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Ïðîäîëæàåòñÿ âû÷èñëåíèå ñòåïåííûõ ðàçëîæåíèé ðåøåíèé ñèñèòåìû ÎÄÓ
Í. Êîâàëåâñêîãî àëãîðèòìàìè ñòåïåííîé ãåîìåòðèè. À.Áðþíî, Â.Ëóí¼â, È.Ãà-
øåíåíêî ýòèìè àëãîðèòìàìè âû÷èñëèëè ðàçëîæåíèÿ ðåøåíèé ýòîé ñèñòåìû
âî âñåõ ñëó÷àÿõ, êîãäà íåçàâèñèìàÿ ïåðåìåííàÿ ñòðåìèòñÿ ê íóëþ è áåñêî-
íå÷íîñòè. Òåïåðü, äëÿ èçó÷åíèÿ ñëó÷àåâ êîãäà íåçàâèñèìàÿ ïåðåìåííàÿ ñòðå-
ìèòñÿ ê îòëè÷íîé îò íóëÿ è áåñêîíå÷íîñòè êîíñòàíòå, ðàññìàòðèâàåòñÿ ìîäè-
ôèöèðîâàííàÿ ñèñòåìà Í. Êîâàëåâñêîãî. Àëãîðèòìàìè ñòåïåííîé ãåîìåòðèè
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ñäåëàíà ðåàëèçàöèÿ ïðèìåí¼ííûõ àëãîðèòìîâ íà ÿçûêå ñèñòåìû ñèìâîëüíûõ
âû÷èñëåíèé Maxima è íà ÿçûêå ïðîãðàììèðîâàíèÿ C++.
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1 Ââåäåíèå

1.1 Óðàâíåíèÿ Ýéëåðà�Ïóàññîíà

Ñèñòåìà óðàâíåíèé äâèæåíèÿ òÿæåëîãî òâåðäîãî òåëà ñ íåïîäâèæíîé òî÷êîé
èìååò âèä [1]

A
dp

dt
= (B − C)qr −Mg(z0γ2 − y0γ3),

B
dq

dt
= (C − A)rp−Mg(x0γ3 − z0γ1),

C
dr

dt
= (A−B)pq −Mg(y0γ1 − x0γ2),

dγ1

dt
= rγ2 − qγ3,

dγ2

dt
= pγ3 − rγ1,

dγ3

dt
= qγ1 − pγ2,

(1.1)

ãäå ïåðåìåííàÿ t� âðåìÿ, A, B, C � ãëàâíûå ìîìåíòû èíåðöèè òâåðäîãî òå-
ëà, êîòîðûå óäîâëåòâîðÿþò íåðàâåíñòâàì òðåóãîëüíèêà

A > 0, B > 0, C > 0, A + B > C, A + C > B, B + C > A,

Mg � âåñ òåëà, x0, y0, z0 �êîîðäèíàòû öåíòðà ìàññ òâåðäîãî òåëà â ñèñòåìå
êîîðäèíàò, ñâÿçàííîé ñ òåëîì, p, q, r�ïðîåêöèè âåêòîðà óãëîâîé ñêîðîñòè íà
îñè êîîðäèíàò, ñâÿçàííûå ñ òåëîì, γ1, γ2, γ3 �íàïðàâëÿþùèå êîñèíóñû âåðòè-
êàëè â ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ òåëîì. Ñèñòåìà óðàâíåíèé (1.1) èìååò
òðè ïåðâûõ îáùèõ èíòåãðàëà

Ap2 + Bq2 + Cr2 − 2Mg(x0γ1 + y0γ2 + z0γ3) = h = const,

Apγ1 + Bqγ2 + Crγ3 = l = const,

γ2
1 + γ2

2 + γ2
3 = 1.

(1.2)

Ýòî èíòåãðàëû ýíåðãèè, ìîìåíòà è ãåîìåòðè÷åñêèé. Ïåðâûå äâà èíòåãðàëà
ñëåäóþò èç îáùèõ òåîðåì ìåõàíèêè.

Âîçüìåì òàêóþ ñèñòåìó åäèíèö, ÷òî Mg = 1. Îñòàåòñÿ 6 ïàðàìåòðîâ : A,
B, C, x0, y0, z0 è äâà çíà÷åíèÿ èíòåãðàëîâ (1.2): h è l.

1.2 Óðàâíåíèÿ Í.Êîâàëåâñêîãî

Äëÿ ñëó÷àÿ
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B 6= C, x0 6= 0, y0 = z0 = 0 (1.3)

Í. Êîâàëåâñêèé [2] ïðåäëîæèë ðàññìàòðèâàòü p êàê íåçàâèñèìóþ ïåðåìåí-
íóþ è ââ¼ë íîâûå çàâèñèìûå ïåðåìåííûå

σ = (B − C)q2/A, τ = (B − C)r2/A.

Òîãäà

q =
√

Aσ/(B − C), r =
√

Aτ/(B − C). (1.4)

Â ðåçóëüòàòå ïîäñòàíîâêè (1.4) â ïåðâûå òðè óðàâíåíèÿ ñèñòåìû (1.1) è â
ïåðâîå óðàâíåíèå ñèñòåìû (1.2) ïîëó÷èì

d

dt
=
√

στ
d

dp
,

γ3 = − B

2x0

√
A

B − C

(
dσ

dp

√
τ − 2

C − A

B

√
τp

)
,

γ2 =
C

2x0

√
A

B − C

(√
σ

dτ

dp
− 2

A−B

C

√
σp

)
,

γ1 = − 1

2x0

(
h− AB

B − C
σ − AC

B − C
τ − Ap2

)
.

(1.5)

Ïîäñòàíîâêè (1.4) è (1.5) â ÷åòâ¼ðòîå óðàâíåíèå ñèñòåìû (1.1) äåëàþò ýòî
óðàâíåíèå òîæäåñòâîì. Òåæå ïîäñòàíîâêè â ïÿòîå è øåñòîå óðàâíåíèÿ ñè-
ñòåìû (1.1) è âî âòîðîå è òðåòüå óðàâíåíèÿ ñèñòåìû (1.2) ïðåîáðàçóþò èõ â
ñèñòåìó äâóõ óðàâíåíèé

f1(σ, τ, p)
def
=

d2σ

dp2 τ +
1

2

dσ

dp

dτ

dp
+ a1 + a2σ + a3p

dτ

dp
+ a4τ + a5p

2 = 0,

f2(σ, τ, p)
def
= σ

d2τ

dp2 +
1

2

dσ

dp

dτ

dp
+ b1 + b2p

dσ

dp
+ b3σ + b4τ + b5p

2 = 0

(1.6)

è äâà ïåðâûõ èíòåãðàëà

f3(σ, τ, p)
def
=

dσ

dp
τ − σ

dτ

dp
+ c1 + c2p + c3pσ + c4pτ + c5p

3 = 0,

f4(σ, τ, p)
def
= d1

(
dσ

dp

)2

τ + σ

(
dτ

dp

)2

+ d2 + d3σ + d4τ + d5σ
2+

+ d6p
dσ

dp
τ + d7pσ

dτ

dp
+ d8στ + d9τ

2 + d10p
2 + d11p

2σ + d12p
2τ + d13p

4 = 0,

(1.7)
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ãäå êîýôôèöèåíòû a1, . . . , a5, b1, . . . , b5, c1, . . . , c5, d1, . . . , d13 ðàâíû

a1 = −z/y, a2 = x/(y − 1), a3 = (x− 2)/y,

a4 = (2xy + 2− x− 2y)/(y(y − 1)), a5 = (3x− 2y)/y;

b1 = −z, b2 = 2y − x, b3 = (2y2 + 2x− 2y − xy)/(y − 1),

b4 = x/(y − 1), b5 = 3x− 2;

c1 = −2(y − 1)λξ/(xy), c2 = z(y − 1)/y,

c3 = x− 2y, c4 = (x− 2)/y, c5 = −x(y − 1)/y;

d1 = y2, d2 = (z2 − 4ξ2m)(y − 1)/x,

d3 = −2yz, d4 = −2z, d5 = xy2/(y − 1),

d6 = −4(1− x)y, d7 = −4(x− y), d8 = 2xy/(y − 1),

d9 = x/(y − 1), d10 = −2z(y − 1),

d11 = 2(2x2 − 3xy + 2y2), d12 = 2(2− 3x + 2x2), d13 = x(y − 1);

(1.8)

à ïàðàìåòðû x, y, z, λ, ξ âûðàæàþòñÿ ÷åðåç ïàðàìåòðû ñèñòåì (1.1) è (1.2)

x = A/C, y = B/C, z = h/C, λ = l/C, ξ = x0/C, m = 1.

Ñ ïîìîùüþ àëãîðèòìîâ ñòåïåííîé ãåîìåòðèè À.Áðþíî, Â.Ëóí¼â, È.Ãàøå-
íåíêî [3] âû÷èñëèëè ðàçëè÷íûå ðàçëîæåíèÿ ðåøåíèé ñèñòåìû (1.6) âî âñåõ
ñëó÷àÿõ, êîãäà íåçàâèñèìàÿ ïåðåìåííàÿ p → 0 è p → ∞. Íåêîòîðûå èç
ïîëó÷åííûõ ðåøåíèé áûëè èçâåñòíû ðàíåå, äðóãèå ðåøåíèÿ áûëè âû÷èñëåíû
âïåðâûå.

1.3 Ñäâèíóòûå ðåøåíèÿ óðàâíåíèé Í.Êîâàëåâñêîãî

Òåïåðü âû÷èñëÿþòñÿ ñòåïåííûå ðàçëîæåíèÿ ðåøåíèé ñèñòåìû (1.6), êîãäà
íåçàâèñèìàÿ ïåðåìåííàÿ p → p0, ãäå

p0 = const ∈ C, 0 6= p0 6= ∞.

Äëÿ ýòîãî ââåä¼ì íîâóþ ïåðåìåííóþ p̃ = p − p0. Òîãäà óñëîâèþ p → p0

ñîîòâåòñòâóåò óñëîâèå p̃ → 0. Ïîñëå ïîäñòàíîâêè p = p̃ + p0 â ñèñòåìû (1.6)
è (1.7) ïîëó÷èì óðàâíåíèÿ
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f̃1(σ, τ, p̃)
def
=

(
d2σ

dp̃2 τ +
dσ

dp̃

dτ

dp̃
/2

)
+

(
a3

dτ

dp̃
p̃ + a4τ

)
+ a2σ + a3p0

dτ

dp̃
+

+a5p̃
2 + 2a5p0p̃ +

(
a5p

2
0 + a1

)
= 0,

f̃2(σ, τ, p̃)
def
=

(
σ

d2τ

dp̃2 +
dσ

dp̃

dτ

dp̃
/2

)
+

(
b2

dσ

dp̃
p̃ + b3σ

)
+ b2p0

dσ

dp̃
+ b4τ+

+b5p̃
2 + 2b5p0p̃ +

(
b5p

2
0 + b1

)
= 0

(1.9)

è ïåðâûå èíòåãðàëû

f̃3(σ, τ, p̃)
def
=

(
dσ

dp̃
τ − σ

dτ

dp̃

)
+ c3σp̃ + c3p0σ + c4τ p̃ + c4p0τ+

+c5p̃
3 + 3c5p0p̃

2 +
(
3c5p

2
0 + c2

)
p̃ +

(
c5p

3
0 + c2p0 + c1

)
= 0,

f̃4(σ, τ, p̃)
def
= d1

(
dσ

dp̃

)2

τ + σ

(
dτ

dp̃

)2

+

+

(
d6p0

dσ

dp̃
τ + d7p0σ

dτ

dp̃

)
+

(
d6

dσ

dp̃
τ p̃ + d7σ

dτ

dp̃
p̃ + d8στ

)
+

+d5σ
2 + d9τ

2 + d11σp̃2 + 2d11p0σp̃ + d12τ p̃2 + 2d12p0τ p̃+

+
(
d11p

2
0 + d3

)
σ +

(
d12p

2
0 + d4

)
τ + d13p̃

4 + 4d13p0p̃
3+

+
(
6d13p

2
0 + d10

)
p̃2 +

(
4d13p

3
0 + 2d10p0

)
p̃ +

(
d13p

4
0 + d10p

2
0 + d2

)
= 0,
(1.10)

ãäå p̃�íîâàÿ íåçàâèñèìàÿ ïåðåìåííàÿ.
Äëÿ ñèñòåìû óðàâíåíèé (1.9) ïðè p̃ → 0 âû÷èñëèì ñòåïåííûå ðàçëîæåíèÿ

å¼ ðåøåíèé âèäà

σ = p̃α

(
σ0 +

∞∑
j=1

σj p̃
j∆

)
, τ = p̃β

(
τ0 +

∞∑
j=1

τj p̃
j∆

)
, (1.11)

ãäå σ0, σj, τ0, τj ∈ C, σ0, τ0 6= 0, α, β, ∆ ∈ Q, ∆ > 0. Ýòî ìîæíî ñäåëàòü ñ
ïîìîùüþ àëãîðèòìîâ ñòåïåííîé ãåîìåòðèè.

2 Óêîðî÷åíèÿ è íîðìàëüíûå êîíóñû ñèñòåì (1.9) è (1.10)

Óðàâíåíèÿ ñèñòåì (1.9) è (1.10) ÿâëÿþòñÿ ñóììàìè êîíå÷íîãî ÷èñëà ñëàãà-
åìûõ. Ñëàãàåìûå ÿâëÿþòñÿ ïðîèçâåäåíèÿìè îáû÷íûõ ìîíîìîâ íà êîíå÷íîå
÷èñëî ïðîèçâîäíûõ. Òàêèå ñëàãàåìûå íàçûâàþòñÿ äèôôåðåíöèàëüíûìè ìî-

íîìàìè. Â äàëüíåéøåì ñëîâî äèôôåðåíöèàëüíûé áóäåì îïóñêàòü.
Ââåä¼ì ïðîñòðàíñòâî R2+1 âåêòîðîâ Q = (q1, q2, q3) âåêòîðíûõ ïîêàçàòå-

ëåé ñòåïåíåé ìîíîìîâ óðàâíåíèé ñèñòåì (1.9) è (1.10). Êîýôôèöèåíòàì aj, bj,
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cj, dj, p0 è ïîëèíîìàì îò ýòèõ êîýôôèöèåíòîâ ñîîòâåòñòâóåò âåêòîðíûé ïî-
êàçàòåëü Q(const 6= 0) = (0, 0, 0). Ñòåïåííûì ôóíêöèÿì ñîîòâåòñòâóþò âåê-
òîðíûå ïîêàçàòåëè Q(σq1) = (q1, 0, 0), Q(τ q2) = (0, q2, 0) è Q(p̃q3) = (0, 0, q3).
Ïðîèçâîäíûì ñîîòâåòñòâóþò âåêòîðíûå ïîêàçàòåëè Q(dlσ/dp̃l) = (1, 0,−l) è
Q(dlτ/dp̃l) = (0, 1,−l). Âåêòîðíûé ïîêàçàòåëü ñòåïåíè ìîíîìà ðàâåí ñóììå
âåêòîðíûõ ïîêàçàòåëåé ñòåïåíåé âõîäÿùèõ â ìîíîì ìíîæèòåëåé.

Ìíîæåñòâî âåêòîðíûõ ïîêàçàòåëåé ñòåïåíåé ìîíîìîâ óðàâíåíèÿ íàçûâà-
åòñÿ íîñèòåëåì óðàâíåíèÿ.

×òîáû âû÷èñëÿòü âåêòîðíûå ïîêàçàòåëè ñòåïåíåé ìîíîìîâ è íîñèòåëè äëÿ
ñèñòåì ñ êîíå÷íûì ÷èñëîì óðàâíåíèé â âèäå ñóìì èç êîíå÷íîãî ÷èñëà ìîíî-
ìîâ íàïèñàíà ôóíêöèÿ íà ÿçûêå ñèñòåìû ñèìâîëüíûõ âû÷èñëåíèé Maxima.

Ñ ïîìîùüþ ýòîé ôóíêöèè äëÿ ìîíîìîâ óðàâíåíèé ñèñòåì (1.9) è (1.10)
âû÷èñëåíû âåêòîðíûå ïîêàçàòåëè:

Q((d2σ/dp̃2)τ) = Q((dσ/dp̃)(dτ/dp̃)/2) = Q1,

Q(a3(dτ)/(dp̃)p̃) = Q(a4τ) = Q2, Q(a2σ) = Q3, Q(a3p0(dτ)/(dp̃)) = Q4,

Q(a5p̃
2) = Q5, Q(2a5p0p̃) = Q6, Q(a5p

2
0 + a1) = Q7,

Q(σ(d2τ/dp̃2)) = Q((dσ/dp̃)(dτ/dp̃)/2) = Q1,

Q(b2(dσ)/(dp̃)p̃) = Q(b3σ) = Q3, Q(b2p0(dσ)/(dp̃)) = Q8,

Q(b4τ) = Q2, Q(b5p̃
2) = Q5, Q(2b5p0p̃) = Q6, Q(b5p

2
0 + b1) = Q7,

Q((dσ/dp̃)τ) = Q(−σ(dτ/dp̃)) = Q9, Q(c3σp̃) = Q10, Q(c3p0σ) = Q3,

Q(c4τ p̃) = Q11, Q(c4p0τ) = Q2, Q(c5p̃
3) = Q12, Q(3c5p0p̃

2) = Q5,

Q((3c5p
2
0 + c2)p̃) = Q6, Q(c5p

3
0 + c2p0 + c1) = Q7, Q(d1(dσ/dp̃)2τ) = Q13,

Q(σ(dτ/dp̃)2) = Q14, Q(d6p0(dσ/dp̃)τ) = Q(d7p0σ(dτ/dp̃)) = Q9,

Q(d6(dσ/dp̃)τ p̃) = Q(d7σ(dτ/dp̃)p̃) = Q(d8στ) = Q15, Q(d5σ
2) = Q16,

Q(d9τ
2) = Q17, Q(d11σp̃2) = Q18, Q(2d11p0σp̃) = Q10, Q(d12τ p̃2) = Q19,

Q(2d12p0τ p̃) = Q11, Q((d11p
2
0 + d3)σ) = Q3, Q((d12p

2
0 + d4)τ) = Q2,

Q(d13p̃
4) = Q20, Q(4d13p0p̃

3) = Q12, Q((6d13p
2
0 + d10)p̃

2) = Q5,

Q(2(2d13p
2
0 + d10)p0p̃) = Q6, Q(d13p

4
0 + d10p

2
0 + d2) = Q7,

ãäå Q1 = (1, 1,−2), Q2 = (0, 1, 0), Q3 = (1, 0, 0), Q4 = (0, 1,−1), Q5 = (0, 0, 2),
Q6 = (0, 0, 1), Q7 = (0, 0, 0), Q8 = (1, 0,−1), Q9 = (1, 1,−1), Q10 = (1, 0, 1),
Q11 = (0, 1, 1),Q12 = (0, 0, 3),Q13 = (2, 1,−2),Q14 = (1, 2,−2),Q15 = (1, 1, 0),
Q16 = (2, 0, 0), Q17 = (0, 2, 0), Q18 = (1, 0, 2), Q19 = (0, 1, 2), Q20 = (0, 0, 4),
è íîñèòåëè S(f̃1) = S1 = {Q1, Q2, Q3, Q4, Q5, Q6, Q7}, S(f̃2) = S2 = {Q1, Q2,
Q3, Q5, Q6, Q7, Q8}, S(f̃3) = S3 = {Q2, Q3, Q5, Q6, Q7, Q9, Q10, Q11, Q12},
S(f̃4) = S4 = {Q2, Q3, Q5, Q6, Q7, Q9, Q10, Q11, Q12, Q13, Q14, Q15, Q16, Q17, Q18,
Q19, Q20}.
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Íåêîòîðûì ðàçëè÷íûì ìîíîìàì â îäíîì óðàâíåíèè ñîîòâåòñòâóåò îäèí
è òîòæå âåêòîðíûé ïîêàçàòåëü ñòåïåíè. Ñóììû òàêèõ ìîíîìîâ ïîêàçàíû â
áîëüøèõ ñêîáêàõ. Ïîêà ïðåäïîëîæèì, ÷òî â óðàâíåíÿõ ñèñòåì (1.9) è (1.10)
äëÿ êàæäîãî âåêòîðíîãî ïîêàçàòåëÿ íîñèòåëåé S1, . . . ,S4 ïðèñóòñòâóåò íå
ìåíåå îäíîãî ìîíîìà. Â äàëüíåéøåì ýòî ïðåäïîëîæåíèå áóäåì óòî÷íÿòü.

Ââåä¼ì ïðîñòðàíñòâî R2+1
∗ âåêòîðîâ R = (r1, r2, r3), äâîéñòâåííîå ïðî-

ñòðàíñòâó R2+1, ò.å. îïðåäåëåíî ñêàëÿðíîå ïðîèçâåäåíèå 〈Q,R〉 = q1r1+q2r2+
q3r3. Êàæäîìó âåêòîðó R ∈ R2+1 \ 0 â êàæäîì íîñèòåëå Si′, i′ = 1, 2, 3, 4 ñî-
îòâåòñòâóåò ãðàíè÷íîå ïîäìíîæåñòâî

Si′,R = {Q′ | 〈Q′, R〉 = max
Q∈Si′

〈Q, R〉} ⊆ Si′. (2.1)

Ãðàíè÷íîìó ïîäìíîæåñòâó Si′,R ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

f̃i′,R(σ, τ, p̃)
def
=
∑

j

gj(σ, τ, p̃) = 0, Q(gj(σ, τ, p̃)) ∈ Si′,R.

ãäå gj(σ, τ, p̃)�ìîíîì èç f̃i′(σ, τ, p̃).
Íàáîð ãðàíè÷íûõ ïîäìíîæåñòâ S1,R, . . . ,S4,R èç âñåõ íîñèòåëåé S1, . . . ,S4,

ñîîòâåòñòâóþùèõ îäíîìó è òîìóæå âåêòîðó R íàçûâàåòñÿ íàáîðîì ñîãëàñî-

âàííûõ ãðàíè÷íûõ ïîäìíîæåñòâ. Ýòîìó ñîãëàñîâàííîìó íàáîðó ñîîòâåòñòâó-
åò ñèñòåìà óêîðî÷åííûõ óðàâíåíèé f̃1,R, . . . , f̃4,R, íàçûâàåìàÿ óêîðî÷åííîé

ñèñòåìîé èëè óêîðî÷åíèåì ïî âåêòîðó R.
Äëÿ âû÷èñëåíèé ïîêàçàòåëåé è êîýôôèöèåíòîâ âåäóùóùèõ ÷ëåíîâ ñòå-

ïåííûõ ðàçëîæåíèé ñóùåñòâóåò

Òåîðåìà 1 ([4]). Åñëè âûðàæåíèÿ (1.11) ÿâëÿþòñÿ ðàçëîæåíèåì ðåøåíèÿ

óðàâíåíèé (1.9) ñ ïåðâûìè èíòåãðàëàìè (1.10) ïðè p̃ → 0 è ïîêàçàòåëÿ-

ìè α = r1/r3, β = r2/r3, r3 < 0, òî êîýôôèöèåíòû σ0, τ0 6= 0 ÿâëÿþòñÿ

ðåøåíèåì óêîðî÷åííîé ñèñòåìû

f̃1,(r1,r2,r3)(σ0p̃
r1/r3, τ0p̃

r2/r3, p̃) = 0,

f̃2,(r1,r2,r3)(σ0p̃
r1/r3, τ0p̃

r2/r3, p̃) = 0,
(2.2)

à çíà÷åíèÿ èíòåãðàëîâ z, λ, ξ óäîâëåòâîðÿþò óðàâíåíèÿì

f̃3,(r1,r2,r3)(σ0p̃
r1/r3, τ0p̃

r2/r3, p̃) = 0,

f̃4,(r1,r2,r3)(σ0p̃
r1/r3, τ0p̃

r2/r3, p̃) = 0,
(2.3)

Åñëè óêîðî÷åííûå ñèñòåìû (2.2),(2.3) íå èìåþò ðåøåíèé σ0, τ0 6= 0, òî
ðåøåíèÿ óðàâíåíèé (1.9) ñ ïåðâûìè èíòåãðàëàìè (1.10) íå èìåþò ðàçëî-

æåíèé (1.11) ïðè p̃ → 0 ñ ïîêàçàòåëÿìè α = r1/r3, β = r2/r3, r3 < 0.
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Ìíîæåñòâî U ⊂ R2+1
∗ âåêòîðîâ R ∈ U, êîòîðûì ñîîòâåòñòâóåò îäíî è

òîæå ãðàíè÷íîå ïîäìíîæåñòâî S1,U, . . . ,S4,U è îäíà è òàæå óêîðî÷åííàÿ ñè-
ñòåìà f̃1,U, . . . , f̃4,U íàçûâàåòñÿ íîðìàëüíûì êîíóñîì ýòîãî óêîðî÷åíèÿ.

Â ðàáîòå [5] îïèñàí àëãîðèòì âû÷èñëåíèÿ âñåõ íàáîðîâ ñîãëàñîâàííûõ ãðà-
íè÷íûõ ïîäìíîæåñòâ è èõ íîðìàëüíûõ êîíóñîâ äëÿ êîíå÷íîãî íàáîðà êîíå÷-
íûõ íîñèòåëåé êîíå÷íîé ðàçìåðíîñòè. Ïî ýòîìó àëãîðèòìó äëÿ íàáîðà íîñè-
òåëåé ñîñòàâëÿåòñÿ ñèñòåìà îäíîðîäíûõ ëèíåéíûõ íåðàâåíñòâ è ïî ðåøåíèþ
ýòîé ñèñòåìû âû÷èñëÿþòñÿ íàáîðû ñîãëàñîâàííûõ ãðàíè÷íûõ ïîäìíîæåñòâ è
èõ íîðìàëüíûå êîíóñû. Ýòîò àëãîðèòì, à òàêæå àëãîðèòì Ìîöêèíà-Áóðãåðà
ðåøåíèÿ ñèñòåì ëèíåéíûõ íåðàâåíñòâ, ðåàëèçîâàíû â âèäå êîìïüþòåðíîé
ïðîãðàììû íà ÿçûêå C++.

Ñ ïîìîùüþ ýòîé ïðîãðàììû äëÿ íàáîðà íîñèòåëåé S1, . . . ,S4 âû÷èñëåíû
âñå íàáîðû ñîãëàñîâàííûõ ãðàíè÷íûõ ïîäìíîæåñòâ è èõ íîðìàëüíûå êîíóñû.

Ïîñêîëüêó èùóòñÿ ðàçëîæåíèÿ ðåøåíèé ïðè p̃ → 0, òî íàäî ðàññìàòðè-
âàòü òîëüêî òå óêîðî÷åíèÿ f̃1,U, . . . , f̃4,U, ó êîòîðûõ íîðìàëüíûå êîíóñû U
èìåþò íåïóñòîå ïåðåñå÷åíèå ñ ïîëóïðîñòðàíñòâîì r3 < 0. Òàêèõ íîðìàëüíûõ
êîíóñîâ 49. Ñå÷åíèÿ ýòèõ êîíóñîâ ãèïåðïëîñêîñòüþ γ = r3 = −1 ïîêàçàíû íà
ðèñ. 1. Ýòè ñå÷åíèÿ ñîñòîÿò èç òî÷åê, îòêðûòûõ îòðåçêîâ, îòêðûòûõ ëó÷åé è
íåçàìêíóòûõ äâóìåðíûõ ìíîãîãðàííûõ âûïóêëûõ ìíîæåñòâ.

Íà ðèñ. 1 âèäíî, ÷òî 21 ïàðà êîíóñîâ ñèììåòðè÷íû äðóã äðóãó îòíîñè-
òåëüíî ïðÿìîé α = β. Ýòèì ïàðàì êîíóñîâ ñîîòâåòñòâóþò ïàðû óêîðî÷åíèé,
ñèììåòðè÷íûõ äðóã äðóãó îòíîñèòåëüíî çàìåíû ïåðåìåííûõ è ïàðàìåòðîâ

(σ, τ, x, y, z, λ, ξ) ↔ (−τ,−σ, x/y, 1/y, z/y, λ/y, ξ/y). (2.4)

Ðàçëîæåíèÿ ðåøåíèé, âû÷èñëåííûõ ïî òàêèì ïàðàì ñèììåòðè÷íûõ óêîðî-
÷åíèé, òàêæå ñèììåòðè÷íû îòíîñèòåëüíî çàìåíû (2.4). Ïîýòîìó äîñòàòî÷íî
âû÷èñëèòü ðàçëîæåíèå ðåøåíèÿ òîëüêî ïî îäíîìó óêîðî÷åíèþ èç ïàðû ñèì-
ìåòðè÷íûõ.

Äëÿ 28 óêîðî÷åíèé (ïî îäíîìó èç 21 ïàðû è 7 îñòàâøèõñÿ) è èõ íîðìàëü-
íûõ êîíóñîâ áûëè ñîñòàâëåíû è ðåøåíû ñèñòåìû óðàâíåíèé âèäà (2.2),(2.3).
Ñå÷åíèÿ íîðìàëüíûõ êîíóñîâ óêîðî÷åíèé, äëÿ êîòîðûõ ñèñòåìû óðàâíåíèé
âèäà (2.2),(2.3) èìåþò ðåøåíèÿ σ0, τ0 6= 0, îòìå÷åíû íà ðèñ. 1 ÷¼ðíûì öâå-
òîì è îáîçíà÷åíû ñèìâîëàìè U1, . . . ,U5 è Ū1, . . . , Ū4. Îñòàëüíûå êîíóñû
îòìå÷åíû ñåðûì è áåëûì öâåòàìè è íèêàê íå îáîçíà÷åíû. ×¼ðòî÷êà íàä
îáîçíà÷åíèåì êîíóñà îçíà÷àåò, ÷òî äëÿ ýòîãî êîíóñà èìååòñÿ ñèììåòðè÷íûé
êîíóñ.
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3 Ñëó÷àé íîðìàëüíîãî êîíóñà U1

Íîðìàëüíîìó êîíóñó U1 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé

f̃1,1
def
=

(
d2σ

dp̃2 τ +
dσ

dp̃

dτ

dp̃
/2

)
+ a3p0

dτ

dp̃
= 0,

f̃2,1
def
=

(
σ

d2τ

dp̃2 +
dσ

dp̃

dτ

dp̃
/2

)
= 0

(3.1)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ

f̃3,1
def
=

(
dσ

dp̃
τ − σ

dτ

dp̃

)
+ c4p0τ +

(
c5p

3
0 + c2p0 + c1

)
= 0,

f̃4,1
def
= σ

(
dτ

dp̃

)2

= 0

(3.2)

ïðè óñëîâèÿõ

a3 6= 0, c4 6= 0, c5p
3
0 + c2p0 + c1 6= 0. (3.2′)

Ñå÷åíèå íîðìàëüíîãî êîíóñà U1 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ âåê-
òîðîì (α, β, γ) ñ êîîðäèíàòàìè α = −1, β = 0, γ = −1. Ñëåäîâàòåëüíî, åñëè
ôóíêöèè

σ = σ0p̃
α/γ = σ0p̃, τ = τ0p̃

β/γ = τ0 (3.3)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (1.9), òî ýòè ôóíêöèè
ÿâëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (3.1). Ïîäñòàíîâêà ôóíêöèé (3.3) â âû-
ðàæåíèÿ (3.1) îáðàùàåò ïîñëåäíèå â ðàâåíñòâà ïðè ëþáûõ çíà÷åíèÿõ êîýô-
ôèöèåíòîâ σ0 è τ0. Òàêæå ïðè ëþáûõ çíà÷åíèÿõ σ0 è τ0 âñåãäà îñòà¼òñÿ ðàâåí-
ñòâîì âûðàæåíèå f̃4,1 ïðè ïîäñòàíîâêå â íåãî ôóíêöèé (3.3). À ïîäñòàíîâêà
â âûðàæåíèå f̃3,1 îáðàùàåò åãî â ðàâåíñòâî

(σ0 + c4p0)τ0 + c5p
3
0 + c2p0 + c1 = 0

è ïîçâîëÿåò âûðàçèòü çàâèñèìîñòü çíà÷åíèÿ îäíîãî èç ïåðâûõ èíòåãðàëîâ,
íàïðèìåð, λ îò êîýôôèöèåíòîâ ïåðâûõ ïðèáëèæåíèé σ0 è τ0.

Äëÿ âû÷èñëåíèÿ îñòàëüíûõ ÷ëåíîâ ðàçëîæåíèÿ (1.11) â ñëó÷àå êîíóñà U1

âû÷èñëèì ìàòðèöó ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (3.1)

F
def
=

[
δf̃1,1/δσ δf̃1,1/δτ

δf̃2,1/δσ δf̃2,1/δτ

]
=

 τ
d2

dp̃2 +
1

2

dτ

dp̃

d

dp̃

1

2

dσ

dp̃

d

dp̃
+ a3p0

d

dp̃
+

d2σ

dp̃2

1

2

dτ

dp̃

d

dp̃
+

d2τ

dp̃2 σ
d2

dp̃2 +
1

2

dσ

dp̃

d

dp̃

 .
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Â ìàòðèöó F ïîäñòàâèì âûðàæåíèÿ (3.3), óìíîæèì ðåçóëüòàò ñïðàâà íà äèà-
ãîíàëüíóþ ìàòðèöó diag

[
p̃s+α/γ, p̃s+β/γ

]
= diag

[
p̃s+1, p̃s

]
, à ñëåâà óìíîæèì

íà äèàãîíàëüíóþ ìàòðèöó diag
[
p̃−s−g1/γ, p̃−s−g2/γ

]
= diag

[
p̃−s+1, p̃−s+1

]
, ãäå

gi = maxQ∈Si
〈Q, R〉, R ∈ U1, i = 1, 2. Â ðåçóëüòàòå ïîëó÷èì õàðàêòåðèñòè-

÷åñêóþ ìàòðèöó óêîðî÷åíèÿ (3.1)

N (s) =

s(s + 1)τ0 s
2a3p0 + σ0

2
0 s(2s− 1)

σ0

2

 .

Îïðåäåëèòåëü ν(s) = detN (s) ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêèì ïîëèíîìîì óêî-
ðî÷åíèÿ (3.1), à êîðíè óðàâíåíèÿ ν(s) = 0

s1 =
1

2
, s2 = s3 = 0, s4 = −1

ÿâëÿþòñÿ ñîáñòâåííûìè ÷èñëàìè óêîðî÷åíèÿ (3.1). Íàèìåíüøåå ïîëîæèòåëü-
íîå ñîáñòâåííîå ÷èñëî ðàâíî 1/2.

Äëÿ âû÷èñëåíèÿ ìàòðèöû ïðîèçâîäíûõ Ôðåøå, õàðàêòåðèñòè÷åñêîé ìàò-
ðèöû è õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ñèñòåì ñóìì ìîíîìîâ íàïèñàíà ôóíê-
öèÿ íà ÿçûêå ñèñòåìû ñèìâîëüíûõ âû÷èñëåíèé Maxima.

Òåïåðü ñîãëàñíî [6] âû÷èñëèì âåëè÷èíó ïðèðàùåíèÿ ñòåïåíè ∆ ðàçëîæå-
íèÿ (1.11) â ñëó÷àå íîðìàëüíîãî êîíóñàU1. Äëÿ ýòîãî â ñèñòåìó (1.9) ñäåëàåì
ïîäñòàíîâêó σ = σ0p̃ + σ̂, τ = τ0 + τ̂ è ïîëó÷èì ñèñòåìó óðàâíåíèé ñ çàâèñè-
ìûìè ïåðåìåííûìè σ̂, τ̂ è íåçàâèñèìîé ïåðåìåííîé p̃

ϕ1(σ̂, τ̂ , p̃)
def
=

(
dσ̂

dp̃

dτ̂

dp̃
/2 +

d2σ̂

dp̃2 τ̂

)
+

(
a3

dτ̂

dp̃
p̃ + a4τ̂

)
+ τ0

d2σ̂

dp̃2 +

+ (σ0/2 + a3p0)
dτ̂

dp̃
+ a2σ̂ + a5p̃

2 + (a2σ0 + 2a5p0)p̃ + (a5p
2
0 + a4τ0 + a1) = 0

ϕ2(σ̂, τ̂ , p̃)
def
=

(
dσ̂

dp̃

dτ̂

dp̃
/2 + σ̂

d2τ̂

dp̃2

)
+

(
b2

dσ̂

dp̃
p̃ + b3σ̂

)
+ σ0

(
d2τ̂

dp̃2 p̃ +
dτ̂

dp̃
/2

)
+

+ b2p0
dσ̂

dp̃
+ b4τ̂ + b5p̃

2 + ((b2 + b3)σ0 + 2b5p0)p̃+

+ (b5p
2
0 + b4τ0 + b2p0σ0 + b1) = 0

è íîñèòåëÿìè
S(ϕ1) = {(1, 1,−2), (0, 1, 0), (1, 0,−2), (0, 1,−1), (1, 0, 0), (0, 0, 2), (0, 0, 1), (0, 0,
0)} , S(ϕ2) = {(1, 1,−2), (1, 0, 0), (0, 1,−1), (1, 0,−1), (0, 1, 0), (0, 0, 2), (0, 0, 1),
(0, 0, 0)}

Ìíîæåñòâà âåêòîðîâ íîñèòåëåé S(ϕ1) è S(ϕ2) îòîáðàçèì â äâóìåðíûå ìíî-
æåñòâà Ŝ(ϕ1) è Ŝ(ϕ2) âåêòîðîâ (l0, l1), ãäå l0 = (〈Q̂, R〉 −max〈Q̂, R〉)/γ, l1 =
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q1 + q2 + q3 − 1, P ∈ U1, Q̂ ∈ S(ϕi), i = 1, 2. Ïîñëå îáúåäèíåíèÿ ðåçóëüòàòîâ
îòîáðàæåíèé ïîëó÷èì ìíîæåñòâî Ŝ(ϕ1) ∪ Ŝ(ϕ1) = {(0,−2), (0,−1), (1,−1),
(1, 0), (2, 0), (3, 1)}. Â ýòîì ìíîæåñòâå êîîðäèíàòû âñåõ âåêòîðîâ öåëî÷èñ-
ëåííûå è âåëè÷èíà ïðèðàùåíèÿ ñòåïåíè ∆ ìîæåò áûòü ðàâíà 1. Íî òàê êàê
íàèìåíüøåå ïîëîæèòåëüíîå ñîáñòâåííîå ÷èñëî s1 = 1/2 < 1, òî ∆ = 1/2.

Òàêèì îáðàçîì, ñëåäóþùèå ÷ëåíû ðàçëîæåíèÿ (1.11) â ñëó÷àå êîíóñà U1

ýòî σ1p̃
3/2 è τ1p̃

1/2. Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ σ1 è τ1 ïîäñòàâèì âûðà-
æåíèÿ σ = σ0p̃ + σ1p̃

3/2 è τ = τ0 + τ1p̃
1/2 â ñèñòåìó (1.9), ïðèâåä¼ì ïîäîáíûå

÷ëåíû è ïðèðàâíÿåì íóëþ êîýôôèöèåíòû ïðè p̃3/2 â ïåðâîì óðàâíåíèè è ïðè
p̃1/2 âî âòîðîì óðàâíåíèè. Ïîëó÷èì ñèñòåìó äâóõ ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ σ1 è τ1. Ðåøåíèå ýòîé ñèñòåìû

σ1 = −σ0 + 2a3p0

3τ0
τ1, τ1 − ïðîèçâîëüíî.

Àíàëîãè÷íûì ñïîñîáîì âû÷èñëÿþòñÿ îñòàëüíûå êîýôôèöèåíòû σj è τj,
j = 2, 3, . . . . Òàê, êîýôôèöèåíòû σ2 è τ2 ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû äâóõ
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

[
2τ0 σ0/2 + a3p0

0 σ0/2

] [
σ2

τ2

]
=

= −1

8

[
−3((σ0 + 2a3p0)/τ0)τ

2
1 + 8a4τ0 + 8a5p

2
0 + 8a1

−((σ0 + 2a3p0)/(3τ0))τ
2
1 + 8b4τ0 + 8b2p0σ0 + 8b5p

2
0 + 8b1

]
ñ íåíóëåâûì îïðåäåëèòåëåì ìàòðèöû â ïðàâîé ÷àñòè óðàâíåíèÿ.

Òàêèì îáðàçîì, ïîëó÷åíî ñòåïåííîå ðàçëîæåíèå òð¼õïàðàìåòðè÷åñêîãî
(ïàðàìåòðû σ0, τ0 è σ1) ñåìåéñòâà ðåøåíèé F1 ñèñòåìû óðàâíåíèé (1.9) ïðè
óñëîâèÿõ (3.2′).

Ïîñêîëüêó èìååòñÿ íîðìàëüíûé êîíóñ Ū1, ñèììåòðè÷íûé êîíóñó U1, òî
çàìåíîé (2.4) â ñåìåéñòâå ðåøåíèé F1 ïîëó÷èòñÿ ñåìåéñòâî ðåøåíèé F̄1

4 Ñëó÷àé íîðìàëüíîãî êîíóñà U2

Íîðìàëüíîìó êîíóñó U2 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé

f̃1,2
def
= a3p0

dτ

dp̃
= 0,

f̃2,2
def
=

(
σ

d2τ

dp̃2 +
dσ

dp̃

dτ

dp̃
/2

)
+ b4τ + (b5p

2
0 + b1) = 0

(4.1)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ
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f̃3,2
def
= c4p0τ +

(
c5p

3
0 + c2p0 + c1

)
= 0,

f̃4,2
def
= σ

(
dτ

dp̃

)2

+ d9τ
2 +

(
d12p

2
0 + d4

)
τ +

(
d13p

4
0 + d10p

2
0 + d2

)
= 0

(4.2)

ïðè óñëîâèÿõ

a3 6= 0, b4 6= 0, b5p
2
0 + b1 6= 0, c4 6= 0, c5p

3
0 + c2p0 + c1 6= 0,

d9 6= 0, d12p
2
0 + d4 6= 0, d13p

4
0 + d10p

2
0 + d2 6= 0.

(4.2′)

Ñå÷åíèå íîðìàëüíîãî êîíóñà U2 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ âåê-
òîðîì (α, β, γ) ñ êîîðäèíàòàìè α = −2, β = 0, γ = −1. Ñëåäîâàòåëüíî, åñëè
ôóíêöèè

σ = σ0p̃
α/γ = σ0p̃

2, τ = τ0p̃
β/γ = τ0 (4.3)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (1.9), òî ýòè ôóíêöèè
ÿâëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (4.1). Ïîäñòàíîâêà ôóíêöèé (4.3) â âû-
ðàæåíèÿ (4.1) îáðàùàåò èõ â ðàâåíñòâî

b4τ0 + b5p
2
0 + b1 = 0, (4.4)

îòêóäà ñëåäóåò, ÷òî çíà÷åíèå êîýôôèöèåíòà σ0 ïðîèçâîëüíî, à çíà÷åíèå êî-
ýôôèöèåíòà

τ0 = −(b5p
2
0 + b1)/b4. (4.4′)

Ïîäñòàíîâêà ôóíêöèé (4.3) â âûðàæåíèÿ (4.2) îáðàùàåò èõ â ðàâåíñòâà

c4p0τ0 + c5p
3
0 + c2p0 + c1 = 0,

d9τ
2
0 + (d12p

2
0 + d4)τ0 + d13p

4
0 + d10p

2
0 + d2 = 0,

(4.5)

êîòîðûå ïîçâîëÿþò âûðàçèòü çàâèñèìîñòü çíà÷åíèé ïåðâûõ èíòåãðàëîâ îò
êîýôôèöèåíòîâ ïåðâûõ ïðèáëèæåíèé σ0 è τ0.

Äëÿ âû÷èñëåíèÿ îñòàëüíûõ ÷ëåíîâ ðàçëîæåíèÿ (1.11) â ñëó÷àå êîíóñà U2

âû÷èñëèì ìàòðèöó ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (4.1)

F
def
=

 0 a3p0
d

dp̃
1

2

dτ

dp̃

d

dp̃
+

d2τ

dp̃2 σ
d2

dp̃2 +
1

2

dσ

dp̃

d

dp̃
+ b4

 .
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Â ìàòðèöó F ïîäñòàâèì âûðàæåíèÿ (4.3), óìíîæèì ðåçóëüòàò ñïðàâà íà
äèàãîíàëüíóþ ìàòðèöó diag

[
p̃s+α/γ, p̃s+β/γ

]
= diag

[
p̃s+2, p̃s

]
, à ñëåâà óìíî-

æèì íà äèàãîíàëüíóþ ìàòðèöó diag
[
p̃−s−g1/γ, p̃−s−g2/γ

]
= diag

[
p̃−s+1, p̃−s

]
,

ãäå gi = maxQ∈Si
〈Q, R〉, R ∈ U2, i = 1, 2. Â ðåçóëüòàòå ïîëó÷èì õàðàêòåðè-

ñòè÷åñêóþ ìàòðèöó óêîðî÷åíèÿ (4.1)

N (s) =

[
0 a3p0s
0 s2σ0 + b4

]
.

Îïðåäåëèòåëü ν(s) = detN (s) òîæäåñòâåííî ðàâåí 0 è óêîðî÷åíèÿ (4.1) íåäî-
ñòàòî÷íî äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ (1.11) â ñëó÷àå êîíóñà U2.

Òàê êàê â ðàññìàòðèâàåìîì ñëó÷àå ïåðâûì ïðèáëèæåíèåì ïåðåìåííîé τ
ÿâëÿåòñÿ êîíñòàíòà τ0, òî äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ ââåä¼ì íîâóþ çàâè-
ñèìóþ ïåðåìåííóþ τ̃ = τ − τ0. Òîãäà τ = τ̃ + τ0. Ïîäñòàâèì ýòî âûðàæåíèå
äëÿ τ â óðàâíåíèÿ (1.9) è èíòåãðàëû (1.10) è, ó÷èòûâàÿ (4.4), (4.5), ïîëó÷èì
ñèñòåìó óðàâíåíèé

˜̃f1(σ, τ̃ , p̃)
def
=

(
d2σ

dp̃2 τ̃ +
dσ

dp̃

dτ̃

dp̃
/2

)
+

(
a3

dτ̃

dp̃
p̃ + a4τ̃

)
+

+ τ0
d2σ

dp̃2 + a3p0
dτ̃

dp̃
+ a2σ + a5p̃

2 + 2a5p0p̃ +
(
τ0a4 + a5p

2
0 + a1

)
= 0,

˜̃f2(σ, τ̃ , p̃)
def
=

(
σ

d2τ̃

dp̃2 +
dσ

dp̃

dτ̃

dp̃
/2

)
+

(
b2

dσ

dp̃
p̃ + b3σ

)
+

+ b2p0
dσ

dp̃
+ b4τ̃ + b5p̃

2 + 2b5p0p̃ = 0

(4.6)

è ñèñòåìó èíòåãðàëîâ

˜̃f3(σ, τ̃ , p̃)
def
=

(
dσ

dp̃
τ̃ − σ

dτ̃

dp̃

)
+ τ0

dσ

dp̃
+ c3σp̃ + c3p0σ + c4τ̃ p̃ + c4p0τ̃+

+ c5p̃
3 + 3c5p0p̃

2 +
(
c4τ0 + 3c5p

2
0 + c2

)
p̃ = 0,

˜̃f4(σ, τ̃ , p̃)
def
= d1

(
dσ

dp̃

)2

τ̃ + σ

(
dτ̃

dp̃

)2

+ d1τ0

(
dσ

dp̃

)2

+

+

(
d6p0

dσ

dp̃
τ̃ + d7p0σ

dτ̃

dp̃

)
+

(
d6

dσ

dp̃
τ̃ p̃ + d7σ

dτ̃

dp̃
p̃ + d8στ̃

)
+

+ d6τ0p0
dσ

dp̃
+

(
d6τ0

dσ

dp̃
p̃ +

(
d11p

2
0 + d3 + τ0d8

)
σ

)
+ d5σ

2 + d9τ̃
2+

+ d11σp̃2 + 2d11p0σp̃ + d12τ̃ p̃2 + 2d12p0τ̃ p̃ +
(
d12p

2
0 + d4 + 2τ0d9

)
τ̃+

+ d13p̃
4 + 4d13p0p̃

3 +
(
6d13p

2
0 + d10 + τ0d12

)
p̃2+

+ 2
(
2d13p

2
0 + d10 + τ0d12

)
p0p̃ = 0,

(4.7)
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ãäå âìåñòî çàâèñèìîé ïåðåìåííîé τ òåïåðü çàâèñèìàÿ ïåðåìåííàÿ τ̃ . Âû÷èñ-
ëèì ñòåïåííûå ðàçëîæåíèÿ

σ = p̃2

(
σ0 +

∞∑
j=1

σj p̃
j∆

)
, τ̃ = p̃β

(
τ̃0 +

∞∑
j=1

τ̃j p̃
j∆

)
(4.8)

ðåøåíèé ñèñòåìû (4.6) ïðè p̃ → 0 è τ̃ → 0, ãäå τ̃0 6= 0.
Óðàâíåíèÿ (4.6) è (4.7) òàêæå ÿâëÿþòñÿ ñóììàìè ìîíîìîâ è äëÿ âû÷èñëå-

íèÿ ðàçëîæåíèé (4.8) ìîæíî èñïîëüçîâàòü ñòåïåííóþ ãåîìåòðèþ. Äëÿ ýòîãî
âû÷èñëÿþòñÿ íîñèòåëè óðàâíåíèé (4.6) è (4.7), íàáîðû èõ ñîãëàñîâàííûõ ãðà-
íè÷íûõ ïîäìíîæåñòâ, íîðìàëüíûå êîíóñû è óêîðî÷åíèÿ. Ñå÷åíèÿ ãèïåðïëîñ-
êîñòüþ γ = −1 íîðìàëüíûõ êîíóñîâ ñîãëàñîâàííûõ ãðàíè÷íûõ ïîäìíîæåñòâ

íîñèòåëåé S( ˜̃f1), S( ˜̃f2), S( ˜̃f3), S( ˜̃f4) ïîêàçàíû íà ðèñ. 2. ×¼ðíûì öâåòîì îò-
ìå÷åíû òå ñå÷åíèÿ íîðìàëüíûõ êîíóñîâ óêîðî÷åíèé, äëÿ êîòîðûõ ñèñòåìû
óðàâíåíèé âèäà (2.2),(2.3) èìåþò ðåøåíèÿ σ0, τ0 6= 0. Îñòàëüíûå êîíóñû îò-
ìå÷åíû ñåðûì è áåëûì öâåòàìè. Îáúÿñíåíèÿ î êîíóñàõ, îòìå÷åííûõ ÷¼ðíûì
ïóíêòèðîì, ñëåäóþò íèæå.

Òåïåðü ïîêàçàòåëè ñòåïåíåé ïåðâûõ ïðèáëèæåíèé ðàçëîæåíèé (4.8) äîëæ-
íû óäîâëåâîðÿòü óñëîâèÿì σ = 2, β < 0. Ãåîìåòðè÷åñêè ýòèì óñëîâèÿì ñî-
îòâåòñòâóåò ëó÷, îòìå÷åííûé íà ðèñ. 2 ò¼ìíî-ñåðûì öâåòîì. Ñ ýòèì ëó÷îì
ïåðåñåêàþòñÿ ñå÷åíèÿ êîíóñîâ: â âèäå òî÷êè (U7) è â âèäå ëó÷à (U8).

4.1 Ñëó÷àé íîðìàëüíîãî êîíóñà U7

Íîðìàëüíîìó êîíóñó U7 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé

˜̃f1,7
def
= a3p0

dτ̃

dp̃
+

d2σ

dp̃2 τ0 + (a4τ0 + a5p
2
0 + a1) = 0,

˜̃f2,7
def
=

(
σ

d2τ̃

dp̃2 +
dσ

dp̃

dτ̃

dp̃
/2

)
+ b4τ̃ + b2p0

dσ

dp̃
+ 2b5p0p̃ = 0

(4.9)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ

˜̃f3,7
def
= c4p0τ̃ +

dσ

dp̃
τ0 + (c4τ0 + 3c5p

2
0 + c2)p̃ = 0,

˜̃f4,7
def
= (2d9τ0 + d12p

2
0 + d4)τ̃ + d6p0

dσ

dp̃
τ0 + (2d12p0τ0 + 4d13p

3
0 + 2d10p0)p̃ = 0

(4.10)
ïðè óñëîâèÿõ (4.2′) è óñëîâèÿõ

τ0a4 + a5p
2
0 + a1 6= 0, b2 6= 0, b5 6= 0, c4τ0 + 3c5p

2
0 + c2 6= 0,

d6 6= 0, 2d9τ0 + d12p
2
0 + d4 6= 0, 2d12p0τ0 + 4d13p

3
0 + 2d10p0 6= 0.

(4.10′)
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Ñå÷åíèå íîðìàëüíîãî êîíóñà U7 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ âåê-
òîðîì (α, β, γ) ñ êîîðäèíàòàìè α = −2, β = −1, γ = −1. Ñëåäîâàòåëüíî,
åñëè ôóíêöèè

σ = σ0p̃
α/γ = σ0p̃

2, τ̃ = τ̃0p̃
β/γ = τ̃0p̃ (4.11)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (4.6), òî ýòè ôóíêöèè
ÿâëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (4.9). Ïîäñòàíîâêà ôóíêöèé (4.11) â
âûðàæåíèÿ (4.9) äà¼ò ñèñòåìó óðàâíåíèé

a3p0τ̃0 + 2σ0τ0 + (a4τ0 + a5p
2
0 + a1) = 0,

σ0τ̃0 + b4τ̃0 + 2b2p0σ0 + 2b5p0 = 0.
(4.12)

Èç ïåðâîãî óðàâíåíèÿ ýòîé ñèñòåìû ìîæíî âûðàçèòü τ̃0 è ïîäñòàâèòü ýòî
âûðàæåíèå âî âòîðîå óðàâíåíèå. Òîãäà äëÿ íåèçâåñòíîãî σ0 ïîëó÷èòñÿ êâàä-
ðàòíîå óðàâíåíèå

2τ0σ
2
0 −

(
2a3b2p

2
0 − 2b4τ0 − (a4τ0 + a5p

2
0 + a1)

)
σ0−

−
(
2a3b5p

2
0 − b4(a4τ0 + a5p

2
0 + a1)

)
= 0

Ïîäñòàíîâêà ôóíêöèé (4.11) â âûðàæåíèÿ (4.10) äà¼ò óðàâíåíèÿ, ëèíåéíî
çàâèñèìûå îò ïåðâîãî óðàâíåíèÿ ñèñòåìû (4.12).

Äëÿ âû÷èñëåíèÿ îñòàëüíûõ ÷ëåíîâ ðàçëîæåíèÿ (4.8) â ñëó÷àå êîíóñà U7

âû÷èñëèì ìàòðèöó ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (4.9)

F
def
=

 τ0
d2

dp̃2 a3p0
d

dp̃
dτ̃

dp̃

d

dp̃
/2 + b2p0

d

dp̃
+

d2τ̃

dp̃2 σ
d2

dp̃2 +
dσ

dp̃

d

dp̃
/2 + b4

 .

Â ìàòðèöó F ïîäñòàâèì âûðàæåíèÿ (4.11), óìíîæèì ðåçóëüòàò ñïðàâà íà
äèàãîíàëüíóþ ìàòðèöó diag

[
p̃s+α/γ, p̃s+β/γ

]
= diag

[
p̃s+2, p̃s+1

]
, à ñëåâà óìíî-

æèì íà äèàãîíàëüíóþ ìàòðèöó diag
[
p̃−s−g1/γ, p̃−s−g2/γ

]
= diag

[
p̃−s, p̃−s−1

]
,

ãäå gi = maxQ∈Si
〈Q, R〉, R ∈ U7, i = 1, 2. Â ðåçóëüòàòå ïîëó÷èì õàðàêòåðè-

ñòè÷åñêóþ ìàòðèöó óêîðî÷åíèÿ (4.9)

N (s) =

[
(s + 1)(s + 2)τ0 a3p0(s + 1)

(s + 2)(τ̃0 + 2b2p0)/2 (s + 1)2σ0 + b4

]
.

Îïðåäåëèòåëü

ν(s) = detN (s) =

= (s + 1)(s + 2)
(
(s + 1)2τ0σ0 + b4τ0 − a3p0(τ̃0 + 2b2p0)/2

)
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ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêèì ïîëèíîìîì óêîðî÷åíèÿ (4.9). Åãî êîðíè

s1 = −2, s2 = −1, s3,4 = −1±

√
a3p0(τ̃0 + 2b2p0)− 2b4τ0

2τ0σ0

ÿâëÿþòñÿ ñîáñòâåííûìè ÷èñëàìè óêîðî÷åíèÿ (4.9). Â ñëó÷àÿõ, êîãäà ó ñîá-
ñòâåííûõ ÷èñåë Re(s3,4) < 0 ñèñòåìà óðàâíåíèé (4.6) èìååò ñòåïåííîå ðàç-
ëîæåíèå F7 ïðè óñëîâèÿõ (4.2′) è (4.10′). Ïîñêîëüêó íîðìàëüíûé êîíóñ U7

ïîëó÷åí â ðåçóëüòàòå àíàëèçà óêîðî÷åíèÿ ñ íîðìàëüíûì êîíóñîì U2, à äëÿ
êîíóñà U2 èìååòñÿ ñèììåòðè÷íûé êîíóñ Ū2, òî çàìåíîé (σ, τ̃ , x, y, z, λ, ξ) ↔
(−τ,−σ̃, x/y, 1/y, z/y, λ/y, ξ/y) â ðåøåíèè F7 ïîëó÷èòñÿ ðåøåíèå F̄7.

Ñëó÷àé Re(s3,4) > 0 ïîêà íå ðàññìàòðèâàåòñÿ.

4.2 Ñëó÷àé íîðìàëüíîãî êîíóñà U8

Íîðìàëüíîìó êîíóñó U8 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé

˜̃f1,8
def
=

d2σ

dp̃2 τ0 + (a4τ0 + a5p
2
0 + a1) = 0,

˜̃f2,8
def
= b2p0

dσ

dp̃
+ 2b5p0p̃ = 0

(4.13)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ

˜̃f3,8
def
=

dσ

dp̃
τ0 + (c4τ0 + 3c5p

2
0 + c2)p̃ = 0,

˜̃f4,8
def
= d6p0

dσ

dp̃
τ0 + (2d12p0τ0 + 4d13p

3
0 + 2d10p0)p̃ = 0

(4.14)

ïðè óñëîâèÿõ (4.2′) è (4.10′) êðîìå íåðàâåíñòâà 2d9τ0 + d12p
2
0 + d4 6= 0.

Ñå÷åíèå íîðìàëüíîãî êîíóñà U8 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ âåê-
òîðîì (α, β, γ) ñ êîîðäèíàòàìè α = −2, β = −(1 + η), γ = −1, 0 < η.
Ñëåäîâàòåëüíî, åñëè ôóíêöèè

σ = σ0p̃
α/γ = σ0p̃

2, τ̃ = τ̃0p̃
β/γ = τ̃0p̃

1+η (4.15)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (4.6), òî ýòè ôóíêöèè
ÿâëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (4.13). Ïîäñòàíîâêà ôóíêöèé (4.15) â
âûðàæåíèÿ (4.13) äà¼ò ñèñòåìó óðàâíåíèé

2σ0τ0 + (a4τ0 + a5p
2
0 + a1) = 0,

2(b2σ0 + b5)p0 = 0.
(4.16)

Èç ýòîé ñèñòåìû ñëåäóåò, ÷òî çíà÷åíèå êîýôôèöèåíòà τ̃0 ïðîèçâîëüíî. Èç
âòîðîãî óðàâíåíèÿ ýòîé ñèñòåìû ìîæíî âû÷èñëèòü çíà÷åíèå σ0 = −b5/b2.
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Òîãäà ïåðâîå óðàâíåíèå âìåñòå ñ (4.4′) äà¼ò çàâèñèìîñòü ïàðàìåòðà p0 îò
îñòàëüíûõ ïàðàìåòðîâ ñèñòåìû.

Ïîäñòàíîâêà ôóíêöèé (4.15) â âûðàæåíèÿ (4.14) äà¼ò óðàâíåíèÿ, ëèíåéíî
çàâèñèìûå îò ïåðâîãî óðàâíåíèÿ ñèñòåìû (4.16).

Äëÿ âû÷èñëåíèÿ îñòàëüíûõ ÷ëåíîâ ðàçëîæåíèÿ (4.8) â ñëó÷àå êîíóñà U8

âû÷èñëèì ìàòðèöó ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (4.13)

F
def
=

 τ0
d2

dp̃2 0

b2p0
d

dp̃
0

 .

Òàê êàê âòîðîé ñòîëáåö ìàòðèöû F ÿâëÿåòñÿ íóëåâûì, òî è îïðåäåëè-
òåëü ν(s) = detN (s) õàðàêòåðèñòè÷åñêîé ìàòðèöû òîæäåñòâåííî ðàâåí 0.
Ñëåäîâàòåëüíî, óêîðî÷åíèÿ (4.13) íåäîñòàòî÷íî äëÿ âû÷èñëåíèÿ ðàçëîæå-
íèÿ (4.8) â ñëó÷àå êîíóñà U8.

Ïîñêîëüêó ïåðâûå ïðèáëèæåíèÿ (4.15) íå ÿâëÿþòñÿ êîíñòàíòàìè, òî çàìå-
íû ïåðåìåííûõ êàê â ñëó÷àå êîíóñà U2 íå ñóùåñòâóåò. Ñîãëàñíî [6] â óðàâ-
íåíèÿõ (4.6) è (4.7) íàäî ñäåëàòü ïîäñòàíîâêó σ = σ0p̃

2 + σ̃, τ̃ = τ̃0p̃
1+η + ˜̃τ .

Ñ ó÷¼òîì (4.16) ïîëó÷àåòñÿ ñèñòåìà óðàâíåíèé

˜̃̃
f1(σ̃, ˜̃τ, p̃)

def
=

(
d2σ̃

dp̃2
˜̃τ +

dσ̃

dp̃

d˜̃τ

dp̃
/2

)
+

(
τ̃0

d2σ̃

dp̃2 p̃1+η + (η + 1)τ̃0
dσ̃

dp̃
p̃η/2

)
+

+ τ0
d2σ̃

dp̃2 +

(
(a3 + σ0)

d˜̃τ

dp̃
p̃ + (a4 + 2σ0)˜̃τ

)
+ a3p0

d˜̃τ

dp̃
+ a2σ̃+

+ (a5 + a2σ0)p̃
2 + ((η + 3)σ0 + (η + 1)a3 + a4)τ̃0p̃

1+η+

+ 2a5p0p̃ + (η + 1)a3τ̃0p0p̃
η = 0,

˜̃̃
f2(σ̃, ˜̃τ, p̃)

def
=

(
σ̃

d2 ˜̃τ

dp̃2 +
dσ̃

dp̃

d˜̃τ

dp̃
/2

)
+

(
σ0

d2 ˜̃τ

dp̃2 p̃2 + σ0
d˜̃τ

dp̃
p̃ + b4 ˜̃τ

)
+

+

(
(η + 1)τ̃0

dσ̃

dp̃
p̃η/2 + (η2 + η)τ̃0σ̃p̃η−1

)
+

(
b2

dσ̃

dp̃
p̃ + b3σ̃

)
+

+ b2p0
dσ̃

dp̃
+ (b3σ0 + 2b2σ0 + b5)p̃

2 + ((η2 + 2η + 1)σ0 + b4)τ̃0p̃
1+η = 0

(4.17)

îò íîâûõ çàâèñèìûõ ïåðåìåííûõ σ̃, ˜̃τ . Èíòåãðàëû
˜̃̃
fj(σ̃, ˜̃τ, p̃) = 0, j = 3, 4

âûïèñûâàòü íå áóäåì ââèäó èõ ãðîìîçäñêîãî âèäà. Äëÿ ñèñòåìû (4.17) àëãî-
ðèòìàìè ñòåïåííîé ãåîìåòðèè èùåì ñòåïåííûå ðàçëîæåíèÿ ðåøåíèé âèäà
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σ̃ = p̃2

(
σ̃0 +

∞∑
j=1

σ̃j p̃
j∆

)
, ˜̃τ = p̃1+η

(
˜̃τ0 +

∞∑
j=1

˜̃τj p̃
j∆

)
(4.18)

ïðè p̃ → 0.
Â ìîíîìàõ ñèñòåìû (4.17) ïðèñóòñòâóþò ìíîæèòåëè p̃η ñ ïåðåìåííûì ïî-

êàçàòåëåì ñòåïåíè. Äëÿ òàêèõ ìîíîìîâ îïèñàííàÿ â [5] ïðîãðàììà âû÷èñ-
ëåíèÿ ñîãëàñîâàííûõ ãðàíè÷íûõ ïîäìíîæåñòâ è íîðìàëüíûõ êîíóñîâ íå ðà-
áîòàåò. Ïîýòîìó âû÷èñëèì óêîðî÷åíèÿ íåïîñðåäñòâåííî ïî ôîðìóëå (2.1).

Íîñèòåëè âûðàæåíèé
˜̃̃
f1,

˜̃̃
f2:

S(
˜̃̃
f1) = {Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10}, S(

˜̃̃
f2) = {Q1, Q2, Q4, Q6, Q7,

Q8, Q11}, ãäå
Q1 = (1, 1,−2), Q2 = (0, 1, 0), Q3 = (0, 1,−1), Q4 = (1, 0, η − 1), Q5 =
(1, 0,−2), Q6 = (1, 0, 0), Q7 = (0, 0, 2), Q8 = (0, 0, η + 1), Q9 = (0, 0, 1),
Q10 = (0, 0, η), Q11 = (1, 0,−1),

Ïîêàçàòåëè ñòåïåíåé ïåðâûõ ïðèáëèæåíèé óêîðî÷åíèé (4.18) äîëæíû óäî-
âëåòâîðÿòü óñëîâèÿì α = 2, β = 1+η. Âû÷èñëèì íàáîð ìíîæåñòâ ñêàëÿðíûõ

ïðîèçâåäåíèé 〈Q ∈ S(
˜̃̃
f1), R〉, 〈Q ∈ S(

˜̃̃
f2), R〉, R ∈ U8:

{−η − 1,−η, 0,−2,−1}, {−η − 1,−2,−1},
Íàïîìíèì, ÷òî ïàðàìåòð 0 < η. Òîãäà íàáîð ìàêñèìóìîâ ñêàëÿðíûõ ïðî-

èçâåäåíèé ïðè äîïóñòèìûõ çíà÷åíèÿõ η ýòî 0, −1. Íàáîðó ýòèõ ìàêñèìóìîâ

ñîîòâåòñòâóåò íàáîð ñîãëàñîâàííûõ ãðàíè÷íûõ ïîäìíîæåñòâ SU8
(
˜̃̃
f1) = {Q5},

SU8
(
˜̃̃
f2) = {Q11},

è óêîðî÷åííàÿ ñèñòåìà

˜̃̃
f1,U8

def
= τ0

d2σ̃

dp̃2 = 0,

˜̃̃
f2,U8

def
= b2p̃0

dσ̃

dp̃
= 0.

Òîãäà ñèñòåìà óðàâíåíèé äëÿ êîýôôèöèåíòîâ ïåðâûõ ïðèáëèæåíèé

2τ0σ̃0 = 0,

b2p̃0σ̃0 = 0,

íå èìååò ðåøåíèé σ̃0 6= 0.
Òàêèì îáðàçîì, â ñëó÷àå êîíóñà U8 ó ñèñòåìû (4.6) õîòÿ èìåþòñÿ íåíóëå-

âûå êîýôôèöèåíòû σ0, τ̃0, íî ñòåïåííûõ ðàçëîæåíèé íåò. Ïîýòîìó êîíóñ U8

îáîçíà÷åí íà ðèñ. 2 ÷¼ðíûì ïóíêòèðîì.
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5 Ñëó÷àé íîðìàëüíîãî êîíóñà U3

Íîðìàëüíîìó êîíóñó U3 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé

f̃1,3
def
= a3p0

dτ

dp̃
= 0,

f̃2,3
def
=

(
σ

d2τ

dp̃2 +
dσ

dp̃

dτ

dp̃
/2

)
+ b4τ + (b5p

2
0 + b1) = 0

(5.1)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ

f̃3,3
def
= c4p0τ +

(
c5p

3
0 + c2p0 + c1

)
= 0,

f̃4,3
def
= σ

(
dτ

dp̃

)2

= 0
(5.2)

ïðè óñëîâèÿõ

a3 6= 0, b4 6= 0, b5p
2
0 + b1 6= 0, c4 6= 0, c5p

3
0 + c2p0 + c1 6= 0. (5.2′)

Ñå÷åíèå íîðìàëüíîãî êîíóñà U3 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ îòðåç-
êîì (α, β, γ), ãäå α = −(1 + µ), β = 0, γ = −1, 0 < µ < 1. Ñëåäîâàòåëüíî,
åñëè ôóíêöèè

σ = σ0p̃
α/γ = σ0p̃

1+µ, τ = τ0p̃
β/γ = τ0 (5.3)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (1.9), òî ýòè ôóíêöèè
ÿâëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (5.1). Ïîäñòàíîâêà ôóíêöèé (5.3) â âû-
ðàæåíèÿ (5.1) îáðàùàåò ïîñëåäíèå â ðàâåíñòâà ïðè ëþáûõ çíà÷åíèÿõ êîýô-
ôèöèåíòîâ σ0 è τ0. Òàêæå ïðè ëþáûõ çíà÷åíèÿõ σ0 è τ0 âñåãäà îñòà¼òñÿ ðàâåí-
ñòâîì âûðàæåíèå f̃4,3 ïðè ïîäñòàíîâêå â íåãî ôóíêöèé (5.3). À ïîäñòàíîâêà
â âûðàæåíèå f̃3,3 îáðàùàåò åãî â ðàâåíñòâî

c4p0τ0 + c5p
3
0 + c2p0 + c1 = 0 (5.4)

è ïîçâîëÿåò âûðàçèòü çàâèñèìîñòü çíà÷åíèÿ îäíîãî èç ïåðâûõ èíòåãðàëîâ,
íàïðèìåð, λ îò êîýôôèöèåíòîâ ïåðâûõ ïðèáëèæåíèé σ0 è τ0.

Ìàòðèöà ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (5.1)

F
def
=

 0 a3p0
d

dp̃
1

2

dτ

dp̃

d

dp̃
+

d2τ

dp̃2 σ
d2

dp̃2 +
1

2

dσ

dp̃

d

dp̃

 .
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Â ìàòðèöó F ïîäñòàâèì âûðàæåíèÿ (5.3), óìíîæèì ðåçóëüòàò ñïðàâà íà äèà-
ãîíàëüíóþ ìàòðèöó diag

[
p̃s+α/γ, p̃s+β/γ

]
= diag

[
p̃s+1+µ, p̃s

]
, à ñëåâà óìíîæèì

íà äèàãîíàëüíóþ ìàòðèöó diag
[
p̃−s−g1/γ, p̃−s−g2/γ

]
= diag

[
p̃−s+1, p̃−s+1−µ

]
, ãäå

gi = maxQ∈Si
〈Q, R〉, R ∈ U3, i = 1, 2. Â ðåçóëüòàòå ïîëó÷èì õàðàêòåðèñòè-

÷åñêóþ ìàòðèöó óêîðî÷åíèÿ (5.1)

N (s) =

[
0 a3p0s

0 s (2s + (µ− 1))
σ0

2

]
.

Òàê êàê ïåðâûé ñòîëáåö õàðàêòåðèñòè÷åñêîé ìàòðèöû ÿâëÿåòñÿ íóëåâûì, òî
å¼ îïðåäåëèòåëü ν(s) = detN (s) òîæäåñòâåííî ðàâåí 0 è óêîðî÷åíèÿ (5.1)
íåäîñòàòî÷íî äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ (1.11) â ñëó÷àå êîíóñà U3.

Êàê è â ñëó÷àå êîíóñà U2 ïåðâûì ïðèáëèæåíèåì ïåðåìåííîé τ ÿâëÿåòñÿ
êîíñòàíòà τ0. Ïîýòîìó äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ ââåä¼ì íîâóþ çàâèñèìóþ
ïåðåìåííóþ τ̃ = τ − τ0, òîãäà τ = τ̃ + τ0. Ïîñëå ïîäñòàíîâêè ýòîãî âûðàæå-
íèÿ äëÿ τ â óðàâíåíèÿ (1.9) è èíòåãðàëû (1.10) è, ó÷èòûâàÿ (5.4), ïîëó÷èì
ñèñòåìó óðàâíåíèé

˜̃f1(σ, τ̃ , p̃)
def
=

(
d2σ

dp̃2 τ̃ +
dσ

dp̃

dτ̃

dp̃
/2

)
+

(
a3

dτ̃

dp̃
p̃ + a4τ̃

)
+

+ τ0
d2σ

dp̃2 + a3p0
dτ̃

dp̃
+ a2σ + a5p̃

2 + 2a5p0p̃ +
(
τ0a4 + a5p

2
0 + a1

)
= 0,

˜̃f2(σ, τ̃ , p̃)
def
=

(
σ

d2τ̃

dp̃2 +
dσ

dp̃

dτ̃

dp̃
/2

)
+

(
b2

dσ

dp̃
p̃ + b3σ

)
+

+ b2p0
dσ

dp̃
+ b4τ̃ + b5p̃

2 + 2b5p0p̃ +
(
τ0b4 + b5p

2
0 + b1

)
= 0

(5.5)

è ñèñòåìó èíòåãðàëîâ
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˜̃f3(σ, τ̃ , p̃)
def
=

(
dσ

dp̃
τ̃ − σ

dτ̃

dp̃

)
+ τ0

dσ

dp̃
+ c3σp̃ + c3p0σ + c4τ̃ p̃ + c4p0τ̃+

+ c5p̃
3 + 3c5p0p̃

2 +
(
c4τ0 + 3c5p

2
0 + c2

)
p̃ = 0,

˜̃f4(σ, τ̃ , p̃)
def
= d1

(
dσ

dp̃

)2

τ̃ + σ

(
dτ̃

dp̃

)2

+ d1τ0

(
dσ

dp̃

)2

+

+

(
d6p0

dσ

dp̃
τ̃ + d7p0σ

dτ̃

dp̃

)
+

(
d6

dσ

dp̃
τ̃ p̃ + d7σ

dτ̃

dp̃
p̃ + d8στ̃

)
+

+ d6τ0p0
dσ

dp̃
+

(
d6τ0

dσ

dp̃
p̃ +

(
d11p

2
0 + d3 + τ0d8

)
σ

)
+ d5σ

2 + d9τ̃
2+

+ d11σp̃2 + 2d11p0σp̃ + d12τ̃ p̃2 + 2d12p0τ̃ p̃ +
(
d12p

2
0 + d4 + 2τ0d9

)
τ̃+

+ d13p̃
4 + 4d13p0p̃

3 +
(
6d13p

2
0 + d10 + τ0d12

)
p̃2+

+ 2
(
2d13p

2
0 + d10 + τ0d12

)
p0p̃+

+
(
d13p

4
0 + τ0

(
d12p

2
0 + d4

)
+ d10p

2
0 + τ 2

0 d9 + d2
)

= 0.

(5.6)

Äëÿ ñèñòåìû (5.5) àëãîðèòìàìè ñòåïåííîé ãåîìåòðèè èùåì ñòåïåííûå ðàç-
ëîæåíèÿ ðåøåíèé âèäà

σ = p̃1+µ

(
σ0 +

∞∑
j=1

σj p̃
j∆

)
, τ̃ = p̃β

(
τ̃0 +

∞∑
j=1

τ̃j p̃
j∆

)
(5.7)

ïðè p̃ → 0 è τ̃ → 0, ãäå τ̃0 6= 0. Äëÿ ýòîãî âû÷èñëÿþòñÿ íîñèòåëè óðàâ-
íåíèé (5.5) è (5.6), íàáîðû èõ ñîãëàñîâàííûõ ãðàíè÷íûõ ïîäìíîæåñòâ, íîð-
ìàëüíûå êîíóñû è óêîðî÷åíèÿ. Ñå÷åíèÿ ãèïåðïëîñêîñòüþ γ = −1 íîðìàëü-

íûõ êîíóñîâ ñîãëàñîâàííûõ ãðàíè÷íûõ ïîäìíîæåñòâ íîñèòåëåé S( ˜̃f1), S( ˜̃f2),

S( ˜̃f3), S( ˜̃f4) ïîêàçàíû íà ðèñ. 3. ×¼ðíûì öâåòîì è ñèìâîëîì U6 îòìå÷åíî
ñå÷åíèå íîðìàëüíîãî êîíóñà óêîðî÷åíèÿ, äëÿ êîòîðîãî ñèñòåìà óðàâíåíèé
âèäà (2.2),(2.3) èìåþò ðåøåíèå σ0, τ0 6= 0. Îñòàëüíûå êîíóñû îòìå÷åíû ñå-
ðûì è áåëûì öâåòàìè.

Òåïåðü ïîêàçàòåëè ñòåïåíåé ïåðâûõ ïðèáëèæåíèé ðàçëîæåíèé (5.7) äîëæ-
íû óäîâëåâîðÿòü óñëîâèÿì α = −(1 + µ), β < 0. Ãåîìåòðè÷åñêè ýòèì óñëî-
âèÿì ñîîòâåòñòâóåò ïîëóïîëîñà, îòìå÷åííàÿ íà ðèñ. 3 ñâåòëî-ñåðûì öâåòîì.
Ñå÷åíèå êîíóñà U6 ïåðåñåêàåòñÿ ñ ýòîé ïîëóïîëîñîé.

5.1 Ñëó÷àé íîðìàëüíîãî êîíóñà U6

Íîðìàëüíîìó êîíóñó U6 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé
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˜̃f1,6
def
= a3p0

dτ̃

dp̃
+ τ0

d2σ

dp̃2 = 0,

˜̃f2,6
def
=

(
σ

d2τ̃

dp̃2 +
dσ

dp̃

dτ̃

dp̃
/2

)
= 0

(5.8)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ

˜̃f3,6
def
= c4p0τ̃ + τ0

dσ

dp̃
= 0,

˜̃f4,6
def
= σ

(
dτ̃

dp̃

)2

+
(
d13p

4
0 + τ0

(
d12p

2
0 + d4

)
+ d10p

2
0 + τ 2

0 d9 + d2
)

= 0

(5.9)

ïðè óñëîâèÿõ (5.2′) è óñëîâèè

d13p
4
0 + τ0

(
d12p

2
0 + d4

)
+ d10p

2
0 + τ 2

0 d9 + d2 6= 0. (5.9′)

Ñå÷åíèå íîðìàëüíîãî êîíóñà U6 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ âåêòî-
ðîì (α, β, γ) ñ êîîðäèíàòàìè α = −4/3, β = −1/3, γ = −1. Ñëåäîâàòåëüíî,
åñëè ôóíêöèè

σ = σ0p̃
α/γ = σ0p̃

4/3, τ̃ = τ̃0p̃
β/γ = τ̃0p̃

1/3 (5.10)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (5.5), òî ýòè ôóíêöèè
ÿâëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (5.8). Ïîäñòàíîâêà ôóíêöèé (5.10) â

âûðàæåíèÿ (5.8) îáðàùàåò ðàâåíñòâî ˜̃f2,6 â òîæäåñòâî, à ðàâåíñòâî
˜̃f1,6 ñòà-

íîâèòñÿ óðàâíåíèåì

3a3p0τ̃0 + 4σ0τ0 = 0. (5.11)

Èç óðàâíåíèÿ (5.11) ñëåäóåò, ÷òî τ̃0 = −4τ0σ0/(3a3p0).
Ïîäñòàíîâêà ôóíêöèé (5.10) â âûðàæåíèÿ (5.9) äà¼ò ñèñòåìó óðàâíåíèé

3c4p0τ̃0 + 4τ0σ0 = 0,

σ0τ̃
2
0 /9 + d9τ

2
0 + d13p

4
0 + τ0(d12p

2
0 + d4) + d10p

2
0 + d2 = 0.

(5.12)

Ïåðâîå óðàâíåíèå ñèñòåìû (5.12) ïðîïîðöèîíàëüíî óðàâíåíèþ (5.11), à âòî-
ðîå óðàâíåíèå ïîçâîëÿåò âûðàçèòü çàâèñèìîñòü çíà÷åíèÿ îäíîãî èç ïåðâûõ
èíòåãðàëîâ îò êîýôôèöèåíòîâ ïåðâûõ ïðèáëèæåíèé σ0 è τ̃0.

Äëÿ âû÷èñëåíèÿ îñòàëüíûõ ÷ëåíîâ ðàçëîæåíèÿ (5.7) â ñëó÷àå êîíóñà U6

âû÷èñëèì ìàòðèöó ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (5.8)
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F
def
=

 τ0
d2

dp̃2 a3p0
d

dp̃
1

2

dτ̃

dp̃

d

dp̃
+

d2τ̃

dp̃2

1

2

dσ

dp̃

d

dp̃
+ σ

d2

dp̃2

 .

Â ìàòðèöó F ïîäñòàâèì âûðàæåíèÿ (5.10), óìíîæèì ðåçóëüòàò ñïðàâà íà
äèàãîíàëüíóþ ìàòðèöó diag

[
p̃s+α/γ, p̃s+β/γ

]
= diag

[
p̃s+4/3, p̃s+1/3

]
, à ñëåâà íà

äèàãîíàëüíóþ ìàòðèöó diag
[
p̃−s−g1/γ, p̃−s−g2/γ

]
= diag

[
p̃−s+2/3, p̃−s+1/3

]
, ãäå

gi = maxQ∈Si
〈Q, R〉, R ∈ U6, i = 1, 2. Â ðåçóëüòàòå ïîëó÷èì õàðàêòåðèñòè-

÷åñêóþ ìàòðèöó óêîðî÷åíèÿ (5.8)

N (s) =

τ0
9s2 + 15s + 4

9

a3p0

3
(3s + 1)

− τ̃0

6
s

σ0

3
(3s + 1)s

 .

Îïðåäåëèòåëü ν(s) = detN (s) ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêèì ïîëèíîìîì óêî-
ðî÷åíèÿ (5.8), à åãî êîðíè

s1 = 0, s2 = −1

3
, s3 = −2

3
, s4 = −1

ÿâëÿþòñÿ ñîáñòâåííûìè ÷èñëàìè óêîðî÷åíèÿ (5.8).
Òåïåðü âû÷èñëèì âåëè÷èíó ïðèðàùåíèÿ ñòåïåíè∆ ðàçëîæåíèÿ (5.7) â ñëó-

÷àå íîðìàëüíîãî êîíóñà U6. Àíàëîãè÷íî ñëó÷àþ êîíóñà U1 â ñèñòåìå (5.5)
ñäåëàåì ïîäñòàíîâêó σ = σ0p̃

4/3 + σ̂, τ̃ = τ̃0p̃
1/3 + τ̂ è ïîëó÷èì ñèñòåìó óðàâ-

íåíèé ϕ1(σ̂, τ̂ , p̃) = 0, ϕ2(σ̂, τ̂ , p̃) = 0 ñ çàâèñèìûìè ïåðåìåííûìè σ̂, τ̂ è
íåçàâèñèìîé ïåðåìåííîé p̃. Äëÿ ýòîé ñèñòåìû âû÷èñëÿåì íîñèòåëè S(ϕ1) è
S(ϕ2), ìíîæåñòâà Ŝ(ϕ1), Ŝ(ϕ2) è îáúåäèíåíèå Ŝ(ϕ1) ∪ Ŝ(ϕ1). Â ðåçóëüòàòå
ïîëó÷àåì, ÷òî âåëè÷èíà ïðèðàùåíèÿ ñòåïåíè ∆ ðàâíà 1/3.

Òàêèì îáðàçîì, ñëåäóþùèå ÷ëåíû ðàçëîæåíèÿ (5.7) â ñëó÷àå êîíóñà U6

ýòî σ1p̃
5/3 è τ̃1p̃

2/3. Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ σ1 è τ̃1 ïîäñòàâèì âûðà-
æåíèÿ σ = σ0p̃ + σ1p̃

5/3 è τ̃ = τ̃0 + τ̃1p̃
2/3 â ñèñòåìó (5.5), ïðèâåä¼ì ïîäîáíûå

÷ëåíû è ïðèðàâíÿåì íóëþ êîýôôèöèåíòû ïðè p̃−1/3 â ïåðâîì óðàâíåíèè è
ïðè ñâîáîäíîì êîýôôèöèåíòå âî âòîðîì óðàâíåíèè. Ïîëó÷èì ñèñòåìó äâóõ
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ σ1 è τ̃1. Ðå-
øåíèå ýòîé ñèñòåìû

σ1 =
8σ3

0τ0 + 27(a3p0)
2(b4τ0 + b5p

2
0 + b1)

12a3p0σ0τ0
,

τ̃1 =
8σ3

0τ0 − 135(a3p0)
2(b4τ0 + b5p

2
0 + b1)

36(a3p0)2σ0
.



25

Àíàëîãè÷íûì ñïîñîáîì âû÷èñëÿþòñÿ îñòàëüíûå êîýôôèöèåíòû σj è τ̃j,
j = 2, 3, . . . . Òàê, êîýôôèöèåíòû σ2 è τ̃2 ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû äâóõ
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

 2τ0 a3p0

− 4σ0τ0

27a3p0

2

3
σ0

[σ2

τ̃2

]
=

=
1

3a3p0

3a3p0(8σ0τ̃1 + 9a4τ0 + 9a5p
2
0 + 9a1)− 50σ0σ1τ0

3
a3p0σ1τ̃1 − 4b4σ0τ0 + 4a3b2p

2
0σ0


ñ íåíóëåâûì îïðåäåëèòåëåì ìàòðèöû â ïðàâîé ÷àñòè óðàâíåíèÿ.

Òàêèì îáðàçîì, ïîëó÷åíî ñòåïåííîå ðàçëîæåíèå îäíîïàðàìåòðè÷åñêîãî
(ïàðàìåòð σ0) ñåìåéñòâà F6 ðåøåíèé ñèñòåìû óðàâíåíèé (5.5) ïðè óñëîâè-
ÿõ (5.2′) è (5.9′). Ïîñêîëüêó íîðìàëüíûé êîíóñ U6 ïîëó÷åí â ðåçóëüòàòå àíà-
ëèçà óêîðî÷åíèÿ ñ íîðìàëüíûì êîíóñîìU3, à äëÿ êîíóñàU3 èìååòñÿ ñèììåò-
ðè÷íûé êîíóñ Ū3, òî çàìåíîé (σ, τ̃ , x, y, z, λ, ξ) ↔ (−τ,−σ̃, x/y, 1/y, z/y, λ/y,
ξ/y) â ñåìåéñòâå ðåøåíèé F6 ïîëó÷èòñÿ ñåìåéñòâî ðåøåíèé F̄6.

6 Ñëó÷àé íîðìàëüíîãî êîíóñà U4

Íîðìàëüíîìó êîíóñó U4 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé

f̃1,4
def
= a3p0

dτ

dp̃
= 0,

f̃2,4
def
= b4τ + (b5p

2
0 + b1) = 0

(6.1)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ

f̃3,4
def
= c4p0τ +

(
c5p

3
0 + c2p0 + c1

)
= 0,

f̃4,4
def
= d9τ

2 +
(
d12p

2
0 + d4

)
τ +

(
d13p

4
0 + d10p

2
0 + d2

)
= 0

(6.2)

ïðè óñëîâèÿõ (4.2′).
Ñå÷åíèå íîðìàëüíîãî êîíóñà U4 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ ëó-

÷îì (α, β, γ), ãäå α = −(2 + η), β = 0, γ = −1, 0 < η. Ñëåäîâàòåëüíî, åñëè
ôóíêöèè

σ = σ0p̃
α/γ = σ0p̃

2+η, τ = τ0p̃
β/γ = τ0 (6.3)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (1.9), òî ýòè ôóíêöèè ÿâ-
ëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (6.1). Ïîñëå ïîäñòàíîâêè ôóíêöèé (6.3) â
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âûðàæåíèÿ (6.1) è (6.2) ïîëó÷àþòñÿ ðàâåíñòâà (4.4) è (4.5) êàê â ñëó÷àå êî-
íóñà U2. Ñëåäîâàòåëüíî, çíà÷åíèå êîýôôèöèåíòà σ0 ïðîèçâîëüíî, à çíà÷åíèå
êîýôôèöèåíòà τ0 = −(b5p

2
0 + b1)/b4.

Ìàòðèöà ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (6.1)

F
def
=

 0 a3p0
d

dp̃
0 b4

 .

Òàê êàê ïåðâûé ñòîëáåö ìàòðèöûF ÿâëÿåòñÿ íóëåâûì, òî è îïðåäåëèòåëü ν(s)
õàðàêòåðèñòè÷åñêîé ìàòðèöû òîæäåñòâåííî ðàâåí 0. Ñëåäîâàòåëüíî, óêîðî-
÷åíèÿ (6.1) íåäîñòàòî÷íî äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ (1.11) â ñëó÷àå êîíó-
ñà U4.

Êàê è â ñëó÷àå êîíóñîâ U2, U3 ïåðâûì ïðèáëèæåíèåì ïåðåìåííîé τ ÿâ-
ëÿåòñÿ êîíñòàíòà τ0. Ïîýòîìó äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ ââåä¼ì íîâóþ çà-
âèñèìóþ ïåðåìåííóþ τ̃ = τ − τ0, òîãäà τ = τ̃ + τ0. Ïîñëå ïîäñòàíîâêè ýòîãî
âûðàæåíèÿ äëÿ τ â óðàâíåíèÿ (1.9) è èíòåãðàëû (1.10) è ó÷èòûâàÿ (4.4), (4.5)
ñíîâà ïîëó÷èì ñèñòåìó óðàâíåíèé (4.6) è èíòåãðàëîâ (4.7). Íî òåïåðü äëÿ ñè-
ñòåìû (4.6) àëãîðèòìàìè ñòåïåííîé ãåîìåòðèè èùåì ñòåïåííûå ðàçëîæåíèÿ
ðåøåíèé âèäà

σ = p̃2+η

(
σ0 +

∞∑
j=1

σj p̃
j∆

)
, τ̃ = p̃β

(
τ̃0 +

∞∑
j=1

τ̃j p̃
j∆

)
(6.4)

ïðè p̃ → 0 è τ̃ → 0, ãäå τ̃0 6= 0.
Òåïåðü ïîêàçàòåëè ñòåïåíåé ïåðâûõ ïðèáëèæåíèé ðàçëîæåíèé (6.4) äîëæ-

íû óäîâëåâîðÿòü óñëîâèÿì α = 2 + η, β < 0. Ãåîìåòðè÷åñêè ýòèì óñëîâèÿì
ñîîòâåòñòâóåò ñåêòîð, îòìå÷åííûé íà ðèñ. 2 ñâåòëî-ñåðûì öâåòîì. Ñ ýòèì
ñåêòîðîì ïåðåñåêàåòñÿ ñå÷åíèå êîíóñà â âèäå ëó÷à (U9).

6.1 Ñëó÷àé íîðìàëüíîãî êîíóñà U9

Íîðìàëüíîìó êîíóñó U9 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé

˜̃f1,9
def
= a3p0

dτ̃

dp̃
+ (a4τ0 + a5p

2
0 + a1) = 0,

˜̃f2,9
def
= b4τ̃ + 2b5p0p̃ = 0

(6.5)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ

˜̃f3,9
def
= c4p0τ̃ + (c4τ0 + 3c5p

2
0 + c2)p̃ = 0,

˜̃f4,9
def
= (2d9τ0 + d12p

2
0 + d4)τ̃ + (2d12p0τ0 + 4d13p

3
0 + 2d10p0)p̃ = 0

(6.6)
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ïðè óñëîâèÿõ (4.2′) è óñëîâèÿõ

τ0a4 + a5p
2
0 + a1 6= 0, b5 6= 0, c4τ0 + 3c5p

2
0 + c2 6= 0,

2d9τ0 + d12p
2
0 + d4 6= 0, 2d12p0τ0 + 4d13p

3
0 + 2d10p0 6= 0.

(6.6′)

Ñå÷åíèå íîðìàëüíîãî êîíóñà U9 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ âåêòî-
ðîì (α, β, γ) ñ êîîðäèíàòàìè α = −(2 + η), β = −1, γ = −1. Ñëåäîâàòåëüíî,
åñëè ôóíêöèè

σ = σ0p̃
α/γ = σ0p̃

2+η, τ̃ = τ̃0p̃
β/γ = τ̃0p̃ (6.7)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (4.6), òî ýòè ôóíêöèè
ÿâëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (6.5). Ïîäñòàíîâêà ôóíêöèé (6.7) â âû-
ðàæåíèÿ (6.5) äà¼ò ñèñòåìó óðàâíåíèé

a3p0τ̃0 + (a4τ0 + a5p
2
0 + a1) = 0,

b4τ̃0 + 2b5p0 = 0.
(6.8)

Èç ýòîé ñèñòåìû ñëåäóåò, ÷òî çíà÷åíèå êîýôôèöèåíòà σ0 ïðîèçâîëüíî. Èç
âòîðîãî óðàâíåíèÿ ýòîé ñèñòåìû ìîæíî âû÷èñëèòü çíà÷åíèå τ̃0 = −2b5p0/b4.
Òîãäà ïåðâîå óðàâíåíèå âìåñòå ñ (4.4′) äà¼ò çàâèñèìîñòü ïàðàìåòðà p0 îò
îñòàëüíûõ ïàðàìåòðîâ ñèñòåìû.

Ïîäñòàíîâêà ôóíêöèé (6.7) â âûðàæåíèÿ (6.6) äà¼ò óðàâíåíèÿ, ëèíåéíî
çàâèñèìûå îò ïåðâîãî óðàâíåíèÿ ñèñòåìû (6.8).

Äëÿ âû÷èñëåíèÿ îñòàëüíûõ ÷ëåíîâ ðàçëîæåíèÿ (6.4) â ñëó÷àå êîíóñà U9

âû÷èñëèì ìàòðèöó ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (6.5)

F
def
=

0 a3p0
d

dp̃
0 b4

 .

Òàê êàê ïåðâûé ñòîëáåö ìàòðèöûF ÿâëÿåòñÿ íóëåâûì, òî è îïðåäåëèòåëü ν(s)
õàðàêòåðèñòè÷åñêîé ìàòðèöû òîæäåñòâåííî ðàâåí 0. Ñëåäîâàòåëüíî, óêîðî-
÷åíèÿ (6.5) íåäîñòàòî÷íî äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ (6.4) â ñëó÷àå êîíó-
ñà U9.

Ñíîâà ïåðâûå ïðèáëèæåíèÿ (6.7) íå ÿâëÿþòñÿ êîíñòàíòàìè, íî òåïåðü â
óðàâíåíèÿõ (4.6) è (4.7) íàäî ñäåëàòü ïîäñòàíîâêó σ = σ0p̃

2+η+σ̃, τ̃ = τ̃0p̃+˜̃τ è
äëÿ ïîëó÷åííîé òàêèì îáðàçîì ñèñòåìû óðàâíåíèé è å¼ ïåðâûõ èíòåãðàëîâ îò
íîâûõ çàâèñèìûõ ïåðåìåííûõ σ̃, ˜̃τ èñêàòü àëãîðèòìàìè ñòåïåííîé ãåîìåòðèè
ñòåïåííûå ðàçëîæåíèÿ ðåøåíèé âèäà

σ̃ = p̃2+η

(
σ̃0 +

∞∑
j=1

σ̃j p̃
j∆

)
, ˜̃τ = p̃

(
˜̃τ0 +

∞∑
j=1

˜̃τj p̃
j∆

)
(6.9)
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ïðè p̃ → 0.
Àíàëîãè÷íî ñëó÷àþ êîíóñà U8 äëÿ ñèñòåìû óðàâíåíèé îò ïåðåìåííûõ σ̃,

˜̃τ âû÷èñëÿåì íîñèòåëè è ïî ôîðìóëå (2.1) ñ ó÷¼òîì êîíóñà U9 ïîëó÷àåì
åäèíñòâåííîå óêîðî÷åíèå

˜̃̃
f1,U9

def
= a3p̃0

d˜̃τ

dp̃
= 0,

˜̃̃
f2,U9

def
= b4 ˜̃τ.

Òîãäà ñèñòåìà óðàâíåíèé äëÿ êîýôôèöèåíòîâ ïåðâûõ ïðèáëèæåíèé

a3p̃0 ˜̃τ0 = 0,

b4 ˜̃τ0 = 0,

íå èìååò ðåøåíèé ˜̃τ0 6= 0.
Òàêèì îáðàçîì, â ñëó÷àå êîíóñà U9 ó ñèñòåìû (4.6) õîòÿ èìåþòñÿ íåíóëå-

âûå êîýôôèöèåíòû σ0, τ̃0, íî ñòåïåííûõ ðàçëîæåíèé íåò. Ïîýòîìó êîíóñ U9

îáîçíà÷åí íà ðèñ. 2 ÷¼ðíûì ïóíêòèðîì.

7 Ñëó÷àé íîðìàëüíîãî êîíóñà U5

Íîðìàëüíîìó êîíóñó U5 ñîîòâåòñòâóåò óêîðî÷åííàÿ ñèñòåìà óðàâíåíèé

f̃1,5
def
=

d2σ

dp̃2 τ +
dσ

dp̃

dτ

dp̃
/2 = 0,

f̃2,5
def
= σ

d2τ

dp̃2 +
dσ

dp̃

dτ

dp̃
/2 = 0

(7.1)

è óêîðî÷åííàÿ ñèñòåìà ïåðâûõ èíòåãðàëîâ

f̃3,5
def
=

dσ

dp̃
τ − σ

dτ

dp̃
= 0,

f̃4,5
def
= d1

(
dσ

dp̃

)2

τ + σ

(
dτ

dp̃

)2

= 0

(7.2)

ïðè óñëîâèè

d1 6= 0. (7.2′)

Ñå÷åíèå íîðìàëüíîãî êîíóñà U5 ãèïåðïëîñêîñòüþ γ = −1 ÿâëÿåòñÿ ëó-
÷îì (α, β, γ), ãäå α = −(1/2 − η), β = −(1/2 − η), γ = −1, 0 < η. Ñëåäîâà-
òåëüíî, åñëè ôóíêöèè
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σ = σ0p̃
α/γ = σ0p̃

η−1/2, τ = τ0p̃
β/γ = τ0p̃

η−1/2 (7.3)

ÿâëÿþòñÿ ïåðâûì ïðèáëèæåíèåì ðåøåíèÿ ñèñòåìû (1.9), òî ýòè ôóíêöèè ÿâ-
ëÿþòñÿ òî÷íûì ðåøåíèåì ñèñòåìû (7.1). Ïîñëå ïîäñòàíîâêè ôóíêöèé (7.3) â
âûðàæåíèÿ (7.1) ïîëó÷àåòñÿ ñèñòåìà äâóõ îäèíàêîâûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé âèäà

(12η2 − 4η − 1)σ0τ0/8 = 0. (7.4)

Âûðàæåíèå (7.4) îáðàùàåòñÿ â ðàâåíñòâî ïðè óñëîâèÿõ σ0, τ0 6= 0, 0 < η,
òîëüêî åñëè η = 1/2 è èç âñåãî ëó÷à ñå÷åíèÿ íîðìàëüíîãî êîíóñà U5 íàäî
ðàññìîòðåòü òîëüêî òî÷êó ñ êîîðäèíàòàìè (0, 0,−1). Ïðè ýòîì êîýôôèöèåí-
òû σ0 è τ0 ïðîèçâîëüíû.

Ïðè ïîäñòàíîâêå ôóíêöèé (7.3) â âûðàæåíèå f̃3,5 ïîñëåäíåå ñòàíîâèòñÿ ðà-
âåíñòâîì ïðè ëþáûõ çíà÷åíèÿõ êîýôôèöèåíòîâ σ0 è τ0. Ïîäñòàíîâêà ôóíê-
öèé (7.3) â âûðàæåíèå f̃4,5 ïðåâðàùàåò ïîñëåäíåå â óðàâíåíèå

(4η2 − 4η + 1)(σ0τ
2
0 + d1σ

2
0τ0)/4 = 0, (7.5)

êîòîðîå òàêæå ÿâëÿåòñÿ ðàâåíñòâîì ïðè ëþáûõ çíà÷åíèÿõ êîýôôèöèåíòîâ σ0

è τ0, åñëè η = 1/2.
Òàêèì îáðàçîì, â ñëó÷àå êîíóñà U5 ïåðâûå ïðèáëèæåíèÿ (7.3) ÿâëÿþòñÿ

êîíñòàíòàìè

σ = σ0, τ = τ0. (7.6)

Äëÿ âû÷èñëåíèÿ îñòàëüíûõ ÷ëåíîâ ðàçëîæåíèÿ (1.11) â ñëó÷àå êîíóñà U5

âû÷èñëèì ìàòðèöó ïðîèçâîäíûõ Ôðåøå óêîðî÷åíèÿ (7.1)

F
def
=

 τ
d2

dp̃2 +
1

2

dτ

dp̃

d

dp̃

1

2

dσ

dp̃

d

dp̃
+

d2σ

dp̃2

1

2

dτ

dp̃

d

dp̃
+

d2τ

dp̃2 σ
d2

dp̃2 +
1

2

dσ

dp̃

d

dp̃

 .

Â ìàòðèöó F ïîäñòàâèì âûðàæåíèÿ (7.6), óìíîæèì ðåçóëüòàò ñïðàâà íà
äèàãîíàëüíóþ ìàòðèöó diag

[
p̃s+α/γ, p̃s+β/γ

]
= diag [p̃s, p̃s], à ñëåâà óìíîæèì

íà äèàãîíàëüíóþ ìàòðèöó diag
[
p̃−s−g1/γ, p̃−s−g2/γ

]
= diag

[
p̃−s+2, p̃−s+2

]
, ãäå

gi = maxQ∈Si
〈Q, R〉, R ∈ U5, i = 1, 2. Â ðåçóëüòàòå ïîëó÷èì õàðàêòåðèñòè-

÷åñêóþ ìàòðèöó óêîðî÷åíèÿ (7.1)

N (s) =

[
s(s− 1)τ0 0

0 s(s− 1)σ0

]
.
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Îïðåäåëèòåëü ν(s) = detN (s) ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêèì ïîëèíîìîì óêî-
ðî÷åíèÿ (7.1), à åãî êîðíè

s1 = s2 = 1, s3 = s4 = 0

ÿâëÿþòñÿ ñîáñòâåííûìè ÷èñëàìè óêîðî÷åíèÿ (7.1). Íàèìåíüøåå ïîëîæèòåëü-
íîå ñîáñòâåííîå ÷èñëî ðàâíî 1.

Òåïåðü âû÷èñëèì âåëè÷èíó ïðèðàùåíèÿ ñòåïåíè ∆ ðàçëîæåíèÿ (1.11) â
ñëó÷àå íîðìàëüíîãî êîíóñàU5. Àíàëîãè÷íî ñëó÷àþ êîíóñàU1 â ñèñòåìå (1.9)
ñäåëàåì ïîäñòàíîâêó σ = σ0 + σ̂, τ = τ0 + τ̂ è ïîëó÷èì ñèñòåìó óðàâíå-
íèé ϕ1(σ̂, τ̂ , p̃) = 0, ϕ2(σ̂, τ̂ , p̃) = 0 ñ çàâèñèìûìè ïåðåìåííûìè σ̂, τ̂ è íåçàâè-
ñèìîé ïåðåìåííîé p̃. Äëÿ ýòîé ñèñòåìû âû÷èñëÿåì íîñèòåëè S(ϕ1) è S(ϕ2),
ìíîæåñòâà Ŝ(ϕ1), Ŝ(ϕ2) è îáúåäèíåíèå Ŝ(ϕ1) ∪ Ŝ(ϕ1). Â ýòîì îáúåäèíåíèè
êîîðäèíàòû âñåõ âåêòîðîâ öåëî÷èñëåííûå, à íàèìåíüøåå ïîëîæèòåëüíîå ñîá-
ñòâåííîå ÷èñëî ðàâíî 1. Ïîýòîìó âåëè÷èíà ∆ = 1.

Òàêèì îáðàçîì, ñëåäóþùèå ÷ëåíû ðàçëîæåíèÿ (1.11) â ñëó÷àå êîíóñà U5

ýòî σ1p̃ è τ1p̃. Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ σ1 è τ1 ïîäñòàâèì âûðàæå-
íèÿ σ = σ0 + σ1p̃ è τ = τ0 + τ1p̃ â ñèñòåìó (1.9), ïðèâåä¼ì ïîäîáíûå ÷ëåíû è
â ïåðâîì è âòîðîì óðàâíåíèÿõ ïðèðàâíÿåì íóëþ êîýôôèöèåíòû ïðè ìîíîìå
p̃−1. Ïîëó÷èì ñèñòåìó äâóõ ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëü-
íî íåèçâåñòíûõ σ1 è τ1. Ðåøåíèå ýòîé ñèñòåìû

σ1 − ïðîèçâîëüíî, τ1 − ïðîèçâîëüíî.

Àíàëîãè÷íûì ñïîñîáîì âû÷èñëÿþòñÿ îñòàëüíûå êîýôôèöèåíòû σj è τj,
j = 2, 3, . . . . Òàê, êîýôôèöèåíòû σ2 è τ2 ðàâíû

σ2 =
1

4

(σ1 + 2a3p0)τ1 + 2a2σ0 + 2a4τ0 + 2a5p
2
0 + 2a1

τ0
,

τ2 =
1

4

(τ1 + 2b2p0)σ1 + 2b3σ0 + 2b4τ0 + 2b5p
2
0 + 2b1

σ0
.

Òàêèì îáðàçîì, ïîëó÷åíî ñòåïåííîå ðàçëîæåíèå ÷åòûð¼õïàðàìåòðè÷åñêî-
ãî (ïàðàìåòðû σ0, τ0 è σ1, τ1) ñåìåéñòâà F5 ðåøåíèé ñèñòåìû óðàâíåíèé (1.9)
ïðè óñëîâèè (7.2′).

8 Çàêëþ÷åíèå

Ñ ïîìîùüþ àëãîðèòìîâ ñòåïåííîé ãåîìåòðèè, ðåàëèçîâàííûõ â âèäå îòäåëü-
íûõ êîìïüþòåðíûõ ïðîãðàìì è ôóíêöèé â ñèñòåìå ñèìâîëüíûõ âû÷èñëåíèé
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Maxima, âû÷èñëåíû ñåìåéñòâà F1, F5, F6, F7 ÷åòûð¼õ ñòåïåííûõ ðàçëîæå-
íèé ðåøåíèé ìîäèôèöèðîâàííîé ñèñòåìû Í.Êîâàëåâñêîãî. Ïî òð¼ì ðåøåíè-
ÿì F1, F6, F7 ïîëó÷àþòñÿ åù¼ òðè F̄1, F̄6, F̄7 ïóò¼ì çàìåíû ïåðåìåíûõ è
ïàðàìåòðîâ (σ, τ, x, y, z, λ, ξ) ↔ (−τ,−σ, x/y, 1/y, z/y, λ/y, ξ/y).

Ïðè äàëüíåéøåì àíàëèçå êîíóñà U7 ìîãóò áûòü âû÷èñëåíû äðóãèå ñòå-
ïåííûå ðàçëîæåíèÿ ðåøåíèé ìîäèôèöèðîâàííîé ñèñòåìû Í.Êîâàëåâñêîãî.
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Ðèñ. 1. Ñå÷åíèÿ íîðìàëüíûõ êîíóñîâ äëÿ (1.9) è (1.10).
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Ðèñ. 2. Ñå÷åíèÿ íîðìàëüíûõ êîíóñîâ óêîðî÷åíèé äëÿ (4.6) è (4.7) â ñëó÷àå
êîíóñîâ U2 è U4.
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Ðèñ. 3. Ñå÷åíèÿ íîðìàëüíûõ êîíóñîâ óêîðî÷åíèé äëÿ (5.5) è (5.6) â ñëó÷àå
êîíóñà U3.
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