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Program of the talk

@ Extremal problems for vector potentials with matrix of
interaction
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Program of the talk

@ Extremal problems for vector potentials with matrix of
interaction

@ Rational approximants of analytic functions with branch
points. (Definitions, Pade aproximants)

@ Asymptotics of Hermite-Pade approximants for a vector of
multivalued functions.
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Extremal problems for vector potentials with matrix of interaction

Scalar case

@ Logarithmic potential and energy

vi(2) = [log g du(t). 10 = [ V() dutx)

of ameasure u, S(p) C A, AisacompactinC,

il = [ du(x)
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Extremal problems for vector potentials with matrix of interaction

Scalar case

@ Logarithmic potential and energy

vi(2) = [log g du(t). 10 = [ V() dutx)

of ameasure u, S(p) C A, AisacompactinC,

il = [ du(x)

@ Extremal measure

P = [ /
FA V= g B )
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Extremal problems for vector potentials with matrix of interaction

Scalar case

@ Logarithmic potential and energy

vi(2) = [log g du(t). 10 = [ V() dutx)

of ameasure u, S(p) C A, AisacompactinC,

il = [ du(x)

@ Extremal measure

A = i /
FAs M) SICA Jui=1 ().

@ Equilibrium of the potential

VA(x) = const, x € A.
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Extremal problems for vector potentials with matrix of interaction

Vector potentials - definitions

Given
@ A:={Ay,...,Ap} compacts in C
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Extremal problems for vector potentials with matrix of interaction

Vector potentials - definitions

Given
@ A:={Ay,...,Ap} compacts in C

e D= (d,-,,-)ffj:1 a real symmetric (nonnegative def.) matrix.
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Extremal problems for vector potentials with matrix of interaction

Vector potentials - definitions

Given

@ A:={Ay,...,Ap} compacts in C
e D= (d,-,,-)ffj:1 a real symmetric (nonnegative def.) matrix.
@ Vector of measures

—

M:(/M»---nup)a S(MJ)CAjv j:1>"'7p7
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Extremal problems for vector potentials with matrix of interaction

Vector potentials - definitions

Given
@ A:={Ay,...,Ap} compacts in C
e D= (d,-,,-)ffj:1 a real symmetric (nonnegative def.) matrix.
@ Vector of measures

ﬁ:(,u%"'?,up)a S(MJ)CAjv j:1>"'7p7
@ Energy functional /(i) is defined as

p P
=33 dijl(pis 1),

i=1 j=1
where

i 1) / / 09 77 A1) ().
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Extremal problems for vector potentials with matrix of interaction

Vector potentials - definitions

Giverl
@ A:={Ay,...,Ap} compacts in C
e D= (d,-,,-)ffj:1 a real symmetric (nonnegative def.) matrix.
@ Vector of measures
/I:(/“a-"nup)a S(:uj)CAjv j=1,....p,
@ Energy functional /(i) is defined as

p P
=33 dijl(pis 1),

i=1 j=1

I(pis 1) //log

@ A.Gonchar, E.Rakhmanov (1982).

where

g 9s0) (1)



Extremal problems for vector potentials with matrix of interaction

Equilibrium of the vector potential

@ Extremal measure

min (i),
S(pj)Chy, |pjl=1,j:=1,...p
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Extremal problems for vector potentials with matrix of interaction

Equilibrium of the vector potential

@ Extremal measure
I(i7),

@ Equilibrium

p
5 , =kj, X € S(\) =A%,
WA x) =D divix) T
Py > Kj, XEA/'\Aj.
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Extremal problems for vector potentials with matrix of interaction

Equilibrium of the vector potential

@ Extremal measure
I(i7),

@ Equilibrium

p
5 , =kj, X € S(\) =A%,
WA x) =D divix) T
Py > Kj, XEA/'\Aj.

o WX = (Wf, el WpX) is called the vector potential of the
vector valued measure X with respect to the interaction
matrix D.
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Extremal problems for vector potentials with matrix of interaction

Examples

@ Condenser : (|\| =1,|\2| = 1), D::(1 _1>.




Extremal problems for vector potentials with matrix of interaction

Examples

@ Condenser : (|\| =1,|\2| = 1), D::(1 _1>.

@ Angelesco system : (|\|=1,|X2|=1), D:= (2 1) )
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Extremal problems for vector potentials with matrix of interaction

Examples

@ Condenser: (M| =1,|X2| =1), D:= (_11 _11>

@ Angelesco system : (|A\| =1,|\2| =1), D:= (? ;) .

@ Nikishin system : (|\| =2,|Xo|=1), D:= (_21 _21> )
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Extremal problems for vector potentials with matrix of interaction

Examples

@ Condenser: (M| =1,|X2| =1), D:= (_11 _11>

@ Angelesco system : (|A\| =1,|\2| =1), D:= (? ;) .

@ Nikishin system : (|\| =2,|Xo|=1), D:= (_21 _21> )

@ Scalar case : (|\ | + |A\2| = 1),

D= G 1) (51 = ig).

A.l.Aptekarev Extremal problems for vector potentials and H-P approximants



Rational approximants of analytic functions with branch points

Definition of HP-approximants

e Given f = (f;,...,f,) a vector of p.s.
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Rational approximants of analytic functions with branch points

Definition of HP-approximants

e Given f = (f;,...,f,) a vector of p.s.

@ The HP-rational approximants (of type Il)

(G Qsip
. P

for the vector f and multi-index /i € NP are defined by

deg P; < |A|=ny+ -+ np

§(2)Ps(2) - Q¥(2) = RY(2) = (an+1) e
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Rational approximants of analytic functions with branch points

Definition of HP-approximants

e Given f = (f;,...,f,) a vector of p.s.

@ The HP-rational approximants (of type Il)

(G Qsip
. P

for the vector f and multi-index /i € NP are defined by

deg P; < |A|=ny+ -+ np

§(2)Ps(2) - Q¥(2) = RY(2) = (an+1) e

@ C. Hermite, Sur la fonction exponentielle, C.R. Acad. Sci.
Paris 77 (1873), 18-24; 74—79; 226-233.



Rational approximants of analytic functions with branch points

limiting distribution of the poles of R.A.

@ multi-index i is normal =  P3(z) = '[11(2 — Zk i)
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Rational approximants of analytic functions with branch points

limiting distribution of the poles of R.A.

@ multi-index i is normal =  P3(z) = '[11(2 — Zk i)

@ diagonalcase : ri:=(n,n,...,n).
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Rational approximants of analytic functions with branch points

limiting distribution of the poles of R.A.

o multi-index fiis normal =  Py(z) = [, (z — Zy 7)-

@ diagonalcase : ri:=(n,n,...,n).

@ Poles of Rational Approximants — Singularities of the
function.
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Rational approximants of analytic functions with branch points

limiting distribution of the poles of R.A.

@ multi-index i is normal =  P3(z) = '[11(2 — Zk i)

@ diagonalcase : ri:=(n,n,...,n).

@ Poles of Rational Approximants — Singularities of the
function.

@ Goal is to determine the limiting distribution of the zeros of
the common denominator Py :

pn
1
Vpﬁ:EZ<5(Z—Zkﬁ)i>)\? n — oo.
k=1
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Rational approximants of analytic functions with branch points

Class of functions

@ Functions with finite number of branch points

fe AT\ A), #A< oo
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Rational approximants of analytic functions with branch points

Class of functions

@ Functions with finite number of branch points

fe AT\ A), #A< oo

@ Domain of convergence of R.A. <~ Domain of
holomorphicity
Limiting positions of the poles of R.A. < Cuts making
functions singlevalued
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Rational approximants of analytic functions with branch points

Pade Approximants

@ (p = 1) Nuttall congecture (f € A(C\ A))
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Rational approximants of analytic functions with branch points

Pade Approximants

@ (p = 1) Nuttall congecture (f € A(C\ A))
@ Stahl theorem (cap(A) = 0)
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Rational approximants of analytic functions with branch points

Pade Approximants

@ (p = 1) Nuttall congecture (f € A(C\ A))
@ Stahl theorem (cap(A) = 0)
e JQ*: fe H(Q*)and A = 9Q* :

CapA = min CapdQ.
oQ:feH(Q)
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Rational approximants of analytic functions with branch points

Pade Approximants

@ (p = 1) Nuttall congecture (f € A(C\ A))
@ Stahl theorem (cap(A) = 0)
e JQ*: fe H(Q*)and A = 9Q* :

CapA = min CapdQ.
oQ:feH(Q)

vp, = A\, S(\) = A,
where )\ is the extremal measure of A.
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Rational approximants of analytic functions with branch points

Pade Approximants

@ (p = 1) Nuttall congecture (f € A(C\ A))
@ Stahl theorem (cap(A) = 0)
e JQ*: fe H(Q*)and A = 9Q* :

CapA = min CapdQ.
oQ:feH(Q)

vp, = )\7 S(A) = Av

where )\ is the extremal measure of A.
o
lim 7,(z2) = f(2), z € Q in capacity,

n—oo
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Rational approximants of analytic functions with branch points

Pade Approximants

@ (p = 1) Nuttall congecture (f € A(C\ A))
@ Stahl theorem (cap(A) = 0)
e JQ*: fe H(Q*)and A = 9Q* :

CapA = min CapdQ.
oQ:feH(Q)

vp, = A\, S(\) = A,
where )\ is the extremal measure of A.

°
nlim mn(2) = f(2), z € Q in capacity,
°
VA = const.
aVA 78V)‘ , ze Aae.
on,  on_

A.l.Aptekarev Extremal problems for vector potentials and H-P approximants



Asymptotics of Hermite-Pade approximants and vector equilibrium

Statement of problem

@ H-P approximants

e AC\A), #Aj<oo, j=1,...,p.
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Statement of problem

@ H-P approximants
e AC\A), #Aj<oo, j=1,...,p.
@ p=2 n=(nn), degP,<|A=2n:

1
Zn+1

G(Z)Pn(Z)—Q,(,j)(z) =: Rg)(z) - < ) , Z—o00, j=12
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Statement of problem

@ H-P approximants
e AC\A), #Aj<oo, j=1,...,p.
@ p=2 n=(nn), degP,<|A=2n:

1
Zn+1

G(Z)Pn(Z)—Q,(,j)(z) =: Rg)(z) - < ) , Z—o00, j=12

@ The limiting distribution of the zeros of the common
denominator Py :

2n
1
I/PHIEZ(S(Z—ZK’H)L)\? n— oo.
k=1
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Example 1.

(] Aj = {a,-,b/}, j: 1,2.
|

2.0 | | | |

1.5 - 2 i

10- b -
0.5- i

00 - a1 32

-0.5 I I I I I
-05 0.0 0.5 1.0 1.5 2.0 25

Figure: a1 =0, by = i, @ = 2, b, = (3 + 3i)/2; zeros of Pag 29
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Example 2.

1.2 | | | | | |
1.0 -
0.8
0.6
0.4
0.2
0.0 - 2 ~a,

-0.2 I I I I I I
-04 -02 00 02 04 06 08 1.0

Figure: a1 =0, by =i, a2 = 1/2, bo = 1/2 + i; zeros of Pag 29
indicated by o
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Example 3.

@ new phenomena

1.2 l l
a ~
0.6 do> [
0.0 + =
—0.6 (o
by B
—-1.2

x x x x x x
-0.20.0 0.2 04 06 0.8 1.0 1.2
Figure:ai=i,by=—-1,aa=1+i/2,bo=1-1i/2
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Asymptotics of Hermite-Pade approximants and vector equilibrium

New phenomenas

@ S(vp,) +» cutjoining branch points
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Asymptotics of Hermite-Pade approximants and vector equilibrium

New phenomenas

@ S(vp,) +» cutjoining branch points

@ Extra interpolation points, i.e. finite zeros of

A (@)= 1@PD)- @) = (5 ) . 2o I=12

we denote
* .
VR,({)HM_[V j:172
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Asymptotics of Hermite-Pade approximants and vector equilibrium

New phenomenas

@ S(vp,) +» cutjoining branch points

@ Extra interpolation points, i.e. finite zeros of

- 1 .
A (@)= 1@PD)- @) = (5 ) . 2o I=12
we denote
veo — by J=1,2.

@ Goal : (A, p1, p2)
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

a) dA4¢, A, which make f;, f>, holomorphic
fie H(C\ 4)), j=1,2,
and E := 09 :
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

a) dA4¢, A, which make f;, f>, holomorphic
fie H(C\ 4)), j=1,2,
and E := 09 :

o
QDA =0A1NAz, (Ap=0=E=0),
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

a) dA4¢, A, which make f;, f>, holomorphic
fie H(C\ 4)), j=1,2,
and E := 09 :

o
QDA =0A1NAz, (Ap=0=E=0),

M Ia, ,€ H(Q).
foy — fo ’
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

a) dA4¢, A, which make f;, f>, holomorphic
fie H(C\ 4)), j=1,2,
and E := 09 :

o
QDA =0A1NAz, (Ap=0=E=0),

M Ia, ,€ H(Q).
foy — fo ’

b) There exists a triple of measures ()1, Ao, 1) with supports
S(AM) C Ay, S(2) CAz:i=20p\ Az, S(u)CE,
and with the relations on their total mass
{|>\1! + X =2
M| = pa| = 1.



Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

c) This triple of measures possesses the following equilibrium
relations with some constants 1 and &s:

— k1, on S(),
> Ky, onAy,
=iz, on S(\2),
R1, Onﬁg,

2 — k1, onS(uy),
> — Ky, onkE.

1= 2 /M + V5\2 —ym

Us := VM 1 2V% ¢ Y

x IV

Us := — VM 4 VA2 2ym

vV
R
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

d) The supports of the measures possess the following
symmetry relations

(0U;  OU

ﬁ_ an,’ on S()\'I)u
oUp  0U, <
ﬁ = on on S(A2),
oUs  0Us

ﬁ = o on S(pi1).
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

Il. There is also a dual problem regarding the triple
(A2, A1, p2) which can be obtained from the problem
l.a)-I.d) by interchanging the indices 1 and 2.
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

Il. There is also a dual problem regarding the triple
(A2, A1, p2) which can be obtained from the problem
l.a)-I.d) by interchanging the indices 1 and 2.

lIl. The equilibrium measures (A1, Ao, 111) and (A2, Ay, u2) are
related as follows

A=A +X=X+N, SO\)CAg:=A1UAy,

poi= 1+ p2, S(pu) U S(pe) = E,

Vﬂ‘ — YMe2
E

= A2 = A

Aqp
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Asymptotics of Hermite-Pade approximants and vector equilibrium

Theorem

Il. There is also a dual problem regarding the triple
(A2, A1, p2) which can be obtained from the problem
l.a)-I.d) by interchanging the indices 1 and 2.

lIl. The equilibrium measures (A1, Ao, 111) and (A2, Ay, u2) are
related as follows

A=A +X=X+N, SO\)CAg:=A1UAy,

= pr + p2,  S(ut) U S(uz) = E,

Vﬂ‘ — YMe2
E

Ao = A
E7 1,2 As
IV. The measure X is the weak limit of the poles of the
approximants of the functions, and the measures ;1 and
12 are the weak limits of the extra interpolation points.
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