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Àïòåêàðåâ À.È., Ëûñîâ Â. Ã., Òóëÿêîâ Ä.Í.
Òðåõëèñòíûå ðèìàíîâû ïîâåðõíîñòè ðîäà 0 ñ ôèêñèðîâàííûìè ïðîåêöèÿ-
ìè òî÷åê âåòâëåíèÿ. 1

Àííîòàöèÿ
Ïðåäëîæåíû êîíñòðóêòèâíûå ïðîöåäóðû íàõîæäåíèÿ óðàâíåíèé äëÿ

àëãåáðàè÷åñêèõ ôóíêöèé 3-ãî ïîðÿäêà, ðîäà 0, ñ ôèêñèðîâàííûìè ïðîåê-
öèÿìè òî÷åê âåòâëåíèÿ. Îáíàðóæåíî, ÷òî ñóùåñòâóåò ÷åòûðå òèïà ðèìàíî-
âûõ ïîâåðõíîñòåé äëÿ ýòèõ ôóíêöèé, îòëè÷àþùèåñÿ ãðóïïàìè ïåðåñòàíîâîê
ëèñòîâ â òî÷êàõ âåòâëåíèÿ. Ïî êîýôôèöèåíòàì óðàâíåíèé ñòðîÿòñÿ ýêñòðå-
ìàëüíûå ðàçðåçû ýòèõ ðèìàíîâûõ ïîâåðõíîñòåé. Ýòè êðèâûå ÿâëÿþòñÿ ïðè-
òÿãèâàþùèìè ìíîæåñòâàìè äëÿ ïîëþñîâ â çàäà÷àõ àïïðîêñèìàöèè Ýðìè-
òà �Ïàäå.

Aptekarev A. I., Lysov V.G., Tulyakov D.N.
Three-sheeted Riemann surfaces of genus 0 with �xed projections of the branch
points.

Abstract

New constructive procedures for determination of the equations for the
algebraic functions of the third order and of genus zero are proposed. We discove-
red that there exist four types of the Riemann surfaces for these functions, which
are distinguished by the groups of permutations of the sheets in the branch
points. Using the coe�cients of the equations we compute the extremal cuts of
the Riemann surfaces. These cuts are the attractive sets for the poles of the
Hermite �Pade approximants.

1Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ãðàíòîì íàó÷íûõ øêîë ÍØ-1551.2003.1, ïðîãðàììîé i1 ÎÌÍ ÐÀÍ,
ãðàíòàìè ÐÔÔÈ-05-01-00522, ÐÔÔÈ-05-01-00697 è ÈÍÒÀÑ-03-51-6637



1 Ïîñòàíîâêà çàäà÷è.
Ïóñòü R � òðåõëèñòíàÿ ðèìàíîâà ïîâåðõíîñòü, òî åñòü êîìïëåêñíàÿ àëãåá-
ðàè÷åñêàÿ êðèâàÿ â C2 = Cz×Cw. Îáîçíà÷èì B ⊂ R � ìíîæåñòâî åå òî÷åê
âåòâëåíèÿ, à π : R → Cz � ïðîåêöèþ íà z-îñü. Ôèêñèðóåì ìíîæåñòâî èç
÷åòûðåõ òî÷åê íà êîìïëåêñíîé ïëîñêîñòè:

A := {a, b, c, d} ⊂ Cz . (1)
Òðåáóåòñÿ ñ ïîìîùüþ êîíñòðóêòèâíîé ïðîöåäóðû îïèñàòü òðåõëèñòíûå ïî-
âåðõíîñòè R, äëÿ êîòîðûõ âûïîëíåíû äâà óñëîâèÿ:{

genus(R) = 0;

π(B) = A.
(2)

Çàìåòèì, ÷òî ïî ôîðìóëå Ðèìàíà �Ãóðâèöà ìíîæåñòâî B òàêæå ñîñòîèò èç
÷åòûðåõ òî÷åê:

B = {P1,P2,P3,P4} ⊂ R.

Ïóñòü ïîâåðõíîñòü R óäîâëåòâîðÿåò óñëîâèÿì (2). Ôèêñèðóåì íóìåðàöèþ
òðåõ ïðîîáðàçîâ îêðåñòíîñòè ∞ ïðè îòîáðàæåíèè π:

∞(j) ∈ R, π(∞(j)) = ∞, j = 0, 1, 2.

Íà ïîâåðõíîñòèR îïðåäåëèì ðàöèîíàëüíóþ ôóíêöèþ Φ, èìåþùóþ äèâèçîð
(∞(0))2

∞(1) ×∞(2) ,

ò. å.

Φ(ζ) =





1

C0ζ2 + · · · , ζ →∞(0),

ζ

Cj
+ · · · , ζ →∞(j), j = 1, 2,

(3)

è íåêîòîðóþ íîðìèðîâêó
(Φ0Φ1Φ2)(∞) = C, Φj(z) := Φ(π−1

j (z)), j = 0, 1, 2.

Òðåáóåòñÿ ïîñòðîèòü ìíîæåñòâî
Γ := {z ∈ C : |Φj(z)| = |Φk(z)|, j 6= k, j, k = 0, 1, 2}. (4)

Çàäà÷à (1)→ (2) ìîòèâèðîâàíà ïðèëîæåíèÿìè ê òåîðèè ðàöèîíàëüíûõ
àïïðîêñèìàöèé Ýðìèòà �Ïàäå (ñì. [1]). Àëãåáðàè÷åñêàÿ ôóíêöèÿ Φ(z) (ñì.
(3)) îïèñûâàåò ãëàâíûé ÷ëåí àñèìïòîòèê ýòèõ àïïðîêñèìàöèé, ìíîæåñòâî Γ
(ñì. (4)) ñîäåðæèò ïðåäåëüíûå ðàñïðåäåëåíèÿ ïîëþñîâ è èíòåðïîëÿöèîííûõ
òî÷åê. Ðàíåå, çàäà÷à íàõîæäåíèÿ óðàâíåíèÿ äëÿ ôóíêöèè Φ ðàññìàòðèâà-
ëàñü â [2].
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2 Êîíôîðìíîå îòîáðàæåíèå ðèìàíîâîé ïîâåðõíîñòè.
Ïóñòü ϕ : R → C åñòü êîíôîðìíîå îòîáðàæåíèå ðèìàíîâîé ïîâåðõíîñòè,
óäîâëåòâîðÿþùåé óñëîâèÿì (2), íà êîìïëåêñíóþ ñôåðó, à π : R → Cz �
ïðîåêöèÿ ïîâåðõíîñòè íà z-ïëîñêîñòü. Òîãäà ôóíêöèÿ R := π◦ϕ−1 ÿâëÿåòñÿ
ðàöèîíàëüíîé ôóíêöèåé òðåòüåãî ïîðÿäêà, ò. å. èìååò âèä R(w) = P3(w)

Q3(w) .
Ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà ìíîæåñòâî A èìååò âèä:

A = {0, 1, y,∞}.
Óïîðÿäî÷èì òî÷êè âåòâëåíèÿ Pj ñëåäóþùèì îáðàçîì:

π(P1) = 0, π(P2) = 1, π(P3) = y, π(P4) = ∞,

Ñ òî÷íîñòüþ äî äðîáíî-ëèíåéíûõ ïðåîáðàçîâàíèé êîìïëåêñíîé ñôåðû ìîæ-
íî ñ÷èòàòü, ÷òî ôóíêöèÿ ϕ ïåðåâîäèò òî÷êè P1,P2 è P4 ñîîòâåòñòâåííî â
0, 1 è ∞. Îáîçíà÷èì x := ϕ(P3). Òàêèì îáðàçîì,

ϕ(P1) = 0, ϕ(P2) = 1, ϕ(P3) = x, ϕ(P4) = ∞,

Ñíà÷àëà íàéäåì ôóíêöèþ R â ýòîì ÷àñòíîì ñëó÷àå.

2.1 ×àñòíûé ñëó÷àé.
Ôóíêöèÿ R ïðèíèìàåò êðèòè÷åñêèå çíà÷åíèÿ 0 è∞ ñîîòâåòñòâåííî â òî÷êàõ
0 è ∞. Ïîýòîìó

R(w) = λw2w − α

w − β
.

Äàëåå,
R′(1) = R′(x) = 0,

R(1) = 1, R(x) = y .

Óñëîâèå R′ = 0 ýêâèâàëåíòíî 2w2 − (α + 3β)w + 2αβ = 0. Êîðíÿìè ýòîãî
óðàâíåíèÿ ÿâëÿþòñÿ ÷èñëà 1 è x. Ïî òåîðåìå Âèåòà,

x = αβ, x + 1 =
α + 3β

2
.

Îòñþäà, (2α− 3)(2β − 1) = −1. Ïîëîæèì α = t + 1, òîãäà

β =
t− 1

2t− 1
è x =

t2 − 1

2t− 1
.

Òàê êàê R(1) = 1, òî λ = 1−β
1−α . Îòñþäà,

R(w) =
w2(w + t− 2)

(2t− 1)w − t
. (5)
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Ïåðåìåííóþ y âûðàçèì èç óñëîâèÿ R(x) = y :

y = − t(t− 2)3

(2t− 1)3 . (6)

Òàêèì îáðàçîì, ïî çàäàííîìó y íàõîäèì ÷åòûðå ðåøåíèÿ óðàâíåíèÿ (6) :
t4 + (8y − 6)t3 + (12− 12y)t2 + (6y − 8)t− y = 0, (7)

ïîäñòàâëÿÿ êîòîðûå â (5), ïîëó÷èì 4 ðèìàíîâû ïîâåðõíîñòè, ðåøàþùèå
çàäà÷ó (1) → (2) â ñïåöèàëüíîì ñëó÷àå A = {0, 1, y,∞}.

Çàìåòèì, ÷òî òàêîé âûáîð t â êà÷åñòâå ïàðàìåòðà ôóíêöèè R(w) îá-
ëàäàåò ñëåäóþùèì ñâîéñòâîì. Ïðè àâòîìîðôèçìàõ ñôåðû Cz, ïåðåâîäÿ-
ùèõ ìíîæåñòâî {0, 1,∞} â ñåáÿ, òî÷êà y ïåðåéäåò â îäíó èç òî÷åê: y, 1− y,
1
y ,

1
1−y ,

1−y
y , y

1−y . Ïàðàìåòð t ïðåîáðàçóåòñÿ òî÷íî òàêæå, òî åñòü t ïåðåéäåò
ñîîòâåòñòâåííî â t, 1− t, 1

t ,
1

1−t ,
1−t
t , t

1−t .

2.2 Ðåøåíèå çàäà÷è â îáùåì ñëó÷àå.
Â ñëó÷àå ïðîèçâîëüíîãî ìíîæåñòâà A = {a, b, c, d}, ðàññìîòðèì äðîáíî-
ëèíåéíîå ïðåîáðàçîâàíèå, ïåðåâîäÿùåå òî÷êè a, b, d ñîîòâåòñòâåííî â òî÷êè
0, 1,∞:

z̃ =
z − a

b− a

d− b

d− z
. (8)

Ïîëîæèì, çíà÷åíèå y ðàâíûì îáðàçó òî÷êè c:

y =
c− a

b− a

d− b

d− c
. (9)

Ïî ôîðìóëå (5), â êîîðäèíàòàõ z̃ èñêîìàÿ ôóíêöèÿ èìååò âèä

z̃ =
w2(w + t− 2)

(2t− 1)w − t
,

ãäå t çàâèñèò îò y (ñì. (9)). Ïåðåõîäÿ ê êîîðäèíàòå z, îáðàùàÿ óðàâíåíèå
(8), ïîëó÷àåì:

z = R(w) =
d(a− b)w3 + (t− 2)d(a− b)w2 + (2t− 1)a(b− d)w − ta(b− d)

(a− b)w3 + (t− 2)(a− b)w2 + (2t− 1)(b− d)w − t(b− d)
,

(10)
ãäå t åñòü êîðåíü óðàâíåíèÿ (7) :

t4 + (8y − 6)t3 + (12− 12y)t2 + (6y − 8)t− y = 0,

ñ ïîäñòàíîâêîé (9). Òàêèì îáðàçîì (10) äàåò êîíôîðìíîå îòîáðàæåíèå íà
C âñåõ 4-õ ðèìàíîâûõ ïîâåðõíîñòåé ðîäà 0 ñ òî÷êàìè âåòâëåíèÿ íàä A =
{a, b, c, d}.
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2.3 Êëàññèôèêàöèÿ ïîâåðõíîñòåé.
Äîêàæåì, ÷òî ñóùåñòâóþò ðîâíî 4 òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ïîâåðõ-
íîñòè (ðîäà 0 ïî ôîðìóëå Ðèìàíà �Ãóðâèöà) ñ òðåìÿ ëèñòàìè è òî÷êàìè
âåòâëåíèÿ ïîðÿäêà 2 íàä 4 çàäàííûìè ôèêñèðîâàííûìè òî÷êàìè êîìïëåêñ-
íîé ïëîñêîñòè, åñëè ïðè äåôîðìàöèè çàïðåùåíî ñäâèãàòü ïðîåêöèè òî÷åê
âåòâëåíèÿ.

Ïóñòü A = {a, b, c, d}⊂C � ïðîåêöèè òî÷åê âåòâëåíèÿ (îíè ïîïàðíî
ðàçëè÷íû). Âûáåðåì òî÷êó O, îòëè÷íóþ îò a, b, c, d, ñîåäèíèì ýòó òî÷êó ñ
êàæäîé èç òî÷åê a, b, c, d ãëàäêèìè ïóòÿìè ñ óñëîâèÿìè:
1) ïóòè íåñàìîïåðåñåêàþùèåñÿ;
2) ïóòè ê ðàçíûì òî÷êàì íå èìåþò îáùèõ òî÷åê, êðîìå òî÷êè O;
3) â òî÷êå O íàïðàâëÿþùèå âåêòîðû ïóòåé ðàçëè÷íû è ïðè îáõîäå òî÷êè O
ïóòè ïåðåñåêàþòñÿ â çàäàííîì ïîðÿäêå: ïóòü ê a, çàòåì ïóòü ê b, äàëåå ê c,
äàëåå ê d.

Ôèêñèðóåì ýòó ÷åòâ¼ðêó ãëàäêèõ ïóòåé, ïðîâîäèì ÷åðåç íèõ ðàçðåçû
êîìïëåêñíîé ïëîñêîñòè, è îïðåäåëÿåì ëèñòû êàê ñâÿçíûå êîìïîíåíòû ïðî-
îáðàçà êîìïëåêñíîé ïëîñêîñòè ñ âûáðîøåííûìè ðàçðåçàìè ïðè ïðîåêòèðî-
âàíèè. Òåïåðü ôèêñèðóåì íåêîòîðóþ íóìåðàöèþ ëèñòîâ ýëåìåíòàìè íàáîðà
{1, 2, 3}. Òîãäà êàæäîé òî÷êå X ∈A ñîîòâåòñòâóåò ýëåìåíò ãðóïïû S3 � ïå-
ðåñòàíîâêà, ñîîòâåòñòâóþùàÿ ñìåíå ëèñòîâ ïðè îáõîäå âîêðóã ýòîé òî÷êè
(ïî ëþáîìó ïóòè, îáõîäÿùåìó òî÷êó X 1 ðàç â ïîëîæèòåëüíîì íàïðàâëå-
íèè, ïåðåñåêàþùåìó ðàçðåç OX è íå ïåðåñåêàþùåìó îñòàëüíûå ðàçðåçû).
Ïîñêîëüêó ìû ôèêñèðîâàëè ïîðÿäîê òî÷åê a, b, c, d , íî íàì íå âàæíà íóìå-
ðàöèÿ ëèñòîâ, òî ìû ìîæåì îõàðàêòåðèçîâàòü ðèìàíîâó ïîâåðõíîñòü êëàñ-
ñîì ýêâèâàëåíòíîñòè óïîðÿäî÷åííûõ íàáîðîâ 4 ïåðåñòàíîâîê èç ãðóïïû S3.
Äîïóñòèìûìè ÿâëÿþòñÿ íàáîðû [g1, g2, g3, g4] ñî ñëåäóþùèìè ñâîéñòâàìè:

1) äëÿ êàæäîãî i = 1..4 gi � òðàíñïîçèöèÿ (ïîñêîëüêó âñå òî÷êè âåòâëå-
íèÿ 2 ïîðÿäêà);

2) g1g2g3g4 = e (ïîñêîëüêó îáõîä âîêðóã òî÷êè O ñîîòâåòñòâóåò òîæäå-
ñòâåííîé ïåðåñòàíîâêå ëèñòîâ);

3) ãðóïïà, ïîðîæä¼ííàÿ ìíîæåñòâîì {gi| i = 1..4}, òðàíçèòèâíà íà ìíî-
æåñòâå {1, 2, 3} (ïîñêîëüêó ðèìàíîâà ïîâåðõíîñòü ñâÿçíà).

Íàáîðû ýêâèâàëåíòíû, åñëè îäèí èç íèõ ïîëó÷àåòñÿ èç äðóãîãî ïîêîìïî-
íåíòíûì ïðåîáðàçîâàíèåì âèäà gi → hgih

−1, ãäå h∈S3 îäíî è òî æå äëÿ
âñåõ i.

Òåïåðü ïîäñ÷èòàåì ÷èñëî òàêèõ êëàññîâ íàáîðîâ. Çàìåòèì, ÷òî
g4 = g−1

3 g−1
2 g−1

1 îäíîçíà÷íî îïðåäåëÿåòñÿ ïî g1, g2, g3. Ïðè ýòîì ïîñêîëüêó
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g1, g2, g3 òðàíñïîçèöèè, òî g4 � íå÷¼òíàÿ ïåðåñòàíîâêà, à â S3 âñå íå÷¼òíûå
ïåðåñòàíîâêè ÿâëÿþòñÿ òðàíñïîçèöèÿìè.

Ðàññìîòðèì ïðåäñòàâèòåëåé èç êëàññîâ ýêâèâàëåíòíîñòåé íàáîðîâ, â
êîòîðûõ òàêèå íóìåðàöèè ëèñòîâ, ÷òî g1 = (12). Òàêèõ íóìåðàöèé âñåãäà
2, ïîýòîìó èç êàæäîãî êëàññà ó íàñ áóäåò 2 ïðåäñòàâèòåëÿ. Òîãäà äëÿ òðàíçè-
òèâíîñòè ãðóïïû íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
{g2, g3} ∩ {(13), (23)} 6= ø. Îñòàëüíûå óñëîâèÿ áóäóò âûïîëíåíû àâòîìà-
òè÷åñêè. Âûïèñûâàÿ âñå âàðèàíòû, ïîëó÷àåì 4 ïàðû ýêâèâàëåíòíûõ ïðåä-
ñòàâèòåëåé:

[(12), (12), (13), (13)]

[(12), (12), (23), (23)]
,

[(12), (13), (12), (23)]

[(12), (23), (12), (13)]
,

[(12), (13), (13), (12)]

[(12), (23), (23), (12)]
,

[(12), (13), (23), (13)]

[(12), (23), (13), (23)]
,

ñîîòâåòñòâóþùèõ 4 âèäàì ðèìàíîâûõ ïîâåðõíîñòåé ðîäà íîëü, ñ ôèêñèðî-
âàííûìè ïðîåêöèÿìè òî÷åê âåòâëåíèÿ.

3 Àëãåáðàè÷åñêèå ôóíêöèè, ñâÿçàííûå ñ R.
3.1 Óíèôîðìèçàöèè ðàöèîíàëüíûõ ôóíêöèé íà R.
Íàéäåííàÿ ïàðàìåòðèçàöèÿ ðèìàíîâîé ïîâåðõíîñòè R (ñì. (10), (7), (9))
óíèôîðìèçóåò àëãåáðàè÷åñêóþ ôóíêöèþ Φ(z), çàäàííóþ óñëîâèÿìè (3). Äåé-
ñòâèòåëüíî, ôèêñèðóåì íóìåðàöèþ âåòâåé ôóíêöèè w(z) (ñì. (10)) â îêðåñò-
íîñòè òî÷êè z = ∞. Òîãäà Φ(R(w)) ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíêöèåé ñ
äâîéíûì íóëåì â òî÷êå

w(∞(0)) =: W0

è ïðîñòûìè ïîëþñàìè â òî÷êàõ
w(∞(1)) =: W1 è w(∞(2)) =: W2,

ãäå W0,W1,W2 � ïðîîáðàçû áåñêîíå÷íîñòè ôóíêöèè R(w), óäîâëåòâîðÿþò
(ñì. (10)) óðàâíåíèþ:

(a− b)W 3 + (t− 2)(a− b)W 2 + (2t− 1)(b− d)W − t(b− d). (11)
Òàêèì îáðàçîì, ñ òî÷íîñòüþ äî íîðìèðóþùåãî ìíîæèòåëÿ{

Φ = const (w−W0)2

(w−W1)(w−W2)
,

z = R(w).
(12)

Äàëåå ìû ïðèíèìàåì âåëè÷èíó const ðàâíîé åäèíèöå.
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Íàðÿäó ñ ôóíêöèåé Φ íàñ áóäåò èíòåðåñîâàòü å¼ ëîãàðèôìè÷åñêàÿ
ïðîèçâîäíàÿ

h(z) :=
Φ′(z)

Φ(z)
. (13)

Ôóíêöèÿ h èìååò òðè âåòâè h0, h1, h2, êîòîðûå ìû ôèêñèðóåì â áåñêîíå÷íî-
ñòè êàê 




h0(z) = −2

z
+ · · · ,

hj(z) =
1

z
+ · · · , j = 1, 2.

z →∞. (14)

Èñõîäÿ èç (12), ôóíêöèÿ h óíèôîðìèçóåòñÿ ñëåäóþùèì îáðàçîì:
{

h = 1
R′(w) [

2
(w−W0)

− 1
(w−W1)

− 1
(w−W2)

],

z = R(w).
(15)

3.2 Óðàâíåíèå äëÿ ôóíêöèè Φ.
Äëÿ ïîëó÷åíèÿ êîýôôèöèåíòîâ óðàâíåíèÿ ôóíêöèè Φ ìû âûðàçèì ñèììåò-
ðè÷åñêèå ôóíêöèè åãî êîðíåé. Ýòè ñèììåòðè÷åñêèå ôóíêöèè (ââèäó (12))
âûðàæàþòñÿ ÷åðåç {Wj}j=0,1,2 � êîðíè óðàâíåíèÿ (11) è ñèììåòðè÷åñêèå
ôóíêöèè êîðíåé óðàâíåíèÿ äëÿ ôóíêöèè w(z), êîòîðîå èìååò âèä (ñì. (10)):

U(w)
def
= w3 + (t−2)w2 +

b−d

a−b

z−a

z−d

(
(2t−1)w − t

)
= 0 (16)

Îáîçíà÷àÿ




s0 := w0w1w2 = b−d
a−b

z−a
z−d t;

s1 := w0w1 + w1w2 + w2w0 = b−d
a−b

z−a
z−d (2t− 1);

s2 := w0 + w1 + w2 = − (t− 2),

(17)
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ïîëó÷èì
Φ0 + Φ1 + Φ2 =

N2

D2
, (18)

ãäå

N2 = 3s2
0 − 2(W0 + W1 + W2)s0s1 + (2W1W2 + W 2

0 )(s2
1 − 2s0s2) +

+ (W1 + W2)(W1 + W2 + 4W0)s0s2 − 6W0(W1 + W2)
2s0−

− (2W0W1W2 −W 2
0 W0 −W 2

0 W0 −W 2
0 W0 −W 2

0 W0)(s1s2 − 3s0) +

+ W0(W1 + W2)(W0W1 + 4W1W2 + W0W2)s1 +

+ W1W2(W1W2 + 2W 2
0 )(s2

2 − 2s1)−
− 2W0W1W2(W0W1 + W1W2 + W0W2)s2 + 3(W0W1W2)

2 ,

è (ñ ó÷åòîì (16) )

D2 = (W 3
1 − s2W

2
1 + s1W1 − s0)(W

3
2 − s2W

2
2 + s1W2 − s0) =

=

(
(a− d)(b− d)

(a− b)(z − d)

)2

((2t− 1)W1 − t)((2t− 1)W2 − t) .

Àíàëîãè÷íî,
Φ0Φ1 + Φ1Φ2 + Φ2Φ0 =

N1

D2
, (19)

ãäå

N1 = 3s2
0 − (4W0 + W1 + W2)s0s1 + (W1W2 + 2W 2

0 )(s2
1 − 2s0s2) +

+ 4W0(W1 + W2 + W0)s0s2 − 12W 2
0 (W1 + W2)s0−

−W0(2W
2
0 + W0W1 + 2W1W2 + W0W2)(s1s2 − 3s0) +

+ 4W 2
0 (W0W1 + W1W2 + W0W2)s1 + W 2

0 (2W1W2 + W 2
0 )(s2

2 − 2s1)−
−W 3

0 (W0W1 + 4W1W2 + W0W2)s2 + 3W 4
0 W1W2 .

Íàêîíåö,

Φ0Φ1Φ2 =
(W 3

0 − s2W
2
0 + s2W0 − s0)

2

(W 3
1 − s2W 2

1 + s2W1 − s0)(W 3
1 − s2W 2

1 + s2W1 − s0)
=

=
((2t− 1)W0 − t)2

((2t− 1)W1 − t)((2t− 1)W2 − t)
. (20)
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Èòàê, àëãåáðàè÷åñêàÿ ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ

Φ3(z) + q1(z)Φ2(z) + q2(z)Φ(z) + q0 = 0, (21)

ãäå êîýôôèöèåíòû q1(z), q2(z), q0 îïðåäåëåíû â (18), (19), (20) ñ ïîäñòàíîâ-
êîé (17).

Âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ óðàâíåíèÿ (21) äîïóñêàþò äàëüíåé-
øåå óïðîùåíèå. Âåëè÷èíû Wk := wk(∞) ÿâëÿþòñÿ êîðíÿìè çíàìåíàòåëÿ
Q3 â (10), ïîýòîìó

2∏

k=0

(w−wk(∞)) =
Q3(w)

a−b
= w3 + (t−2)w2 +

b−d

a−b

(
(2t−1)w − t

)
. (22)

Ñëåäîâàòåëüíî,

Φi =
(wi−W0)

2

(wi−W1)(wi−W2)
=

(wi−W0)
3

w3
i + (t−2)w2

i + b−d
a−b

(
(2t−1)wi − t

) =

=
(wi−W0)

3

b−d
a−b

(
1−z−a

z−d

)(
(2t−1)wi − t

) =
(a−b)

(b−d)(a−d)

z−d

2t−1

(wi−W0)
3

wi − t
2t−1

(23)

Òåïåðü ìû ìîæåì ïîëó÷èòü âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ óðàâíåíèÿ (21)
÷åðåç âõîäíûå äàííûå (17) è îäèí ïàðàìåòð W0. Ó÷èòûâàÿ, ÷òî wi ÿâëÿþòñÿ
êîðíÿìè U(w) (ñì. (16)), à W0 ÿâëÿåòñÿ êîðíåì Q3(w) (ñì. (22)), ïîäñ÷èòàåì
Φ0Φ1Φ2.

Φ0Φ1Φ2=

[
(a−b)

(b−d)(a−d)

z−d

2t−1

]3 [−U(W0)
]3

−U
(

t
2t−1

) =
−(

(2t−1)W0 − t
)3

2t2(t− 1)2

Àíàëîãè÷íî, èç (23) íàõîäèì îñòàëüíûå ñèììåòðè÷åñêèå ôóíêöèè îò Φi.
Äëÿ âû÷èñëåíèÿ

Φ0 + Φ1 + Φ2 =
(a−b)

(b−d)(a−d)

z−d

2t−1

2∑
i=0

(wi−W0)
3

wi − t
2t−1

,

óïðîñòèì ñëåäóþùóþ ñóììó:
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2∑
i=0

(wi−W0)
3

wi − t
2t−1

=
2∑

i=0

(wi−W0)
3 − ( t

2t−1−W0)
3

wi − t
2t−1

+
2∑

i=0

( t
2t−1−W0)

3

wi − t
2t−1

=

=
2∑

i=0

[
w2

i +
( t

2t−1
−3W0

)
wi +

( t

2t−1

)2
− 3

( t

2t−1

)
W0 + 3W 2

0

]
+

+
−U ′( t

2t−1

)

U
(

t
2t−1

)
( t

2t−1
−W0

)3
= (t−2)2−2

b−d

a−b

z−a

z−d
(2t−1)−(t−2)

( t

2t−1
−3W0

)
+

+
(
W0− t

2t−1

)3[b−d

a−b

z−a

z−d

(2t−1)4

2t2(t−1)2 +
(2t−1)(4t2−7t+4)

2t(t−1)2

]
+

+3
[( t

2t−1

)2
−3

( t

2t−1

)
W0+3W 2

0

]
=

(2t−1)W0−t

2t2(t−1)2

[
4t3−7t2+4t+

z−a

a−b
(2t−1)3

]
+

+
(t+1)2

2t2(t−1)

z−a

a−d

(
2(2t−1)W 2

0−(5t−1)W0+t(t+1)
)
+

(t−2)2

2t(t−1)2

z−b

b−d

(
2(2t−1)W 2

0−3tW0−t(t−2)
)

Äëÿ âû÷èñëåíèÿ

Φ0Φ1+Φ1Φ2+Φ2Φ0 = Φ0Φ1Φ2
( 1

Φ0
+

1

Φ1
+

1

Φ2

)
=

(b−d)(a−d)

(a−b)

2t−1

z−d

2∑
i=0

wi − t
2t−1

(wi−W0)3 ,

íóæíî óïðîñòèòü ñëåäóþùóþ ñóììó
2∑

i=0

wi − t
2t−1

(wi−W0)3 =
2∑

i=0

1

(wi−W0)2 +
2∑

i=0

W0 − t
2t−1

(wi−W0)3 =
(−U ′(w)

U(w)

)′∣∣∣
w=W0

+

+
1

2

(
W0− t

2t−1

)(−U ′(w)

U(w)

)′′∣∣∣
w=W0

=
z−d

a−d

a−b

b−d

9W0 + 4t2−13t+4
2t−1

(2t−1)W0−t
+

+
z−d

a−d

a−b

b−d

3(3W0+t−2)

2t−1

3W 2
0 +2(t−2)W0 + (2t−1)z−a

z−d
b−d
a−b

W 3
0 +(t−2)W 2

0 + z−a
z−d

b−d
a−b

(
(2t−1)W0−t

)+

+
z−d

a−d

(a−b

b−d
(2t−1)W0(3W0+2t+4)+1

)[
3W 2

0 +2(t−2)W0 + (2t−1)z−a
z−d

b−d
a−b

W 3
0 +(t−2)W 2

0 + z−a
z−d

b−d
a−b

(
(2t−1)W0−t

)
]2

.

3.3 Óðàâíåíèå äëÿ ôóíêöèè h = Φ′/Φ.
Ðàññìîòðèì óðàâíåíèå äëÿ ôóíêöèè h, ðàâíîé ëîãàðèôìè÷åñêîé ïðîèçâîä-
íîé ôóíêöèè Φ (ñì. (13), (14), (15)). Îíà îïðåäåëåíà íà òîé æå ïîâåðõíîñòè
R, ÷òî è Φ è ÿâëÿåòñÿ ðåøåíèåì àëãåáðàè÷åñêîãî óðàâíåíèÿ âèäà:

h3 − 3P2(z)

Π4(z)
h +

2P1(z)

Π4(z)
= 0, (24)
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ãäå
Π4(z) = (z − a)(z − b)(z − c)(z − d),

P2(z) = z2 + p1z + p0, P1(z) = z − c̃.

Äèñêðèìèíàíò ýòîãî óðàâíåíèÿ èìååò âèä

∆ =
P 3

2 − P 2
1 Π4

Π3
4

(25)

Ñòàðøèå êîýôôèöèåíòû ïîëèíîìîâ P1, P2, Π4 ðàâíû åäèíèöå, ïîýòîìó ñòå-
ïåíü ÷èñëèòåëÿ ∆ íå ïðåâîñõîäèò 5. Òàê êàê h èìååò âåòâëåíèÿ òîëüêî â
òî÷êàõ a, b, c, d, òî âñå êîðíè äèñêðèìèíàíòà äîëæíû èìåòü ÷åòíóþ êðàò-
íîñòü. Òàêèì îáðàçîì,

P 3
2 − P 2

1 Π4 = (d2z
2 + d1z + d0)

2.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè ñòåïåíÿõ z, ïîëó÷èì ñèñòåìó 6 àëãåáðàè-
÷åñêèõ óðàâíåíèé îòíîñèòåëüíî 6 íåèçâåñòíûõ c̃, p0, p1, d0, d1, d2:





3p1 + 2c̃− α3 = 0,

3p2
1 + 3p0 − c̃2 + 2α3c̃− α2 = d2

2,

p3
1 + 6p0p1 − α3c̃

2 + 2α2c̃− α1 = 2d1d2,

3p0p
2
1 + 3p2

0 − α2c̃
2 + 2α1c̃− α0 = d2

1 + 2d0d2,

3p2
0p1 − α1c̃

2 + 2α0c̃ = 2d0d1,

p3
0 − α0c̃

2 = d2
0,

ãäå α0, α1, α2, α3 � ñèììåòðè÷åñêèå ôóíêöèè èñõîäíûõ äàííûõ a, b, c, d:

Π4(z) =: z4 + α3z
3 + α2z

2 + α1z + α0.

Â îáùåì ïîëîæåíèè ýòà ñèñòåìà èìååò 18 ðàçëè÷íûõ ðåøåíèé, êîòîðûå ìî-
ãóò áûòü íàéäåíû ÷èñëåííî. 12 èç ýòèõ ðåøåíèé ñîîòâåòñòâóþò ÷åòûðåì
íàéäåííûì ïîâåðõíîñòÿì è òðåì âàðèàíòàì íóìåðàöèè ëèñòîâ. Îñòàëüíûå 6
ñîîòâåòñòâóþò ïîëîæèòåëüíîìó ðîäó ôóíêöèè h, òî åñòü ñëó÷àþ, êîãäà îäèí
èç êðàòíûõ íóëåé äèñêðèìèíàíòà (ðàâíûé c̃) ÿâëÿåòñÿ êóáè÷åñêîé òî÷êîé
âåòâëåíèÿ h.

3.4 Óðàâíåíèÿ äëÿ ôóíêöèé Φ è h â êîîðäèíàòàõ ñâÿçàííûõ ñ
äèâèçîðîì äèñêðèìèíàíòà.

Ðàññìîòðèì êëàññ àëãåáðàè÷åñêèõ êðèâûõ (24)

h3 − 3P2(z)

Π4(z)
h +

2P1(z)

Π4(z)
= 0,
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ó êîòîðûõ äèñêðèìèíàíò (25)

∆ =
∆̃

Π3
4(z)

, ∆̃ = P 3
2 − Π4P

2
1 ,

èìååò íóëè òîëüêî ÷åòíîé êðàòíîñòè. Äëÿ ýòîãî êëàññà, âìåñòî ïðîåêöèé
òî÷åê âåòâëåíèÿ A = {a, b, c, d}, ìîæíî èñïîëüçîâàòü äðóãèå ÷åòûðå ïàðà-
ìåòðà Ã = {k, p, s, c̃}, ñ ïîìîùüþ êîòîðûõ êîýôôèöèåíòû óðàâíåíèÿ (24)
îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

P1(z) := (z − c̃), P2(z) := P 2
1 (z) + 2pP1(z) + s2.

Ïîëàãàÿ òàêæå
∆̃(z) = (kP 2

1 (z) + 3psP1(z) + s3)2,

ïîëó÷àåì, ÷òî

Π4(z) =
P 3

2 (z)− ∆̃(z)

P 2
1 (z)

îêàçûâàåòñÿ ïîëèíîìîì ïåðåìåííîé z ñòåïåíè 4 :

Π4 = P 4
1 +6pP 3

1 +(3s2+12p2−k2)P 2
1 +(8p3+12s2p−6psk)P1+3s4+3p2s2−2s3k.

Òåì ñàìûì, àëãåáðàè÷åñêàÿ ôóíêöèÿ h, îïðåäåëÿåìàÿ óðàâíåíèåì (24) ñ
ýòèìè êîýôôèöèåíòàìè P1, P2, Π4, èìååò äèñêðèìèíàíò ñ íóëÿìè ÷åòíîé
êðàòíîñòè.

Ñ ïîìîùüþ êîîðäèíàò ýòîãî êëàññà Ã = {k, p, s, c̃}, ìû òàêæå ìîæåì
âûðàçèòü êîýôôèöèåíòû óðàâíåíèÿ ôóíêöèè Φ (ñì. (3), (21)):

Φ3(z) + q1(z)Φ2(z) + q2(z)Φ(z) + q0 = 0,

ãäå qj çàäàþòñÿ ñëåäóþùèì îáðàçîì

q1(z) = −6
√

3pP1(z) +
1√
3

[
(k − 2

√
3p)κ+ + (k + 2

√
3p)κ−

]
,

q2(z) = −κ+κ−

(
P 2

1 (z) + 4pP1(z) +
9s2 − 4k2 + 36p2

9

)
, (26)

q0 =
2
√

3

243
(3s− 2k)2κ2

+κ2
−,

çäåñü P1(z) = z − c̃ è
κ± = 3s + k ± 3

√
3p.
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4 Ýêñòðåìàëüíûå ðàçðåçû.
4.1 Àëãåáðàè÷åñêàÿ ïàðàìåòðèçàöèÿ ìíîæåñòâà Γ.
Åñëè íàì èçâåñòíû êîýôôèöèåíòû àëãåáðàè÷åñêîãî óðàâíåíèÿ (21) ôóíê-
öèè Φ, òî ìû ìîæåì ïîëó÷èòü àëãåáðàè÷åñêóþ ïàðàìåòðèçàöèþ ýêñòðåìàëü-
íîãî ìíîæåñòâà Γ, çàäàííîãî â (4). Äåéñòâèòåëüíî, îáîçíà÷àÿ

J(ν, z) = −
(

Φ0(z)

Φ1(z)
+

Φ1(z)

Φ0(z)
− ν

)(
Φ0(z)

Φ2(z)
+

Φ2(z)

Φ0(z)
− ν

)(
Φ1(z)

Φ2(z)
+

Φ2(z)

Φ1(z)
− ν

)
,

âèäèì, ÷òî Γ ÿâëÿåòñÿ îáúåäèíåíèåì òðàåêòîðèé êîðíåé z(ν) óðàâíåíèÿ
J(ν, z) = 0, ν ∈ [−2, 2].

Òàê êàê Φ � àëãåáðàè÷åñêàÿ ôóíêöèÿ, òî ñèììåòðè÷åñêèå ôóíêöèè å¼ âåò-
âåé ñóòü ïîëèíîìû:

Φ0Φ1Φ2 = −q0, Φ0Φ1 + Φ0Φ2 + Φ1Φ2 = q2, Φ0 + Φ1 + Φ2 = −q1.

Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî ìíîæåñòâî Γ, îïðåäåëåííîå â (4), îïèñûâàåòñÿ
ñëåäóþùèì îáðàçîì:

Γ = {z : J(ν, z) = ν3 + A(z)ν2 + B(z)ν + C(z) = 0, ν ∈ [−2, 2]}, (27)
ãäå

A(z) =
3q0 − q1(z)q2(z)

q0
,

B(z) =
q0q

3
1(z) + q3

2(z)− 5q0q1(z)q2(z) + 3q2
0

q2
0

, (28)

C(z) =
2q0q

3
1(z)− q2

1(z)q2
2(z) + 2q3

2(z)− 4q0q1(z)q2(z) + q2
0

q2
0

,

è q0, q1, q2 ñóòü êîýôôèöèåíòû (21) èëè (26) óðàâíåíèÿ äëÿ ôóíêöèè Φ.
Íèæå íà ðèñóíêàõ, ïðèâåäåíû ïðèìåðû ìíîæåñòâ Γ, ïîëó÷åííûõ ðàç-

ëè÷íûìè ñïîñîáàìè.
Íà Ðèñóíêàõ 1 � 4 èçîáðàæåíî ìíîæåñòâî Γ äëÿ âñåõ ÷åòûðåõ ðèìàíî-

âûõ ïîâåðõíîñòåé ñ ïðîåêöèÿìè òî÷åê âåòâëåíèÿ A := {0, I, 2, 1.5 + 1.5I}.
Êàæäûé èç ýòèõ ðèñóíêîâ ñîîòâåòñòâóåò ôèêñèðîâàííîé ðèìàíîâîé ïîâåðõ-
íîñòè (ò. å. îäíîìó è òîìó æå t � ôèêñèðîâàííîìó êîðíþ óðàâíåíèÿ (7)).
Íà êàæäîì èç ýòèõ ÷åòûðåõ ðèñóíêîâ ïðèâåäåíû òðè âàðèàíòà ìíîæåñòâ
Γ, ñîîòâåòñòâóþùèõ ðàçëè÷íîé íóìåðàöèè ëèñòîâ ôèêñèðîâàííîé ðèìàíî-
âîé ïîâåðõíîñòè (ò. å. W0 ïðèíèìàåò ïî î÷åðåäè çíà÷åíèÿ êîðíåé óðàâíåíèÿ
(11)). Ìíîæåñòâî Γ íà ýòèõ ðèñóíêàõ ïîëó÷åíî ñ ïîìîùüþ àëãåáðàè÷åñêîé
ïàðàìåòðèçàöèè (27), (28), êîýôôèöèåíòû óðàâíåíèÿ ôóíêöèè Φ ïîëó÷åíû
ìåòîäàìè ñåêöèè 3.2.
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Ðèñ. 1: Ðèìàíîâà ïîâåðõíîñòü i1. Ìíîæåñòâî Γ äëÿR ïðè ðàçëè÷íûõ íóìåðàöèÿõ ëèñòîâ.
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Ðèñ. 2: Ðèìàíîâà ïîâåðõíîñòü i2. Ìíîæåñòâî Γ äëÿR ïðè ðàçëè÷íûõ íóìåðàöèÿõ ëèñòîâ.
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Ðèñ. 3: Ðèìàíîâà ïîâåðõíîñòü i3. Ìíîæåñòâî Γ äëÿR ïðè ðàçëè÷íûõ íóìåðàöèÿõ ëèñòîâ.
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Ðèñ. 4: Ðèìàíîâà ïîâåðõíîñòü i4. Ìíîæåñòâî Γ äëÿR ïðè ðàçëè÷íûõ íóìåðàöèÿõ ëèñòîâ.
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Ðèñ. 5: Ìíîæåñòâî Γ, ïîëþñû è äîïîëíèòåëüíûå èíòåðïîëÿöèè àïïðîêñèìàöèé Ýðìèòà �
Ïàäå.

Íà Ðèñóíêå 5 èçîáðàæåíî ìíîæåñòâî Γ äëÿ ñïåöèàëüíûõ ðèìàíîâûõ
ïîâåðõíîñòåé ñ ïðîåêöèÿìè òî÷åê âåòâëåíèÿ A := {a1, b1, a2, b2, }. Âûáîð
ðèìàíîâîé ïîâåðõíîñòè îáóñëîâëåí çàäà÷åé àïïðîêñèìàöèé Ýðìèòà �Ïàäå
äëÿ äâóõ ôóíêöèé :

ln

(
z − aj

z − bj

)
j = 1, 2 .

Çäåñü îòðåçêè (a1, b1), (a2, b2) âûáðàíû ïàðàëëåëüíûìè è åäèíè÷íîé äëèíû.
Ïîëþñà àïïðîêñèìàöèé èçîáðàæåíû êðóæî÷êàìè. Ïðè óìåíüøåíèè ðàññòî-
ÿíèÿ [Dist] ìåæäó îòðåçêàìè (a1, b1), (a2, b2), íà ðèñóíêå ïîÿâëÿþòñÿ òî÷êè
äîïîëíèòåëüíîé èíòåðïîëÿöèè, èçîáðàæåííûå êâàäðàòèêàìè. Ìíîæåñòâî Γ
íà ýòèõ ðèñóíêàõ ïîëó÷åíî ñ ïîìîùüþ àëãåáðàè÷åñêîé ïàðàìåòðèçàöèè (27),
(28), êîýôôèöèåíòû óðàâíåíèÿ ôóíêöèè Φ ïîëó÷åíû ôîðìóëàìè (27) ïðè
s := −1; p := 0; k := 1.733, 0.76, 0.411, 0 (ñì. ñåêöèþ 3.4).
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Ðèñ. 6: Ìíîæåñòâî Γ ïîñòðîåííîå ñ ïîìîùüþ òðàåêòîðèé (hj − hk)
2(z)dz2.

4.2 Ìíîæåñòâî Γ è òðàåêòîðèè êâàäðàòè÷íûõ äèôôåðåíöèàëîâ.
Ïðîäåìîíñòðèðóåì åù¼ îäèí ìåòîä êîíñòðóêòèâíîãî ïîëó÷åíèÿ ìíîæåñòâà
ýêñòðåìàëüíûõ ðàçðåçîâ ñ ïîìîùüþ ôóíêöèè h (ñì.(24)). Ìíîæåñòâî Γ, íà
êîòîðîì ðàâíû ïî ìîäóëþ ðàçëè÷íûå âåòâè ôóíêöèè Φ, ñîñòîèò èç òðàåêòî-
ðèé êâàäðàòè÷íûõ äèôôåðåíöèàëîâ âèäà (hj − hk)

2(z)dz2. Äåéñòâèòåëüíî,
óñëîâèå |Φj|/|Φk| = const ðàâíîñèëüíî Re [d(ln Φj/Φk)] = 0. Ïîñëåäíåå ðàâ-
íî Re [(hj−hk)(z)dz] = 0, èëè, ýêâèâàëåíòíî, (hj−hk)

2(z)dz2 < 0. ×èñëåííî
ðåøàÿ äèôôåðåíöèàëüíîå óðàâíåíèå

Re (hj − hk)(z)dx− Im (hj − hk)(z)dy = 0, z = x + iy (29)

äëÿ ðàçëè÷íûõ ïàð j, k è ñîîòâåòñòâóþùèõ íà÷àëüíûõ äàííûõ z0 : |Φj(z0)| =
|Φk(z0)| (íàïðèìåð, â êà÷åñòâå z0 ìîæíî áðàòü òî÷êè èç A), íàõîäèì ìíî-
æåñòâî Γ.

Íà Ðèñóíêå 6 ïðèâåäåíî îäíî èç ìíîæåñòâ Γ, ïîñòðîåííîå ñ ïîìîùüþ
òðàåêòîðèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ (29). Ïðè ýòîì, âåòâè ôóíêöèè
h âû÷èñëÿëèñü ïî óðàâíåíèþ (24), êîýôôèöèåíòû äëÿ êîòîðîãî íàõîäèëèñü
÷èñëåííûì ðåøåíèåì íåëèíåéíîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé (ñì.
ñåêöèþ 3.3). Ìíîæåñòâî ïðîåêöèé òî÷åê âåòâëåíèÿ â ýòîì ïðèìåðå òî æå,
÷òî è â ïðèìåðàõ íà Ðèñóíêàõ 1 � 4, (ò. å. A := {0, I, 2, 1.5 + 1.5I}, ñðàâíè
Ðèñ.6 ñ òðåòüåé êàðòèíêîé Ðèñ.1).
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