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A. Kh. Pergament, D. A. Ulkin, Self-similar asymptotics in plain-strain
hydraulic fracture propagation problem.

Abstract. In this article the self-consistent plain-strain hydraulic frac-
ture propagation problem is analyzed analytically and numerically. The frac-
ture is loaded by the far-field confining stress and is driven by time dependent
fluid flow at the inlet. The similarity method is used to obtain different classes
of the self-similar solutions. The algorithm is realized to analyze the evolu-
tion of the considered problem to the asymptotic solutions. Well known so-
lution [Spence D.A., Sharp P.W., 1985] proofed to be an asymptotic solution
for problem with initial conditions in non zero far-field confining stress case.
Solution [Khristianovic S., Zheltov Y., 1955], [Barenblatt G.I., 1956] proofed
to be a limit self-similar solution for considered problem.
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� « ¡_X ¶�¶�% e %¯(+*  �¡ &  0È §�¨©¨ ¡ *'§ ν%ÙÐ�(+¨   « ¡ ¨   ¥�Ì KIc
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� ¬ § ¢ §�*�* ¡ (�*'§º² ° §�*�% e (   ° (+±�%�*�¦ � % ¨ÅÐÑ%'&$§�Ì0±Í(©( ¢ § � £'(+*�%¯( T0 ≤ 0
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¢ ( · ¨  ��´È (   ¨ÅÐ %'&$§�Ì0±Í(©(�² ¡ ° * ¡ ( ¢ § � £'(+*�%¯( T0
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�Ê¬ § � %�¨©%'& ¡ ¨   % ¡�  « ¡�¡ ° ¢ %�*'§   ¦ x
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�   �¡ ¨ ¡�¡� �� (   ¨  ��´È (  Ñ �¡ & È �   �¡ ¨ ° ( ¢ § ¨©�%   §´(  Ç³¨ÎÆ�ª�£ ¡ ¨©« ¡´³µ¢ (+¶ ¡ ° &�% ° ¡�� §�*�* ¡�·Ô,1 
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= 0, ª ° % 0 ≤ x ≤ a. S q , ì V
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Q(a− 0, t) = H(a− 0, t)
da

dt
. S q , q V
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Q(x, t) = −H3(x, t)

3η

∂P (x, t)

∂x
, S q , F V

� ¦ ° §ÇÐÍ(+*�%¯(ÄS q , q V & ¡ ÐÍ(   Â�¦   ¥ ¬ §�ª�%�¨+§�* ¡Ñ� � % ¢ (
da

dt
= −H2(a− 0, t)

3η

∂P (a− 0, t)

∂x
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P = T0,
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Q(0, t) = −H3(x, t)

3η

∂P (x, t)

∂x

∣

∣

∣

∣

x=0

= Q0(t).
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P (x, t) = − E

π(1− σ2)

L
∫

0

∂H(x′, t)

∂x′
x′dx′

x′2 − x2
, ª ° % 0 ≤ x ≤ L. S q , g V
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H(x, t) =
2(1− σ2)

πE
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∫

0

F

(

x

L
,
x′

L

)

P (x′, t)dx′+

+T0

L
∫

a

F

(

x

L
,
x′

L

)

dx′



 , ª ° % 0 ≤ x ≤ L,
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² ¢ (
F (ξ, ξ′) = ln

∣

∣

∣

∣

∣

∣

∣

√

1− ξ2 +
√

1− ξ′2

√

1− ξ2 −
√

1− ξ′2

∣

∣

∣

∣

∣

∣

∣
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KI = KIc.
S q , ìtr V

� ¨�£ ¡�� %¯( ° § � * ¡�� (+¨©%�Æ   ° (+±�%�*�¦v& ¡ Ð�(   Â�¦   ¥�ª ° ( ¢ ¨   § � £'(+* ¡���� % ¢ (�§�¨©%'&�ª  �¡´³  %�¯(+¨©« ¡ ² ¡ØÈ ¨�£ ¡�� %�Æ ¢ £�Æ ° §�¨©« ° ¦   %�Æ   ° (+±�%�*�¦ ��¡�¬ £'(�* ¡ ¨©%�«�§�Ú � æ ù¯òôßR� ,�^�, �Ôì+í�ï_g®ð

H(x) = 4

(

2

π

)1/2
KIc

E ′ (L− x)1/2, ª ° % (L− x) << L. S q , ì�ì V
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KIc = 2

√

L

π





a
∫

0

P (x, t)dx√
L2 − x2

+ T0

L
∫

a

dx√
L2 − x2
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,�. £/§�²¤( ¢ § � £'(+*�%¯({ª ¡ ¨  �¡ Æ'*�* ¡ % ° § � * ¡
T0

� § �Ñ¡ ¨   §Ç£1¥�* ¡�· '§�¨   %   ° (+±�%�*�¦ ¢ £�Æé*'§®'§Ç£1¥�* ¡ ² ¡ ° §�¨©ª ° ( ¢ (¤£'(+*�%�Æ ¢ § � £'(+*�%�Æ� ¦{Â ° §�*'§Øª ° ¡ ¨   §ÇÆÏ¶ ¡ ° &$§Øª'§ ° §´Â ¡ £1¦ ,

a L

P
0

T0

x

P

0

� %�¨ , q , q ` � §®'§Ç£1¥�*�¦{( ¢ §�*�*�¦�(

P (x, t0) =















P0 − (P0 − T0)
x2

a(t0)2
, 0 ≤ x ≤ a(t0)

T0, a(t0) ≤ x ≤ L(t0)
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a(0) = 0, L(0) = 0, H(x, 0) = 0, S F , ì V
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x, t, η, E ′, KIc, Q0, T0.
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η, E ′, Q0.
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ξ =

x

L∗ , τ =
t

t∗
, K =

KIc

K∗
Ic

, T =
T0

T ∗
0

, S F , h V
² ¢ ( ° § ¬ &)( ° *�¦{(Ã&�* ¡ ÐÑ%   (¤£1% L∗, t∗, K∗

Ic, T
∗
0

Æ � £�Æ'Ì   ¨ÅÆ « ¡ &)Â�%�*'§ e %�Æ1&�% *¯( ¬ § � %�¨©% ³&�¦�Ò ° § ¬ &)( ° *�¦�Ò#ª'§ ° §�&)(   ° ¡��

L∗ =

(

Q0η

E ′

)1/2

, t∗ =
η

E ′ , K∗
Ic = E ′

(

Q0η

E ′

)1/4

, T ∗
0
= E ′. S F , ï V
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H = H∗H̄(ξ, τ,K, T ),

P = P ∗P̄ (ξ, τ,K, T ),

a = a∗ā(τ,K, T ),

L = L∗L̄(τ,K, T ),
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H∗ = L∗ = a∗ =

(

Q0η

E ′

)1/2
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∂H̄(ξ, τ)

∂τ
− 1

3

∂

∂ξ

(

H̄3(ξ, τ)
∂P̄ (ξ, τ)

∂ξ

)

= 0, ª ° % 0 ≤ ξ ≤ ā, S F , î V

dā

dτ
= −H̄2(ā− 0, τ)

3

∂P (ā− 0, τ)

∂ξ
, S F , í V

P̄ (ξ, τ) = T, ª ° % ā ≤ ξ ≤ L̄, S F , ìtr V
f(τ) = −H̄3(ξ, τ)

3

∂P̄ (ξ, τ)

∂ξ

∣

∣

∣

∣

ξ=0

, S F , ì�ì V

P̄ (ξ, τ) = −1

π

L̄
∫

0

∂H̄(ξ′, τ)

∂ξ′
ξ′dξ′

ξ′2 − ξ2
, ª ° % 0 ≤ ξ ≤ L̄, S F , ìÊq V

√
π

2
K =

√
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ā
∫

0

P̄ (ξ, τ)dξ
√

L̄2 − ξ2
+ T

L̄
∫

ā

dξ
√

L̄2 − ξ2
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È�Á ³ Á&´ âR¶E¿�Ál¹�¹�¹�¹E¿�¹�½1¹)½ ¼)¿¤Â�½ãº)»�ä$»�»1¿?À
� §�¨©¨+& ¡�  ° %'&\ª ° ( ¡ Â ° § ¬+¡�� §�*�%�Æ-ª ¡©¢1¡ Â�%�Æ � ¨¤(�Ò ¡ ª ° ( ¢ (¤£�Æ�(®&�¦�ÒL% ¡ ª ° ( ¢ (¤£�Æ'Ì0±�%sÒª'§ ° §�&)(   ° ¡��Ø¬ § ¢ §®�% � ¨+§�& ¡ & ¡ Â�±Í(®& � % ¢ (Í% � ¦{Â�( ° (®& % ¬ *�%sÒ   ( � ª ° %�« ¡� �¡ ° ¦�Ò¬ § ¢ §+'§ ¡ ¨   §´(   ¨ÅÆÏ*¯(+% ¬ &)(+*�* ¡�·

ξ′ = Aξ, τ ′ = Bτ,H ′ = DH,P ′ = EP,L′ = F1L, a′ = F2a, f
′ = Gf.
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f(Bτ) = Gf(τ)
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tα
� ² ¢ ( α ª ° ¡ % ¬®��¡ £1¥�* ¡ ( � (+±Í(+¨  �� (+*�* ¡ (��%�¨�£ ¡ � % ¬ *'§®¯(+*�%¯( G = Bα ,� (+ª¯( ° ¥ & ¡ ÐÑ* ¡ ª ° ¡ % ¬®� (+¨   % ¬ §�&)(+* È

ξ′ = Aξ, τ ′ = Bτ,H ′ = DH,P ′ = EP,L′ = AL, a′ = Aa, f ′ = Bαf
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� ª ¡ £ È �%   ¥ È ¨�£ ¡�� %�Æ-*'§Êª'§ ° §�&)(   ° ¦ª ¡©¢1¡ Â�%�Æ ,
D

B
=

D3E

A2
,
A

B
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D2E

A
,E = 1,

D3E

A
= Bα, E =

D

A
,
√
AE = 1.
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A
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A = Bλ, D = Bµ, E = B−1/3,

² ¢ (
λ = α/2 + 2/3, µ = α/2 + 1/3.
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H(ξ, τ) = B−µH(Bλξ, Bτ),

P (ξ, τ) = B1/3P (Bλξ, Bτ),

L(τ) = B−λL(Bτ),

a(τ) = B−λa(Bτ).

S F , ì h V
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� ª ¡ £ È �%'&�`
H(ξ, τ) = τµH(

ξ

τλ
, 1) = τµH̃(

ξ

τλ
),

P (ξ, τ) = τ−1/3P (
ξ

τλ
, 1) = τ−1/3P̃ (

ξ

τλ
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L(τ) = τλL(1) = τλL̃,

a(τ) = τλa(1) = τλã.

S F , ì®ï V
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H(ξ, τ,K) = τ 1/3H̃(

ξ

τ 2/3
, K),

P (ξ, τ,K) = τ−1/3P̃ (
ξ
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L(τ,K) = τ 2/3L̃(K),

a(τ,K) = τ 2/3ã(K).

S F , ìt� V
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H(ξ, τ, T ) = eαδ/2H(ξ/eαδ/2, τ − δ, T ),

P (ξ, τ, T ) = P (ξ/eαδ/2, τ − δ, T ),

L(τ, T ) = eαδ/2L(τ − δ, T ),

a(τ, T ) = eαδ/2a(τ − δ, T ).

S F , ìÊg V

. %¯Â�% ° §ÇÆ δ = τ
� ª ¡ £ È �%'&ì`

H(ξ, τ, T ) = eατ/2H(ξ/eατ/2, 0, T ) = eατ/2H̃(ξ/eατ/2, T ),

P (ξ, τ, T ) = P (ξ/eατ/2, 0, T ) = P̃ (ξ/eατ/2, T ),

L(τ, T ) = eατ/2L(0, T ) = eατ/2L̃(T ),

a(τ, T ) = eατ/2a(0, T ) = eατ/2ã(T ).

S F , ì+î V
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