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Ñîðîêèí Â.Í. 1

Î ìîäåëè Êîçëîâà-Íèêèøèíà

Àííîòàöèÿ
Â ðàìêàõ ðåëÿòèâèñòñêîé ìîäåëè Êîçëîâà-Íèêèøèíà èçó÷àþòñÿ çàäà÷à ðàñ-
ñåÿíèÿ íà êóëîíîâñêîì ïîòåíöèàëå, à òàêæå âîëíîâûå ôóíêöèè äèñêðåòíî-
ãî ñïåêòðà äëÿ ÷àñòèöû, äâèæóùåéñÿ â êîíè÷åñêîì öèëèíäðå. Ðàáîòà íîñèò
íàó÷íî-ìåòîäè÷åñêèé õàðàêòåð. Îíà ìîæåò áûòü èñïîëüçîâàíà êàê äîïîë-
íåíèå ê ñïåöêóðñó ïî òåîðèè ñïåöèàëüíûõ ôóíêöèé.

Sorokin V.N.
On Kozlov-Nikishin model

Abstract
In framework of Kozlov-Nikishin relativity model there are investigated the
scattering problem on Columb potential and wavefunctions of discret spectrum
for particular in the conic cylinder. The paper has scienti�c-methodic character.
It may be used as supplement to lectures on the theory of special functions.
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1. Ââåäåíèå.
Õîðîøî èçâåñòíû òðóäíîñòè â îïèñàíèè âçàèìîäåéñòâèÿ ðåëÿòèâèñò-

ñêèõ ÷àñòèö [1]. Â 1986 ã. Â.Â.Êîçëîâ è Å.Ì.Íèêèøèí ïðåäëîæèëè íîâóþ ãà-
ìèëüòîíîâó ìîäåëü âçàèìîäåéñòâèÿ, èíâàðèàíòíóþ îòíîñèòåëüíî ñèìïëåê-
òè÷åñêîãî äåéñòâèÿ ãðóïïû Ëîðåíöà-Ïóàíêàðå [2]. Îíè ïðèìåíèëè ýòîò ïîä-
õîä ê èçó÷åíèþ îäíîé èç íàèáîëåå âàæíûõ ôèçè÷åñêèõ ìîäåëåé � òåîðèè
âîäîðîäîïîäîáíîãî àòîìà. Ê ñîæàëåíèþ, â ïîñëåäóþùèå äâàäöàòü ëåò ýòè
ðåçóëüòàòû íå ïîëó÷èëè äàëüíåéøåãî ðàçâèòèÿ. Îäíàêî, â íàñòîÿùåå âðåìÿ
èíòåðåñ ê ðåçóëüòàòàì Â.Â.Êîçëîâà è Å.Ì.Íèêèøèíà ðåçêî âîçðîñ. Â ðàáî-
òàõ [3], [4] â äîïîëíåíèå ê ðàáîòå [2] áûëè âû÷èñëåíû âîëíîâûå ôóíêöèè
â èìïóëüñíîì ïðåäñòàâëåíèè, èññëåäîâàíî àñèìïòîòè÷åñêîå ïîâåäåíèå èí-
ôîðìàöèîííîé ýíòðîïèè Áîëüöìàíà-Øåííîíà. Â ðàáîòå [5] ìû ðàññìîòðåëè
ðåëÿòèâèñòñêóþ çàäà÷ó ðàññåÿíèÿ íà êóëîíîâñêîì ïîòåíöèàëå è íà íåâîç-
áóæäåííîì àòîìå.

Â �2 íàñòîÿùåé ðàáîòû ïðèâîäèòñÿ êðàòêîå îïèñàíèå ìîäåëè Êîçëîâà-
Íèêèøèíà. Â �3 îáñóæäàåòñÿ ïîñòàíîâêà çàäà÷è ðàññåÿíèÿ. Â �4 ïðèâî-
äÿòñÿ ïîëó÷åííûå â [5] ðåçóëüòàòû. Â öèòèðóåìîé ðàáîòå çàäà÷à ðàññåÿ-
íèÿ áûëà ðåøåíà â áîðíîâñêîì ïðèáëèæåíèè. Çàäà÷à ðàññåÿíèÿ íå ÿâëÿåòñÿ
öåíòðàëüíî-ñèììåòðè÷íîé,
îíà îáëàäàåò àêñèàëüíîé ñèììåòðèåé. Ôîðìóëà Áîðíà ðåàãèðóåò íà ýòó ñèì-
ìåòðèþ è ñ íåîáõîäèìîñòüþ òðåáóåò ðàçáèåíèÿ ïðîñòðàíñòâà Ìèíêîâñêîãî
íå òîëüêî íà êîíè÷åñêèå ïðîñòðàíñòâåííîïîäîáíóþ è âðåìåíèïîäîáíûå îá-
ëàñòè, íî è íà ñîîòâåòñòâóþùèå öèëèíäðè÷åñêèå îáëàñòè. Îñíîâíûå ðåçóëü-
òàòû íàñòîÿùåé ðàáîòû îòíîñÿòñÿ ê èçó÷åíèþ äâèæåíèÿ ÷àñòèö â òàêèõ
öèëèíäðè÷åñêèõ îáëàñòÿõ. Â �5 ìû ðåøàåì â áîðíîâñêîì ïðèáëèæåíèè çà-
äà÷ó ðàññåÿíèÿ íà êóëîíîâñêîì ïîòåíöèàëå, îãðàíè÷åííûì ïðîñòðàíñòâåí-
íîïîäîáíûì öèëèíäðîì. Äëÿ ýòîé æå ìîäåëè â �6 ìû ÿâíî íàõîäèì âîëíî-
âóþ ôóíêöèþ ðàññåÿíèÿ è ñðàâíèâàåì ïîëó÷åííûé ðåçóëüòàò ñ áîðíîâñêèì
ïðèáëèæåíèåì. Â �7 âû÷èñëÿåì äèñêðåòíûé ñïåêòð è íàõîäèì ñâÿçàííûå
ñîñòîÿíèÿ ÷àñòèöû, äâèæóùåéñÿ â öèëèíäðå. Ýòó ìîäåëü íàçûâàåì öèëèí-
äðè÷åñêèì àòîìîì. Âîëíîâûå ôóíêöèè ñâÿçàííûõ ñîñòîÿíèé âû÷èñëåíû â
ïàðàáîëè÷åñêèõ êîîðäèíàòàõ ñ öåëüþ äàëüíåéøåãî èçó÷åíèÿ ðàñùåïëåíèÿ
ýíåðãåòè÷åñêèõ óðîâíåé ïðè âêëþ÷åíèè îäíîðîäíîãî ýëåêòðè÷åñêîãî ïîëÿ.
Â �8 âîëíîâûå ôóíêöèè öèëèíäðè÷åñêîãî àòîìà âû÷èñëåíû â ñôåðè÷åñêèõ
êîîðäèíàòàõ, êîòîðûå ñîîòâåòñòâóþò çàêîíàì ñîõðàíåíèÿ ìîìåíòà.

Íàñòîÿùàÿ ðàáîòà íîñèò íàó÷íî-ìåòîäè÷åñêèé õàðàêòåð è ìîæåò áûòü
èñïîëüçîâàíà êàê äîïîëíåíèå ê ñïåöêóðñàì ïî òåîðèè ñïåöèàëüíûõ ôóíê-
öèé.
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2. Ìîäåëü Êîçëîâà-Íèêèøèíà.
Â ðàáîòå [2] áûëà ïðåäëîæåíà ìîäåëü âçàèìîäåéñòâèÿ äâóõ ðåëÿòè-

âèñòñêèõ ÷àñòèö, êîòîðàÿ ïîñëå ïåðåõîäà ê ñèñòåìå ñ íà÷àëîì â öåíòðå ìàññ
ñâîäèòñÿ ê îïèñàíèþ äâèæåíèÿ îäíîé ÷àñòèöû âî âíåøíåì ïîëå. Ìû ïðèâî-
äèì ýòó ìîäåëü âçàèìîäåéñòâèÿ â òàêîì âèäå. Òàêæå ìû ïîëüçóåìñÿ àòîìíîé
ñèñòåìîé åäèíèö.

Êîíôèãóðàöèîííîå ïðîñòðàíñòâî ñèñòåìû � ýòî ÷åòûðåõìåðíîå ïðî-
ñòðàíñòâî Ìèíêîâñêîãî

Q = R4 = {s = (t, x, y, z)}
ñ èíäåôèíèòíîé ìåòðèêîé

s2 = t2 − x2 − y2 − z2.

Ìû èñïîëüçóåì îáîçíà÷åíèå t âìåñòî ct, ãäå c � ñêîðîñòü ñâåòà â âàêóóìå.
Òàêèì îáðàçîì, âðåìÿ t, òàêæå êàê ïðîñòðàíñòâåííûå êîîðäèíàòû x, y, z,
èìååò ðàçìåðíîñòü äëèíû.

Â êîíôèãóðàöèîííîì ïðîñòðàíñòâå îïðåäåëèì ïðîñòðàíñòâåííîïîäîá-
íûé êîíóñ

K = {s ∈ Q : s2 < 0},
äâà âðåìåíèïîäîáíûõ êîíóñà, à èìåííî: êîíóñ àáñîëþòíî áóäóùåãî

K+ = {s ∈ Q : s2 > 0, t > 0}
è êîíóñ àáñîëþòíî ïðîøåäøåãî

K− = {s ∈ Q : s2 > 0, t < 0},
à òàêæå ñâåòîâîé êîíóñ

K0 = {s ∈ Q : s2 = 0}.
Ñîñòîÿíèå ñèñòåìû îïðåäåëÿåò âîëíîâàÿ ôóíêöèÿ

ψ : K −→ C.

Âûáîð ïðîñòðàíñòâåííîïîäîáíîãî êîíóñà îáúÿñíÿåòñÿ òåì, ÷òî âåëè÷èíû t è
x, y, z íå ÿâëÿþòñÿ ñîáñòâåííûì âðåìåíåì è ñîáñòâåííûìè êîîðäèíàòàìè ÷à-
ñòèöû. Ýòî � ðàññîãëàñîâàíèå ñîáñòâåííûõ âðåìåí äâóõ âçàèìîäåéñòâóþùèõ
÷àñòèö è ðàçíîñòè èõ êîîðäèíàò ñîîòâåòñòâåííî. Òàêèì îáðàçîì, óñëîâèå

t2 < x2 + y2 + z2
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îçíà÷àåò, ÷òî ðàññîãëàñîâàíèå âðåìåí äîñòàòî÷íî ìàëî äëÿ òîãî, ÷òîáû ÷à-
ñòèöû ìîãëè âçàèìîäåéñòâîâàòü.

Âîëíîâàÿ ôóíêöèÿ óäîâëåòâîðÿåò ñòàöèîíàðíîìó óðàâíåíèþØðåäèí-
ãåðà

(2 + U)ψ = Eψ.

Çäåñü
2 =

∂2

∂t2
− ∂2

∂x2 −
∂2

∂y2 −
∂2

∂z2

îïåðàòîð Äàëàìáåðà. Îí èãðàåò ðîëü îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè. Ïî-
òåíöèàëüíàÿ ýíåðãèÿ U � ýòî ïðîèçâîëüíàÿ ôóíêöèÿ âèäà

U : K −→ R.

Ñïåêòðàëüíûé ïàðàìåòð E íàçîâåì ýíåðãèåé. Ýòî � ýíåðãèÿ ÷àñòèöû, íå
âêëþ÷àþùàÿ âíóòðåííþþ ýíåðãèþ ïîêîÿ è ýíåðãèþ äâèæåíèÿ öåíòðà ìàññ.

Ïîòåíöèàë íàçîâåì öåíòðàëüíî-ñèììåòðè÷íûì, åñëè îí çàâèñèò òîëü-
êî îò äëèíû âåêòîðà

U(s) = U(ρ),

ãäå
ρ2 = x2 + y2 + z2 − t2 > 0, ρ > 0,

à U � ôóíêöèÿ âèäà
U : R+ −→ R.

Âàæíûì ïðèìåðîì öåíòðàëüíî-ñèììåòðè÷íîãî ïîòåíöèàëà ñëóæèò êóëî-
íîâñêèé ïîòåíöèàë ïðèòÿæåíèÿ

U(ρ) = −2

ρ
.

Â ðàáîòå [2] áûë èññëåäîâàí äèñêðåòíûé è íåïðåðûâíûé ñïåêòð ãà-
ìèëüòîíèàíà

H = 2− 2

ρ
.

Äèñêðåòíûé ñïåêòð ñîñòîèò èç îòðèöàòåëüíûõ óðîâíåé ýíåðãèè, îïðåäåëÿ-
åìûõ ôîðìóëîé Áîðà:

En = − 1

n2 , n = 1, 2, 3, . . . .

Êàæäûé óðîâåíü áåñêîíå÷íî âûðîæäåí, ò.å. ñîîòâåòñòâóþùåå ïðîñòðàíñòâî
ñîáñòâåííûõ ôóíêöèé áåñêîíå÷íîìåðíî. Äèñêðåòíîìó ñïåêòðó ñîîòâåòñòâó-
þò ñâÿçàííûå ñîñòîÿíèÿ ñèñòåìû, ò.å. âîëíîâûå ôóíêöèè, ïðèíàäëåæàùèå
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ãèëüáåðòîâó ïðîñòðàíñòâó L2(K) òàêèå, ÷òî
∫

K

|ψ(s)|2dv(s) < +∞.

Çäåñü
dv(s) = dt dx dy dz

ýëåìåíò îáúåìà.
Ñâÿçàííûå ñîñòîÿíèÿ áûëè íàéäåíû ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ

â ïñåâäîñôåðè÷åñêèõ êîîðäèíàòàõ




t = ρ sh τ

z = ρ ch τ cos θ

y = ρ ch τ sin θ sin ϕ

x = ρ ch τ sin θ cos ϕ,





0 6 ρ < +∞
−∞ < τ < +∞
0 6 θ 6 π

0 6 ϕ 6 2π.

Ýëåìåíò îáúåìà â ýòèõ êîîðäèíàòàõ ðàâåí

dv = ρ3dρ ch2 τdτ sin θdθ dϕ.

Â ðàáîòàõ [3], [4] áûëè âû÷èñëåíû ñîîòâåòñòâóþùèå âîëíîâûå ôóíêöèè â
èìïóëüñíîì ïðåäñòàâëåíèè, èññëåäîâàíî àñèìïòîòè÷åñêîå ïîâåäåíèå èõ ýí-
òðîïèè.

3. Çàäà÷à ðàññåÿíèÿ.
Ðàññìîòðèì äâèæåíèå ñâîáîäíîé ÷àñòèöû. Äðóãèìè ñëîâàìè, èññëå-

äóåì ðåøåíèÿ óðàâíåíèÿ Øðåäèíãåðà

2ψ = Eψ. (3.1)

Â ÷àñòíîñòè, ýòîìó óðàâíåíèþ óäîâëåòâîðÿþò òàê íàçûâàåìûå ïëîñêèå âîë-
íû

ψk(s) = eiks.

Çäåñü
k = (kt, kx, ky, kz)

âîëíîâîé âåêòîð. ×åðåç ks ìû îáîçíà÷àåì èíäåôèíèòíîå ñêàëÿðíîå ïðîèç-
âåäåíèå

ks = kt · t− kx · x− ky · y − kz · z.
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Ïðåäïîëàãàåì, ÷òî âåêòîð k ïðèíàäëåæèò ïðîñòðàíñòâåííîïîäîáíîìó êîíó-
ñó â ïðîñòðàíñòâå èìïóëüñîâ, ò.å.

k2 = k2
x + k2

y + k2
z − k2

t > 0, k > 0.

Èòàê, èìååì
2ψk = k2ψk.

Ïëîñêàÿ âîëíà ψk îïèñûâàåò ïîòîê ÷àñòèö, äâèæóùèõñÿ ðàâíîìåðíî è ïðÿ-
ìîëèíåéíî â íàïðàâëåíèè âåêòîðà k ñ èìïóëüñîì âåëè÷èíû k.

Ñ äðóãîé ñòîðîíû, áóäåì èñêàòü öåíòðàëüíî-ñèììåòðè÷íûå ðåøåíèÿ
óðàâíåíèÿ (3.1), ò.å. ðåøåíèÿ, çàâèñÿùèå òîëüêî îò ïåðåìåííîé ρ. Çàïèøåì
îïåðàòîð Äàëàìáåðà â ïñåâäîñôåðè÷åñêèõ êîîðäèíàòàõ

2 = −∇2
ρ +

1

ρ2

[
∇2

τ −
1

ch2 τ

(
∇2

θ +
1

sin2 θ
∇2

ϕ

)]
,

ãäå

∇2
ϕ =

∂2

∂ϕ2

∇2
θ =

1

sin θ

∂

∂θ
sin θ

∂

∂θ

∇2
τ =

1

ch2 τ

∂

∂τ
ch2 τ

∂

∂τ

∇2
ρ =

1

ρ3

∂

∂ρ
ρ3 ∂

∂ρ
.

Òîãäà äëÿ ôóíêöèè ψ = ψ(ρ) ïîëó÷èì óðàâíåíèå

∇2
ρψ + k2ψ = 0.

Äåëàÿ çàìåíó ïåðåìåííîé x = kρ è ïîäñòàíîâêó

ψ(ρ) =
w(x)

x
,

ïðèõîäèì ê óðàâíåíèþ Áåññåëÿ

x2w′′ + xw′ + (x2 − 1)w = 0.

Ýòî óðàâíåíèå èìååò äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ, â êà÷åñòâå êîòîðûõ
ìîæíî âçÿòü ôóíêöèè Áåññåëÿ òðåòüåãî ðîäà � ïåðâóþ è âòîðóþ ôóíêöèè
Ãàíêåëÿ

C(1)H
(1)
1 (x) C(2)H

(2)
1 (x),
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ãäå C(1) è C(2) � ïðîèçâîëüíûå ïîñòîÿííûå. Òàêèì îáðàçîì, ìû èìååì äâà
ëèíåéíî íåçàâèñèìûõ öåíòðàëüíî-ñèììåòðè÷íûõ ðåøåíèÿ

ψ
(1)
k (ρ) = C(1) H

(1)
1 (kρ)

kρ
ψ

(2)
k (ρ) = C(2) H

(2)
1 (kρ)

kρ
.

Ó÷èòûâàÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíêöèé Ãàíêåëÿ

H(1,2)
ν (x) =

√
2

πx
exp{±(4x− 2νπ − π)/4}[1 + O(1/x)], x → +∞,

ïðè ñîîòâåòñòâóþùåì âûáîðå ïîñòîÿííûõ ïîëó÷èì

ψ
(1)
k (ρ) ∼ eikρ

ρ3/2 ψ
(2)
k (ρ) ∼ e−ikρ

ρ3/2 ρ → +∞.

Íàçîâåì âîëíîâûå ôóíêöèè ψ
(1)
k è ψ

(2)
k ðàñõîäÿùåéñÿ è ñõîäÿùåéñÿ ñôåðè-

÷åñêîé âîëíîé ñîîòâåòñòâåííî. Ôóíêöèÿ ψ
(1)
k îïèñûâàåò ïîòîê ÷àñòèö, ðàâ-

íîìåðíî ïî âñåì íàïðàâëåíèÿì óõîäÿùèõ îò íà÷àëà êîîðäèíàò íà áåñêîíå÷-
íîñòü.

Âåðîÿòíîñòíûé ñìûñë èìååò âåëè÷èíà

|ψ(1)
k |2dv = dρ ch2 τdτ sin θdθ dϕ.

Â îòëè÷èå îò íåðåëÿòèâèñòñêîé ñèòóàöèè ïîëíûé èíòåãðàë ïî âñåì óãëàì,
ò.å. îáúåì ïñåâäîñôåðû, ðàâåí áåñêîíå÷íîñòè

∫ +∞

−∞
ch2 τdτ

∫ π

0
sin θdθ

∫ 2π

0
dϕ = +∞.

Ïî àíàëîãèè ñ íåðåëÿòèâèñòñêèì ñëó÷àåì ïîä çàäà÷åé ðàññåÿíèÿ íà
ïîòåíöèàëå U ìû ïîíèìàåì íàõîæäåíèå âîëíîâîé ôóíêöèè ðàññåÿíèÿ, ò.å.
ðåøåíèÿ óðàâíåíèÿ Øðåäèíãåðà

(2 + U)ψ = k2ψ,

óäîâëåòâîðÿþùåãî ñëåäóþùåìó àñèìïòîòè÷åñêîìó óñëîâèþ

ψ = eikz + f · eikρ

ρ3/2 + o(1/ρ3/2), ρ → +∞.

Ïðè ýòîì ïðåäïîëàãàåì, ÷òî ôóíêöèÿ f íå çàâèñèò îò ρ. Ñìûñë ýòîãî óñëî-
âèÿ ñîñòîèò â ñëåäóþùåì. "Äî ìîìåíòà ðàññåÿíèÿ"ìû èìååì ïîòîê ÷àñòèö,
äâèæóùèõñÿ ðàâíîìåðíî è ïðÿìîëèíåéíî (áåç îãðàíè÷åíèÿ îáùíîñòè âäîëü
îñè z) ñ èìïóëüñîì k. Ôóíêöèÿ f íàçûâàåòñÿ àìïëèòóäîé ðàññåÿíèÿ. Âåëè-
÷èíà |f |2 ÿâëÿåòñÿ îòíîñèòåëüíîé âåðîÿòíîñòüþ ðàññåÿíèÿ ÷àñòèö ïî ðàç-
ëè÷íûì íàïðàâëåíèÿì.
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4. Ïðèáëèæåíèå Áîðíà.
Â ñîîòâåòñòâèè ñ ïðåäëîæåííîé âûøå ïîñòàíîâêîé çàäà÷è ðàññåÿíèÿ

âîëíîâîé âåêòîð ÷àñòèöû, ïàäàþùåé íà ðàññåèâàþùèé öåíòð, èìååò âèä

k(0) = (0, 0, 0, k), k > 0.

Îáîçíà÷èì
k = (kt, kx, ky, kz)

âîëíîâîé âåêòîð "ðàññåÿííîé"÷àñòèöû. Ìû èçó÷àåì óïðóãîå ðàññåÿíèå, ïðè
êîòîðîì ñîõðàíÿåòñÿ äëèíà âîëíîâîãî âåêòîðà

k2 = k2
t − k2

x − k2
y − k2

z = −k2. (4.1)

Â 1926 ã. Ìàêñîì Áîðíîì áûëà ïðåäëîæåíà ïðèáëèæåííàÿ ôîðìóëà äëÿ
âû÷èñëåíèÿ àìïëèòóäû ðàññåÿíèÿ, îñíîâàííàÿ íà ñòàöèîíàðíîé òåîðèè âîç-
ìóùåíèé. Ðåëÿòèâèñòñêèé àíàëîã ýòîé ôîðìóëû âûãëÿäèò ñëåäóþùèì îá-
ðàçîì

f = − 1

2π

∫

K

ψk(0)(s)U(s)ψk(s)dv(s).

Êîíå÷íî, äàæå â íåðåëÿòèâèñòñêîé òåîðèè ôîðìóëà Áîðíà èìååò îãðàíè-
÷åííóþ îáëàñòü ïðèìåíåíèÿ. Îíà äàåò õîðîøèé ðåçóëüòàò ëèøü äëÿ áûñòðî
óáûâàþùèõ ïîòåíöèàëîâ. Îäíàêî, ïðåäïîëàãàÿ óíèêàëüíîñòü ïîòåíöèàëà
Êóëîíà ìû â ðàáîòå [5] ïðèìåíèëè ýòó ôîðìóëó ê óêàçàííîìó ïîòåíöèàëó.
Íèæå ìû ïðîöèòèðóåì è îáñóäèì ïîëó÷åííûé â [5] ðåçóëüòàò.

Ðàññìîòðèì ðàçíîñòü âîëíîâûõ âåêòîðîâ

q = k− k(0),

ò.å. ïåðåäàííûé èìïóëüñ. Òîãäà ôîðìóëà Áîðíà ñâîäèòñÿ ê âû÷èñëåíèþ èí-
òåãðàëà Ôóðüå

Û(q) =
( 1√

2π

)4
∫

K

U(s)e−iqsdv(s).

Íàïîìíèì, ÷òî ìû èçó÷àåì ïîòåíöèàë Êóëîíà

U(s) = −1

ρ
, ρ2 = −s2, ρ > 0.

Ôîðìóëà Áîðíà äàåò çàâèñèìîñòü àìïëèòóäû ðàññåÿíèÿ f îò âîëíîâîãî
âåêòîðà k. Äðóãèìè ñëîâàìè, îíà îïðåäåëÿåò àìïëèòóäó ðàññåÿíèÿ â èì-
ïóëüñíîì ïðåäñòàâëåíèè. Ôóíêöèÿ Û(q) ÿâëÿåòñÿ íåðåãóëÿðíîé îáîáùåííîé
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ôóíêöèåé. Îíà èìååò ñèíãóëÿðíîñòü íà ñâåòîâîì êîíóñå. Îãðàíè÷åíèÿ ýòîé
ôóíêöèè íà ïðîñòðàíñòâåííîïîäîáíûé êîíóñ è íà âðåìåíèïîäîáíûå êîíóñû
ñóòü ðåãóëÿðíûå îáîáùåííûå ôóíêöèè.

Åñëè q2 < 0, òî Û(q) = 0. Ýòî ñïåöèôèêà êóëîíîâñêîãî ïîòåíöèàëà.
Åñëè q2 = q2 > 0, ãäå q > 0, òî

Û(q) =
1

q3 .

Íîñèòåëü ôóíêöèè f(k) óñòðîåí ñëåäóþùèì îáðàçîì. Óðàâíåíèå (4.1)
îïðåäåëÿåò â ïðîñòðàíñòâå èìïóëüñîâ

Q∗ = R4 = {k = (kt, kx, ky, kz)}
òðåõìåðíûé îäíîïîëîñòíûé ãèïåðáîëîèä Γ. Óñëîâèå

q2 = (k− k(0))2 = k2
t − k2

x − k2
y − (kz − k)2 > 0

âìåñòå ñ óðàâíåíèåì (4.1) ðàâíîñèëüíî óñëîâèþ

kz > k.

Ýòî ïîëóïðîñòðàíñòâî îòñåêàåò îò ãèïåðáîëîèäà Γ ïîâåðõíîñòü
◦
Γ, íà êîòî-

ðîé òîëüêî è âîçìîæíî ðàññåÿíèå. Íà ãðàíèöå
◦
Γ ôóíêöèÿ f èìååò ñèíãó-

ëÿðíóþ ñîñòàâëÿþùóþ.
Íà ïîâåðõíîñòè

◦
Γ ìîæíî ââåñòè ñëåäóþùèå êðèâîëèíåéíûå êîîðäè-

íàòû: 



kz = k ch τ

kt = ±k sh τ ch θ

ky = k sh τ sh θ sin ϕ

kx = k sh τ sh θ cos ϕ,





0 6 τ < +∞
0 6 θ < +∞
0 6 ϕ 6 2π.

Ãèïåðáîëè÷åñêèå óãëû τ è θ áóäåì íàçûâàòü óãëàìè ðàññåÿíèÿ. Îáîçíà÷èì
dω íîðìèðîâàííóþ ìåðó Ëåáåãà íà ïîâåðõíîñòè

◦
Γ. Â íîâûõ êîîðäèíàòàõ

îíà èìååò âèä
dω = sh2 τdτ sh θdθ dϕ.

Äàëåå,
q2 = 2k2(ch τ − 1) = 4k2 sh2 τ

2
èëè

q = 2k sh
τ

2
.

10



Òàêèì îáðàçîì, äëÿ êóëîíîâñêîãî ïîòåíöèàëà àìïëèòóäà ðàññåÿíèÿ çàâè-
ñèò òîëüêî îò îäíîãî óãëà ðàññåÿíèÿ. Äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿíèÿ
ðàâíî

dσ =
4π2

(2k sh τ
2)

6dω.

Ýòà ôîðìóëà àíàëîãè÷íà ôîðìóëå Ðåçåðôîðäà. Êàê è â íåðåëÿòèâèñòñêîì
ñëó÷àå ïîëíîå ñå÷åíèå ðàññåÿíèÿ äëÿ êóëîíîâñêîãî ïîòåíöèàëà áåñêîíå÷íî

σ =

∫

◦
Γ

dσ = +∞.

Äðóãèìè ñëîâàìè, ðàññåÿíèå ïðîèñõîäèò ïðåèìóùåñòâåííî íà ìàëûå óãëû.
Òîò ôàêò, ÷òî ìåæäó âåêòîðàìè k(0) è k îïðåäåëåí ãèïåðáîëè÷åñêèé

óãîë, ìîæíî èíòåðïðåòèðîâàòü ñëåäóþùèì îáðàçîì. Åñëè îñü ñîáñòâåííîãî
âðåìåíè ÷àñòèöû íàïðàâèòü âäîëü îñè z, òî ðàññåÿíèå áóäåò ïðîèñõîäèòü â
êîíóñå àáñîëþòíî áóäóùåãî, ÷òî ñîãëàñóåòñÿ ñ ïðèíöèïîì ïðè÷èííîñòè.
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5. Ðàññåÿíèå â öèëèíäðå.
5.1.

Èíäåôèíèòíîñòü ìåòðèêè ïðîñòðàíñòâà Ìèíêîâñêîãî òðåáóåò ðàçáèå-
íèÿ âñåãî êîíôèãóðàöèîííîãî ïðîñòðàíñòâà ñâåòîâûì êîíóñîì íà ïðîñòðàí-
ñòâåííîïîäîáíóþ è âðåìåíèïîäîáíûå îáëàñòè. Ñ äðóãîé ñòîðîíû, ðàññìîò-
ðåííàÿ âûøå çàäà÷à ðàññåÿíèÿ íàðóøàåò öåíòðàëüíóþ ñèììåòðèþ è ââîäèò
àêñèàëüíóþ ñèììåòðèþ îòíîñèòåëüíî îñè z. Ôîðìóëà Áîðíà ðåàãèðóåò íà
ýòî è òðåáóåò äàëüíåéøåãî ðàçáèåíèÿ ïðîñòðàíñòâà. À èìåííî, íåîáõîäèìî
ðàññìîòðåòü ïðîñòðàíñòâåííîïîäîáíûé è âðåìåíèïîäîáíûå êîíóñû â ïîä-
ïðîñòðàíñòâå, îðòîãîíàëüíîì îñè z, è ïîñòðîèòü íà íèõ öèëèíäðû ñ îáðà-
çóþùåé, ïàðàëëåëüíîé ýòîé îñè.

Ââåäåì ñîîòâåòñòâóþùèå îáîçíà÷åíèÿ. Ðàññìîòðèì ïðîñòðàíñòâåííî-
ïîäîáíûé êîíè÷åñêèé öèëèíäð

C = {s ∈ Q : x2 + y2 − t2 > 0},
äâà âðåìåíèïîäîáíûõ êîíè÷åñêèõ öèëèíäðà, à èìåííî, öèëèíäð àáñîëþòíî
áóäóùåãî

C+ = {s ∈ Q : t2 − x2 − y2 > 0, t > 0}
è öèëèíäð àáñîëþòíî ïðîøåäøåãî

C− = {s ∈ Q : t2 − x2 − y2 > 0, t < 0},
à òàêæå ñâåòîâîé êîíè÷åñêèé öèëèíäð

C0 = {s ∈ Q : t2 − x2 − y2 = 0}.
Ïðîñòðàíñòâåííîïîäîáíûé öèëèíäð ëåæèò â ïðîñòðàíñòâåííîïîäîáíîì êî-
íóñå

C ⊂ K.

Â ïðîòèâîïîëîæíîñòü ýòîìó, âðåìåíèïîäîáíûå öèëèíäðû ïåðåñåêàþò ýòîò
êîíóñ ïî ÷åòûðåì îáëàñòÿì

C+
± = C± ∩ K ∩ {z > 0},

C−± = C± ∩ K ∩ {z < 0}.
Ðåçóëüòàò ïðåäûäóùåãî ïàðàãðàôà îçíà÷àåò, ÷òî ðàññåÿíèå âîçìîæíî ëèøü
â îáëàñòÿõ C+

±.
Â òî æå âðåìÿ, áîëåå ïðèâû÷íîå ïðåäñòàâëåíèå î ðàññåÿíèè èìååò äâè-

æåíèå ÷àñòèöû â öèëèíäðå C. Â íàñòîÿùåì ïàðàãðàôå ìû ðåøèì ýòó çàäà÷ó
òàêæå â áîðíîâñêîì ïðèáëèæåíèè. ×àñòèöà ïî ïðåæíåìó ðàññåèâàåòñÿ íà
êóëîíîâñêîì ïîòåíöèàëå−1/ρ, íî òåïåðü åé çàïðåùåíî âûõîäèòü çà ïðåäåëû
öèëèíäðà C.
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5.2.
Àìïëèòóäó ðàññåÿíèÿ âû÷èñëÿåì ïî ôîðìóëå

f(k) = −2πÛ(q),

ãäå
q = k− k(0),

è
Û(q) =

(
1√
2π

)4∫

C

e−iqs

ρ
dv(s). (5.1)

Èíòåãðèðîâàíèå âåäåòñÿ ïî öèëèíäðó C.
Áóäåì âû÷èñëÿòü ýòîò èíòåãðàë â öèëèíäðè÷åñêèõ êîîðäèíàòàõ





z = z

t = r sh τ

y = r ch τ sin ϕ

x = r ch τ cos ϕ,





−∞ < z < +∞
0 6 r < +∞
−∞ < τ < +∞
0 6 ϕ 6 2π.

(5.2)

Çàìåòèì, ÷òî
r2 = x2 + y2 − t2,

à òàêæå
ρ2 = r2 + z2.

Ýëåìåíò îáúåìà â öèëèíäðè÷åñêèõ êîîðäèíàòàõ ðàâåí

dv(s) = dz r2dr ch τdτ dϕ.

Áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

q = (t′, x′, y′, z′).

Ýòî � ïðîèçâîëüíûé âåêòîð ïðîñòðàíñòâà èìïóëüñîâ.
Ïðè âû÷èñëåíèè èíòåãðàëà (5.1) ðàññìîòðèì äâà ñëó÷àÿ: 1) âåêòîð

q ëåæèò â öèëèíäðå C, 2) îí ëåæèò âíå ýòîãî öèëèíäðà. Ðàññìîòðèì ïåð-
âûé ñëó÷àé. Â öèëèíäðå C ⊂ Q∗ ââåäåì àíàëîãè÷íûå (5.2) öèëèíäðè÷åñêèå
êîîðäèíàòû. Òîãäà èíòåãðàë (5.1) ïðèìåò âèä

Û(q) =
1

4π2

∫ +∞

−∞
dz

∫ +∞

0
r2dr

∫ +∞

−∞
ch τdτ

∫ 2π

0
dϕ · 1√

r2 + z2
·

· exp{izz′ + irr′[− sh τ sh τ ′ + ch τ ch τ ′(sin ϕ sin ϕ′ + cos ϕ cos ϕ′)]}. (5.3)
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5.3.
Âû÷èñëèì âõîäÿùèé â (5.3) èíòåãðàë ïî dϕ, à èìåííî:

∫ 2π

0
dϕ exp{irr′ ch τ ch τ ′ cos(ϕ− ϕ′)}. (5.4)

Ýòîò èíòåãðàë íå çàâèñèò îò ϕ′. Äëÿ åãî âû÷èñëåíèÿ âîñïîëüçóåìñÿ ôîðìó-
ëîé Áåññåëÿ:

2πJn(ζ) = i−n

∫ 2π

0
eiζ cosϕ cos(nϕ)dϕ, n ∈ Z, ζ ∈ C.

Çäåñü Jn(ζ) � ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà. Âñå íåîáõîäèìûå ôîðìóëû èç
òåîðèè áåññåëåâûõ ôóíêöèé ìîæíî íàéòè â [6]. Ïîëàãàÿ

ζ = rr′ ch τ ch τ ′

è n = 0, ïîëó÷èì, ÷òî èíòåãðàë (5.4) ðàâåí

2πJ0(ζ).

Âû÷èñëèì òåïåðü âõîäÿùèé â (5.3) èíòåãðàë ïî dτ :
∫ +∞

−∞
ch τdτ exp{−irr′ sh τ sh τ ′}J0(rr

′ ch τ ch τ ′). (5.5)

Ââåäåì îáîçíà÷åíèÿ {
a = η ch τ ′

b = η sh τ ′,

ãäå η = rr′. Òîãäà èíòåãðàë (5.5) ïðèìåò âèä
∫ +∞

−∞
e−ib sh τJ0(a ch τ) ch τdτ = 2

∫ +∞

0
cos(b sh τ)J0(a ch τ) ch τdτ.

Ñäåëàåì çàìåíó ïåðåìåííîé t = sh τ . Ðàññìîòðèì èíòåãðàë
∫ ∞

0
cos(bt)J0(a

√
t2 + 1)dt. (5.6)

Äëÿ åãî âû÷èñëåíèÿ ïðèìåíèì ôîðìóëó Ñîíèíà-Ãåãåíáàóåðà. Èíòåãðàë
∫ ∞

0
Jµ(bt)t

µ+1 Jν

(
a
√

t2 + z2
)

(t2 + z2)ν/2 dt (5.7)

ëèáî ðàâåí íóëþ, åñëè b > a > 0; ëèáî ðàâåí
bµz1+µ−ν

aν(a2 − b2)
1+µ−ν

2

Jν−µ−1
(
z
√

a2 − b2
)
,
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ïðè a > b > 0. Çäåñü z > 0, Re ν > Re µ > −1. Ïîëîæèì â ýòîé ôîðìóëå
z = 1, µ = −1/2, ν = 0. Òîãäà ïðè a > b > 0 èìååì

∫ ∞

0
J− 1

2
(bt)

√
tJ0

(
a
√

t2 + 1
)
dt =

1√
b

J− 1
2
(
√

a2 − b2)

(
√

a2 − b2)1/2
.

Ïóñòü áåç îãðàíè÷åíèÿ îáùíîñòè τ ′ > 0. Â íàøåì ñëó÷àå íåðàâåíñòâî
a > b > 0 âûïîëíÿåòñÿ. Ïðè ýòîì

a2 − b2 = η2.

Äàëåå, ñïðàâåäëèâà ôîðìóëà

J− 1
2
(z) =

√
2

πz
cos z.

Ïîýòîìó èíòåãðàë (5.6) ðàâåí
∫ ∞

0

√
πbt

2
J− 1

2
(bt)J0

(
a
√

t2 + 1
)
dt =

√
π

2

J− 1
2
(η)

√
η

=
cos η

η
.

Òàêèì îáðàçîì, ïîëó÷àåì

Û(q) =
1

π

∫ +∞

−∞
dz

∫ ∞

0
r2dr

1√
r2 + z2

cos rr′

rr′
eizz′. (5.8)

5.4.
Âû÷èñëèì âõîäÿùèé â (5.8) èíòåãðàë ïî dz:

∫ +∞

−∞

eizz′

√
r2 + z2

dz. (5.9)

Ñäåëàåì çàìåíó ïåðåìåííîé z = ξr è ââåäåì îáîçíà÷åíèå λ = rz′. Òîãäà
èíòåãðàë (5.9) áóäåò ðàâåí

∫ +∞

−∞

eiλξ

√
ξ2 + 1

dξ. (5.10)

Ïóñòü áåç îãðàíè÷åíèÿ îáùíîñòè λ > 0. Ïðîäåôîðìèðóåì êîíòóð èíòåãðè-
ðîâàíèÿ â (5.10) íà êîìïëåêñíîé ξ = x + iy - ïëîñêîñòè. (Âî âñåõ âñïî-
ìîãàòåëüíûõ ôîðìóëàõ èñïîëüçóþòñÿ ëîêàëüíûå îáîçíà÷åíèÿ; çäåñü x, y íå
ÿâëÿþòñÿ ïðîñòðàíñòâåííûìè êîîðäèíàòàìè.) Ïîëó÷èì

2

∞∫

1

e−λy

√
y2 − 1

dy. (5.11)
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Äëÿ âû÷èñëåíèÿ ýòîãî èíòåãðàëà âîñïîëüçóåìñÿ ñëåäóþùèì èíòåãðàëüíûì
ïðåäñòàâëåíèåì ìîäèôèöèðîâàííûõ ôóíêöèé Ãàíêåëÿ (ôóíêöèé Ìàêäî-
íàëüäà)

Γ

(
1

2
− ν

)
Kν(λ) =

√
π

(
2

λ

)ν ∫ ∞

1
e−λy(y2 − 1)−ν− 1

2 dy,

ãäå Re λ > 0, Re ν < 1
2 . Â ÷àñòíîñòè, ïðè ν = 0 ïîëó÷àåì

K0(λ) =

∞∫

1

e−λy

√
y2 − 1

dy.

Òàêèì îáðàçîì, èíòåãðàë (5.11) ðàâåí 2K0(λ). Òåì ñàìûì,

Û(q) =
2

π

∫ ∞

0
K0(r|z′|) cos(rr′)

rr′
r2dr. (5.12)

5.5.
Ñäåëàåì â èíòåãðàëå (5.12) çàìåíó ïåðåìåííîé x = r|z′| è ââåäåì îáî-

çíà÷åíèå λ = r′/|z′|. Òîãäà ïîëó÷èì

Û(q) =
2

π

1

r′
1

|z′|2
∫ ∞

0
K0(x) cos(λx)xdx.

Õîðîøî èçâåñòíî ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè Ìàêäîíàëüäà

F (p) =

∫ ∞

0
K0(x)e−pxdx =

log(p +
√

p2 − 1)√
p2 − 1

.

Ôîðìóëà ñïðàâåäëèâà â ïîëóïëîñêîñòè Re p > −1. Âåòâè ìíîãîçíà÷íûõ
ôóíêöèé âûäåëÿþòñÿ óñëîâèÿìè

√
p2 − 1 ∼ p, log(p +

√
p2 − 1) ∼ log p,

ïðè p →∞ (ãëàâíûå âåòâè). Äèôôåðåíöèðóÿ ïî ïàðàìåòðó ïîëó÷àåì
∫ ∞

0
K0(x)e−pxxdx = −F ′(p) =

=
p

(p2 − 1)3/2 log(p +
√

p2 − 1)− 1

p2 − 1
.

Ïîëàãàÿ p = iλ, ãäå λ > 0, áóäåì èìåòü
∫ ∞

0
K0(x)e−iλxxdx = − λ

(λ2 + 1)3/2 log(iλ + i
√

λ2 + 1) +
1

λ2 + 1
.
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Âûäåëÿÿ âåùåñòâåííóþ ÷àñòü íàõîäèì∫ ∞

0
K0(x) cos(λx)xdx =

1

λ2 + 1
− λ

(λ2 + 1)3/2 log(λ +
√

λ2 + 1).

Òàêèì îáðàçîì,

Û(q) =
2

π

{
1

r′(r′2 + z′2)
−

log
(

r′+
√

r′2+z′2
|z′|

)

(r′2 + z′2)3/2

}
. (5.13)

5.6.
Ìû âû÷èñëèëè èíòåãðàë (5.1) äëÿ âåêòîðîâ q ∈ C. Ðàññìîòðèì âòîðîé

ñëó÷àé, êîãäà âåêòîð q ëåæèò âíå öèëèíäðà C. Ïóñòü, íàïðèìåð, q ∈ C+.
Ââåäåì â ýòîì öèëèíäðå ñâîè öèëèíäðè÷åñêèå êîîðäèíàòû:




z′ = z′

t′ = r′ ch τ ′

y′ = r′ sh τ ′ sin ϕ′

x′ = r′ sh τ ′ cos ϕ′,





−∞ < z′ < +∞
0 6 r′ < +∞
0 6 τ ′ < +∞
0 6 ϕ′ 6 2π.

Òîãäà èíòåãðàë (5.1) ïðèìåò âèä

Û(q) =
1

4π2

∫ +∞

−∞
dz

∫ ∞

0
r2dr

∫ +∞

−∞
ch τdτ

∫ 2π

0
dϕ

1√
r2 + z2

exp{izz′ + irr′[− sh τ ch τ ′ + ch τ sh τ ′(sin ϕ sin ϕ′ + cos ϕ cos ϕ′)]}. (5.14)

Èíòåãðèðîâàíèå ïî óãëó ϕ, êàê è âûøå, äàåò
2πJ0(rr

′ ch τ sh τ ′).

Âû÷èñëèì âõîäÿùèé â (5.14) èíòåãðàë ïî dτ :
∫ +∞

−∞
ch τdτ exp{−irr′ sh τ ch τ ′}J0(rr

′ ch τ sh τ ′). (5.15)

Èñïîëüçóåì îáîçíà÷åíèÿ {
a = η sh τ ′

b = η ch τ ′,

ãäå η = rr′. Òîãäà èíòåãðàë (5.15) çàïèøåòñÿ â âèäå

2

∫ ∞

0
cos(b sh τ)J0(a ch τ) ch τdτ.

Ïîñëå çàìåíû t = sh τ ìû ñíîâà ïðèõîäèì ê èíòåãðàëó Ñîíèíà-Ãåãåíáàóýðà
(5.7). Íî òåïåðü âûïîëíÿåòñÿ íåðàâåíñòâî b > |a|. Ñëåäîâàòåëüíî, ýòîò èí-
òåãðàë ðàâåí íóëþ.
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5.7.
Íàìè äîêàçàíî

Ïðåäëîæåíèå 5.1.Ïðåîáðàçîâàíèå Ôóðüå êóëîíîâñêîãî ïîòåíöèàëà, îãðà-
íè÷åííîãî ïðîñòðàíñòâåííîïîäîáíûì öèëèíäðîì, èìååò íîñèòåëü â ïðî-
ñòðàíñòâåííîïîäîáíîì öèëèíäðå è âû÷èñëÿåòñÿ ïî ôîðìóëå (5.13).

Çàìå÷àíèå. Ôóíêöèÿ Û(q) èìååò ñèíãóëÿðíîñòü íà ñâåòîâîì öèëèíäðå.
Âñïîìíèì, ÷òî âûïîëíÿåòñÿ óñëîâèå

k2
x + k2

y + k2
z − k2

t = k2, (5.16)

êîòîðîå îïðåäåëÿåò òðåõìåðíûé îäíîïîëîñòíûé ãèïåðáîëîèä Γ. Äàëåå,

q = (kt, kx, ky, kz − k).

Óñëîâèå q ∈ C îçíà÷àåò, ÷òî

k2
x + k2

y − k2
t > 0. (5.17)

Òàêèì îáðàçîì, ðàññåÿíèå âîçìîæíî ëèøü íà âåêòîðàõ

k ∈
∼
Γ = Γ ∩ C.

Èç (5.16) è (5.17) âûòåêàåò, ÷òî

|kz| < k. (5.18)

Ñëåäîâàòåëüíî,
∼
Γ � ýòî ÷àñòü ãèïåðáîëîèäà Γ, îãðàíè÷åííàÿ äâóìÿ ïëîñêî-

ñòÿìè kz = ±k. Óñëîâèå (5.18) ïîçâîëÿåò ââåñòè ìåæäó âåêòîðàìè k(0) è k

ñôåðè÷åñêèé óãîë θ. Òî÷íåå, ââåäåì íà ïîâåðõíîñòè
∼
Γ ñëåäóþùèå êîîðäè-

íàòû 



kz = k cos θ

kt = k sin θ sh τ

ky = k sin θ ch τ sin ϕ

kx = k sin θ ch τ cos ϕ,





0 6 θ 6 π

−∞ < τ < +∞
0 6 ϕ 6 2π.

Íîðìèðîâàííàÿ ìåðà Ëåáåãà íà ïîâåðõíîñòè
∼
Γ â ýòèõ êîîðäèíàòàõ èìååò

âèä
dω = sin2 θdθ ch τdτdϕ.
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Ñôåðè÷åñêèé óãîë θ è ãèïåðáîëè÷åñêèé óãîë τ áóäåì íàçûâàòü óãëàìè ðàñ-
ñåÿíèÿ. Äàëåå, èìååì

r′ =
√

k2
x + k2

y − k2
t = k sin θ

ρ′ =
√

r′2 + (kz − k)2 = 2k sin
θ

2
.

Òîãäà èç ïðåäëîæåíèÿ 5.1 ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5.1. Àìïëèòóäà ðàññåÿíèÿ íà êóëîíîâñêîì ïîòåíöèàëå â ïðî-
ñòðàíñòâåííîïîäîáíîì öèëèíäðå â áîðíîâñêîì ïðèáëèæåíèè ðàâíà

f(θ) =
sec θ

2 − log ctg θ
4

2k3 sin3 θ
2

.

Ïîëíîå ñå÷åíèå ðàññåÿíèÿ áåñêîíå÷íî
∫

∼
Γ

|f |2dω = +∞.

Ðàññåÿíèå ïðîèñõîäèò ïðåèìóùåñòâåííî íà ìàëûå óãëû. Àìïëèòóäà ðàññå-
ÿíèÿ çàâèñèò òîëüêî îò îäíîãî óãëà ðàññåÿíèÿ θ. Ïðè ìàëûõ óãëàõ θ ìîæíî
ïîëüçîâàòüñÿ ïðèáëèæåííîé ôîðìóëîé

f(θ) ∼ log θ

2k3 sin3 θ
2

, θ → 0.

6. Ïàðàáîëè÷åñêèå êîîðäèíàòû.
Â ýòîì ïàðàãðàôå ìû íàéäåì âîëíîâóþ ôóíêöèþ ðàññåÿíèÿ â ïðî-

ñòðàíñòâåííîïîäîáíîì öèëèíäðå è ñðàâíèì ïîëó÷åííûé ðåçóëüòàò ñ áîð-
íîâñêèì ïðèáëèæåíèåì.

Ââåäåì â öèëèíäðå C ïàðàáîëè÷åñêèå êîîðäèíàòû




z = 1
2(ξ − η)

t =
√

ξη sh τ

y =
√

ξη ch τ sin ϕ

x =
√

ξη ch τ cos ϕ,





0 6 ξ < +∞
0 6 η < +∞
−∞ < τ < +∞
0 6 ϕ 6 2π.
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Ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà ïðîñòðàíñòâà Ìèíêîâñêîãî â ýòèõ êîîðäèíàòàõ
èìååò âèä

ds2 = −ξ + η

4ξ
dξ2 − ξ + η

4η
dη2 + ξηdτ 2 − ξη ch2 τdϕ2.

Ýëåìåíò îáúåìà ðàâåí

dv =
ξ + η

4

√
ξηdξdη ch τdτdϕ.

Âåëè÷èíà
ρ =

√
x2 + y2 + z2 − t2

ðàâíà
ρ =

1

2
(ξ + η).

Çàïèøåì îïåðàòîð Äàëàìáåðà â ïàðàáîëè÷åñêèõ êîîðäèíàòàõ

2 = −(∇2
ξ +∇2

η

)
+

1

ξη

(∇2
τ −

1

ch2 τ
∇2

ϕ

)
,

ãäå

∇2
ϕ =

∂2

∂ϕ2

∇2
τ =

1

ch τ

∂

∂τ
ch τ

∂

∂τ

∇2
ξ =

4

ξ + η

1√
ξ

∂

∂ξ
ξ
√

ξ
∂

∂ξ

∇2
η =

4

ξ + η

1√
η

∂

∂η
η
√

η
∂

∂η
.

Áóäåì ðåøàòü óðàâíåíèå Øðåäèíãåðà(
2− 2

ρ

)
ψ = k2ψ, k > 0,

ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ â ïàðàáîëè÷åñêèõ êîîðäèíàòàõ
ψ = Ξ(ξ)H(η)T(τ)Φ(ϕ).

Ïîëó÷èì ñèñòåìó óðàâíåíèé
∇2

ϕΦ + m2Φ = 0 (6.1)

∇2
τT +

m2

ch2 τ
T = λT (6.2)

ξ + η

4
∇2

ξΞ +

(
k2

4
ξ − λ

4

1

ξ

)
Ξ = βξΞ (6.3)

ξ + η

4
∇2

ηH +

(
k2

4
η − λ

4

1

η

)
H = βηH, (6.4)
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ãäå m, λ, βξ, βη � ïîñòîÿííûå ðàçäåëåíèÿ. Ïðè ýòîì âûïîëíÿåòñÿ ñîîòíîøå-
íèå

βξ + βη = −1.

Ïðåäïîëàãàÿ, ÷òî âîëíîâàÿ ôóíêöèÿ ðàññåÿíèÿ íå çàâèñèò îò óãëîâ ϕ è τ ,
ïîëó÷àåì

Φ = 1, m = 0,

T = 1, λ = 0.

Ôóíêöèÿ
Ξ(ξ) = e

ikξ
2

óäîâëåòâîðÿåò ñîîòâåòñòâóþùåìó óðàâíåíèþ ñ ïîñòîÿííîé

βξ =
3ik

4
.

Ôóíêöèþ H(η) èùåì â âèäå

H(η) = e−
ikη
2 w(η).

Òîãäà ïîëó÷èì óðàâíåíèå

ηw′′ +
(3

2
− ikη

)
w′ + w = 0.

Ïîëàãàÿ x = ikη, à òàêæå w(η) = u(x), áóäåì èìåòü

xu′′ +
(3

2
− x

)
u′ − i

k
u = 0. (6.5)

Âûðîæäåííûì ãèïåðãåîìåòðè÷åñêèì óðàâíåíèåì íàçûâàåòñÿ óðàâíå-
íèå âèäà

zu′′ + (γ − z)u′ − αu = 0,

ãäå α è γ � ïðîèçâîëüíûå êîìïëåêñíûå ïàðàìåòðû. Ïóñòü α, γ 6= 0, −1, −2, . . .
Ãîëîìîðôíîå â íóëå ðåøåíèå ýòîãî óðàâíåíèÿ íàçûâàåòñÿ âûðîæäåííîé ãè-
ïåðãåîìåòðè÷åñêîé ôóíêöèåé

F (α, γ; z) =
∞∑

n=0

(α)n

(γ)n

zn

n!
, (6.6)

ãäå
(p)n = p(p + 1) . . . (p + n− 1)

ñèìâîë Ïîõãàììåðà. Â óðàâíåíèè (6.5) α = i
k , γ = 3

2 . Òàêèì îáðàçîì, âîë-
íîâàÿ ôóíêöèÿ ðàññåÿíèÿ èìååò âèä

ψ = Ce
ik
2 (ξ−η)F

( i

k
,
3

2
; ikη

)
,
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ãäå C � íîðìèðîâî÷íàÿ ïîñòîÿííàÿ. Õîðîøî èçâåñòíî àñèìïòîòè÷åñêîå ðàç-
ëîæåíèå ïðè z →∞ ôóíêöèè (6.6):

F (α, γ; z) =
Γ(γ)

Γ(γ − α)
(−z)−α

∞∑
n=0

(α)n(α− γ + 1)n

n!(−z)n
+

+
Γ(γ)

Γ(α)
ezzα−γ

∞∑
n=0

(γ − α)n(1− α)n

n!zn
.

Ìû âèäèì, ÷òî ýòà àñèìïòîòèêà íå ñîãëàñóåòñÿ ñ ïîñòàâëåííîé â �3 çàäà÷åé
ðàññåÿíèÿ. Òåì íå ìåíåå, îïðåäåëèì àìïëèòóäó ðàññåÿíèÿ âûäåëÿÿ ëèøü
ãëàâíûå ÷ëåíû â êàæäîì ñëàãàåìîì. Èìååì

ψ ≈ Ceikz Γ(3
2)

Γ(3
2 − i

k)
exp

{− i

k
log(kη)

}
e−

π
2k +

+ C
eikρ

(kη)3/2

Γ(3
2)

Γ( i
k)

exp
{ i

k
log(kη)

}
e−

π
2k e−

3πi
4 .

Ïîëîæèì
C =

Γ(3
2 − i

k)

Γ(3
2)

e
π
2k .

Ââåäåì ñôåðè÷åñêèé óãîë θ òàêîé, ÷òî z = ρ cos θ. Ïîëó÷èì

ψ ≈ eikz exp
{− i

k
log(kρ(1− cos θ))

}
+

+
eikρ

(kρ(1− cos θ))3/2

Γ(3
2 − i

k)

Γ( i
k)

exp
{ i

k
log(kρ(1− cos θ))− 3πi

4

}
.

Íå ó÷èòûâàÿ â ýòîé ôîðìóëå ìåäëåííî ìåíÿþùóþñÿ ôàçó áóäåì èìåòü

Ïðåäëîæåíèå 6.1. Àìïëèòóäà ðàññåÿíèÿ äëÿ êóëîíîâñêîãî ïîòåíöèàëà
â ïðîñòðàíñòâåííîïîäîáíîì öèëèíäðå èìååò âèä

f(θ) =
Γ(3

2 − i
k)

Γ( i
k)

1

(2k sin2 θ
2)

3/2
.
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Âû÷èñëèì êâàäðàò ìîäóëÿ àìïëèòóäû ðàññåÿíèÿ. Èìååì
∣∣∣∣Γ

(
3

2
− i

k

)∣∣∣∣
2

= Γ

(
3

2
− i

k

)
Γ

(
3

2
+

i

k

)
=

=

(
1

2
− i

k

)(
1

2
+

i

k

)
Γ

(
1

2
− i

k

)
Γ

(
1

2
+

i

k

)
=

=

(
1

4
+

1

k2

)
π

sin π(1
2 − i

k)
=

k2 + 4

4k2

π

ch π
k

.

Àíàëîãè÷íî,
∣∣∣∣Γ

(
i

k

)∣∣∣∣
2

= Γ

(
i

k

)
Γ

(
− i

k

)
=

Γ
(
1 + i

k

)
Γ
(− i

k

)
(

i
k

) =
1

i/k

π

sin(−πi
k )

=
πk

sh π
k

.

Îêîí÷àòåëüíî,
|f(θ)|2 =

k2 + 4

4k3 th
π

k

1

8k3 sin6 θ
2

.

Äëÿ ìåäëåííûõ ýëåêòðîíîâ, ò.å. ïðè k → 0, ïðèáëèæåííî èìååì

|f(θ)|2 ≈ π

8k6 sin6 θ
2

. (6.7)

Ïîëó÷åííîå â �5 áîðíîâñêîå ïðèáëèæåíèå îòëè÷àåòñÿ îò (6.7) ëîãàðèôìè-
÷åñêèì ìíîæèòåëåì.

7. Öèëèíäðè÷åñêèé àòîì.
7.1.

Ðàññìîòðèì äâèæåíèå ýëåêòðîíà â ïîëå êóëîíîâñêîãî ïîòåíöèàëà, îãðà-
íè÷åííîãî ïðîñòðàíñòâåííîïîäîáíûì öèëèíäðîì C. Áóäåì èñêàòü ñâÿçàí-
íûå ñîñòîÿíèÿ ñèñòåìû, ò.å. âîëíîâûå ôóíêöèè, ïðèíàäëåæàùèå ãèëüáåðòî-
âó ïðîñòðàíñòâó L2(C). Ýòó ìîäåëü íàçîâåì öèëèíäðè÷åñêèì àòîìîì. Âîë-
íîâûå ôóíêöèè íîðìèðóåì óñëîâèåì

∫

C

|ψ|2dv = 1.

Òîãäà |ψ|2 áóäåò ïëîòíîñòüþ âåðîÿòíîñòè íàõîæäåíèÿ ýëåêòðîíà â äàííîé
òî÷êå öèëèíäðà C, äðóãèìè ñëîâàìè, ïëîòíîñòüþ çàðÿäà ýëåêòðîííîãî îá-
ëàêà.

Ïðèìåíèì ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ â ïàðàáîëè÷åñêèõ êîîðäèíà-
òàõ. Ïîëó÷èì ñèñòåìó óðàâíåíèé (6.1) � (6.4) ñ k2 = E. Ðåøåíèÿ óðàâíåíèÿ
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(6.1) èìåþò ôèçè÷åñêèé ñìûñë äëÿ öåëûõ çíà÷åíèé ïîñòîÿííîé ðàçäåëåíèÿ
m. Ýòî � 2π- ïåðèîäè÷åñêèå ðåøåíèÿ, à èìåííî:

Φm(ϕ) = CΦ
meimϕ, m ∈ Z, (7.1)

ãäå CΦ
m � íîðìèðîâî÷íûå ïîñòîÿííûå. Îíè íàõîäÿòñÿ èç óñëîâèÿ

∫ 2π

0
|Φm|2dϕ = 1,

è ñëåäîâàòåëüíî ðàâíû
CΦ

m =
1√
2π

. (7.2)

7.2.
Ðàññìîòðèì óðàâíåíèå (6.2). Ñäåëàåì ïîäñòàíîâêó

T(τ) =

∼
T (τ)√
ch τ

è ââåäåì îáîçíà÷åíèå
ν2 = λ +

1

4
, ν > 0.

Ïðèäåì ê óðàâíåíèþ

−
∼
T ′′ − m2 − 1/4

ch2 τ

∼
T = −ν2

∼
T . (7.3)

Ýòî óðàâíåíèå èìååò âèä îäíîìåðíîãî óðàâíåíèÿ Øðåäèíãåðà ñ ýôôåê-
òèâíûì ïîòåíöèàëîì Ïåøëÿ-Òåëëåðà. Èçâåñòíî [7], ÷òî äèñêðåòíûé ñïåêòð
óðàâíåíèÿ ëåæèò â îáëàñòè îòðèöàòåëüíûõ çíà÷åíèé ýíåðãèè: −ν2 < 0, è
ñîñòîèò èç êîíå÷íîãî ÷èñëà óðîâíåé

ν =
1

2
,

3

2
, . . . , |m| − 1

2
.

Â ÷àñòíîñòè, ïðè m = 0 ñâÿçàííûõ ñîñòîÿíèé íåò. Ñîîòâåòñòâóþùèå âîëíî-
âûå ôóíêöèè ñ òî÷íîñòüþ äî íîðìèðîâêè îïðåäåëÿþòñÿ ôîðìóëîé

∼
T ν,m(τ) =

1

(ch τ)ν

m− 1
2−ν∑

k=0

(ν −m + 1
2)k (ν + m + 1

2)k

(ν + 1)k k!

1

(e2τ + 1)k
.

Çäåñü, áåç îãðàíè÷åíèÿ îáùíîñòè, m > 0.
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Äîêàæåì ñïðàâåäëèâîñòü ýòîé ôîðìóëû, óñòàíîâèì åå ñâÿçü ñ ìíî-
ãî÷ëåíàìè ßêîáè è âû÷èñëèì íîðìèðîâî÷íûå ïîñòîÿííûå. Áóäåì èñêàòü
ðåøåíèÿ óðàâíåíèÿ (7.3) â âèäå

∼
T (τ) =

Q(y)

(ch τ)ν
, y =

1

e2τ + 1
.

Ïîëó÷èì óðàâíåíèå
y(1− y)Q′′ + (1 + ν)(1− 2y)Q′ + κQ = 0,

ãäå
κ = m2 − 1

4
− ν(ν + 1).

Ñäåëàåì ïîäñòàíîâêó
Q(y) = P (x), x = 1− 2y x = th τ.

Áóäåì èìåòü
(1− x2)P ′′ − 2(1 + ν)xP ′ + κP = 0. (7.4)

Ýòî ãèïåðãåîìåòðè÷åñêîå óðàâíåíèå èìååò ïîëèíîìèàëüíûå ðåøåíèÿ, òîãäà
è òîëüêî òîãäà, êîãäà

κ = k(k + 2ν + 1), k = 0, 1, 2, . . .

Ñëåäîâàòåëüíî,
ν = m− k − 1

2
.

Ðåøåíèÿìè ñëóæàò ìíîãî÷ëåíû ßêîáè P
(ν,ν)
k . Ýòî � ìíîãî÷ëåíû ñòåïåíè k,

óäîâëåòâîðÿþùèå ñëåäóþùèì ñîîòíîøåíèÿì îðòîãîíàëüíîñòè
∫ +1

−1
P

(ν,ν)
k (x)xµ(1− x2)νdx = 0, µ = 0, . . . , k − 1.

Â ñòàíäàðòèçîâàííîé ôîðìå îíè ìîãóò áûòü îïðåäåëåíû ôîðìóëîé Ðîäðèãà

P
(ν,ν)
k (x)(1− x2)ν =

1

k!

(
d

dx

)k{
(1− x2)ν+k

}
.

Îêîí÷àòåëüíî,

Tν,m(τ) = CT
ν,m

P
(ν,ν)
m−ν−1/2(th τ)

(ch τ)ν+1/2 . (7.5)

Íîðìèðîâî÷íàÿ ïîñòîÿííàÿ îïðåäåëÿåòñÿ èç óñëîâèÿ
∫ +∞

−∞
|Tν,m(τ)|2 ch τ dτ = 1.

Íåïîëèíîìèàëüíûå ðåøåíèÿ óðàâíåíèÿ (7.4) ïðèâîäÿò ê ðàñõîäÿùåìóñÿ èí-
òåãðàëó.
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7.3.
Ñïðàâåäëèâà

Ëåììà 7.1. Íîðìèðîâî÷íàÿ ïîñòîÿííàÿ CT
ν,m âû÷èñëÿåòñÿ ïî ôîðìóëå

CT
ν,m =

{
22k+2ν (ν + 1)k

k!
B(ν, k + ν + 1)

}− 1
2

, (7.6)

ãäå k = m− ν − 1/2.

Äîêàçàòåëüñòâî. Âû÷èñëèì èíòåãðàë

J =

∫ +∞

−∞
|P (th τ)|2 dτ

(ch τ)2ν
,

ãäå P = P
(ν,ν)
k . Ñäåëàåì ïîäñòàíîâêó x = th τ . Ïîëó÷èì

J =

∫ +1

−1
|P (x)|2(1− x2)ν−1dx.

Çàïèøåì
P (x) = A(x)(1− x2) + B(x),

ãäå A è B � ìíîãî÷ëåíû, ïðè÷åì deg B 6 1. Åñëè k � ÷åòíîå, òî B(x) = b

� íåêîòîðàÿ êîíñòàíòà; åñëè k � íå÷åòíîå, òî B(x) = bx. Â îáîèõ ñëó÷àÿõ
b = P (1). Èç ôîðìóëû Ðîäðèãà ñëåäóåò, ÷òî

P (x) =
(ν + 1)k

k!
(1 + x)k + O(1− x), x → 1.

Òàêèì îáðàçîì
b =

(ν + 1)k

k!
2k.

Âíà÷àëå ðàññìîòðèì ñëó÷àé ν > 3/2. Ïóñòü k � ÷åòíîå. Òîãäà

J =

∫ +1

−1

1

k!

(
d

dx

)k{
(1− x2)ν+k

}
b

2

{
1

1− x
+

1

1 + x

}
dx.

Èíòåãðèðóÿ ïî ÷àñòÿì ïîëó÷èì

J =
b

2

∫ +1

−1
(1− x2)ν+k

{
1

(1− x)k+1 +
1

(1 + x)k+1

}
dx

èëè
J = b

∫ +1

−1
(1− x)ν−1(1 + x)ν+k dx.
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Ñäåëàåì ïîäñòàíîâêó x = 2y − 1. Ïîëó÷èì

J = b · 2k+2ν ·
∫ 1

0
(1− y)ν−1yν+k dy

èëè
J = b · 2k+2ν ·B(ν, k + ν + 1).

Äëÿ íå÷åòíûõ k àíàëîãè÷íûå âû÷èñëåíèÿ ïðèâîäÿò ê òîìó æå ðåçóëüòàòó.
Òàêèì îáðàçîì, ïðè ν > 3/2 ëåììà äîêàçàíà.

Ïðè ν = 1/2 ïîëó÷àåì ìíîãî÷ëåíû ×åáûøåâà âòîðîãî ðîäà. Èç ôîð-
ìóëû Ðîäðèãà ñëåäóåò, ÷òî ñòàðøèé êîýôôèöèåíò ñòàíäàðòèçîâàííîãî ìíî-
ãî÷ëåíà ðàâåí

(−1)k (k + 2)k

k!
.

Ñ äðóãîé ñòîðîíû, ýòè ìíîãî÷ëåíû ìîãóò áûòü çàïèñàíû â òðèãîíîìåòðè-
÷åñêîé ôîðìå, êàê

sin(k + 1)ϕ

sin ϕ
, x = cos ϕ,

ñî ñòàðøèì êîýôôèöèåíòîì 2k. Òàêèì îáðàçîì,

P
(1/2,1/2)
k (x) = Ak

sin(k + 1)ϕ

sin ϕ
,

ãäå
Ak = (−1)k (k + 2)k

k!2k
.

Òîãäà
J = A2

k

∼
J ,

ãäå
∼
J =

∫ π

0

(
sin(k + 1)ϕ

sin ϕ

)2

dϕ

èëè
∼
J =

∫ 2π

0

2− ei(k+1)ϕ − e−i(k+1)ϕ

2− eiϕ − e−iϕ

dϕ

2
.

Äåëàÿ ïîäñòàíîâêó z = eiϕ ïîëó÷èì
∼
J =

1

2i

∮

|z|=1

(
zk+1 − 1

z − 1

)2
dz

zk+1 .

Ïîñêîëüêó
res
z=0

{
(1 + z + · · ·+ zk)2

zk+1

}
= k + 1,
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òî ∼
J = (k + 1)π.

Îòêóäà ñëåäóåò ôîðìóëà (7.6) ïðè ν = 1/2.
Ëåììà äîêàçàíà.

7.4.
Ðàññìîòðèì óðàâíåíèå (6.3):

1√
ξ

∂

∂ξ
ξ3/2 ∂

∂ξ
Ξ +

(
E

4
ξ − λ

4

1

ξ

)
= βξΞ,

ãäå λ = ν2 − 1/4. Ââåäåì îáîçíà÷åíèå

E = − 1

n2 , n > 0.

Ñäåëàåì ïîäñòàíîâêó
Ξ(ξ) = f(x), x =

ξ

n
.

Ïîëó÷èì
1√
x

∂

∂x
x3/2 ∂

∂x
f(x)− 1

4

(
x +

λ

x

)
f(x) = nβξf(x)

èëè
xf ′′ +

3

2
f ′ − 1

4

(
x +

λ

x

)
f = nβξf.

Áóäåì èñêàòü ðåøåíèÿ â âèäå

f(x) = e−
x
2 w(x).

Ïîëó÷èì
xw′′ − (

x− 3

2

)
w′ − λ

4x
w =

(
nβξ +

3

4

)
w.

Ïðè x → 0 îäíî èç ðåøåíèé âåäåò ñåáÿ, êàê

w(x) ≈ xα, α =
ν

2
− 1

4
.

Ïîýòîìó ïîëàãàåì
w(x) = xαu(x).

Òîãäà ïîëó÷èì

xu′′ + (ν + 1− x)u′ −
(

ν + 1

2
+ nβξ

)
u = 0.
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Âûðîæäåííîå ãèïåðãåîìåòðè÷åñêîé óðàâíåíèå

xu′′ + (b− x)u′ − au = 0

èìååò ïîëèíîìèàëüíûå ðåøåíèÿ ïðè

a = −k, k = 0, 1, 2, . . . (7.7)

Òîãäà u � ìíîãî÷ëåí ñòåïåíè k, à èìåííî, îáîáùåííûé ìíîãî÷ëåí Ëàãåððà

u(x) = L
(b−1)
k (x).

Óñëîâèå (7.7) îçíà÷àåò, ÷òî

k = nξ = −
(

ν + 1

2
+ nβξ

)
, (7.8)

ïðè ýòîì u = L
(ν)
k .

Ìíîãî÷ëåíû Ëàãåððà óäîâëåòâîðÿþò ñëåäóþùèì ñîîòíîøåíèÿì îðòî-
ãîíàëüíîñòè

∫ ∞

0
L

(ν)
k (x) xµ · xνe−xdx = 0, µ = 0, . . . , k − 1.

Ñòàíäàðòèçîâàííûå ìíîãî÷ëåíû Ëàãåððà ìîæíî îïðåäåëèòü ôîðìóëîé Ðî-
äðèãà

L
(ν)
k (x)xνe−x =

1

k!

(
d

dx

)k{
xν+ke−x

}
.

Îêîí÷àòåëüíî,
Ξnξ,ν(ξ) = f

(
ξ

n

)
, (7.9)

ãäå
n =

1√−E
,

è
f(x) = x

ν
2− 1

4e−
x
2 L(ν)

nξ
(x). (7.10)

Ïðè ýòîì êâàíòîâûå ÷èñëà (7.8) ïðèíèìàþò öåëûå íåîòðèöàòåëüíûå çíà÷å-
íèÿ.

Àíàëîãè÷íî,
Hnη,ν(η) = g

(
η

n

)
, (7.11)

ãäå
g(y) = y

ν
2− 1

4e−
y
2L(ν)

nη
(y). (7.12)
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Êâàíòîâîå ÷èñëî
nη = −

(
ν + 1

2
+ nβη

)

ïðèíèìàåò öåëûå íåîòðèöàòåëüíûå çíà÷åíèÿ.
Èç ñîîòíîøåíèÿ βξ + βη = −1 ñëåäóåò, ÷òî

nξ + nη = n− ν − 1.

Îáîçíà÷èì
Rnξ,nη,ν = CR

nξ,nη,νΞnξ,νHnη,ν. (7.13)
Íîðìèðîâî÷íàÿ ïîñòîÿííàÿ íàõîäèòñÿ èç óñëîâèÿ

∞∞∫∫

0 0

|Rnξ,nη,ν(ξ, η)|2 ξ + η

4

√
ξη dξdη = 1.

7.5.
Ñïðàâåäëèâà

Ëåììà 7.2. Íîðìèðîâî÷íàÿ ïîñòîÿííàÿ CR
nξ,nη,ν âû÷èñëÿåòñÿ ïî ôîð-

ìóëå

CR
nξ,nη,ν =

{
n5

2

Γ(nξ + ν + 1)

nξ!

Γ(nη + ν + 1)

nη!

}− 1
2

. (7.14)

Äîêàçàòåëüñòâî. Âû÷èñëèì èíòåãðàë

J =

∞∞∫∫

0 0

∣∣∣∣
(

ξ

n

)ν
2− 1

4
(

η

n

) ν
2− 1

4

e−
ξ
2ne−

η
2nL(ν)

nξ

(
ξ

n

)
L(ν)

nη

(
η

n

)∣∣∣∣
2
ξ + η

4

√
ξηdξdη

èëè

J =
n4

4

∞∞∫∫

0 0

xν−1/2yν−1/2e−xe−y|L(ν)
nξ

(x)|2|L(ν)
nη

(y)|2(x + y)
√

xydxdy.

Ââåäåì îáîçíà÷åíèÿ

αk =

∫ ∞

0
xν−1/2e−x|L(ν)

k (x)|2x3/2dx,

βk =

∫ ∞

0
xν−1/2e−x|L(ν)

k (x)|2x1/2dx.
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Òîãäà
J =

n4

4
{αnξ

βnη
+ αnηβnξ

}.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ äëÿ êîýôôèöèåíòîâ ìíîãî÷ëåíà Ëàãåððà:

L
(ν)
k (x) = λkx

k + λ′kx
k−1 + . . .

Òîãäà

βk =

∫ ∞

0
L

(ν)
k (x) · λkx

k · xνe−xdx,

αk =

∫ ∞

0
L

(ν)
k (x) · {λkx

k+1 + λ′kx
k} · xνe−xdx.

Èç ôîðìóëû Ðîäðèãà ñëåäóåò, ÷òî

λk =
(−1)k

k!
, λ′k =

(−1)k−1

(k − 1)!
(ν + k).

Âû÷èñëèì èíòåãðàë

bk =

∫ ∞

0
L

(ν)
k (x) · xk · xνe−xdx.

Èíòåãðèðóÿ ïî ÷àñòÿì ïîëó÷èì

bk =

∫ ∞

0

1

k!

(
d

dx

)k{
xk+νe−x

}
· xk · dx =

= (−1)k

∫ ∞

0
xk+νe−xdx = (−1)kΓ(k + ν + 1).

Âû÷èñëèì èíòåãðàë

ak =

∫ ∞

0
L

(ν)
k (x) · xk+1 · xνe−xdx.

Èíòåãðèðóÿ ïî ÷àñòÿì ïîëó÷èì

ak =

∫ ∞

0

1

k!

(
d

dx

)k{
xk+νe−x

}
· xk+1dx =

= (−1)k(k + 1)

∫ ∞

0
xk+ν+1e−xdx = (−1)k(k + 1)Γ(k + ν + 2).

Äàëåå,
βk = λkbk =

Γ(k + ν + 1)

k!
,

è
αk = λkak + λ′kbk = (2k + ν + 1)

Γ(k + ν + 1)

k!
.

Îòêóäà ñëåäóåò óòâåðæäåíèå ëåììû.
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7.6.
Èòàê, ñïðàâåäëèâà

Òåîðåìà 7.1.
1) Áàçèñ ïðîñòðàíñòâà ñâÿçàííûõ ñîñòîÿíèé öèëèíäðè÷åñêîãî àòî-

ìà ñîñòàâëÿþò âîëíîâûå ôóíêöèè ψnξ,nη,ν,m, çàâèñÿùèå îò ÷åòûðåõ êâàí-
òîâûõ ÷èñåë, à èìåííî:

a) ïàðàáîëè÷åñêèå êâàíòîâûå ÷èñëà nξ è nη ïðèíèìàþò ëþáûå öåëûå
íåîòðèöàòåëüíûå çíà÷åíèÿ

nξ, nη = 0, 1, 2, . . . ;

b) ãèïåðáîëè÷åñêîå êâàíòîâîå ÷èñëî ν ïðèíèìàåò ïîëóöåëûå çíà÷å-
íèÿ

ν =
1

2
,

3

2
, . . . , n− 1,

ãäå ãëàâíîå êâàíòîâîå ÷èñëî n òàêæå ïðèíèìàåò ïîëóöåëûå çíà÷åíèÿ

n =
3

2
,

5

2
, . . . ,

ïðè ýòîì
nξ + nη = n− ν − 1; (7.15)

c) ìàãíèòíîå êâàíòîâîå ÷èñëî m ïðèíèìàåò öåëûå çíà÷åíèÿ

±m = ν +
1

2
, ν +

3

2
, . . .

2) Âîëíîâûì ôóíêöèÿì, óäîâëåòâîðÿþùèì ñîîòíîøåíèþ (7.15), ñî-
îòâåòñòâóåò îäèí óðîâåíü ýíåðãèè

En = − 1

n2 .

Âñå óðîâíè ýíåðãèè èìåþò áåñêîíå÷íîå âûðîæäåíèå.
3) Â ïàðàáîëè÷åñêèõ êîîðäèíàòàõ âîëíîâûå ôóíêöèè èìåþò ñëåäóþ-

ùèé âèä
ψnξ,nη,ν,m(ξ, η, τ, ϕ) = Rnξ,nη,ν(ξ, η)Tν,m(τ)Φm(ϕ),

ãäå Rnξ,nη,ν îïðåäåëåíà ôîðìóëàìè (7.9 � 7.14), Tν,m � ôîðìóëàìè (7.5),
(7.6), à Φm � (7.1), (7,2).

Ñëåäñòâèå 7.1. Âîëíîâûå ôóíêöèè îñíîâíîãî íåâîçáóæäåííîãî ñîñòî-
ÿíèÿ, ñîîòâåòñòâóþùèå êâàíòîâûì ÷èñëàì

n =
3

2
, ν =

1

2
, nξ = nη = 0, m = ±1,
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ñóòü
ψ =

8
√

2

9
√

3

1

π
√

π

e±iϕ

ch τ
e−

ξ+η
3 .

8. Ñôåðè÷åñêèå êîîðäèíàòû
8.1.

Â ýòîì ïàðàãðàôå ìû âû÷èñëèì âîëíîâûå ôóíêöèè öèëèíäðè÷åñêîãî
àòîìà â ñôåðè÷åñêèõ êîîðäèíàòàõ





z = ρ cos θ

t = ρ sin θ sh τ

y = ρ sin θ ch τ sin ϕ

x = ρ sin θ ch τ cos ϕ,





0 6 ρ < +∞
0 6 θ 6 π

−∞ < τ < +∞
0 6 ϕ 6 2π.

Ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà ïðîñòðàíñòâà Ìèíêîâñêîãî â ýòèõ êîîðäèíàòàõ
èìååò âèä

ds2 = −dρ2 − ρ2dθ2 + ρ2 sin2 θdτ 2 − ρ2 sin2 θ ch2 τdϕ2.

Ýëåìåíò îáúåìà ðàâåí

dv = ρ3dρ sin2 θdθ ch τdτdϕ.

Çàïèøåì îïåðàòîð Äàëàìáåðà â ñôåðè÷åñêèõ êîîðäèíàòàõ

2 = −∇2
ρ −

1

ρ2

[
∇2

θ −
1

sin2 θ

(
∇2

τ −
1

ch2 τ
∇2

ϕ

)]
,

ãäå

∇2
ρ =

1

ρ3

∂

∂ρ
ρ3 ∂

∂ρ

∇2
θ =

1

sin2 θ

∂

∂θ
sin2 θ

∂

∂θ

∇2
τ =

1

ch τ

∂

∂τ
ch τ

∂

∂τ

∇2
ϕ =

∂2

∂ϕ2 .

Ïðèìåíèì ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ

ψ = R(ρ)Θ(θ)T(τ)Φ(ϕ).
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Ïîëó÷èì ñèñòåìó óðàâíåíèé

∇2
ϕΦ+m2Φ = 0 (8.1)

∇2
τT+

m2

ch2 τ
T = λT (8.2)

−∇2
θΘ+

λ

sin2 θ
Θ = µΘ (8.3)

−∇2
ρR+

{
−2

ρ
− E +

µ

ρ2

}
= 0, (8.4)

ãäå m,λ, µ � ïîñòîÿííûå ðàçäåëåíèÿ. Óðàâíåíèÿ (8.1) è (8.2) ñîâïàäàþò ñ
óðàâíåíèÿìè (6.1) è (6.2) ñîîòâåòñòâåííî. Ðåøåíèå óðàâíåíèÿ (8.1) � Φm(ϕ)
îïðåäåëåíî ôîðìóëàìè (7.1), (7.2). Ìàãíèòíîå êâàíòîâîå ÷èñëî m ïðèíèìà-
åò öåëûå çíà÷åíèÿ

m = ±1,±2, . . .

Ðåøåíèå óðàâíåíèÿ (8.2) � Tν,m(τ) îïðåäåëåíî ôîðìóëàìè (7.5), (7.6). Ãè-
ïåðáîëè÷åñêîå êâàíòîâîå ÷èñëî ν ïðèíèìàåò ïîëóöåëûå çíà÷åíèÿ

ν =
1

2
,

3

2
, . . . , |m| − 1

2
.

Ïðè ýòîì
λ = ν2 − 1

4
.

8.2.
Ðàññìîòðèì óðàâíåíèå (8.3). Ïðè θ → 0 îäíî èç ðåøåíèé âåäåò ñåáÿ

êàê
Θ(θ) ≈ θα, α = ν − 1/2.

Ïîýòîìó áóäåì èñêàòü ðåøåíèå â âèäå

Θ(θ) = sinα θ y(θ).

Òîãäà
y′′ + 2(α + 1) ctg θ y′ − (α2 + 2α− µ)y = 0.

Ïîëîæèì
y(θ) = u(x), x = cos θ.

Ïîëó÷èì

(1− x2)u′′ − 2(ν + 1)xu′ − (ν2 + ν − 3/4− µ)u = 0.
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Ýòî ãèïåðãåîìåòðè÷åñêîå óðàâíåíèå èìååò ïîëèíîìèàëüíûå ðåøåíèÿ, êîãäà

−(ν2 + ν − 3/4− µ) = k(k + 2ν + 1), k = 0, 1, 2, . . .

Ñëåäîâàòåëüíî,

µ = l(l + 2), k = l − ν + 1/2, l = 0, 1, 2, . . .

Ðåøåíèÿìè ñëóæàò ìíîãî÷ëåíû ßêîáè

u(x) = P
(ν,ν)
k (x).

Îêîí÷àòåëüíî, ïîëó÷àåì ñôåðè÷åñêèå ôóíêöèè

Θl,ν(θ) = CΘ
l,ν sinν−1/2 θ P

(ν,ν)
k (cos θ). (8.5)

Íîðìèðîâî÷íûé ìíîæèòåëü îïðåäåëÿåòñÿ èç óñëîâèÿ
∫ π

0
|Θl,ν(θ)|2 sin2 θ dθ = 1.

Ëåììà 8.1. Íîðìèðîâî÷íûé ìíîæèòåëü CΘ
l,ν âû÷èñëÿåòñÿ ïî ôîðìó-

ëå
CΘ

l,ν =

{
(2ν + k + 1)k

k!
B(ν + k + 1, 1/2)

}−1/2

, (8.6)

ãäå k = l − ν + 1/2.
Äîêàçàòåëüñòâî ëåììû ïðîâîäèòñÿ ñ ïîìîùüþ ôîðìóëû Ðîäðèãà òàê-

æå, êàê â �7.

8.3.
Ðàññìîòðèì óðàâíåíèå (8.4), ãäå µ = l(l + 2). Ââåäåì îáîçíà÷åíèå

E = − 1

n2 , n > 0,

è ñäåëàåì ïîäñòàíîâêó

R(ρ) = w(t), t =
ρ

n
.

Ïîëó÷èì
w′′ +

3

t
w′ +

{
2n

t
− 1− l(l + 2)

t2

}
w = 0.

Ïðè t → 0 èíòåãðèðóåìîå ðåøåíèå âåäåò ñåáÿ, êàê

w(t) ≈ tl,
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à ïðè t → +∞, êàê
w(t) ≈ e−t.

Ïîýòîìó áóäåì èñêàòü ðåøåíèå â âèäå

w(t) = tle−tu(x), x = 2t.

Ïîëó÷èì âûðîæäåííîå ãèïåðãåîìåòðè÷åñêîå óðàâíåíèå

xu′′ + (2l + 3− x)u′ +
(

n− l − 3

2

)
u = 0.

Îíî èìååò ïîëèíîìèàëüíûå ðåøåíèÿ, êîãäà ðàäèàëüíîå êâàíòîâîå ÷èñëî

k = n− l − 3

2

ïðèíèìàåò öåëûå çíà÷åíèÿ: k = 0, 1, 2, . . . , è òåì ñàìûì, ãëàâíîå êâàíòîâîå
÷èñëî n ïðèíèìàåò ïîëóöåëûå çíà÷åíèÿ

n =
3

2
,

5

2
, . . .

Ðåøåíèåì ñëóæèò ìíîãî÷ëåí Ëàãåððà

u(x) = L
(2l+2)
k (x).

Îêîí÷àòåëüíî, ïîëó÷àåì

Rn,l(ρ) = CR
n,l

(
ρ

n

)l

e−
ρ
n L

(2l+2)
k

(
2ρ

n

)
. (8.7)

Íîðìèðîâî÷íàÿ ïîñòîÿííàÿ íàõîäèòñÿ èç óñëîâèÿ
∫ ∞

0
|Rn,l(ρ)|2ρ3dρ = 1.

Ëåììà 8.2. Íîðìèðîâî÷íàÿ ïîñòîÿííàÿ CR
n,l âû÷èñëÿåòñÿ ïî ôîðìó-

ëå
CR

n,l =

{
n5

22l+3

Γ(k + 2l + 3)

k!

}− 1
2

. (8.8)
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8.4.
Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 8.1.
1) Áàçèñ ïðîñòðàíñòâà ñâÿçàííûõ ñîñòîÿíèé öèëèíäðè÷åñêîãî àòî-

ìà ñîñòàâëÿþò âîëíîâûå ôóíêöèè ψn,l,ν,m , çàâèñÿùèå îò ÷åòûðåõ êâàí-
òîâûõ ÷èñåë, à èìåííî:

a) ãëàâíîå êâàíòîâîå ÷èñëî n ïðèíèìàåò ïîëóöåëûå çíà÷åíèÿ

n =
3

2
,

5

2
, . . . ;

b) îðáèòàëüíîå êâàíòîâîå ÷èñëî l ïððèíèìàåò öåëûå çíà÷åíèÿ

l = 0, 1, . . . , n− 3

2
;

c) ãèïåðáîëè÷åñêîå êâàíòîâîå ÷èñëî ν ïðèíèìàåò ïîëóöåëûå çíà÷å-
íèÿ

ν =
1

2
,

3

2
, . . . , l +

1

2
;

d) ìàãíèòíîå êâàíòîâîå ÷èñëî m ïðèíèìàåò öåëûå çíà÷åíèÿ

±m = ν +
1

2
, ν +

3

2
, . . . .

2) Óðîâíè ýíåðãèè îïðåäåëÿþòñÿ ãëàâíûì êâàíòîâûì ÷èñëîì n ïî
ôîðìóëå

En = − 1

n2 .

Âñå óðîâíè ýíåðãèè áåñêîíå÷íî âûðîæäåíû.
3) Âîëíîâûå ôóíêöèè ñâÿçàííûõ ñîñòîÿíèé èìåþò âèä

ψn,l,ν,m = Rn,lΘl,νTν,mΦm,

ãäå ðàäèàëüíûå âîëíîâûå ôóíêöèè Rn,l îïðåäåëåíû ôîðìóëàìè (8.7), (8.8);
ñôåðè÷åñêèå ôóíêöèè Θl,ν � ôîðìóëàìè (8.5), (8.6); ãèïåðáîëè÷åñêèå ôóíê-
öèè Tν,m � ôîðìóëàìè (7.5), (7.6); à Φm � ôîðìóëàìè (7.1), (7.2).
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