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Êàçàíäæàí Ý.Ï.
Ãàçîäèíàìè÷åñêîå îáòåêàíèå ïàðû ïðîôèëåé.

Àííîòàöèÿ. Â ðàáîòå [3] ðàññìàòðèâàëîñü îáòåêàíèå íåñæèìàåìîé
æèäêîñòüþ äâóñâÿçíîé îáëàñòè ñ ãëàäêèìè êîíòóðàìè. Ðàçðàáîòàííûé àë-
ãîðèòì ïðèìåí¼í ê äâóñâÿçíîé îáëàñòè ñ óãëîâûìè òî÷êàìè, à èìåííî ê
ïàðå ïðîôèëåé Æóêîâñêîãî (áèïëàí).

Kazandjan E.P.
The gasdynamic �ow of two pro�les.

Annotation. The algorithm of preprint [3] is used for a double-connected
domain with angular points: two pro�les Jukovskogo.
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1.Ââåäåíèå.

Â ðàáîòàõ [1]-[2] ðàññìàòðèâàëèñü ÷èñëåííûå ìåòîäû êîíôîðìíîãî îòîá-
ðàæåíèÿ äâóñâÿçíûõ îáëàñòåé ñ ãëàäêèìè êîíòóðàìè. Â ðàáîòå [3] ïîëó÷åí-
íûå ðåçóëüòàòû áûëè èñïîëüçîâàíû äëÿ ðåøåíèÿ çàäà÷è îáòåêàíèÿ íåñæè-
ìàåìîé æèäêîñòüþ äâóñâÿçíîé îáëàñòè ñ ãëàäêèìè êîíòóðàìè. Áûëî áû
èíòåðåñíî ïðèìåíèòü ðàçðàáîòàííûé àëãîðèòì ê äâóñâÿçíîé îáëàñòè ñ óã-
ëîâûìè òî÷êàìè.

Âîçüì¼ì ïðîñòåéøèé ñëó÷àé: ïàðà ïàðàëëåëüíûõ ïðîôèëåé Æóêîâ-
ñêîãî (ÏÆ) áåç óãëà àòàêè. Íàïîìíèì, êàê ñòðîèòñÿ ÏÆ (ñì., íàïðèìåð,
[4], ñ.281-283).

Ïóñòü â ïëîñêîñòè ζ çàäàíà ïàðà îêðóæíîñòåé:
1) ïåðâàÿ ðàäèóñà R0 ñ öåíòðîì íà ìíèìîé îñè; îíà ïåðåñåêàåò ïîëîæèòåëü-
íóþ äåéñòâèòåëüíóþ îñü â òî÷êå C;
2) âòîðàÿ ðàäèóñà R0 + ε, ãäå 0 < ε� 1, îíà ïðîõîäèò ÷åðåç òó æå òî÷êó C
è êàñàåòñÿ â íåé ïåðâîé îêðóæíîñòè (ñì. Ðèñ. 1).

Ðèñ. 1.
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Òîãäà ôóíêöèÿ Æóêîâñêîãî

z = ζ +
c2

ζ
(c = OC)

ïåðåâîäèò ýòó ïàðó îêðóæíîñòåé â ÏÆ íà ïëîñêîñòè z (ñì. Ðèñ. 2).

Ðèñ. 2.

Ïàðàìåòðè÷åñêîå çàäàíèå ÏÆ:

ζ = k i− ε−β i + (R0 + ε)eiθ . (1)

Çäåñü k - êîîðäèíàòà íà ìíèìîé îñè öåíòðà ïåðâîé îêðóæíîñòè, β = arctan k
c ,

−β 6 θ 6 2π − β.
Ïàðà ÏÆ ñîçäà¼òñÿ, íàïðèìåð, ñäâèãîì ïîëó÷åííîãî ïðîôèëÿ ïî ìíèìîé
îñè ââåðõ è âíèç íà íåêîòîðóþ âåëè÷èíó d > 0:

z = ζ +
c2

ζ
± d i .
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Ïëàí äåéñòâèé òàêîâ:
1. Ðàçãèáàåì âåðõíèé ÏÆ (ïðåäâàðèòåëüíî âåðíóâ åãî íà "ýòàëîííîå" ìå-
ñòî), äëÿ ÷åãî ïðèìåíÿåì îáðàòíóþ ôóíêöèþ Æóêîâñêîãî

ζ =
1

2

(
z ±

√
z2 − 4c2

)
(2)

(âîïðîñ âûáîðà âåòâè îáñóäèì ïîçæå).
2. Âòîðîé êîíòóð êàê-òî ïðåîáðàçóåòñÿ, ñîõðàíÿÿ ïðè ýòîì óãëîâóþ òî÷êó.
Ñäâèãàåì åãî íà "ýòàëîííîå" ìåñòî (ñîîòâåòñòâåííî ïåðåìåñòèòñÿ è ïåðâûé
êîíòóð).
3. Ðàçãèáàåì âòîðîé êîíòóð ñ ïîìîùüþ òîé æå îáðàòíîé ôóíêöèè Æóêîâ-
ñêîãî. Â èòîãå ïîëó÷àåì äâóñâÿçíóþ îáëàñòü ñ ãëàäêèìè ãðàíèöàìè.
Îêàçàëîñü, ÷òî ãëàâíûå òåõíè÷åñêèå òðóäíîñòè çàêëþ÷àþòñÿ â âû÷èñëåíèè
êîîðäèíàò ïîëó÷åííûõ îáëàñòåé. Äåëî â òîì, ÷òî ïðîãðàììû êîíôîðìíîãî
îòîáðàæåíèÿ òðåáóþò âû÷èñëåíèÿ íå òîëüêî êîîðäèíàò êîíòóðîâ, íî è èõ
ïðîèçâîäíûõ ïî ïàðàìåòðó äî 3-ãî ïîðÿäêà âêëþ÷èòåëüíî. Ôîðìóëû ïðè
ýòîì ïîëó÷àþòñÿ äîâîëüíî ãðîìîçäêèå.

2. Ðàçãèáàíèå âåðõíåãî êîíòóðà.
Â ïëîñêîñòè ζ ñòðîèì ïàðó îêðóæíîñòåé ïî ôîðìóëàì (1):
âåëè÷èíû c > 0, k > 0, 0 < ε � 1 äîëæíû áûòü çàäàíû (äëÿ âíóòðåííåé
îêðóæíîñòè ε = 0); âû÷èñëÿåì

R0 =
√
k2 + c2, tg β =

k

c
.

Ïðåîáðàçîâàíèå

t = ζ +
c2

ζ
± d i

(âåëè÷èíà d > 0 äîëæíà áûòü çàäàíà) äà¼ò ïàðó ÏÆ â ïëîñêîñòè t âûøå è
íèæå äåéñòâèòåëüíîé îñè (± ñîîòâåòñòâóåò âåðõíåìó è íèæíåìó êîíòóðó).
Ñäâèãàåì âåðõíèé êîíòóð íà d i âíèç (íà "ýòàëîííîå" ìåñòî) è ïðèìåíÿåì
îáðàòíóþ ôóíêöèþ Æóêîâñêîãî:

ζ =
1

2

(
t− d i±

√
(t− d i)2 − 4c2

)
(çíàê ± îçíà÷àåò âûáîð âåòâè). Èñïîëüçóåì îáîçíà÷åíèå ζ, òàê êàê âîçâðà-
ùàåìñÿ íà òó æå ïëîñêîñòü.
Òîãäà

ζâ = ζ , ζí =
1

2

(
tí − d i±

√
(tí − d i)2 − 4c2

)
.

(Íèæíèå èíäåêñû "â"è "í"îòíîñÿòñÿ ê âåðõíåìó è íèæíåìó êîíòóðàì ñî-
îòâåòñòâåííî.)
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3. Ïðåîáðàçîâàíèå íèæíåãî êîíòóðà.
×òî ïðîèñõîäèò ñ íèæíèì êîíòóðîì?
Óãëîâàÿ òî÷êà, êîíå÷íî, ñîõðàíèòñÿ. Ïîñìîòðèì, êóäà ïåðåõîäÿò êîíöû äó-
ãè íèæíåãî ïðîôèëÿ

trí = 2c− 2d i è tlí = −2c− 2d i (r-right (ïðàâûé), l-left (ëåâûé)).

Ïîñëå íåñëîæíûõ âû÷èñëåíèé ïîëó÷èì:

ζrí = c− d i± 2i
√
d
√
d+ c i

ζ lí = −c− d i± 2i
√
d
√
d− c i

Ïóñòü d+ c i = ρeiα (ρ, α - ìîäóëü è àðãóìåíò ñîîòâåòñòâåííî), òîãäà
d− c i = ρe−iα.

ζrí = c− d i± 2i
√
ρdeiα/2

ζ lí = −c− d i± 2i
√
ρde−iα/2

Íåòðóäíî óáåäèòüñÿ, ÷òî

Re ζrí = −Re ζ lí , Im ζrí = Im ζ lí .

Òàêèì îáðàçîì, íèæíèé ÏÆ îñòàëñÿ ãîðèçîíòàëüíûì è êðàéíèå òî÷êè åãî
ñèììåòðè÷íû îòíîñèòåëüíî ìíèìîé îñè (ñì. Ðèñ. 3).

Ðèñ. 3.
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4. Ðàçãèáàíèå íèæíåãî êîíòóðà.

Ïåðåâîäèì íèæíèé êîíòóð íà "ýòàëîííîå" ìåñòî è ïðèìåíÿåì îáðàò-
íóþ ôóíêöèþ Æóêîâñêîãî.
Îáîçíà÷èì ch = 1

2Re ζ
r
í, h = Im ζrí.

Ïðèìåíÿåì ê îáîèì êîíòóðàì ôîðìóëó

z =
1

2

(
ζ − h i±

√
(ζ − h i)2 − 4c2h

)
. (3)

Ïîëó÷àåì äâóñâÿçíóþ îáëàñòü ñ ãëàäêèìè êîíòóðàìè (ñì. Ðèñ.4).

Ðèñ. 4.

5. Ôîðìóëû äëÿ êîîðäèíàòíûõ áëîêîâ.

Èòàê, ïî ôîðìóëàì (1), (3) ìû ìîæåì âû÷èñëèòü êîîðäèíàòû îáîèõ
êîíòóðîâ. Íî ïîìèìî zâ, í íóæíî âû÷èñëèòü èõ ïðîèçâîäíûå ïî ïàðàìåòðó
θ äî 3-ãî ïîðÿäêà âêëþ÷èòåëüíî. Ýòè ïðîèçâîäíûå ïðîùå âñåãî âû÷èñëÿòü
êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè.
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1) Ôîðìóëû äëÿ âåðõíåãî êîíòóðà (èíäåêñ "â" îïóùåí).

z′θ = z′ζ · ζ ′θ

z′′θ = z′′ζ · (ζ ′θ)2 + z′ζ · ζ ′′θ

z′′′θ = z′′′ζ · (ζ ′θ)3 + 3z′′ζ · ζ ′′θ + z′ζ · ζ ′′′θ
Òåïåðü íàäî âûïèñàòü ïðîèçâîäíûå ζ ′θ, ζ

′′
θ , ζ

′′′
θ è z′θ, z

′′
θ , z

′′′
θ .

ζ ′θ = (R0 + ε)i eiθ

ζ ′′θ = −(R0 + ε) eiθ

ζ ′′′θ = −(R0 + ε)i eiθ = −ζ ′θ

(4)

Îáîçíà÷èì q =
√

(ζ − h i)2 − 4c2h.

z′ζ = 1
2

(
1± ζ − h i√

(ζ − h i)2 − 4c2h

)
= 1

2

(
1± ζ − h i

q

)

z′′ζ = ∓2c2h
q3

z′′′ζ = ±6c2h(ζ − h i)
q5

Êñòàòè, î âûáîðå çíàêà ïåðåä êîðíåì, ò.å. î âûáîðå âåòâè äâóçíà÷íîé ôóíê-
öèè. Ïðè âû÷èñëåíèè ïîäêîðåííîãî âûðàæåíèÿ äëÿ î÷åðåäíîé òî÷êè, åãî
àðãóìåíò ñðàâíèâàåòñÿ ñ àðãóìåíòîì äëÿ ïðåäûäóùåé òî÷êè: åñëè îíè ðàç-
íûõ çíàêîâ, òî ïðîèçîø¼ë ïåðåõîä íà äðóãóþ âåòâü, è òîãäà çíàê ïåðåä
êîðíåì ìåíÿåòñÿ íà ïðîòèâîïîëîæíûé.

2) Ôîðìóëû äëÿ íèæíåãî êîíòóðà (èíäåêñ "í" îïóùåí).
Ýòè ôîðìóëû áîëåå ãðîìîçäêèå, òàê êàê öåïî÷êà ïðåîáðàçîâàíèé äëèííåå.
Êîîðäèíàòû: âû÷èñëÿåì ζ ïî ôîðìóëå (1), çàòåì

t = ζ +
c2

ζ
− d i

η =
1

2

(
t− d i±

√
(t− d i)2 − 4c2

)
z =

1

2

(
η − h i±

√
(η − h i)2 − 4c2h

)
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Òåïåðü âûïèøåì ôîðìóëû äëÿ ïðîèçâîäíûõ.

z′θ = z′η · η′t · t′ζ · ζ ′θ
z′′θ = z′′η · (η′t · t′ζ · ζ ′θ)2 + z′η · (η′t · t′ζ · ζ ′θ)′θ

Îáîçíà÷èì

A1 = (η′t · t′ζ · ζ ′θ)′θ = η′′t · (t′ζ · ζ ′θ)2 + η′t · t′′ζ · (ζ ′θ)2 + η′t · t′ζ · ζ ′′θ
Òîãäà

z′′θ = z′′η · (η′t · t′ζ · ζ ′θ)2 + z′η · A1

Òåïåðü òðåòüÿ ïðîèçâîäíàÿ:

z′′′θ = z′′′η · (η′t · t′ζ · ζ ′θ)3 + 3z′′η · (η′t · t′ζ · ζ ′θ) · A1 + z′η · (η′t · t′ζ · ζ ′θ)′′θ
Îáîçíà÷èì

A2 = (η′t·t′ζ ·ζ ′θ)′′θ = (η′′′t ·(t′ζ)3+3η′′t ·t′ζ ·t′′ζ+η′t·t′′′ζ )(ζ ′θ)
3+3(η′′t ·(t′ζ)2+η′t·t′′ζ)·ζ ′θ·ζ ′′θ+η′t·t′ζ ·ζ ′′′θ

Òîãäà
z′′′θ = z′′′η · (η′t · t′ζ · ζ ′θ)3 + 3z′′η · (η′t · t′ζ · ζ ′θ) · A1 + z′η · A2

Âûïèøåì ïðîìåæóòî÷íûå ïðîèçâîäíûå.
Ïðîèçâîäíûå ζ ′θ, ζ

′′
θ , ζ

′′′
θ òå æå, ÷òî äëÿ âåðõíåãî êîíòóðà, ò.å âû÷èñëÿþòñÿ ïî

ôîðìóëàì (4).
Ïðîèçâîäíûå t′θ, t

′′
θ , t
′′′
θ :

t′ζ = 1− c2

ζ2

t′′ζ =
2c2

ζ3

t′′′ζ = −6c2

ζ4

Ïðîèçâîäíûå η′t, η
′′
t , η

′′′
t .

Îáîçíà÷èì q1 =
√

(t− d i)2 − 4c2. Òîãäà

η′t = 1
2

(
1± t− d i

q1

)

η′′t = ∓2c2

q31

η′′′t = ±6c2(t− d i)
q51
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Ïðîèçâîäíûå z′η, z
′′
η , z

′′′
η .

Îáîçíà÷èì q2 =
√

(η − h i)2 − 4c2h. Òîãäà

z′η = 1
2

(
1± η − h i

q2

)

z′′η = ∓2c2h
q32

z′′′η = ±6c2h(η − h i)
q52

6. Ïàðàìåòðû ðàñ÷¼òîâ.

Äëÿ ðàñ÷¼òîâ áûëè âçÿòû ñëåäóþùèå âåëè÷èíû:

k = 0.1; c = 0.5; ε = 0.05; d = 0.4 .

Òîãäà R0 =
√
c2 + k2 =

√
0.26 ≈ 0.5099; sin β = k

R0
≈ 0.1961.

Â äàëüíåéøåì áûëè ïðîâåäåíû ðàñ÷¼òû äëÿ ñåðèè çíà÷åíèé d:

d = 0.4; 0.6; 0.8; 1.; 3.; 5.; 10.; 50.; 100.; 500.

Ñ ðîñòîì d âçàèìîâëèÿíèå ïðîôèëåé äîëæíî îñëàáåâàòü. Ðàñ÷¼òû ïîêàçàëè,
÷òî çíà÷åíèÿ öèðêóëÿöèè Γ è ïîäú¼ìíîé ñèëû Y ñòðåìÿòñÿ ê òåîðåòè÷åñêèì
çíà÷åíèÿì äëÿ îäíîãî ïðîôèëÿ Æóêîâñêîãî.

Γ = −4π (R0 + ε) sin β ≈ −1.3799; Y = |Γ|

Äëÿ d = 500. ïîëó÷èëîñü Γ1 = −Γ2 ≈ −1.3793.
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