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Extremal problems for vector potentials with matrix of
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Rational approximants of analytic functions with branch
points. (Definitions, Pade aproximants)
Asymptotics of Hermite-Pade approximants for a vector of
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Scalar case

Logarithmic potential and energy

V µ(z) =

∫
log

1
|z − t |

dµ(t), I(µ) =

∫
V µ(x) dµ(x)

of a measure µ, S(µ) ⊂ ∆, ∆ is a compact in C,

|µ| =
∫

dµ(x)

Extremal measure

∃! λ : I(λ) = min
S(µ)⊂∆, |µ|=1

I(µ),

Equilibrium of the potential

V λ(x) = const, x ∈ ∆.
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Vector potentials - definitions

Given
~∆ := {∆1, . . . ,∆p} compacts in C

D = (di,j)
p
i,j=1 a real symmetric (nonnegative def.) matrix.

Vector of measures

~µ = (µ1, . . . , µp), S(µj) ⊂ ∆j , j = 1, . . . , p,

Energy functional I(~µ) is defined as

I(~µ) =

p∑
i=1

p∑
j=1

di,j I(µi , µj),

where

I(µi , µj) =

∫
∆i

∫
∆j

log
1

|x − t |
dµi(x) dµj(t).

A.Gonchar, E.Rakhmanov (1982).
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Equilibrium of the vector potential

Extremal measure

∃! ~λ : I(~λ) = min
S(µj )⊂∆j , |µj |=1,j:=1,...,p

I(~µ),

Equilibrium

W~λ
j (x) =

p∑
i=1

di,jV λi (x)

{
= κj , x ∈ S(λj) = ∆∗

j ,

≥ κj , x ∈ ∆j \∆∗
j .

~W~λ = (W~λ
1 , . . . , W~λ

p ) is called the vector potential of the
vector valued measure ~λ with respect to the interaction
matrix D.
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Examples

Condenser : (|λ1| = 1, |λ2| = 1), D :=

(
1 −1
−1 1

)
.

Angelesco system : (|λ1| = 1, |λ2| = 1), D :=

(
2 1
1 2

)
.

Nikishin system : (|λ1| = 2, |λ2| = 1), D :=

(
2 −1
−1 2

)
.

Scalar case : (|λ1|+ |λ2| = 1),

D :=

(
1 1
1 1

)
, (κ1 = κ2).
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Definition of HP-approximants

Given ~f = (f1, . . . , fp) a vector of p.s.

fj(z) =
∞∑

k=0

fj,k
zk , j = 1, . . . , p.

The HP-rational approximants (of type II)

π~n =

(
Q~n,1

P~n
, . . . ,

Q~n,p

P~n

)
for the vector ~f and multi-index ~n ∈ Np are defined by

deg P~n ≤ |~n| = n1 + · · ·+ np

fj(z)P~n(z)−Q(j)
~n (z) =: R(j)

~n (z) =

(
1

znj+1

)
, z →∞.

C. Hermite, Sur la fonction exponentielle, C.R. Acad. Sci.
Paris 77 (1873), 18–24; 74–79; 226–233.
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limiting distribution of the poles of R.A.

multi-index ~n is normal ⇒ P~n(z) =
∏|~n|

k=1(z − zk ,~n).

diagonal case : ~n := (n, n, . . . , n).

Poles of Rational Approximants → Singularities of the
function.

Goal is to determine the limiting distribution of the zeros of
the common denominator P~n :

νP~n
=

1
n

pn∑
k=1

δ(z − zk ,~n)
∗→ λ ? n →∞.
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Class of functions

Functions with finite number of branch points

f ∈ A(C \ A), #A < ∞.

Domain of convergence of R.A. ↔ Domain of
holomorphicity
Limiting positions of the poles of R.A. ↔ Cuts making
functions singlevalued
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Pade Approximants

(p = 1) Nuttall congecture (f ∈ A(C \ A))

Stahl theorem (cap(A) = 0)

∃Ω∗ : f ∈ H(Ω∗) and ∆ = ∂Ω∗ :

Cap∆ = min
∂Ω:f∈H(Ω)

Cap∂Ω.

νPn

∗→ λ, S(λ) = ∆,

where λ is the extremal measure of ∆.

lim
n→∞

πn(z) = f (z), z ∈ Ω∗ in capacity,


V λ = const.

∂V λ

∂n+
=

∂V λ

∂n−

, z ∈ ∆ a.e.
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Statement of problem

H-P approximants

fj ∈ A(C \ Aj), #Aj < ∞, j = 1, . . . , p.

p = 2, ~n = (n, n), deg Pn ≤ |~n| = 2n :

fj(z)Pn(z)−Q(j)
n (z) =: R(j)

n (z) =

(
1

zn+1

)
, z →∞, j = 1, 2.

The limiting distribution of the zeros of the common
denominator P~n :

νP~n
=

1
n

2n∑
k=1

δ(z − zk ,~n)
∗→ λ ? n →∞.
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Example 1.

Aj := {aj , bj}, j = 1, 2.
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Figure: a1 = 0, b1 = i , a2 = 2, b2 = (3 + 3i)/2; zeros of P20,20
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Example 2.
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Figure: a1 = 0, b1 = i , a2 = 1/2, b2 = 1/2 + i ; zeros of P20,20
indicated by ◦
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Example 3.

new phenomena
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Figure: a1 = i , b1 = −1, a2 = 1 + i/2, b2 = 1− i/2

A.I.Aptekarev Extremal problems for vector potentials and H-P approximants



Extremal problems for vector potentials with matrix of interaction
Rational approximants of analytic functions with branch points
Asymptotics of Hermite-Pade approximants and vector equilibrium

New phenomenas

S(νP~n
) = cut joining branch points

Extra interpolation points, i.e. finite zeros of

R(j)
n (z) := fj(z)Pn(z)−Q(j)

n (z) =

(
1

zn+1

)
, z →∞, j = 1, 2.

we denote
ν

R(j)
n

∗→ µj , j = 1, 2.

Goal : (λ, µ1, µ2)
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Theorem

a) ∃∆1, ∆2 which make f1, f2 holomorphic

fj ∈ H(C \∆j), j = 1, 2,

and E := ∂Ω :

Ω ⊃ ∆1,2 := ∆1 ∩∆2, (∆1,2 = ∅ ⇒ E = ∅),

f1+ − f1−
f2+ − f2−

|∆1,2∈ H(Ω).

b) There exists a triple of measures (λ1, λ̃2, µ1) with supports

S(λ1) ⊂ ∆1, S(λ̃2) ⊂ ∆̃2 := ∆2 \∆1,2, S(µ1) ⊂ E ,

and with the relations on their total mass{
|λ1|+ |λ̃2| = 2
|λ1| − |µ1| = 1.

A.I.Aptekarev Extremal problems for vector potentials and H-P approximants



Extremal problems for vector potentials with matrix of interaction
Rational approximants of analytic functions with branch points
Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

a) ∃∆1, ∆2 which make f1, f2 holomorphic

fj ∈ H(C \∆j), j = 1, 2,

and E := ∂Ω :

Ω ⊃ ∆1,2 := ∆1 ∩∆2, (∆1,2 = ∅ ⇒ E = ∅),

f1+ − f1−
f2+ − f2−

|∆1,2∈ H(Ω).

b) There exists a triple of measures (λ1, λ̃2, µ1) with supports

S(λ1) ⊂ ∆1, S(λ̃2) ⊂ ∆̃2 := ∆2 \∆1,2, S(µ1) ⊂ E ,

and with the relations on their total mass{
|λ1|+ |λ̃2| = 2
|λ1| − |µ1| = 1.

A.I.Aptekarev Extremal problems for vector potentials and H-P approximants



Extremal problems for vector potentials with matrix of interaction
Rational approximants of analytic functions with branch points
Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

a) ∃∆1, ∆2 which make f1, f2 holomorphic

fj ∈ H(C \∆j), j = 1, 2,

and E := ∂Ω :

Ω ⊃ ∆1,2 := ∆1 ∩∆2, (∆1,2 = ∅ ⇒ E = ∅),

f1+ − f1−
f2+ − f2−

|∆1,2∈ H(Ω).

b) There exists a triple of measures (λ1, λ̃2, µ1) with supports

S(λ1) ⊂ ∆1, S(λ̃2) ⊂ ∆̃2 := ∆2 \∆1,2, S(µ1) ⊂ E ,

and with the relations on their total mass{
|λ1|+ |λ̃2| = 2
|λ1| − |µ1| = 1.

A.I.Aptekarev Extremal problems for vector potentials and H-P approximants



Extremal problems for vector potentials with matrix of interaction
Rational approximants of analytic functions with branch points
Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

a) ∃∆1, ∆2 which make f1, f2 holomorphic

fj ∈ H(C \∆j), j = 1, 2,

and E := ∂Ω :

Ω ⊃ ∆1,2 := ∆1 ∩∆2, (∆1,2 = ∅ ⇒ E = ∅),

f1+ − f1−
f2+ − f2−

|∆1,2∈ H(Ω).

b) There exists a triple of measures (λ1, λ̃2, µ1) with supports

S(λ1) ⊂ ∆1, S(λ̃2) ⊂ ∆̃2 := ∆2 \∆1,2, S(µ1) ⊂ E ,

and with the relations on their total mass{
|λ1|+ |λ̃2| = 2
|λ1| − |µ1| = 1.

A.I.Aptekarev Extremal problems for vector potentials and H-P approximants



Extremal problems for vector potentials with matrix of interaction
Rational approximants of analytic functions with branch points
Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

c) This triple of measures possesses the following equilibrium
relations with some constants κ1 and κ̃2:

1 := 2V λ1 + V λ̃2 − V µ1

{
= κ1, on S(λ1),

≥ κ1, on ∆1,

U2 := V λ1 + 2V λ̃2 + V µ1

{
= κ̃2, on S(λ̃2),

≥ κ̃1, on ∆̃2,

U3 := −V λ1 + V λ̃2 + 2V µ1

{
= κ̃2 − κ1, on S(µ1),

≥ κ̃2 − κ1, on E .
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Theorem

d) The supports of the measures possess the following
symmetry relations

∂U1

∂n+
=

∂U1

∂n−
, on S(λ1),

∂U2

∂n+
=

∂U2

∂n−
, on S(λ̃2),

∂U3

∂n+
=

∂U3

∂n−
, on S(µ1).
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Theorem

II. There is also a dual problem regarding the triple
(λ2, λ̃1, µ2) which can be obtained from the problem
I.a)–I.d) by interchanging the indices 1 and 2.

III. The equilibrium measures (λ1, λ̃2, µ1) and (λ2, λ̃1, µ2) are
related as follows

λ := λ1 + λ̃2 = λ2 + λ̃1, S(λ) ⊂ ∆0 := ∆1 ∪∆2,

µ := µ1 + µ2, S(µ1) ∪ S(µ2) = E ,

V µ
∣∣∣
E

= V λ1,2

∣∣∣
E
, λ1,2 := λ

∣∣∣
∆1,2

.

IV. The measure λ is the weak limit of the poles of the
approximants of the functions, and the measures µ1 and
µ2 are the weak limits of the extra interpolation points.

A.I.Aptekarev Extremal problems for vector potentials and H-P approximants



Extremal problems for vector potentials with matrix of interaction
Rational approximants of analytic functions with branch points
Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

II. There is also a dual problem regarding the triple
(λ2, λ̃1, µ2) which can be obtained from the problem
I.a)–I.d) by interchanging the indices 1 and 2.

III. The equilibrium measures (λ1, λ̃2, µ1) and (λ2, λ̃1, µ2) are
related as follows

λ := λ1 + λ̃2 = λ2 + λ̃1, S(λ) ⊂ ∆0 := ∆1 ∪∆2,

µ := µ1 + µ2, S(µ1) ∪ S(µ2) = E ,

V µ
∣∣∣
E

= V λ1,2

∣∣∣
E
, λ1,2 := λ

∣∣∣
∆1,2

.

IV. The measure λ is the weak limit of the poles of the
approximants of the functions, and the measures µ1 and
µ2 are the weak limits of the extra interpolation points.

A.I.Aptekarev Extremal problems for vector potentials and H-P approximants



Extremal problems for vector potentials with matrix of interaction
Rational approximants of analytic functions with branch points
Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

II. There is also a dual problem regarding the triple
(λ2, λ̃1, µ2) which can be obtained from the problem
I.a)–I.d) by interchanging the indices 1 and 2.

III. The equilibrium measures (λ1, λ̃2, µ1) and (λ2, λ̃1, µ2) are
related as follows

λ := λ1 + λ̃2 = λ2 + λ̃1, S(λ) ⊂ ∆0 := ∆1 ∪∆2,

µ := µ1 + µ2, S(µ1) ∪ S(µ2) = E ,

V µ
∣∣∣
E

= V λ1,2

∣∣∣
E
, λ1,2 := λ

∣∣∣
∆1,2

.

IV. The measure λ is the weak limit of the poles of the
approximants of the functions, and the measures µ1 and
µ2 are the weak limits of the extra interpolation points.

A.I.Aptekarev Extremal problems for vector potentials and H-P approximants


	Extremal problems for vector potentials with matrix of interaction
	Rational approximants of analytic functions with branch points
	Asymptotics of Hermite-Pade approximants and vector equilibrium

