOTpeHHO# 3a1a4uu Me-
TOJI, IOKa3aJ1 CBOIO 3hdekTuBHOCTH. C OJ{HOW CTPOHBI, OH MMO3BOJISIET XOPOIIIO
nepesiaTh OCOOEHHOCTH PEIIeHUsI, C IPYTOit CTOPOHbBI rapa3/io MeHbIe Tpedo-
BaTeJIEH K BbIUYUCJIUTE/IbHBIM PECYPCaM 110 CPABHEHHMIO C METOJIOM KOHEUYHBIX

CYII€PIJIEMEHTOM.
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