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ABSTRACT. We obtain a logarithmicaly sharp estimate for the space-analyticity
radius of the solutions of the damped-driven 2D Navier—Stokes equations with
periodic boundary conditions and relate this to the small scales in this system.
This system is inspired by the Stommel-Charney barotropic ocean circulation

model.
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1. Introduction

It was shown in [17] (see also [3], [13]) that the solutions of the 2D Navier—
Stokes equations with periodic boundary conditions belong to the Gevrey class of
analytic functions (if the forcing term does). Using the Gevrey regularity approach
the following estimate for the spatial analyticity radius for the solutions that lie on
the global attractor (or are near it) was obtained

C|Q|1/2

1.1 I, > i
(1.1) ~ G?log G
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where G = || f||£,|Q|/v? is the Grashof number and |Q2| = L?/v is the area of the
periodic domain = [0, L/~] x [0, L], v < 1.

Therefore, the Fourier coeflicients iy, are exponentially small for |k| > L/l,,
and [, naturally forms a lower bound for the small dissipative length scale for the
system (see, for instance, [11]).

There are other ways of estimating the dissipative small length scale for the
Navier—Stokes system, for instance, in terms of the dimension of the global attractor
[1], [6], [7], [13], [41]. The Hausdorff and fractal dimensions of the global attractor
satisfy the following estimate [8] (see also [6], [41]):

dimp A < ¢;G¥3(log(1 4+ G))'/3, 1 =c1(y)

which has been shown in [35] (following ideas of [1]) to be logarithmically sharp. It
worth mentioning, however, that for 2D turbulent flows which satisfy the Kraichnan
theory of turbulence, that is, a forward enstrophy cascade with power spectrum k3
for the energy density, it has been shown in [12] that the dimension of the attractor
is bounded (up to a logarithmic term) by G/2.

If we accept the point of view that the small length scale can be defined as
follows (see [7], [13], [38], [41])

1.2 lp ~
( ) f (dimF A ’
then up to logarithmic correction we have
|Q|1/2
(1.3) ly ~ G5

This heuristic estimate for the small length scale is probably the best one can hope
for since it matches, up to logarithmic term, the physically asserted estimates for
the enstrophy dissipation length scale [32] . We also observe that the estimate (1.3)
is extensive, that is, independent of the size of the spatial domain provided that its
shape is fixed. We again point out that rigorous estimates in [15] suggest that the
enstrophy dissipation length scale 4 satisfies the estimate

C/|Q|l/2G71/3 < ld < C”|Q|1/2G71/6

for 2D the turbulent flows that satisfy the Kraichnan theory of turbulence.
Another rigorous definition of the small length scale can be given in terms of
the number of determining modes, nodes, or volume elements (see [13], [16], [18],
[30] and the references therein). It was shown that if N is sufficiently large and
N equal squares of size lg, tile the periodic spatial domain, then any collection of
points (one in each square) are determining for the long time dynamics of the 2D
Navier—Stokes system. The best to date estimate for N was obtained in [30]:

N < CQG,

where ¢a = ¢2(7y) depends only on the aspect ratio v < 1. (An explicit estimate for
co was obtained in [28]: ca(7y) = (68/(ym))'/2.)

Therefore the small length scale defined in terms of the lattice of determining
nodes satisfies

_12 Q2

(1.4) lan > ca(7) i
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We observe that this estimate is not extensive, that is, lg, scales like A\=1/2 if Q is
replaced by AQ, A > 0.

We point out here that for the 2D Navier—Stokes system with analytic forcing
the results of [19], [20] provide the existence of a finite number N of instanta-
neously determining nodes comparable with the fractal dimension of the attractor.
These nodes, however, can be chosen arbitrarily (up to a subset of QY with 2N-
dimensional Lebesgue measure zero) and therefore do not naturally define a regular
lattice of determining nodes.

The best to date estimate for the analyticity radius of the solutions of the
Navier—Stokes equations with analytic forcing term f was obtained in [33]:

|Q|1/2
G1/2(1 +1log G)Y/4 "

(1.5) la > c3(7)

Relating the radius of analyticity to the dissipative small length scale (see also [25]
in this regard) we note that up to a logarithmic correction the estimate (1.5) co-
incides with (1.4), but both are worse than (1.2), where the latter coincides, as we
have already pointed out, with the physically asserted estimate of [32].

In this paper we focus on the 2D space periodic Navier—Stokes system with
damping

2
Btu—i—Zuiaiu: —pu+vAu—Vp+ f,
i=1
divu = 0.

(1.6)

By adding the Coriolis forcing term to (1.6) one obtains the well-known Stommel—-
Charney barotropic model of ocean circulation [4], [10], [37], [39]. Here the damp-
ing puu represents the Rayleigh friction term and f is the wind stress. For an
analytical study of this system see, for instance [5], [24], [26], [43], and the refer-
ences therein. In a follow up work we will be studying the effect of adding rotation
(Coriolis parameter) on the size of small scales and the complexity of the dynamics
of (1.6). Therefore, we will focus in this work on the system (1.6). We also point
out that in this geophysical context the viscosity plays a much smaller role in the
mechanism of dissipating energy than the Rayleigh friction. That is why in this
work the friction coefficient 1 > 0 will be fixed and we consider the system at the
limit when v — 0F.

Sharp estimates (as v — 0) for the Hausdorff and the fractal dimensions of the
global attractor of the system (1.6) were first obtained in the case of the square-
shaped domain in [27] (7 = 1). Then the case of an elongated domain was studied
in [29] (v — 0), where it was shown that

_ lrot fllucl

(1.7) dimp A<D, D
nv

where ¢4 is an absolute constant (¢4 < 12). This estimate is sharp as both v — 0
and v — 0. Therefore the small length scale defined as in (1.2) is of the order of

Y LI AT S
' ! dimpg A | rot £l D2
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This heuristic estimate is, in fact, a rigorous bound for the small length scale
expressed in terms of the number of determining modes and nodes [28]:

1\ o\ 1/4
1.9 lin=cs () =es (L2 ) | — 68/4,
(1.9) ! C5<D “ \ Trot Tm s

This means that any lattice of points in (2 at a typical distance [ < [, is determin-
ing.

The main result of this paper is in showing that the analyticity radius [, of
the solutions of the damped-driven Navier—Stokes system (1.6) lying on the global
attractor is bounded from below and satisfies the estimate:

- C|Q|1/2
“~ DY2(1+log D)1/2’

which up to a logarithmic correction agrees both with the smallest scale esti-
mate (1.8) and the rigorously defined typical distance between the determining
nodes (1.9).

It is worth mentioning that this point of view of relating the radius of analyticity
of solutions on the Navier—Stokes equations to small scales in turbulence was also
presented in [25].

This paper is organized as follows. In section 2 we employ the Gevrey—Hilbert
space technique of [17] to derive a lower bound for the radius of analyticity of the
order

(1.10) !

C|Q|1/2

D?logD "

This bound considerably improves, for a fixed p > 0, the lower bound (1.1) for the
classical Navier—Stokes system as v — 0T (see also Remark 2.1). Let us remark
that as an alternative to the Gevrey regularity technique for estimating small scales
one can apply the ladder estimates approach presented in [9] to obtain estimates
for the small scales in (1.6) (see also [21]).

In section 3 the estimate (1.10) is proved for the system (1.6) following [33].

(1.11)

2. Gevrey regularity of the damped Navier—Stokes system

As usual (see, for instance, [1],[6],[34],[40]), we write (1.6) as an evolution
equation in the Hilbert space H which is the closed subspace of solenoidal vectors
in (L2(£2))? with zero average over the torus Q = [0, L/v] x [0, L]:

(2.1) O+ B(u,u) + vAu + pu = f, u(0) = uo.

Here A = —PA is the Stokes operator with eigenvalues 0 < A\; < Ay < ...,
B(u,v) = P(X7_, u'dv) is the nonlinear term, f = Pf € H, and P : (L2(Q))? —
H.

We restrict ourselves to the case v = 1 and, in addition, assume that Q =
[0,27]? (this simplifies the Fourier series below). The case of the square-shaped
domain Q = [0, L]? reduces to this case by scaling. Furthermore, any domain with
aspect ratio v < 1 can be treated in the similar way, the absolute dimensionless
constants ci, ca, ... below will then depend on «, however.

A vector field u € H has the Fourier series expansion

) ~ _
u= g u;e’*, u; €C, u_j=1u5, u;j-j=0, wu=0,
jEZ?
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and

lul® = flulZ, = @n)* Y Ju;*.

jez?
The eigenvalues of the Stokes operator A are the numbers |j|?, and the domain of
its powers is the set of vector functions u such that

(2m)% ) 131 uyl* = [ A%u])? < oo
jez2
For 7,5 > 0 we define the Gevrey space D(e™4") of functions u satisfying
(2.2) @2m)2 3" T 2 = e | < oo
JEZL?

We suppose that the forcing term f belongs to the Gevrey space of analytic func-
tions

f c D(601A1/2A1/2),
so that
- o1lg o1 A2
(2.3) (2m)? Y 13177 Wy [? = [lem T AVEf|| < oo
jez?
for some o1 > 0. We set
o(t) = min(y)\}mt, o1).
The norm and the scalar product in D(e‘/’(t)Al/2) are denoted by || - ||, and (-, )4,
respectively.
We assume that ug € D(AY?) and take the scalar product of (2.1) and Au in
D(e*®OA?) for sufficiently small ¢ < 01/(1//\}/2). Since
/ / 1
(P4 Bpu(t), O Au(t)) = SO A Pu(@)lI} — v)* (Au(t), AVu(t)),
we obtain
1
SO A 2ull? + v Aullf + pl A2l
(2.4) = —(B(u,u), Au), + VA1/2(A’U,, AY2), 4+ (AV2 AV ),

Next we use the key estimate (see [17], [13], [42]) for the nonlinear term in Gevrey
spaces

|- Aul|3 >1/2

1/2. 112
(B0, ) < el A2l (14 108 33 %

and use Young’s inequality for this estimate and for the last two terms in (2.4):

Ol AY 4o Aul

2cf | | Aull? |AYV2F|12
< /2,114 @ 1/2, 12 @
<= |A u||@(1+10g )\1||A1/2u||i + 20 | AN | + 2
2 1/2 £112
C2 1/2, 14 ||Au||<p 3.2 ||A f”ga
< —=l|A 1+log ——————— A _—
< I u||¥,< + log NIA ] + oA+ T
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where co = 2¢2 + 1. As in [13], [14] we use the inequality —az + (1 + logz) <
Blog B/« to find that

2 1/2,,)|2
- 24 2|2 _MAlE N eap gamy g, Al
A + 21l (14 og e ) < Ao e
and obtain the differential inequality
1/2,,)|2 AL/2 f12
1/2 112 C2 1/2 14 CQHA u||<p 3.2 H f||<p
|| AY ul|g, < 7HA / u”#’lOgi)\lﬂ +v )\1+T.

Hence the function

g = el A
- )\1,/2 /\1u3/2,u1/2 ’

where Ine = 1, satisfies
Ory(t) < vhicsy?logy, cs = max(1,ca/2).
If y(¢) < 2y(0), then d,y(t) < vAiczy?log(2(y(0)). Hence we indeed have y(t) <
2y(0) for
t < (2vhiesy(0) log(2y(0))) .
In other words,
1420l < 2 A 2uo? + ealv /) IA Flo, + i, e =cfes
as long as 0 < t < T*(||A'?uy||), where

T* (|| A" ?uoll) =
1

call AV 2uol|2 | 1A fllo cal| AV 2uo||2 | 1A/ fllo, '
2c3v\ ( N2 + N2 172 +e log 2 A2 + A v3/2,172 te

We now observe (see Lemma 3.1) that on the global attractor or in the absorbing
ball we have, respectively,

|AY2f] 1A £]
‘LL )

1A 2u(®)] < teR, [|AVu(t)] <2 otz To(| A" 2uol)).

Therefore we have the following lower bound for T*:
. [AY2FI12 A2 f o, JAY2FI2 A2 f gy

T > cs |:V)\1 ( )\11/2u2 + )\11/3/2M1/2 +1 log /\1V2,u2 + )\11/3/2[1,1/2 +1
In the limit ¥ — 0T we have

JAY2FI12 A2 flloy

)\1’/2#2 )\lys/zul/z’

and we can write the lower bound for T* as follows

T* > ¢6 [v\ D*log D],

-1

where

A1/2 O 1/2 1 [y
T O WA 7 IS
N vu 2wvp 27 v
In terms of the analyticity radius [, the lower bound for T* takes the form
L
~— D2%logD
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Thus, we have proved the following theorem.

THEOREM 2.1. Suppose that [ € D(A1/2e"1‘41/2) for some o1 > 0. Then a
solution u lying on the global attractor A is analytic with analyticity radius

lg > min C7|Q|1/2 , 01,
- (D2 + D1+ 1) 10g(D2 + Dy + 1)

where
P o I Ve
Vi ) 1 M3l
Moreover,
Q 1/2
(2.5) l cs| as v —0T.

“= D2log D
The constants c; and cg depend only on the aspect ratio of the periodic domain 2.

Remark 2.1. We observe that the estimate (2.5) for the system (1.6) is of
the order v?/log(1/v) as far as the dependence on v — 07 is concerned, while
the estimate (1.1) for the classical Navier—Stokes system is, in this respect much
smaller; namely, is of the order v*/log(1/v).

However, the estimate (2.5) is not sharp and will be improved in the next
section to the order of v1/2/log!/?(1/v). As has been demonstrated in [36] the
Gevrey—Hilbert space technique does not always provide sharp estimates for the
radius of analyticity. The mechanism explaining this has been reported in [36] by
means of an explicitly solvable model equation.

3. Sharper bounds

In this section we obtain sharper lower bounds for the analyticity radius l,. This
is achieved by combining the v-independent estimate for the vorticity contained in
the following lemma and the L,-technique developed in [23], [33] for the uniform
analyticity radius of the solutions of the Navier—Stokes equations. We observe that
a similar technique has been established earlier in [2] for studying the analyticity
of the Euler equations.

Applying the operator rot to (1.6) we obtain the well-known scalar vorticity
equation

(3.1) Ow +u-Vw =vAw — pw + F,
where w = rotu, F = rot f, u = V*A7lw, so that u - Vw = V*A 7w .- Vw =
J(A7'w,w), and V+ = (=0 ,0; ), J(a,b) = V+ta- Vb.

LEMMA 3.1. (See [28].) The solutions u(t) lying on the global attractor A
satisfy the following bound:

(3.2) o), < 2O N2 mtj: lewe  yep,

where 1 < k < oco.

PROOF. We use the vorticity equation (3.1) and take the scalar product with
w?~1 where k > 1 is integer, and use the identity

(J(, @), p*F~1) = (2k) ! /J(@b,go%)dm = (2k)~! /div(cp%vﬂp)dx =0.
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We obtain
w25, 0o + (26— Do [ 9w 2do + ], =
k— 2k—1
= (rot f,w* ™) < [|xot fl| o [l 75,
Hence, by Gronwall’s inequality
lw@llLa, < w(0)|Lare™ + p | x0t £l £, (1 —e747),
and passing to the limit as k — oo we find
lw @l < lw(0)[loce™* + u || rot flloc (1 — 7).
Now, we let t — oo in the above inequalities and obtain

t
lim sup ||w(t)|| L., < [xot fllza , 1<k <oo,

t—o00 12

which gives (3.2) since the solutions lying on the attractor are bounded for t €
R. O

As before we consider the square-shaped domain Q = [0, L]? and it is now con-
venient to write (1.6) in dimensionless form. We introduce dimensionless variables
', t', v/ and p’ by setting

=1L, t=(L*/v)t', u=(v/L)/, p=W?/L*p, pn= /L.

We obtain
2 .
8t/u/ + Z u/lal(u/ _ _’u/u FA Y — V/p/ + f/,

=1
.
div'e’ =0,

(3.3)

where 2/ € ' = [0,1)?, f' = (L3/v?)f. Accordingly, the dimensionless form of (3.1)
is as follows (we omit the primes):

(3.4) Ow~+u-Vw=Aw — pw + F.

Remark 3.1. For dimensionless variables u’ and w’ the estimate (3.2) with
k = oo takes the form

o ot s _ firotfllseL® _
W v

The next lemma is similar to the main estimate for the space analyticity radius
in [33].

(3.5) [w'lloe = [[rot'u’||oe D.

LEMMA 3.2. Suppose that F' is a restriction to Q0 (that is, y = 0) of a bounded
x-periodic analytic function F(x + iy) + iG(x + iy) in the region |y| < dp and

(3.6) Mz = sup (F(z+iy)?+G(z+iy)?).
z€Q, |y|<dr

Let p > 3/2 and let

M22p

to= ——22_
CME/p
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Here (and throughout) C is a sufficiently large universal constant and Ma, >
lwollLo,- Then the solution w(t) is analytic for t > 0 and for 0 < t < to the
space analyticity radius of w(t) is greater than

1/2
0(t) = min (t L ! ! 6F> .

ol Opt(2p73)/4pM2p7 Cpt(2p—3)/(4p+6)M;ﬁ/@mg) ) ptl/Qsz )

PROOF. We solve (3.4) by a sequence of approximating solutions (see [31],
[33]). We set u(®) =0 and w(® = 0. Then for w™, (™ we have the equation

dw™ — Aw™ 44D g™ 4 ™ = F

3.7
(3.7) w™(0) = wy = rot u, u™ = vEATip™,

The solutions w( and u(™) for ¢ > 0 have analytic extensions w(™ + i and
u(™ 4+ iv(™ and since the system (3.7) is linear, their analyticity radius is at least
dr. They satisfy the equation

A (@™ +i0™) — A(w™ +ip™)

+@™ Y 4™ D) V(0™ +i0™) + p(w™ 4 i0™) = F +4iG,
or, equivalently, the system

Aw™ — Aw™ 4 ™ 4 (=D g _ (=D g =

3.8
(38) 90 — A 4 o™ 4 (=1 g 4 (D gy = @

where, as before, u(") = VEA"1w™ ¢ = VLA™ and the differential
operators are taken with respect to x. In view of the analyticity of the solutions
we have the Cauchy—Riemann equations

™) 96™)

Ay, Ox; ’
(3.9) Y K
™) 96(n) Lo
= b j = ) b)
Oz Ay,

and the similar equations for u(™ and v(™).
Let € > 0. We consider the functional

1

(3.10) Yu(t) = / / (w(”) (z,ats,t)? + 0" (z, ats, t)% + e)’dads.
0o Jo

We also set

Qn(z,s,t) = w™ (z,ats, t)* + o) (z,ats, t)* +e.

Here t € RT and o € R?. The combination ats will play the role of the variable y;
p > 3/2,and € > 0 is arbitrary.

We differentiate v, (t) taking into account (3.8) and use the Cauchy—Riemann
equations (3.9) to handle the derivatives with respect to y. We obtain

1
(3.11) 2—p8t1/;n(t) +Ioy=5L+ L+ I3+ Ly,
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where
1
b= [ [ QEHITw R+ [FOOR 4wl 4 pu(6))2) dods+
0o JQ
1
+2(p—1) / / Qr 2 (wMvw™ £ oM™ . (WM VL™ 4 eI TeM)) drds,
0 Q

and

1
I = / Qiq(_w(n)vg(n) + 9(")Vw(”)) - as dzds,
0 Q
1
I = / / QY HwMVw™ 4+ 9 vem) -y (D dzds,
0 JQ
1
I3 = / / QLM (W™ — eI .y D s,
Q

1
I = / / QY H(w™F + 0™ G)dads.
0o Ja
The arguments of Q,, are x, s, t, and the arguments of w™ 9 (™) and v are

x, ats, and t.
For an arbitrary n > 0 we have

1
I < n/ /Q£—1(|vw<">|2+ VO™ ) dzds+
0 Q

(3.12) )
c,,/ QE Y ((W™)? 4 (0)) o s*deds < nlo + Cylalt(?).
0 Q

Next,

1 1
(3.13) I = —/ VQ?P - u"Ydads = 0.

Q
For I3 we have
1

(3.14) I3 < nly + O,,/ / QP [v" =V 2dxds < nly + C,I4TY,

0 Q
where

(p—1)/p
(//Qn:vstp/pl)dmds> ,

1/p
Il = Z (/ / |v " 1)(17 ats t)|2pdzds> .

j=1

We write Ij as follows

L= 0  Q=0x[0,1]CR?  B=2p/(p—1), 2<B<E,
and use in € the Gagliardo—Nirenberg inequality

3/8—1/2 3/2-3
1A Ls(0) < CIANY o 21V, Al 2027 + ClIA L)
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for A= Az, s) = QY (x,s,t). We have

1Vas All7 5 (00) = Vs Q221170 20y =

1
P> / / QL2 (WM Vw™ 4 g vem)2 4
0 Jo
t2(0™a - Vo™ — Mg . VG("))2)d:cds <
< Cp*(1+ |a*t*) 1o

Hence,

3/2—3 3/2 3/4
Vs Al 50" = Ve QU220 < COU+ a2 47 13

2
Next, Q%22 qy) = ¥n (D),
3/8—1/2 2p—3)/2 _
JAI ey = QRN ™ = wut) =91

and hence
(3.15) I < C(L+ a2 I3, (=912 4 O (1),

We now consider I}. Since v§"_1)(:r, 0,t) = 0 (the solution restricted to y = 0 is
real-valued), we have (using the Cauchy—Riemann equations for v;)

Zakts/ 8%1)]” 1) (x, atsT, t)dr

/ Bku§"71)(x, atst, t)dr
0

|’U§’ﬂ—1) o

:catst

Then
1/p

dxds

IN

1
Zakts/ ak’U/;nil)(,T,OétST,t)dT
- 0

2 1 2
" __
g=>([]

j=1 \70 Y|

1 1 2 1/p
Cla*t? < / / / ’Vu("_l)(:c,atSﬂt)’ s2pd7'dxds) =
o JaJo
1 1 2 1/p
Clal*t? (/ 82pd5/ dT/ ‘Vu("_l)(x,atSﬂt)‘ d:v) .
0 0 Q

Since u = VA~ 1w, we have (see [22], [44])

1/2p
([ Ivu@Pras) = 1994 a 0, < 18 g, < Collola,
Q P

Therefore

1 1 2 1/p
I < Cp?lal?t? (/ / / ‘w("_l)(ac,atST, t)‘ dx szpdsd7> <
o Jo Ja

1 1/p
Cp?|af*t? </ led;cds) < Cp?|al?thn_1 ()P,
0 Q
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where we have used fol fol h(sT)s?*PdsdT < (2p)~! fol h(s)ds. Combining this with (3.14)
and (3.15) we obtain

Iy <0/l + C’,]/p2|a|2t2(1 + |a|2t2)3/2p13/2p¢n(t)(Qp—3)/2p,¢n_l(t)l/p+
Cp? a1 (8) /P (t) <

nlo + Cnp2(|a|t)4p/(2p—3)(1 + |a|2t2)3/(2p—3)¢n71(t)Q/(2p—3)wn(t)+
Cp? a1 (t) /P4 (0).

(3.16)

Finally, we estimate I4:

s [ ] Q@) + 00+ (5 G Canp) s <
(3.17) 0 Ja

1
o+ o0/ [ [ Qutdeds < nl -+ Cy(ME (01,
0 JQ

where M is defined in (3.6), with the final estimate relying on  being [0, 1]%.

Taking 1 > 0 sufficiently small we infer from (3.11), (3.12), (3.13), (3.16), (3.17)

2109045, () +
2/(2p—3) U (t)+

Cplal b1 (6) P (t) + Cpibn (6) P~ V/P ME /i,

Orton (t) < Cplal®n(t) + Cp®la| P/ Cr=3¢te/Co=8)y, (1)
Cp3|a|(4p+6)/(2p—3)t(4p+6)/(2p—3)¢n_1(t)

where
Pn(0) = / (wo(z)? + €)Pda.
Q
We set @, (t) = ¥, (t)*/? and obtain the differential inequality for ¢,,:

Oupn(t) < Claf?on(t) + Cp?|a|/Cr=3)4n/2r=8) g (1) P=3) 1)+
Cp2 | a| (4p+6)/(2p—3) 4(4p+6)/(2p—3) On_1 (t)4p/(2p—3) on (t)+

CP? ot on—1(t)*on(t) + Coon(t) ' Mz /1.

We now use the Gronwall-type Lemma 3.3 from [33] below and see that ¢(t) <
2¢(0) on the time interval specified in (3.18), (3.19), and letting e — 0 we obtain

1
P
/0 /Q (w(n) (z,ats, 1) + o) (, ats,t)Q) deds < 22pM225,

for t >0, |ajt < dF and

(3.18) t <min(Ay, As, Az, A4, As),
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where
1
A= ——
1 O|Oé|27
1
Az = (4p—6)/(6p—3) | y|4p/(6p—3) A y4P/(6p—3)’
Cpltpr P—3) || 4P/ (6P M2p
An — 1
(3.19) T Oplin=6)/(6pt3) || (1p+6)/ (6p+3) M)
_ 1
Cp2/3lal2/3 M)
M3,
A=zt
We now set
M3
3.20 to = =——52—.
(3.20) 0= i

Then the condition
t <min(A;, Az, Az, Ay)

can be written in terms of y = at as follows
(3.21)

1/2 1 1 1
< min | — '
ly| < min ( C ’ CptCr=3)/4p My, Cpt(2p73)/(4p+6)M225/(2p+3) 7 Pt1/2M2P>

Now for ¢y defined in (3.20) and
(3.22)

5(t) = mi t1/2 1 1 L
= min C Cpt(Qp—3)/4pM2p7 Opt(2p73)/(4p+6)M225/(2p+3) ) pt1/2M2p7 F
we have for 0 < ¢ <ty and |y| < (t)
1
/ /Q (w(”)(:v, sy, 1)? + 0" (z, sy, t)?)dads < 22”M22;‘)7
for all integer n > 1. Therefore for any y € R? with |y| = 1 this gives that
5(t)
/ / (2, 5y,1)? + 0" (2, sy, t)?)dads < 22p5(t)M225
and since f06 f(sy)ds < B, |y| = 1 implies fy|<5 f(y)dy < 276 B, we obtain
/ / (w(”) (z,y,t)* + 0" (x,y,1)?)dxds < 27722p5(t)2M225.
|<s(t) Jo

This estimate is uniform in n» and as in [23], [33] we obtain the existence of an
analytic solution of (3.4) with analyticity radius satisfying (3.22). The proof is
complete. (Il
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LEMMA 3.3. (See [33].) Let y,(t) € C1[0,T] be a sequence of non-negative
functions satisfying yo(t) < M for 0 <t < T, and y,(0) < M for n > 1. Suppose
that on the interval 0 <t <T

N
Buyn(t) < 3 Kty () g (1),
j=1

where K; >0, a; > =1, 85 € R, and v; > 0 are given constants. Then yn(t) < 2M
for alln=0,1,2,... provided that

1/(aj+1)
Oéj + 1
j=1,.0,N ’

0<t<min |7, min T
= NKj2Bj Y ppBi+vi—1
where BT = max(3,0).
We can now state the main result of this section.

THEOREM 3.1. The solutions on the 2D space-periodic damped-driven Navier—
Stokes system (1.6) lying on the global attactor A are analytic with space analyticity
radius l, satisfying the lower bound

272 [[rot floo |2
3.23 lg > , h D=—"+—"—.
(3:23) ~ CDY2(1 +log D)*/? where v
PROOF. We first observe that (3.23) is equivalent to the estimate
1
(3.24) l

>
“ = CDY2(1 + log D)1/2
for the equation written in dimensionless form.

Next, by Young’s inequality

pt(QP*3)/4pM < C'pM4P/(4P*3)t1/2 + 15*1/27
pt(2p—3)/(4p+6)M2p/(2p+3) < Cth1/2 412,
Hence, the estimate (3.22) can be written as follows
t1/2 1
Cc 1/2 ( pp4p/(4p=3) 0F |-
Cpt / (sz —|— Mgp)
The solutions lying on the attractor are bounded in Lap:

lw®)llLay < Map,  Map < CMs.

(3.25) d(t) > min (

Setting
p=C(1+log M)
we see that

p(Mélp/(Alp*S) + M2p)

P

< C(14log Moo) My
p=C(1+log M)

and therefore

t1/2 1

— , OF | -
C ' C(1+log M) Mot1/2

§(t) > min (

At the moment of time .

C(1+logMu) Mo’

=
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which for sufficiently large M (the case of our interest) is smaller than ¢ defined
in (3.20) (the details are given below) we have

N 1
5(t") > —7 .
CM5"(1 4 log My )1/2
Since Mo < D (see (3.5)), it follows that

5(t*) > 1
~ CD'Y2(1+1log D)/2°

By the invariance property of the attractor we see that on the attractor the above
estimate holds for all ¢*, which proves (3.24).
To complete the proof it remains to show that

1 e, D
C(l+logD)D  — "~ CMZ/u"

where in the expression for ¢ty we reverted to the prime notation for the dimension-
less damping coefficient p’ and the forcing F’. We relate the forcing term and its
analytic extension by the equality

Mg :KHI"Otlf/HOO, K:K(F,(SF)
Recalling that f' = (L3/v?)f, i/ = (L?/v)u, and 2’ = (1/L)z we see that
o
- CK2ulL?’

Hence, (3.26) goes over to the condition

(3.26)

to

K2,u2
C(1+logD) > —H
( )2 Trot flm

which is obviously satisfied for all sufficiently small v > 0. The proof is complete.
O

4. Concluding remarks

We consider the 2D space-periodic damped-driven Navier—Stokes system, that
is, the Stommel-Charney barotropic model of ocean circulation without rotation.
We have shown that the solutions lying on the attractor of this system with analytic
forcing have space analyticity radius which up to a logarithmic term coincides with
the small scale estimates both in terms of the sharp bounds for the fractal dimension
of the global attractor, and in terms of the spatial lattice of determining nodes.
The derivation of this lower bound for the analyticity radius essentially uses the
techniques developed in [33].
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