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Àííîòàöèÿ. Â ïðåïðèíòå îáñóæäàþòñÿ àíàëèòè÷åñêèå ìåòîäû, ïðèçâàííûå
ïðîÿñíèòü äèñïåðñèîííóþ ðåãóëÿðèçàöèþ ãèïåðáîëè÷åñêèõ óäàðíûõ âîëí â
êîíòåêñòå âïîëíå èíòåãðèðóåìûõ àïïðîêñèìàöèé äëÿ íåëèíåéíûõ ãèïåðáî-
ëè÷åñêèõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Ôóíäàìåíòàëüíûì àíàëèòè÷å-
ñêèì äîñòèæåíèåì çäåñü áûëî áû ïîëíîå àñèìïòîòè÷åñêîå îïèñàíèå íåïðå-
ðûâíûõ ïðåäåëîâ èíòåãðèðóåìûõ ñèñòåì. Èçâåñòíî, ÷òî ðàçëè÷íûå ñåìåé-
ñòâà âïîëíå èíòåãðèðóåìûõ ñèñòåì ìîæíî ðàññìàòðèâàòü êàê ïîëóäèñêðåò-
íóþ àïïðîêñèìàöèþ ãèïåðáîëè÷åñêèõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.
Âàæíûì ïðèìåðîì òàêîãî ñåìåéñòâà ÿâëÿåòñÿ öåïî÷êà Òîäà. Äëÿ èññëåäî-
âàíèÿ äèñïåðñèîííîé ðåãóëÿðèçàöèè íåîáõîäèìî ïðîâåñòè àñèìïòîòè÷åñêèé
àíàëèç ýòèõ ñèñòåì â î÷åíü äåëèêàòíîì íåïðåðûâíîì ïðåäåëå. Îñîáîå âíè-
ìàíèå áóäåò óäåëåíî ìíîãîìåðíûì (â ïðîñòðàíñòâåííûõ ïåðåìåííûõ) îáîá-
ùåíèÿì.

Aptekarev A. I.
Integrable semidiscretization of hyperbolic equations � "computational"dispersion
and multidimensional perpective

Abstract A goal of this preprint is to provide an analytical understanding
of dispersive regularizations of hyperbolic shocks, in the context of completely
integrable approximations to nonlinear hyperbolic Partial Di�erential Equations
(PDEs) which exhibit shock formation. The fundamental analytical issue is
to obtain a complete asymptotic description of continuum limits of integrable
systems. Di�erent families of completely integrable systems admit interpretation
as semidiscrete approximations to hyperbolic PDEs - of these, the Toda lattice
is a famous example. To investigate dispersive regularizations, it is required to
carry out an asymptotic analysis of these systems in a very delicate continuum
limit. Special attention will be paid to multidimensional (in space variables)
generalizations.

1Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà ÐÔÔÈ 11-01-12045-ÎÔÈì, òàêæå ÷àñòè÷-
íî ïîääåðæàíà ãðàíòîì íàó÷íûõ øêîë ÍØ-4664.2011.1. Ïðåïðèíò ïî ìàòåðèàëàì äî-
êëàäà àâòîðà íà "Ìåæäóíàðîäíîì ðàáî÷åì ñåìèíàðå ïî êîìïëåêñíîìó àíàëèçó è
åãî ïðèëîæåíèÿì" 26 äåêàáðÿ 2011 ã., ïîñâÿùåííîì 80-òè ëåòèþ À.À. Ãîí÷àðà (ñì.
http://www.mathnet.ru/php/presentation.phtml?option_lang=rus&presentid=4263).



1 Ââåäåíèå
Â ñâÿçè ñ ïåðåâîäîì ìíîãèõ ïðèêëàäíûõ ðàñ÷åòíûõ çàäà÷ ñ îáûêíîâåííûõ
êîìïüþòåðîâ íà ñóïåðêîìïüþòåðû, ïîÿâèëàñü òåõíè÷åñêàÿ âîçìîæíîñòü ðà-
äèêàëüíîãî èçìåëü÷åíèÿ ïðîñòðàíñòâåííîãî ìàñøòàáà äèñêðåòíîé ìîäåëè.
Îäíàêî óâåëè÷åíèå îáúåìîâ ðàñ÷åòíûõ ñåòîê ïðè ñîõðàíåíèè îáùåãî âðå-
ìåíè ðàñ÷åòà ÷àñòî âåäåò ê ïîòåðå óñòîé÷èâîñòè âû÷èñëåíèé. Íàïðèìåð,
â óðàâíåíèÿõ ïàðàáîëè÷åñêîãî òèïà äëÿ ñîõðàíåíèÿ óñòîé÷èâîñòè ïðè ëè-
íåéíîì óìåíüøåíèè ïðîñòðàíñòâåííîãî ìàñøòàáà òðåáóåòñÿ êâàäðàòè÷íîå
óìåíüøåíèå øàãà ïî âðåìåíè, ÷òî ïðàêòè÷åñêè îñòàíàâëèâàåò ðàñ÷åò. Ýòà
ôóíäàìåíòàëüíàÿ íàó÷íàÿ ïðîáëåìà, êîíå÷íî, èçâåñòíà äàâíî, íî ñ êàæäûì
íîâûì ðûâêîì â êîìïüþòåðíûõ âîçìîæíîñòÿõ îíà âîçíèêàåò ñ íîâîé àê-
òóàëüíîñòüþ. Ðåöåïòû áîðüáû ñ ýòîé ïðîáëåìîé òîæå èçâåñòíû: íàïðèìåð,
îðãàíèçàöèÿ ñïåöèàëüíûõ èòåðàöèîííûõ ïðîöåäóð, äîáàâëåíèå â óðàâíåíèÿ
ñ ìàëûì ïàðàìåòðîì ïðîèçâîäíûõ áîëåå âûñîêîãî ïîðÿäêà. Ìåòîäàì òàêî-
ãî ðîäà ÷àñòî äàþò ôèçè÷åñêîå îáúÿñíåíèå - ó÷åò êèíåòè÷åñêèõ ýôôåêòîâ,
âÿçêîñòè, äèñïåðñèè è ò.ä. Â òîæå âðåìÿ, ýòè ÷ëåíû ñ ìàëûìè ïàðàìåòðàìè,
êàê ïðàâèëî, èìåþò äèññèïàòèâíûé õàðàêòåð, ÷òî îêàçûâàåò ïîëîæèòåëü-
íîå âëèÿíèå íà óñòîé÷èâîñòü âû÷èñëåíèé ïðè ïåðåõîäå íà âûñîêîïðîèçâî-
äèòåëüíûé âû÷èñëèòåëüíûé êîìïëåêñ. Îäíàêî, äëÿ ïîëó÷åíèÿ êîððåêòíûõ
÷èñëåííûõ ðåçóëüòàòîâ è âàëèäàöèè íîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé, îðèåí-
òèðîâàííûõ íà âîçìîæíîñòè ìíîãîïðîöåññîðíûõ âû÷èñëèòåëüíûõ êîìïëåê-
ñîâ, íåîáõîäèìî çíàòü òî÷íûå àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé, à ýòî óæå
òðåáóåò ðàçðàáîòêè ñîâåðøåííî íîâûõ ñîâðåìåííûõ ìàòåìàòè÷åñêèõ ïîäõî-
äîâ.

Òåì ñàìûì âîçíèêàåò êîíêðåòíàÿ ìàòåìàòè÷åñêàÿ çàäà÷à ðàçðàáîòêè
ìåòîäîâ àñèìïòîòè÷åñêîãî àíàëèçà ðàçíîìàñøòàáíûõ ðåæèìîâ â äèôôå-
ðåíöèàëüíûõ è ðàçíîñòíûõ çàäà÷àõ è ïîëó÷åíèè òî÷íûõ àñèìïòîòèê ðå-
øåíèÿ ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ. À èìåííî, íåîáõîäèìî
óìåòü ñòðîèòü àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ïî ìàëîìó ïàðàìåòðó ðåøåíèé
ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé. Íàïðèìåð, óðàâíåíèé è ñèñòåì óðàâ-
íåíèé, ïåðåõîäÿùèõ èç ãèïåðáîëè÷åñêèõ â ïàðàáîëè÷åñêèå ïðè ñòðåìëåíèè
ìàëîãî ïàðàìåòðà ê íóëþ. Ïðè ýòîì âàæíóþ ðîëü èãðàåò çíàíèå ñïåêòðà
ñîîòâåòñòâóþùåãî ýëëèïòè÷åñêîãî îïåðàòîðà â ïðàâîé ÷àñòè. Çäåñü îñîáóþ
âàæíîñòü, ïðèìåíèòåëüíî ê çàäà÷àì óñòîé÷èâîñòè ðàñ÷åòîâ íà áîëüøèõ ñåò-
êàõ, ïðèîáðåòàþò âîïðîñû ñõîäèìîñòè ýòèõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé,
÷òî ïîçâîëèò äàòü îòâåò íà ãëàâíûé äëÿ ïðèëîæåíèé âîïðîñ î äîïóñòèìûõ
ãðàíèöàõ èçìåíåíèÿ ìàëîãî ïàðàìåòðà.
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Ïîñëåäíåå âðåìÿ â òåîðèè àïïðîêñèìàöèé àíàëèòè÷åñêèõ ôóíêöèé (â
ñâÿçè ñ äîêàçàòåëüñòâîì ñõîäèìîñòè ðàöèîíàëüíûõ àïïðîêñèìàöèé è îïðå-
äåëåíèÿ ñêîðîñòè èõ ñõîäèìîñòè) ïîÿâèëèñü íîâûå ìåòîäû è ïîäõîäû. Ýòè
ìåòîäèêè îñíîâàíû, âî-ïåðâûõ, íà ñâÿçè ðàöèîíàëüíûõ àïïðîêñèìàöèé ñ
îðòîãîíàëüíûìè ìíîãî÷ëåíàìè è èõ âñåâîçìîæíûìè îáîáùåíèÿìè, à âî-
âòîðûõ, íà ñâÿçè ðàöèîíàëüíûõ àïïðîêñèìàöèé ñ íåïðåðûâíûìè äðîáÿìè è
òåì ñàìûì ñ ðåøåíèÿìè ðåêóððåíòíûõ ñîîòíîøåíèé. Ýòè ñâÿçè ïîçâîëÿþò
èñïîëüçîâàòü ïðè ðåøåíèè êîíêðåòíûõ çàäà÷ ðåçóëüòàòû è òåõíèêó èç ìíî-
ãèõ ðàçëè÷íûõ îáëàñòåé ñîâðåìåííîãî àíàëèçà, òàêèõ êàê òåîðèÿ ïîòåíöè-
àëà, îðòîãîíàëüíûå ìíîãî÷ëåíû, àíàëèç èíòåãðèðóåìûõ ñèñòåì, ìàòðè÷íàÿ
ïðîáëåìà Ðèìàíà-Ãèëüáåðòà, ìåòîä ïîâîðîòíîé òî÷êè äëÿ ðåêóððåíòíûõ
ñîîòíîøåíèé è ñïåöèàëüíûå ôóíêöèè.

Â ÷àñòíîñòè, ââåäåíèå ìàëîé äèñïåðñèè � ïðîñòðàíñòâåííîé ïðîèçâîä-
íîé òðåòüåãî ïîðÿäêà â äèôôåðåíöèàëüíûå óðàâíåíèÿ � àñèìïòîòè÷åñêè
îïèñûâàåòñÿ çàäà÷àìè ðàâíîâåñèÿ ïîòåíöèàëà ñ âíåøíèì ïîëåì è îãðàíè-
÷åíèåì íà ìåðó. Ýòî áûëî çàìå÷åíî åù¼ â ïèîíåðñêèõ ðàáîòàõ [1] Ëàêñà è
Ëèâåðìîðà (ðå÷ü èäåò î âîçìóùåíèè îäíîìåðíîãî óðàâíåíèÿ Õîïôà ïðî-
èçâîäíîé òðåòüåãî ïîðÿäêà ñ ìàëûì ïàðàìåòðîì, â ðåçóëüòàòå ÷åãî óðàâ-
íåíèå ïðåâðàùàåòñÿ â óðàâíåíèå Êîðòâåãà-äå-Ôðèçà, îáëàäàþùåå áîãàòûì
èíñòðóìåíòàðèåì äëÿ ñâîåãî èññëåäîâàíèÿ).

Â òîæå âðåìÿ ýòà àñèìïòîòè÷åñêàÿ òåõíèêà, îñíîâàííàÿ íà çàäà÷àõ
ðàâíîâåñèÿ ëîãàðèôìè÷åñêîãî ïîòåíöèàëà è èõ îáîáùåíÿõ, ïîëó÷èëà îñî-
áåííîå ðàçâèòèå â ðàáîòàõ À.À. Ãîí÷àðà è åãî ó÷åíèêîâ èìåííî â ñâÿçè ñ
âîïðîñàìè ñõîäèìîñòè è ñêîðîñòè ñõîäèìîñòè ðàöèîíàëüíûõ àïïðîêñèìà-
öèé àíàëèòè÷åñêèõ ôóíêöèé (ñì. [2] � [24]).

Íåëèíåéíûå ãèïåðáîëè÷åñêèå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ÷à-
ñòî ðåãóëÿðèçóþòñÿ òåì èëè èíûì ñïîñîáîì (èç-çà âîçíèêíîâåíèÿ óäàðíûõ
âîëí) ïðè èõ ÷èñëåííîì ðåøåíèè. Äèñêðåòèçàöèÿ óðàâíåíèÿ â ÷àñòíûõ ïðî-
èçâîäíûõ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ïðèâîäèò ê çàäà÷å ÷èñëåííî-
ãî ðåøåíèÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ)
ïî âðåìåííîé ïåðåìåííîé. Òàêàÿ äèñêðåòèçàöèÿ è èãðàåò ðîëü ðåãóëÿðèçà-
öèè. Çäåñü òàêæå ïîÿâëÿåòñÿ ìíîãî ïðåèìóùåñòâ äëÿ àíàëèçà, êàê òîëüêî
ñèñòåìà ÎÄÓ ÿâëÿåòñÿ âïîëíå èíòåãðèðóåìîé. Ïðèìåð âïîëíå èíòåãðèðóå-
ìîé äèñêðåòèçàöèè äëÿ êîíòèíóóì ïðåäåëà öåïî÷êè Òîäà áûë èññëåäîâàí
Ï.Äåéôòîì è Ê.ÌàêËàôëèíîì [28], (òàêæå ñì. [29]). Â èõ àíàëèçå òàêæå
êëþ÷åâóþ ðîëü èãðàëè óïîìÿíóòûå ìåòîäû ðàâíîâåñèÿ ïîòåíöèàëà ñ âíåø-
íèì ïîëåì è îãðàíè÷åíèåì íà ìåðó (ñì. [23] � [27], [30]).
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Íàêîíåö, îòëè÷èòåëüíîé ÷åðòîé îáñóæäàåìîãî çäåñü ïîäõîäà ÿâëÿåòñÿ
âîçìîæíîñòü åãî ðàñïðîñòðàíåíèÿ íà ìíîãîìåðíûå çàäà÷è ñèñòåì óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ. Ýòà âîçìîæíîñòü íå ïðèñóòñòâîâàëà â óïîìÿíó-
òûõ âûøå ðàáîòàõ, êîòîðûå îãðàíè÷èâàëèñü ðàññìîòðåíèåì îäíîé ïðîñòðàí-
ñòâåííîé ïåðåìåííîé. Ââåäåíèå íåñêîëüêèõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ
áóäåò îñóùåñòâëÿòüñÿ ïóòåì ðàññìîòðåíèÿ çàäà÷ ðàâíîâåñèÿ âåêòîðíûõ ìåð
(âåëè÷èíà êàæäîé êîìïîíåíòû áóäåò ñîîòâåòñòâîâàòü ñâîåé ïðîñòðàíñòâåí-
íîé ïåðåìåííîé). Çàäà÷è ðàâíîâåñèÿ âåêòîðíûõ ìåð õîðîøî áûëè èçó÷åíû
â ñàìîå ïîñëåäíåå âðåìÿ â ðàìêàõ òåîðèè ñîâìåñòíûõ ïðèáëèæåíèé ðîñò-
êîâ àíàëèòè÷åñêèõ âåêòîð-ôóíêöèé - òàê íàçûâàåìîé òåîðèè àïïðîêñèìà-
öèé Ýðìèòà-Ïàäå è àñèìïòîòè÷åñêîé òåîðèè ñîâìåñòíî îðòîãîíàëüíûõ èëè
(áèîðòîãîíàëüíûõ) ìíîãî÷ëåíîâ (ñì. [12] � [20]).

2 Ðàâíîâåñèå âî âíåøíåì ïîëå � ïðÿìàÿ è îáðàòíàÿ
çàäà÷à

Â ýòîé ñåêöèè ìû ââåäåì îñíîâíûå ïîíÿòèÿ òåîðèè ëîãàðèôìè÷åñêîãî ïî-
òåíöèàëà âî âíåøíåì ïîëå è îáñóäèì îáðàòíóþ çàäà÷ó ïîëÿ.

2.1 Ðàâíîâåñíûå ìåðû è ñëàáàÿ àñèìïòîòèêà îðòîãîíàëüíûõ ìíî-
ãî÷ëåíîâ

Íà÷íåì ñ îïðåäåëåíèÿ ðàâíîâåñíîé ìåðû â ïîëå è ñ åå ñâÿçè ñ ïðåäåëüíûì
ðàñïðåäåëåíèåì íóëåé ïîñëåäîâàòåëüíîñòåé ýêñòðåìàëüíûõ ìíîãî÷ëåíîâ.

Ïóñòü

Q : R→ R+; Q 6≡ ∞ on R; lim inf
|z|→∞

Q(z)

log |z| > 1. (2.1)

ïîëóíåïðåðûâíàÿ ñíèçó ôóíêöèÿ, íàçûâàåìàÿ âíåøíèì ïîëåì. Ýíåðãèåé
ëîãàðèôìè÷åñêîãî ïîòåíöèàëà âî âíåøíåì ïîëå Q íàçûâàþò ôóíêöèîíàë
íà ìåðàõ ñ íîñèòåëÿìè íà R

J(µ) := I(µ) + 2

∫
Q(z)dµ(z), (2.2)

ãäå
I(µ) :=

∫
V µ(z)dµ(z), V µ(z) := −

∫
log |z − z| dµ(z).

Ýêñòðåìàëüíàÿ ìåðà, ìèíèìèçèðóþùàÿ ýòîò ôóíêöèîíàë

λ(z) : J(λ) = inf
µ∈M+

J(µ) ,
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îáëàäàåò ñâîéñòâîì ðàâíîâåñèÿ

V λ(z) +Q(z)

{
≥ γQ, z ∈ R,
= γQ, z ∈ supp(λ) := Sλ.

(2.3)

Êàê áûëî çàìå÷åíî Ãîí÷àðîì è Ðàõìàíîâûì [9] ðàâíîâåñíàÿ (ýêñòðåìàëü-
íàÿ) ìåðà λ óäà÷íî ïîäõîäèò äëÿ îïèñàíèÿ ïðåäåëüíîãî ðàñïðåäåëåíèÿ íó-
ëåé ïîñëåäîâàòåëüíîñòè Îðòîãîíàëüíûõ Ìíîãî÷ëåíîâ - (ÎÌ), Pn(z) :=∏n

j=1(z − zj,n), óäîâëåòâîðÿþùèõ ñëåäóþùèì ñîîòíîøåíèÿì îðòîãîíàëüíî-
ñòè ê ñòåïåííîé ôóíêöèè:

∫
Pn(z) z

k exp{−nQ(z) +Q0(z)} dz = 0, k = 0, . . . , n− 1. (2.4)

Ñëàáîå ïðåäåëüíîå ðàñïðåäåëåíèå íóëåé çàäàåòñÿ ïðåäåëîì ìåðû, ñ÷èòà-
þùåé íóëè:

νPn
=

1

n

n∑

k=1

δ(z − zk,n)
∗→ ? n → ∞.

Ñïðàâåäëèâà

Òåîðåìà 2.1 (ñì. [9]) Ïóñòü ïîëóíåïðåðûâíàÿ ñíèçó ôóíêöèÿ (2.1) îïðå-
äåëÿåò âåñîâóþ ôóíêöèþ â (2.4). Òîãäà ñëàáûé ïðåäåë ìåðû, ñ÷èòàþùåé
íóëè ÎÌ ñóùåñòâóåò è ðàâåí ðàâíîâåñíîé ìåðå (2.3)

νPn

∗→ λ .

Ïðè ýòîì, ñëàáàÿ àñèìïòîòèêà ÎÌ èìååò âèä

lim
n→∞

1

n
log |Pn(z)| = −V λ(z), z ∈ C \ S.

2.2 "Ïåðåìåííûå"âåñà è ñåìåéñòâà ðàâíîâåñíûõ ìåð
Îáðàòèì âíèìàíèå, ÷òî âåñîâàÿ ôóíêöèÿ â (2.4) ñàìà çàâèñèò îò ïàðàìåòðà,
ñâÿçàííîãî ñî ñòåïåíüþ ìíîãî÷ëåíà. Òàêèå âåñà íàçûâàþò "varying weights".
Äëÿ ïðèëîæåíèé, êîòîðûå áóäóò íàñ èíòåðåñîâàòü, óìåñòíî ðàññìàòðèâàòü
ñåìåéñòâà ìíîãî÷ëåíîâ {Pn,N(z)}∞n=0, (Pn,N(z) :=

∏n
j=1(z − zj,n,N)):

∫
Pn,N(z)z

kWN(z) dλ = 0, k = 0, . . . , n− 1, WN(z) := e−NQ(z)+Q0, (2.5)

â êîòîðûõ ïàðàìåòðû, ñâÿçàííûå ñ âåñîì (N) è ñî ñòåïåíüþ ìíîãî÷ëåíà (n),
ðàçäåëåíû.
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Äëÿ îïèñàíèÿ àñèìïòîòèê òàêèõ ñåìåéñòâ ÎÌ âîçíèêàåò çàäà÷à î ñå-
ìåéñòâàõ ðàâíîâåñíûõ ìåð. Ïóñòü ïàðàìåòð x îáîçíà÷àåò âåëè÷èíó ìàññû
ìåðû, ñ íîñèòåëåì íà äåéñòâèòåëüíîé îñè. Â êëàññå ìåð

M+
x := {µ} ⇔ µ > 0, S(µ) ⊂ R,

∫
dµ = x , (2.6)

ôèêñèðîâàííîå ïîëå ïîðîæäàåò ñåìåéñòâî ýêñòðåìàëüíûõ (ðàâíîâåñíûõ)
ìåð, ìèíèìèçèðóþùèõ ôóíêöèîíàë ýíåðãèè (2.2):

Q(z) → {λx}x>0 : J(λx) = inf
µ∈M+

x

J(µ) . (2.7)

Òîãäà â ïðåäåëüíîì ðåæèìå (n/N → x) ìåðà, ñ÷èòàþùàÿ íóëè ýòèõ ìíîãî-
÷ëåíîâ ñëàáî ñõîäèòñÿ ê ðàâíîâåñíûì ìåðàì ýòîãî ñåìåéñòâà

νn,N(z) =
1

N

n∑

j=1

δ(z − zj,n,N), νn,N(λ)
∗−−−→

n/N→x
N→∞

λx(z).

Èçó÷åíèå ñåìåéñòâ ðàâíîâåñíûõ ìåð áûëî èíèöèèðîâàíî Áóÿðîâûì è Ðàõ-
ìàíîâûì â [22]. Êëþ÷åâóþ ðîëü â îïèñàíèè ýòèõ ñåìåéñòâ èãðàåò ñåìåéñòâî
íîñèòåëåé ðàâíîâåñíûõ ìåð {Sx}x>0 : Sx := S(λx). Â [22] äîêàçàíî, ÷òî ýòî
ìîíîòîííîå ïî x ñåìåéñòâî

Sx′ ⊆ Sx, x′ ≤ x,

è çíàÿ ñåìåéñòâî íîñèòåëåé ìåð S(x), ìîæíî îïðåäåëèòü ñàìè ðàâíîâåñíûå
ìåðû ïî ôîðìóëå

λ′
x(z) =

∫ x

0

ω′
S(x̃)(z) dx̃,

çäåñü ω′
S(x)(z) åñòü ïëîòíîñòü ðîáåíîâñêîãî ðàñïðåäåëåíèÿ êîìïàêòà S(x),

ò.å. ðàâíîâåñíàÿ ìåðà êîìïàêòà S(x) â îòñóòñòâèè âíåøíåãî ïîëÿ.

Òåì ñàìûì, ìû âèäèì, ÷òî ðàâíîâåñíûå ìåðû λx(z) îêàçûâàþòñÿ çâå-
íîì

S(x) ←→ λx(z) ←→ Q(z) ,

ñâÿçûâàþùèì ôóíêöèè
S(x) ←→ Q(z) ,

îò ïðèíöèïèàëüíî ðàçíûõ ïåðåìåííûõ. Â íàøèõ ïðèëîæåíèÿõ ýòà ñâÿçü áó-
äåò èìåòü ñìûñë ñïåêòðàëüíîé çàäà÷è. Ïðè ýòîì, x áóäåò ïðîñòðàíñòâåííîé
ïåðåìåííîé, à z áóäåò èìåòü ñìûñë ñïåêòðàëüíîé ïåðåìåííîé. Ïðèâåäåì
ôîðìóëû, ðåøàþùèå âîçíèêàþùèå ïðÿìûå è îáðàòíûå çàäà÷è.
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Ïðÿìàÿ çàäà÷à: S(x) ��> Q(z) ðåøàåòñÿ ôîðìóëîé Áóÿðîâà - Ðàõ-
ìàíîâà (ñì. [22])

Q(z) =

∫ ∞

0

gS(x)(z) dx. (2.8)

Çäåñü gS(x)(z) ôóíêöèÿ Ãðèíà êîìïàêòà S(x).

Îáðàòíàÿ çàäà÷à: S(x) <�� Q(z) ðåøàåòñÿ ìèíèìèçàöèåé ñëåäóþùå-
ãî ôóíêöèîíàëà

FQ,x(K) := −x log cap(K) +

∫
Q(z) dωK(z), (2.9)

ïðåäëîæåííîãî Ìàøêàðîì è Ñàôôîì â [31]. Òàêèì îáðàçîì, âàðèàöèîííûé
ïðèíöèï äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è èìååò âèä:

FQ,x(K) > FQ,x(S(x)) = γQ .

3 Óðàâíåíèå Õîïôà � âàðèàöèîííûé ïðèíöèï âûäåëå-
íèÿ ðàçðûâîâ

Ïðîèëëþñòðèðóåì ïðåäëàãàåìûé ìåòîä ñïåêòðàëüíîé çàäà÷è íà ïðîñòåé-
øåì ïðèìåðå ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ Õîïôà (èëè äðóãîå íà-
çâàíèå: óðàâíåíèå Áþðãåðñà áåç âÿçêîñòè). Äëÿ x ∈ R+ , t ∈ R+ èùåòñÿ
ýâîëþöèÿ ïîëîæèòåëüíîé ôóíêöèè:

B(x, 0) > 0 −→ B(x, t) : Bt +BBx = 0. (3.1)

Óäîáíåå ñäåëàòü çàìåíó B(x, t) =: b(x, t)2. Îêàçûâàåòñÿ (ñì., íàïðèìåð, [28],
[29], [32], [33]), ÷òî îòðåçîê

S(x, t) := [−b(x, t), b(x, t)] , (3.2)

ÿâëÿåòñÿ íîñèòåëåì ðàâíîâåñíîé ìåðû çàäà÷è ðàâíîâåñèÿ (2.2) � (2.7) äëÿ
ìåðû ñ ìàññîé x è çàâèñÿùåãî îò âðåìåíè t ïîëÿ

Q(z, t) = Q(z, 0) + z2t . (3.3)

Òåì ñàìûì äëÿ ðåøåíèÿ çàäà÷è Êîøè ïðåäëàãàåòñÿ ñëåäóþùàÿ ïðîöåäóðà.

1. Íà÷àëüíàÿ ïðÿìàÿ çàäà÷à S(x) := [−b(x, 0), b(x, 0)] −→ Q(z, 0);

2. Ýâîëþöèÿ Q(z, t) = Q(z, 0) + z2t ;

3. Îáðàòíàÿ çàäà÷à äëÿ ðåøåíèÿ Q(z, t) −→ S(x, t) := [−b(x, t), b(x, t)].
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Ïîä÷åðêíåì, ÷òî ýâîëþöèÿ (3.1) êîíöîâ íîñèòåëÿ (3.2) ðàâíîâåñíîé ìåðû
ñîîòâåòñòâóåò ýâîëþöèè ïîëÿ (3.3) òîëüêî â ñëó÷àå, êîãäà íîñèòåëü ÿâëÿ-
åòñÿ îòðåçêîì. Â ñèòóàöèè, êîãäà â êàêîé-òî ìîìåíò âðåìåíè ïîëå, ýâîëþ-
öèîíèðóÿ êàê â (3.3), ðàçîðâåò íîñèòåëü íà íåñêîëüêî ÷àñòåé, òîãäà íîâûå
êîíöåâûå òî÷êè íîñèòåëåé óæå áóäóò óäîâëåòâîðÿòü äðóãîé, áîëåå ñëîæíîé
÷åì (3.1), ñèñòåìå óðàâíåíèé.

Êîíêðåòèçèðóåì ôîðìóëû ðåøåíèÿ ïðÿìîé (2.8) è îáðàòíîé (2.9) çà-
äà÷ â ñèòóàöèè, êîãäà íîñèòåëü ÿâëÿåòñÿ îòðåçêîì.

Äëÿ ñèììåòðè÷åñêîãî ñåìåéñòâà {[−b(x), b(x)]}x>0 ôîðìóëà Áóÿðîâà�
Ðàõìàíîâà èìååò âèä:

Q(z) =

∞∫

0

ln

∣∣∣∣∣
z +

√
z2 − b2(x)

b(x)

∣∣∣∣∣ dx. (3.4)

Ôóíêöèîíàë Ìàøêàðà-Ñàôôà FQ,x âûãëÿäèò òåïåðü òàê

FQ,x([−b, b]) = −x ln
b(x, t)

2
+

1

π

b∫

−b

Q(z, t)√
b(x, t)2 − z2

dz. (3.5)

Ïîäñòàâëÿÿ ñþäà ÿâíûé âèä ýâîëþöèè (3.3) ïîëó÷àåì âàðèàöèîííûé ïðèí-
öèï äëÿ ðåøåíèé b(x, t) ãèïåðáîëè÷åñêîãî óðàâíåíèÿ bt + b2 bx = 0 :

−x ln
b

2
+

b2

2
t+

1

π

b∫

−b

Q(z, 0)√
b2 − z2

dz → min
b

for �xed t, x. (3.6)

Îòìåòèì âàæíîå îáñòîÿòåëüñòâî (ìû ïðèâåäåì ñîîòâåòñòâóþùåå ôîðìàëü-
íîå äîêàçàòåëüñòâî ÷óòü íèæå). Íà ýòîò âàðèàöèîííûé ïðèíöèï ìîæíî
ñìîòðåòü òåïåðü áåçîòíîñèòåëüíî åãî ñâÿçè ñ ñåìåéñòâîì ðàâíîâåñíûõ ìåð.
Âñå ýêñòðåìóìû ôóíêöèîíàëà (3.6) ëîêàëüíî ïî (x, t) óäîâëåòâîðÿþò óðàâ-
íåíèþ (3.1), è ÷òî îñîáåííî âàæíî ýòî èìååò ìåñòî äàæå â òîé ñèòóàöèè,
êîãäà èìååòñÿ íåñêîëüêî ýêñòðåìóìîâ è êîãäà íîñèòåëü ðàâíîâåñíîé ìåðû
óæå íå ÿâëÿåòñÿ îòðåçêîì. Òî åñòü êîãäà ôóíêöèîíàë (3.5) óæå íå ÿâëÿåò-
ñÿ ôóíêöèîíàëîì Ìàøêàðà-Ñàôôà (3.5) îïèñûâàþùèì íîñèòåëü ðàâíîâåñ-
íîé ìåðû, íî â ýòî æå âðåìÿ åãî ýêñòðåìóìû ïðîäîëæàþò óäîâëåòâîðÿòü
óðàâíåíèþ (3.1). Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò íàì ïîñòðîèòü âàðèàöèîí-
íîå ïðåäñòàâëåíèå äëÿ îáîáùåííûõ (íå îáÿçàòåëüíî íåïðåðûâíûõ) ðåøåíèé
êâàçèëèíåéíîãî óðàâíåíèÿ

(lnB)t +Bx = 0, (3.7)
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ãäå B = B(t, x), (t, x) ∈ Rt × R è B(0, x) = B0(x), B0(x) > 0 - ãëàä-
êàÿ, ìîíîòîííàÿ è îãðàíè÷åííàÿ ôóíêöèÿ. Çàìåòèì, ÷òî â ãëàäêîì ñëó÷àå
óðàâíåíèå (3.7) ýêâèâàëåíòíî íåâÿçêîìó óðàâíåíèþ Áþðãåðñà.

Ñïðàâåäëèâà

Òåîðåìà 3.1 (ñì. [32], [33]) Â ñëó÷àå åäèíñòâåííîñòè ìèíèìóìà â çà-
äà÷å (3.6) ôóíêöèÿ B(t, x) = b2(t, x) ÿâëÿåòñÿ ãëàäêèì ðåøåíèåì çàäà-
÷è (3.7); òå òî÷êè (t, x), ãäå òàêèõ ìèíèìóìîâ äâà, ëîêàëüíî îáðàçóþò
êðèâóþ x(t), âäîëü êîòîðîé äëÿ (3.7) ñïðàâåäëèâî ñîîòíîøåíèå Ãþãîíèî:

ẋ lnB1 −B1 = ẋ lnB2 −B2 íà x(t) . (3.8)

Çàìå÷àíèå 3.1. Ñîîòíîøåíèÿ Ãþãîíèî âûðàæàþò çàêîíû ñîõðàíåíèÿ ïî-
òîêîâ ìàññû, èìïóëüñà è ýíåðãèè ÷åðåç ïîâåðõíîñòü ðàçðûâà. (ñì. [34], [33]).
Â íàøåé ñèòóàöèè èìåííî çàïèñü óðàâíåíèÿ (3.1) â ôîðìå (3.7) îáåñïå÷èâàåò
âûïîëíåíèå ôèçè÷åñêè îñìûñëåííûõ çàêîíîâ ñîõðàíåíèÿ ïðè âîçíèêíîâå-
íèå ðàçðûâîâ ðåøåíèÿ.

Äîêàçàòåëüñòâî. Ïîñêîëüêó (3.6) â íåêîòîðîé òî÷êå äîñòèãàåò ìè-
íèìóìà, òî ïðîèçâîäíàÿ ïî b â ýòîé òî÷êå îáðàùàåòñÿ â íóëü, òî åñòü

−x

b
+ bt+

d

db


1

π

b∫

−b

Q0(λ)√
b2 − λ2

dλ


 = 0 . (3.9)

Îäíàêî èçâåñòíî, ÷òî ïðè t = 0 çàäà÷à ìèíèìèçàöèè ýíåðãèè çàðÿäà âî
âíåøíåì ïîëå ïðèâîäèò ê íà÷àëüíîé ìåðå ñ íîñèòåëåì [−b0(x), b0(x)], b20(x) =
B0(x), òî åñòü

d

db


1

π

b∫

−b

Q0(λ)√
b2 − λ2

dλ


 =

b−1
0 (b)

b
,

îòêóäà
1

π

b∫

−b

Q0(λ)√
b2 − λ2

dλ =

b∫

0

b−1
0 (s)

s
ds. (3.10)

Òî åñòü èç (3.9) ïîëó÷àåì

−x

b
+ bt+

b−1
0 (b)

b
= 0,

èëè
x = b2t+ b−1

0 (b). (3.11)
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Ïîñêîëüêó (3.11) ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêèì ñîîòíîøåíèåì äëÿ (3.7) ïðè
B = b2, òî ïåðâîå óòâåðæäåíèå Òåîðåìû 3.1 äîêàçàíî.

Åñëè æå ñóùåñòâóþò äâå òî÷êè ãëîáàëüíîãî ìèíèìóìà â (3.6) b1 è b2,
òî ñïðàâåäëèâî ñîîòíîøåíèå

−x ln
b1
2
+

b21
2
t+

1

π

b1∫

−b1

Q0(z)√
b21 − z2

dz = −x ln
b2
2
+

b22
2
t+

1

π

b2∫

−b2

Q0(z)√
b22 − z2

dz.

Ýòî ñîîòíîøåíèå ëîêàëüíî îïðåäåëÿåò íåêîòîðóþ êðèâóþ x(t). Ïðîäèôôå-
ðåíöèðóåì åãî ïî t è, ó÷èòûâàÿ (3.9), ïîëó÷èì

−ẋ ln
b1
2
+

b21
2

= −ẋ ln
b2
2
+

b22
2
,

÷òî î÷åâèäíî ÿâëÿåòñÿ ñîîòíîøåíèåì Ãþãîíèî (3.8). Òàêèì îáðàçîì, âòîðîå
óòâåðæäåíèå Òåîðåìû 3.1 äîêàçàíî. ¥
Çàìå÷àíèå 3.2. Âñëåäñòâèå ñîîòíîøåíèÿ (3.10) âàðèàöèîííàÿ çàäà÷à (3.6)
äëÿ ðåøåíèÿ (3.1) â èòîãå ïðåâðàùàåòñÿ â:

−x ln
b

2
+

b2

2
t+

b∫

0

b−1
0 (s)

s
ds → min

b
. (3.12)

Ðàññìîòðèì ïðèìåð ïðèìåíåíèÿ âàðèàöèîííîãî ïðèíöèïà (3.6) äëÿ âûäå-
ëåíèÿ êðèâîé ðàçðûâà x(t) è ïîñòðîåíèÿ ðàçðûâíîãî ðåøåíèÿ (Óäàðíîé
âîëíû) äëÿ óðàâíåíèÿ (3.7). Â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ áåðåì b(z, 0)
ÿâëÿþùååñÿ êîíöîì îòðåçêà íîñèòåëÿ ðàâíîâåñíîé ìåðû â ïîëå Q(z, 0) :=
3z6 − 2z4 + z2. Åñëè â íà÷àëüíûé ìîìåíò âðåìåíè ïîëå âûïóêëî è îáåñïå-

Ðèñ. 1: Ïîëå Q(z, t) := 3z6 − 2z4 + (1− t)z2 â ìîìåíòû âðåìåíè t = 0 è t = 0.6.

÷èâàåò åäèíñòâåííûé ìèíèìóì (3.6), òî äëÿ áóëüøèõ t ýòî óæå íå òàê (ñì.
Ðèñ. 1).
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Â ðåçóëüòàòå äëÿ ìîìåíòîâ âðåìåíè t áóëüøèõ ÷åì t∗ ≈ 0.55 ôóíêöè-
îíàë (3.6) èìååò òðè ýêñòðåìóìà � äâà ëîêàëüíûõ ìèíèìóìà è îäèí ìàêñè-
ìóì. Òî÷êà x(t), â êîòîðîé äâà ëîêàëüíûõ ìèíèìóìà ïðèíèìàþò îäèíàêî-
âîå çíà÷åíèå (ò.å. ôóíêöèîíàë èìååò äâà ìèíèìóìà), ïðèíàäëåæèò ëèíèè
ðàçðûâà (ñì. Ðèñ. 2).

Ðèñ. 2: Ãðàôèêè ðåøåíèé b(x) ãèïåðáîëè÷åñêîãî óðàâíåíèÿ bt + b2 bx = 0 â ðàçëè÷íûå
ìîìåíòû âðåìåíè t := 0; 0.5; 0.57; 0.6 . Íà÷àëüíûå óñëîâèÿ b(x) ïðè t := 0 íàõîäÿòñÿ
ìèíèìèçàöèåé ôóíêöèîíàëà Ìàøêàðà-Ñàôôà (3.5)�(3.6) ïðè t := 0 è Q(z, 0) := 3z6 −
2z4 + z2.
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4 "Èíòåãðèðóåìàÿ"äèñêðåòèçàöèÿ ãèïåðáîëè÷åñêîé ñè-
ñòåìû

Ïðèâåäåííîå â ïðåäûäóùåé ñåêöèè ôîðìàëüíîå äîêàçàòåëüñòâî òîãî ôàêòà,
÷òî âàðèàöèîííûé ïðèíöèï íàõîæäåíèÿ íîñèòåëÿ ðàâíîâåñíîé ìåðû, ÷óäåñ-
íûì îáðàçîì îêàçûâàåòñÿ âàðèàöèîííûì ïðèíöèïîì íàõîæäåíèÿ ðåøåíèÿ
ãèïåðáîëè÷åñêîãî óðàâíåíèÿ, íå äàåò îòâåòà íà âîïðîñ ïî÷åìó ýòî ÷óäî ïðî-
èçîøëî. Â ýòîé ñåêöèè ìû ïîñòàðàåìñÿ ïîÿñíèòü ñèòóàöèþ. Ïî êðàéíåé
ìåðå, áóäåò ÿñíî ïî÷åìó ìû èñïîëüçóåì òåðìèíîëîãèþ ïðÿìîé è îáðàòíîé
ñïåêòðàëüíîé çàäà÷è ðàññóæäàÿ î ñâÿçè S(x) ←→ Q(z). Ìû ñäåëàåì ýòî
íà ïðèìåðå çàäà÷è Êîøè äëÿ ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ,
îáîáùàþùåé çàäà÷ó (3.1) 




∂a

∂t
= 2b

∂b

∂x
,

∂b

∂t
=

b

2

∂a

∂x
,

(4.1)

äëÿ a(x, t) ∈ R, b(x, t) ∈ R+ è (x, t) ∈ R+ × R+.

4.1 "Varying"ðåêóððåíòíûå êîýôôèöèåíòû
Âåðíåìñÿ ê êîíñòðóêöèè ÎÌ îðòîãîíàëüíûõ îòíîñèòåëüíî çàâèñÿùåãî îò
ïàðàìåòðà N âåñà ("varying weights") {Pn,N(z)}∞n=0, ñì.(2.5). Äëÿ êàæäî-
ãî ôèêñèðîâàííîãî N ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ óäîâëåòâîðÿåò òðåõ-
÷ëåííîìó ðåêóððåíòíîìó ñîîòíîøåíèþ{

zPn,N(z) = Pn+1,N(z) + an+1,NPn,N(z) + b2n,NPn−1,N(z),

P0,N = 1, P−1,N = 0,

êîýôôèöèåíòû êîòîðîãî, â ñâîþ î÷åðåäü, òàêæå çàâèñÿò îò ïàðàìåòðà N �
("varying recurrence coe�cients"):

{an,N , bn,N}∞n=0, bn,N > 0 .

Âàæíûé êëàññ "varying" ðåêóððåíòíûõ êîýôôèöèåíòîâ ìîæåò áûòü çàäàí
äèñêðåòèçàöèåé íåïðåðûâíûõ ôóíêöèé : a(x), b(x) x ∈ R+ ñ øàãîì h := 1

N

an,N := a(nh) = a
( n

N

)
, bn,N := b(nh) = b

( n

N

)
.

Îáñóäèì ñâÿçü ìåæäó ïðåäåëàìè "varying" âåñà è "varying" ðåêóððåíòíûõ
êîýôôèöèåíòîâ. Ðå÷ü èäåò î ïðåäåëå âåñà ïðè ñòðåìëåíèè ïàðàìåòðà N ê
áåñêîíå÷íîñòè

lim
N→∞

WN(z)
1/N =: W (z) =: e−Q(z) (4.2)
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è î ïðåäåëå ðåêóððåíòíûõ êîýôôèöèåíòîâ â ðåæèìå (n/N → x , N → ∞)

lim
n/N→x
N→∞

an,N =: a(x), lim
n/N→x
N→∞

bn,N =: b(x). (4.3)

Ñîîòíîøåíèå ìåæäó ýòèìè ïðåäåëàìè
{
a(x)
b(x)

}
←→ {Q(z)} (4.4)

è ëåæèò â îñíîâå íàøåãî ïîäõîäà.

Îòìåòèì ñíà÷àëà êëàññè÷åñêèé ñëó÷àé ÎÌ íà îòðåçêå [α, β] îòíîñè-
òåëüíî íåçàâèñÿùåãî îò ïàðàìåòðà N âåñà W (z) := eQ0(z). Ýòà ñèòóàöèÿ
âêëàäûâàåòñÿ â îáùèé ñëó÷àé (2.5) "varying" îðòîãîíàëüíîñòè, åñëè ãëàâ-
íûé ÷ëåí "varying" âåñà â (2.5) � (âíåøíåå ïîëå) Q(z) ðàâåí íóëþ íà îòðåçêå
[α, β] è ðàâåí áåñêîíå÷íîñòè âíå åãî. Â ýòîì ñëó÷àå ñâÿçü ïðåäåëîâ êîýôôè-
öèåíòîâ òðåõ÷ëåííîé ðåêóðñèè (à îíè ñóùåñòâóþò ïðè Q0 > −∞ íà [α, β]):

lim
n→∞

an =: a, lim
n→∞

bn =: b,

ñ âåñîì îðòîãîíàëüíîñòè W (z) õîðîøî èçâåñòíà. Êîíöû íîñèòåëÿ âåñîâîé
ôóíêöèè � îòðåçêà S = [α, β] (êîòîðûé òàêæå ìîæíî îõàðàêòåðèçîâàòü
êàê íîñèòåëü ðàâíîâåñíîé ìåðû â ïîëå Q(z)) ñâÿçàíû ñ ýòèìè ïðåäåëàìè
ñîîòíîøåíèÿìè α = a− 2b, β = a+ 2b .

Â ïðèíöèïå, òàêæå îáñòîèò äåëî è â îáùåì ñëó÷àå (2.5) "varying" îð-
òîãîíàëüíîñòè. Åñëè ïðåäåë (4.2) ïåðåìåííîãî âåñà ñóùåñòâóåò è ïîëó÷àåìîå
ïðè ýòîì âíåøíåå ïîëå â êëàññå (2.6) äàåò ðàâíîâåñèå íà ñåìåéñòâå îòðåçêîâ
S(x) = [α(x), β(x)] äëÿ 0 < x < x∗, òî êîíöû îòðåçêîâ èç ýòîãî ñåìåéñòâà
ñâÿçàíû ñ ïðåäåëüíûìè ôóíêöèÿìè (4.3) "varying" ðåêóððåíòíûõ êîýôôè-
öèåíòîâ ñîîòíîøåíèÿìè:
S(x) = [α(x), β(x)] : α(x) = a(x)−2b(x), β(x) = a(x)+2b(x) . (4.5)

Òîëüêî ÷òî ñôîðìóëèðîâàííîå óòâåðæäåíèå ñòðîãî äîêàçàíî äëÿ "õîðîøèõ"
âåñîâ (2.5). Íàïðèìåð, äëÿ àíàëèòè÷åñêèõ Q(z), Q0(z) è (2.1). Îíî ñëåäóåò
èç ñèëüíîé àñèìïòîòèêè ÎÌ, îïðåäåëÿåìûõ (2.5),

lim
N→∞

P[xN ],N(z) , 0 < x < x∗, (4.6)

ïîëó÷àåìîé, íàïðèìåð, ìåòîäîì ìàòðè÷íîé çàäà÷è Ðèìàíà-Ãèëüáåðòà, ðàç-
ðàáîòàííûì äëÿ ñèëüíûõ àñèìïòîòèê â [35] (òàêæå ñì. íåîáõîäèìûå äåòàëè
â [11]), è ñâÿçåé àñèìïòîòèêè îòíîøåíèÿ (ñì. [29])

lim
N→∞

P[xN ]−1,N(z)

P[xN ],N(z)
, 0 < x < x∗
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ñ ïðåäåëàìè (4.3) "varying" ðåêóððåíòíûõ êîýôôèöèåíòîâ. Õîòÿ â îáùèõ
óñëîâèÿõ: ïîëå Q(z) àïïðîêñèìàòèâíî íåïðåðûâíî ñíèçó è ñïðàâåäëèâî
(2.1), à èçìåðèìàÿ Q0 > −∞ ïî÷òè âñþäó (÷òî áûëî áû îáîáùåíèåì çíà-
ìåíèòîé òåîðåìû Ðàõìàíîâà î ñóùåñòâîâàíèè ïðåäåëîâ ðåêóððåíòíûõ ñî-
îòíîøåíèé [37]) � ïîäîáíîå óòâåðæäåíèå îñòàåòñÿ îòêðûòîé ïðîáëåìîé.

Îáðàòíàÿ çàäà÷à î ñóùåñòâîâàíèè ïðåäåëà (4.2) ïðè íàëè÷èè ïðåäåëîâ
(4.3) âïåðâûå èññëåäîâàëàñü â [36]. Îòìåòèì, ÷òî èçó÷åíèå â îáùèõ êëàññàõ
âçàèìîñâÿçè (4.4) ÿâëÿåòñÿ î÷åíü èíòåðåñíîé çàäà÷åé, â êîòîðîé íåêîòîðûå
âåùè óæå ïîíÿòû è äîêàçàíû, íî îñòàåòñÿ åùå ìíîãî îòêðûòûõ âîïðîñîâ.

4.2 Continuum Limit of the Toda Lattice
Âåðíåìñÿ òåïåðü ê ãèïåðáîëè÷åñêîé ñèñòåìå PDE (4.1). Ýòà ñèñòåìà íàçûâà-
åòñÿ "êîíòèíóàëüíûé ïðåäåë öåïî÷êè Òîäà" . Ïîíÿòíî ïðîèñõîæäåíèå ýòîãî
íàçâàíèÿ. Çàôèêñèðóåì ïàðàìåòð N è ïðîâåäåì ïîëóäèñêðåòèçàöèþ ñ øà-
ãîì (h := 1

N ) ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ñèñòåìû (4.1). Îáîçíà÷àÿ

an,N := a
( n

N
, ·

)
, bn,N := b

( n

N
, ·

)

è ìàñøòàáèðóÿ âðåìåííóþ ïåðåìåííóþ T := Nt, ìû (äëÿ ôèêñèðîâàííî-
ãî N) ïðèõîäèì ê èçâåñòíîé âïîëíå èíòåãðèðóåìîé ñèñòåìå îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé





dak,N
dT

= (b2k,N − b2k−1,N),

dbk,N
dT

=
bk,N
2

(ak+1,N − ak,N),

k = 1, 2, . . . , (4.7)

íàçûâàåìîé öûïî÷êîé Òîäà. Ïîýòîìó åñòåñòâåííî ñâÿçûâàòü ïðåäåë ñåìåé-
ñòâà ðåøåíèé (4.7)

lim
N→∞,k/N→x

{ak,N(Nt), bk,N(Nt)} = {a(x, t), b(x, t)}

ñ ñèñòåìîé (4.1) 



∂a

∂t
= 2b

∂b

∂x
,

∂b

∂t
=

b

2

∂a

∂x
.

Õîðîøî èçâåñòíà (ñì., íàïðèìåð, [38]) ïðîöåäóðà íàõîæäåíèÿ ðåøåíèé çà-
äà÷è Êîøè {an,N(T ), bn,N(T )}∞n=0 äëÿ ñèñòåìû (4.7). Ýòà ïðîöåäóðà íàçûâà-
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åòñÿ ìåòîä îáðàòíîé ñïåêòðàëüíîé çàäà÷è. Ñ íåëèíåéíîé ñèñòåìîé ñâÿçû-
âàåòñÿ ëèíåéíàÿ ðåêóðñèÿ

{
zPn,N(z) = Pn+1,N(z) + an+1,NPn,N(z) + b2n,NPn−1,N(z),

P0,N = 1, P−1,N = 0,

îïðåäåëÿþùàÿ ñèñòåìó ìíîãî÷ëåíîâ {Pn,N(z)}∞n=0 ñì.(2.5), îðòîãîíàëüíûõ
îòíîñèòåëüíî âåñà WN(z), ÿâëÿþùåãîñÿ (äëÿ ôèêñèðîâàííîãî N) ïëîòíî-
ñòüþ ñïåêòðàëüíîé ìåðû ëèíåéíîãî ðàçíîñòíîãî îïåðàòîðà âòîðîãî ïîðÿäêà
� ìàòðèöû ßêîáè:

LN =




a1,N b1,N
b1,N a2,N b2,N

b2,N a3,N b3,N
. . . . . . . . .


 .

Êëþ÷åâûì â ìåòîäå îáðàòíîé çàäà÷è ÿâëÿåòñÿ òî îáñòîÿòåëüñòâî, ÷òî åñëè
êîýôôèöèåíòû ëèíåéíîãî îïåðàòîðà LN :

{an,N(T ), bn,N(T )}∞n=0

ýâîëþöèîíèðóþò âî âðåìåíè ñîãëàñíî íåëèíåéíîìó çàêîíó öåïî÷êè Òîäà
(4.1), òî ïëîòíîñòü åãî ñïåêòðàëüíîé ìåðû ýâîëþöèîíèðóþò âî âðåìåíè ñî-
ãëàñíî ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

dWN

dT
= −zWN ⇒ WN(z, T ) = exp {−z T}WN(z, 0) . (4.8)

Òåì ñàìûì, ïðîöåäóðà íàõîæäåíèÿ ðåøåíèé çàäà÷è Êîøè äëÿ ñèñòåìû (4.7)
ñîñòîèò èç òðåõ øàãîâ:

1. Íà÷àëüíàÿ ïðÿìàÿ ñïåêòðàëüíàÿ çàäà÷à {an,N(0), bn,N(0)}∞n=0 → WN(z, 0);

2. Ýâîëþöèÿ WN(z, 0) −→ WN(z, T ) ñîãëàñíî (4.8);

3. Îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à WN(z, T ) −→ {an,N(T ), bn,N(T )}∞n=0.

Äàëåå, ïðåäåëüíîìó ïåðåõîäó (4.3) ïðè (n/N → x , N → ∞)

{an,N(T ), bn,N(T )}∞n=0 −→ {a(x, t), b(x, t)} , (4.9)

ñâÿçûâàþùåìó ðåøåíèÿ çàäà÷ (4.7) è (4.1), ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå
ïðåäåëüíûé ïåðåõîä

lim
N→∞

WN(z, t)
1/N = W (z, t) =: e−2Q(z,t), ( t : = NT ) ,
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è òîãäà ýâîëþöèÿ (4.8) ïîâëå÷åò ýâîëþöèþ âíåøíåãî ïîëÿ

Q(z, t) = zt+Q(z, 0) ,

êîòîðóþ ìîæíî âçÿòü çà îñíîâó ìåòîäà îáðàòíîé çàäà÷è äëÿ ðåøåíèÿ ñè-
ñòåìû PDE (4.1).

Òàêèì îáðàçîì, ñîîòíîøåíèå (4.4) ìåæäó ïðåäåëàìè
{
a(x, t)
b(x, t)

}
←→ {Q(z, t)},

èãðàåò ðîëü "ñïåêòðàëüíîé" çàäà÷è äëÿ ñèñòåìû PDE (4.1). Â ÷àñòíîì ñëó-
÷àå (4.5), ðàññìîòðåííîì â ïðåäûäóùåì ïóíêòå, êîãäà {a(x, t), b(x, t)} ñâÿ-
çàíû ñ êîíöàìè îòðåçêà íîñèòåëÿ ðàâíîâåñíîé ìåðû â ïîëå Q(z, t), ðåøåíèÿ
ïðÿìîé è îáðàòíîé "ñïåêòðàëüíûõ" çàäà÷ (4.4) ìû îáñóäèëè â ñåêöèè 2,
è òåïåðü ïðîÿñíåíà ïðîöåäóðà èíòåãðèðîâàíèÿ óðàâíåíèÿ Õîïôà, êîòîðóþ
ìû èñïîëüçîâàëè â ñåêöèè 3. Òàêàÿ æå ïðîöåäóðà, ïðèâîäÿùàÿ ê âàðèàöè-
îííîìó ïðèíöèïó äëÿ íàõîæäåíèÿ ðåøåíèé è âûäåëåíèþ ëèíèé ðàçðûâà,
ìîæåò áûòü èñïîëüçîâàíà äëÿ íåëèíåéíîé ñèñòåìû PDE (4.1) êîíòèíóàëü-
íîãî ïðåäåëà öåïî÷êè Òîäà.

Òàêæå ýòîò ïîäõîä ïîçâîëÿåò èññëåäîâàòü ðåãóëÿðèçàöèþ ýòîé ãèïåð-
áîëè÷åñêîé ñèñòåìû, çàìåíÿÿ åå íà áëèçêóþ ïðîñòðàíñòâåííóþ ïîëóäèñêðå-
òèçàöèþ (4.1) è èçó÷àÿ îñîáåííîñòè ïðåäåëüíîãî ïåðåõîäà (4.9). Ðåãóëÿðèçà-
öèè ãèïåðáîëè÷åñêèõ óðàâíåíèé, ïîëó÷àåìûå ñ ïîìîùüþ èõ äèñêðåòèçàöèé
õîðîøî èçâåñòíû. Íàïðèìåð, ÷àñòî ïðîñòðàíñòâåííàÿ äèñêðåòèçàöèÿ PDE
èìååò ñìûñë ââåäåíèÿ âòîðîé ïðîèçâîäíîé ("âÿçêîñòè" ) ñ ìàëûì ïàðàìåò-
ðîì, è åå íàçûâàþò "ñõåìíîé âÿçêîñòüþ" (îò ïîíÿòèÿ ðàçíîñòíàÿ ñõåìà).
Â íàøåé æå ñèòóàöèè, ïî àíàëîãèè ââåäåíèÿ Ëàêñîì è Ëèâåðìîðîì â [1] â
óðàâíåíèå Õîïôà òðåòüåé ïðîèçâîäíîé ("äèñïåðñèè" ) ñ ìàëûì ïàðàìåòðîì,
ãäå â êà÷åñòâå ðåãóëÿðèçîâàííîãî óðàâíåíèÿ ïîëó÷àëîñü âïîëíå èíòåãðèðó-
åìîå óðàâíåíèå Êîðòåâåãà-äî Ôðèçà, ìû òåïåðü ìîæåì ãîâîðèòü î íàøåé
ðåãóëÿðèçàöèè, êàê î "ñõåìíîé äèñïåðñèè" . Èçó÷åíèþ ïîâåäåíèÿ ýòîé ðåãó-
ëÿðèçàöèè ïîñâÿùåíà ìîíîãðàôèÿ Äåéôòà è Ìàê Ëàôëèíà [28]. Êëþ÷åâûì
èíñòðóìåíòîì çäåñü ÿâëÿþòñÿ ñèëüíûå àñèìïòîòèêè (4.6) ñåìåéñòâ ìíîãî-
÷ëåíîâ îðòîãîíàëüíûõ ïî îòíîøåíèþ ê "varying" âåñàì.

5 Ìíîãîìåðíûå îáîáùåíèÿ
Â ýòîé ñåêöèè ìû ïîëó÷èì ìíîãîìåðíûå (ïî ïðîñòðàíñòâåííîé ïåðåìåí-
íîé! ) àíàëîãè ãèïåðáîëè÷åñêîé ñèñòåìû (4.1). Ïðèìåðîì äâóìåðíîãî (ïî
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ïðîñòðàíñòâåííîé ïåðåìåííîé) àíàëîãà ýòîé ñèñòåìû ÿâëÿåòñÿ ñèñòåìà äëÿ
âåêòîðîâ ~a(x, y, t), ~b(x, y, t) ∈ R2, ãäå (x, y, t) ∈ R+

2 × R+





∂~a

∂t
= ∇|~b|2,

∂b1
∂t

=
b1
2

∂a1
∂x

,
∂b2
∂t

=
b2
2

∂a2
∂y

.

(5.1)

Äëÿ ïîëó÷åíèÿ ýòîé ñèñòåìû è åå d-ìåðíûõ (ïî ïðîñòðàíñòâåííîé ïåðå-
ìåííîé) îáîáùåíèé ìû ïðîâåäåì ðàññóæäåíèÿ àíàëîãè÷íûå ðàññóæäåíèÿì
ïðåäûäóùåé ñåêöèè.

Ìû ñòàðòóåì ñ ïîñëåäîâàòåëüíîñòè ìíîãî÷ëåíîâ, îïðåäåëÿåìûõ ñîîò-
íîøåíèÿìè îðòîãîíàëüíîñòè îòíîñèòåëüíî íàáîðà ìåð:∫

P~n(z) z
k dµj(z) = 0, k = 0, . . . , nj − 1, j = 1, . . . , d.

Òàêèå ìíîãî÷ëåíû íàçûâàþòñÿ ñîâìåñòíî îðòîãîíàëüíûìè ìíîãî÷ëåíàìè
(ñì., íàïðèìåð, [39] � [43]). Îòëè÷èòåëüíîé ÷åðòîé ýòèõ ìíîãî÷ëåíîâ P~n(z),
degP~n = |~n| := ∑

nj ÿâëÿåòñÿ òî, ÷òî ñ íèìè òåïåðü ñâÿçàí ìóëüòèèíäåêñ
~n := (n1, . . . , nd) . Òàê êàê â íàøèõ ïðåäûäóùèõ ðàññóæäåíèÿõ èíäåêñ ìíî-
ãî÷ëåíà ïðåâðàùàëñÿ â ïðîñòðàíñòâåííóþ ïåðåìåííóþ, òî òåïåðü ìóëüòè-
èíäåêñ ïîðîäèò âåêòîðíóþ ïðîñòðàíñòâåííóþ ïåðåìåííóþ.

Ñëåäóþùèé øàã � (d + 2) -÷ëåííûå ðåêóðñèè äëÿ ñîâìåñòíî îðòîãî-
íàëüíûõ ìíîãî÷ëåíîâ. Îòìåòèì, ÷òî áîëåå ïðèñòàëüíîå âíèìàíèå (â ñâÿçè
ñî ñïåêòðàëüíîé òåîðèåé ðàçíîñòíûõ îïåðàòîðîâ âûñîêîãî ïîðÿäêà ñì. [44]
� [48]) ïðèâëåêàëè ðåêóððåíòíûå ñîîòíîøåíèÿ âäîëü äèàãîíàëüíîé "ëåñò-
íèöû" ("step-line" ), ò. å. ðåêóðñèè ñâÿçûâàþùèå ìíîãî÷ëåíû

P~n+e1 , P~n , P~n−e1 , P~n−e1−e2 , · · · P~n−e1−e2−e3−···−ed ,

ãäå ~n := (n, n, . . . , n)) äèàãîíàëüíûé ìóëüòèèíäåêñ, à âåêòîð ek ∈ {0; 1}d
èìååò k -òóþ êîîðäèíàòó ðàâíóþ åäèíèöå, à îñòàëüíûå êîîðäèíàòû ðàâíû
íóëþ. Äëÿ ðåàëèçàöèè íàøåãî ïîäõîäà ìû áóäåì èñïîëüçîâàòü ðåêóðñèè,
ñâÿçûâàþùèå ìíîãî÷ëåí ñ ïðîèçâîëüíûì ìóëüòèèíäåêñîì ~n := (n1, . . . , nd)
ñ ìíîãî÷ëåíàìè, ñîîòâåòñòâóþùèìè áëèæàéøèì ìóëüòèèíäåêñàì, ò. å.

P~n+ek , P~n , P~n−e1 , P~n−e2 , · · · P~n−ed .

Ðåêóðñèè òàêîãî âèäà ïðåäëîæèë ðàññìàòðèâàòü Âàí Àññå2. Â ðåçóëüòàòå
ó íàñ ïîÿâëÿþòñÿ äâà d -ìåðíûõ âåêòîðà êîýôôèöèåíòîâ ðåêóððåíòíûõ
ñîîòíîøåíèé

b~n,j , a~n,j , j = 1, . . . , d.

2ìû, ñ ñîãëàñèÿ W. Van Assche, èñïîëüçóåì åãî íåîïóáëèêîâàííûå çàïèñêè 2004 ãîäà.
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Äàëåå ìû óñòðàèâàåì ýâîëþöèþ âåêòîðà ìåð îðòîãîíàëüíîñòè, òàêæå
êàê è â (4.8)

dµj(z, t) := exp(−tz)dµj(z, 0) , j = 1, . . . , d.

Â ðåçóëüòàòå ïîëó÷àåì, ÷òî êîýôôèöèåíòû ðåêóðñèè ýâîëþöèîíèðóþò âî
âðåìåíè â ñîîòâåòñòâèè ñ íåëèíåéíîé ñèñòåìîé îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé3




ȧ~n,k =
d∑

j=1

(b2~n,j − b2~n+ek,j
), k = 1, . . . , d,

ḃ~n,k =
b~n,k
2

(a~n+ek,k − a~n,k), k = 1, . . . , d ,

(5.2)

êîòîðóþ ìîæíî íàçâàòü ìíîãîìåðíîé öåïî÷êîé Òîäà.
Íàêîíåö, êîíòèíóàëüíûé ïðåäåëüíûé ïåðåõîä òèïà (4.3) ïðèâîäèò ê

ìíîãîìåðíûì ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ñèñòåìàì PDE. Äëÿ d = 2
òàê ïîëó÷àåòñÿ (5.1).

Â çàêëþ÷èòåëüíûõ ïîäñåêöèÿõ ìû ââåäåì íåîáõîäèìûå ïîíÿòèÿ è âû-
âåäåì óðàâíåíèÿ (5.2).

5.1 Ïðåäâàðèòåëüíûå ðåçóëüòàòû î ñîâìåñòíî îðòîãîíàëüíûõ ìíî-
ãî÷ëåíàõ

Äàäèì îïðåäåëåíèÿ ñîâìåñòíî îðòîãîíàëüíûõ ìíîãî÷ëåíîâ. Åñòü äâà òèïà
òàêèõ ìíîãî÷ëåíîâ. Ìíîãî÷ëåíû òèïà I � (A~n,1, . . . , A~n,d) òàêîâû, ÷òî A~n,j

ìíîãî÷ëåí ñòåïåíè íå áîëåå nj − 1, óäîâëåòâîðÿþùèé ñîîòíîøåíèÿì
d∑

j=1

∫
xkA~n,j(x) dµj(x) = δk,|~n|−1, k = 0, 1, . . . , |~n| − 1 . (5.3)

Ìû ïðåäïîëàãàåì, ÷òî d ìåð µ1, . . . , µd âñå àáñîëþòíî íåïðåðûâíû ïî îòíî-
øåíèþ ê ìåðå µ è ÷òî dµj(x) = wj(x) dµ(x). Îáîçíà÷èì

r~n(x) =
d∑

j=1

A~n,j(x)wj(x) , A~n,j(x) = k~n,jx
nj−1 + . . . .

Ñîâìåñòíî îðòîãîíàëüíûé ìíîãî÷ëåí òèïà II � P~n åñòü ìíîãî÷ëåí ñî ñòàð-
øèì êîýôôèöèåíòîì åäèíèöà, ñòåïåíè |~n|, òàêîé ÷òî∫

P~n(x)x
kdµj(x) = 0, k = 0, 1, . . . , nj − 1 , j = 1, . . . , d . (5.4)

3Îòìåòèì, ÷òî ýòè ðàññìîòðåíèÿ äëÿ îêîëîäèàãîíàëüíûõ step-line ðåêóðñèé ïðèâîäÿò ê ò. í. óðàâíå-
íèÿì öåïî÷êè Áîãîÿâëåíñêîãî ñì. [49], [50], [45], íî òå óðàâíåíèÿ íå èìåþò ìíîãîìåðíîãî õàðàêòåðà.
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Î÷åâèäíî, ñïðàâåäëèâà
Òåîðåìà 5.1 (áèîðòîãîíàëüíîñòü) Ñîâìåñòíî îðòîãîíàëüíûå ìíîãî÷ëå-
íû òèïà I è òèïà II îáðàçóþò áèîðòîãîíàëüíóþ ñèñòåìó

∫
P~n(x) r~m(x) dµ(x) =





0 äëÿ ~m ≤ ~n èëè |~n| ≤ |~m| − 2 ,

1 äëÿ ~m = ~n+ ~ek , ïðè 1 ≤ k ≤ d .

Äëÿ ñîâìåñòíî îðòîãîíàëüíûõ ìíîãî÷ëåíîâ èìåþò ìåñòî ðåêóðñèè âû-
ñîêîãî ïîðÿäêà. Äëÿ ìíîãî÷ëåíîâ òèïà II ñïðàâåäëèâî

xP~n(x) = P~n+~ek(x) + a~n,0(k)P~n(x) +
d∑

j=1

a~n,jP~n−~ej(x) , (5.5)

ãäå

a~n,0(k) =

∫
xP~nr~n+~ek(x)dµ(x) , a~n,j =

∫
xnjP~n(x) dµj(x)∫

xnj−1P~n−~ej(x) dµj(x)
. (5.6)

Äëÿ òèïà I èìååòñÿ ïîäîáíàÿ ðåêóðñèÿ

xr~n(x) = r~n−~ek(x) + b~n,0(k)r~n(x) +
d∑

j=1

b~n,jr~n+~ej(x) (5.7)

ñ

b~n,0(k) =

∫
xr~nP~n−~ek(x)dµ(x) =

d∑
j=1

a~n,jP~n−~ej(x) , b~n,j =
k~n,j

k~n+~ej ,j
.

Èç (5.5) ñ ïîìîùüþ áèîðòîãîíàëüíîñòè ñëåäóåò
∫

xP~n(x)r~n(x) dµ(x) =
d∑

j=1

a~n,j , (5.8)

à ñâîéñòâà îðòîãîíàëüíîñòè P~n âëåêóò∫
P~n(x)r~n+~ek(x) dµ(x) =

∫
P~n(x)A~n+~ek,k(x) dµk(x) ,

òàê ÷òî
1 = k~n+~ek,k

∫
P~n(x)x

nk dµk(x) . (5.9)

Ýòî îçíà÷àåò

b~n,k =
k~n,k

k~n+~ek,k
=

∫
xnkP~n(x) dµk(x)∫

xnk−1P~n−~ek(x) dµk(x)
= a~n,k . (5.10)

Èç îïðåäåëåíèÿ ìû òàêæå âèäèì
b~n+~ek,0(k) = a~n,0(k) . (5.11)
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5.2 Ýâîëþöèÿ âåêòîðíîé ìåðû
Ñïðàâåäëèâà

Òåîðåìà 5.2 (Âàí Àññå) Äàíû d ìåð (µ1, . . . , µd), êîòîðûå èçìåíÿþòñÿ
âî âðåìåíè ïî çàêîíó

dµk(x, t) = e−tx dµk(x) , 1 ≤ k ≤ r . (5.12)

Òîãäà äëÿ ñîâìåñòíî îðòîãîíàëüíûõ ìíîãî÷ëåíîâ P~n(x, t) êîýôôèöèåíòû
(5.5)� (5.6) ðåêóððåíòíûõ ñîîòíîøåíèé a~n,0(k, t) è a~n,k(t) (1 ≤ k ≤ r), êàê
ôóíêöèè îò t óäîâëåòâîðÿþò ñèñòåìå ODE

ȧ~n,k = a~n,k[a~n−~ek,0(k)− a~n,0(k)] , (5.13)

ȧ~n,0(k) =
d∑

j=1

(a~n,j − a~n+~ek,j) . (5.14)

äëÿ 1 ≤ k ≤ r.

Äîêàçàòåëüñòâî. Òåîðåìà 5.1 äàåò
∫

P~n(x; t) r~n+~ek(x; t) e
−xtdµ(x) = 1 .

Ïðîäèôôåðåíöèðóåì ýòî âûðàæåíèå ïî t
∫

Ṗ~n(x; t) r~n+~ek(x; t) e
−xtdµ(x) +

∫
P~n(x; t) ṙ~n+~ek(x; t) e

−xtdµ(x) =

=

∫
xP~n(x; t) r~n+~ek(x; t) e

−xtdµ(x) .

Çàìåòèì ÷òî Ṗ~n ìíîãî÷ëåí ñòåïåíè íå âûøå |~n| − 1 è òàê êàê P~n ìíîãî÷ëåí
ñî ñòàðøèì êîýôôèöèåíòîì åäèíèöà, òî îðòîãîíàëüíîñòü (5.3) äëÿ ìíîãî-
÷ëåíîâ òèïà I äàåò

∫
Ṗ~n(x; t) r~n+~ek(x; t) e

−xtdµ(x) = 0 .

Îðòîãîíàëüíîñòü (5.4) äëÿ ìíîãî÷ëåíîâ òèïà II äàåò
∫

P~n(x; t) ṙ~n+~ek(x; t) e
−xtdµ(x) =

∫
P~n(x; t) Ȧ~n+~ek,k(x; t) e

−xtdµk(x)

= k̇~n+~ek,k

∫
xnk P~n(x; t) e

−xtdµk(x) =
k̇~n+~ek,k
k~n+~ek,k

,
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ãäå ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç (5.9). Êîìáèíèðóÿ ýòè ðåçóëüòàòû ñ (5.6),
ïîëó÷àåì

a~n,0(k; t) =
k̇~n+~ek,k
k~n+~ek,k

.

Äèôôåðåíöèðîâàíèå âûðàæåíèÿ (5.10) äàåò

k̇~n,k
k~n+~ek, k

− k̇~n+~ek,k
k~n+~ek,k

=
ȧ~n,k
a~n,k

.

Òåì ñàìûì (5.13) ïîëó÷åíî

a~n−~ek,0(k, t)− a~n,0(k, t) =
ȧ~n,k
a~n,k

.

Äëÿ äîêàçàòåëüñòâà (5.14) íà÷íåì ñ âûðàæåíèÿ (5.6) äëÿ a~n,0(k, t).
Ïðîäèôôåðåíöèðóåì ýòî âûðàæåíèå ïî t

ȧ~n,0(k, t) =

∫
xṖ~n(x; t) r~n+~ek(x; t) e

−xtdµ(x) +
∫

P~n(x; t) ṙ~n+~ek(x; t) e
−xtdµ(x)−

∫
x2P~n(x; t) r~n+~ek(x; t) e

−xtdµ(x) ,
(5.15)

Ïîäñòàâëÿÿ â ïåðâûé èíòåãðàë ïîëó÷åííîãî âûðàæåíèÿ ðåêóðñèþ (5.7), ïðå-
îáðàçóåì åãî ñ ïîìîùüþ ñîîòíîøåíèé îðòîãîíàëüíîñòè äëÿ ìíîãî÷ëåíîâ
òèïà I (ñ ó÷åòîì òîãî ÷òî ñòåïåíü Ṗ~n íå âûøå |~n| − 1)
∫

Ṗ~n(x; t)

(
r~n(x; t) + a~n,0(k) r~n+~ek(x; t) +

d∑
j=1

a~n+~ek,jr~n+~ej+~ek(x; t)

)
e−xtdµ(x)

=

∫
Ṗ~n(x; t) r~n(x; t) e

−xtdµ(x) =

∫
xṖ~n(x; t) r~n+~ek(x; t) e

−xtdµ(x).

Äèôôåðåíöèðîâàíèå òîæäåñòâà
∫

P~n(x; t) r~n(x; t) e
−xtdµ(x) = 0

äàåò
∫

Ṗ~n(x; t) r~n(x; t) e
−xtdµ(x) =

∫
xP~n(x; t) r~n(x; t) e

−xtdµ(x) =
d∑

j=1

a~n,j(t) .

Ñëåäîâàòåëüíî ïîëó÷èëè âûðàæåíèå äëÿ ïåðâîãî èíòåãðàëà â (5.15)
∫

xṖ~n(x; t) r~n+~ek(x; t) e
−xtdµ(x) =

d∑

j=1

a~n,j(t) .
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Îáðàòèìñÿ òåïåðü êî âòîðîìó èíòåãðàëó â (5.15). Ïîäñòàâëÿÿ â íåãî
ðåêóðñèþ (5.5) èìååì
∫ (

P~n+~ek(x; t) + a~n,0(k, t)P~n(x; t) +
d∑

j=1

a~n,jP~n−~ej(x; t)

)
ṙ~n+~ek(x; t) e

−xtdµ(x) .

Ñîîòíîøåíèÿ îðòîãîíàëüíîñòè (5.4) äëÿ ìíîãî÷ëåíîâ òèïà II äàþò∫
xP~n(x; t) ṙ~n+~ek(x; t) e

−xtdµ(x) = a~n,0(k)

∫
P~n(x; t) ṙ~n+~ek(x; t) e

−xtdµ(x)

+
d∑

j=1

a~n,j

∫
P~n−~ej(x; t) ṙ~n+~ek(x; t) e

−xtdµ(x) .

Ïðè äîêàçàòåëüñòâå (5.13) ìû çàìåòèëè, ÷òî∫
P~n(x; t) ṙ~n+~ek(x; t) e

−xtdµ(x) = a~n,0(k) .

Åñëè ìû ïðîäèôôåðåíöèðóåì òîæäåñòâî∫
P~n−~ej(x; t) r~n+~ek(x; t) e

−xtdµ(x) = 0 ,

òî ìû íàéäåì∫
P~n−~ej(x; t) ṙ~n+~ek(x; t) e

−xtdµ(x) =

∫
xP~n−~ej(x; t) r~n+~ek(x; t) e

−xtdµ(x) .

Èñïîëüçóÿ ðåêóðñèþ (5.5) è áèîðòîãîíàëüíîñòü, ïîëó÷àåì∫
P~n−~ej(x; t) ṙ~n+~ek(x; t) e

−xtdµ(x) = 1 .

Ýòî äàåò äëÿ âòîðîãî èíòåãðàëà â (5.15)
∫

xP~n(x; t) ṙ~n+~ek(x; t) e
−xtdµ(x) = a2~n,0(k) +

d∑

j=1

a~n,j .

Íàêîíåö, ñ ïîìîùüþ (5.5), (5.7) è áèîðòîãîíàëüíîñòè äëÿ òðåòüåãî
èíòåãðàëà â (5.15) èìååì

∫
x2P~n(x; t) r~n+~ek(x; t) e

−xtdµ(x) =
d∑

j=1

a~n+~ek,j + a2~n,0(k) +
d∑

j=1

a~n,j .

Ñîáèðàÿ âìåñòå ïîëó÷åííûå âûðàæåíèÿ äëÿ èíòåãðàëîâ â (5.15), íàõîäèì

ȧ~n,0(k) =
d∑

j=1

a~n,j −
d∑

j=1

a~n+~ek,j ,

÷òî åñòü íè÷òî èíîå, êàê (5.14). Òåîðåìà äîêàçàíà.
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6 Çàêëþ÷åíèå
Âî ìíîãèõ ôèçè÷åñêèõ ñèñòåìàõ ãëàâíîå ïîâåäåíèå îïèñûâàåòñÿ íåëèíåé-
íûìè ãèïåðáîëè÷åñêèìè óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ, äëÿ ðåøå-
íèé êîòîðûõ ïðè äèñêðåòèçàöèè â çàäà÷ó âíîñèòñÿ âîçìóùåíèå ïðîèçâîä-
íûìè âûñøåãî ïîðÿäêà. Ñ äðóãîé ñòîðîíû â ìîäåëèðóåìûõ ôèçè÷åñêèõ ñè-
ñòåìàõ ýòè âîçìóùåíèÿ çà÷àñòóþ ïðîÿâëÿþòñÿ â âèäå ìèêðîïðîöåññîâ, íå
ó÷òåííûõ â íà÷àëüíîé ãèïåðáîëè÷åñêîé àïïðîêñèìàöèè. Òàêîãî ñîðòà âîç-
ìóùåíèÿ (ò.í. ðåãóëÿðèçàöèè) î÷åíü âàæíû äëÿ óñòîé÷èâîñòè ÷èñëåííîãî
ðàñ÷åòà. Èçâåñòåí ïðèìåð ðåãóëÿðèçàöèè ñ ïîìîùüþ äèôôóçèîííûõ ïðî-
öåññîâ; ýòà ñèòóàöèÿ ïîëó÷èëà ïîäðîáíûé àíàëèç êàê â ôèçè÷åñêîì òàê è
ìàòåìàòè÷åñêîì ñîîáùåñòâàõ, è äåòàëèçèðîâàííàÿ ïðèðîäà äèôôóçèîííîãî
ïðîöåññà ðåãóëÿðèçàöèè â íàñòîÿùåå âðåìÿ îñìûñëåíà â äîñòàòî÷íî îáùèõ
ñèòóàöèÿõ. Äðóãîé ìåõàíèçì ðåãóëÿðèçàöèè, äèñïåðñèîííàÿ ðåãóëÿðèçàöèÿ,
èçó÷åí çíà÷èòåëüíî ìåíüøå, õîòÿ ñòîëü æå åñòåñòâåíåí. Äëÿ òàêèõ ñèñòåì
àíàëèç äèñïåðñèîííîé ðåãóëÿðèçàöèè íåëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâ-
íåíèé â ÷àñòíûõ ïðîèçâîäíûõ îñîáåííî âàæåí äëÿ òîãî, ÷òîáû ïîíÿòü è
ìîäåëèðîâàòü ñèñòåìó, êîãäà îíà ïðîõîäèò ÷åðåç êðèòè÷åñêóþ òî÷êó ïîòå-
ðè óñòîé÷èâîñòè. Èìååòñÿ íàáîð ïðèìåðîâ, êîãäà ñèñòåìà ïîñëå ðåãóëÿðèçà-
öèè ñòàíîâèòñÿ èíòåãðèðóåìîé. Òàêàÿ ðåãóëÿðèçàöèÿ ïîëåçíà íå òîëüêî äëÿ
îïèñàíèÿ ìèêðîñòðóêòóð, êîòîðûå àäåêâàòíû ìîäåëè, íî òàê æå äîñòàâëÿ-
åò íîâûå ìåòîäû àíàëèçà è ðåøåíèÿ èñõîäíîé íåëèíåéíîé ãèïåðáîëè÷åñêîé
ñèñòåìû.

24



Ñïèñîê ëèòåðàòóðû
[1] P. D. Lax and C. D. Levermore, The small dispersion limit of the Korteweg-

de Vries equation. I, II, III, Comm. Pure Appl. Math., 36, (1983), 253�290,
571�593, 809�830.

[2] À.À. Ãîí÷àð, Ðàöèîíàëüíûå àïïðîêñèìàöèè àíàëèòè÷åñêèõ ôóíêöèé,
Òðóäû ìåæäóíàð. êîíãðåññà ìàòåìàòèêîâ. Áåðêëè 1986, (1987), 739�748.

[3] À.À. Ãîí÷àð, Î çàäà÷àõ Å.È. Çîëîòàðåâà, ñâÿçàííûõ ñ ðàöèîíàëüíûìè
ôóíêöèÿìè, Ìàòåì. ñá., 78(120), 4, (1969), 640�654.

[4] À.À. Ãîí÷àð,Î ñêîðîñòè ðàöèîíàëüíîé àïïðîêñèìàöèè àíàëèòè÷åñêèõ
ôóíêöèé, Òðóäû ÌÈÀÍ., 116, (1984), 52�60.

[5] À.À. Ãîí÷àð, Î ñêîðîñòè ðàöèîíàëüíîé àïïðîêñèìàöèè íåêîòîðûõ
àíàëèòè÷åñêèõ ôóíêöèé, Ìàòåì. ñá., 105(147), 2, (1978), 147�163.

[6] À.À. Ãîí÷àð, Cêîðîñòü ðàöèîíàëüíîé àïïðîêñèìàöèè è ñâîéñòâî îä-
íîçíà÷íîñòè àíàëèòè÷åñêèõ ôóíêöèé â îêðåñòíîñòè èçîëèðîâàííîé
îñîáîé òî÷êè, Ìàòåì. ñá., 94(136), 2, (1974), 266�282.

[7] À.À. Gonchar, Rational approximation of analytic functions, Linear and
complex analysis problems, Springer-Verlag, Berlin, 1984, 471�474. (Lecture
Notes in Math. V. 1043.)

[8] À.À. Ãîí÷àð, Ã. Ëîïåñ Ã, Î òåîðåìå Ìàðêîâà äëÿ ìíîãîòî÷å÷íûõ àï-
ïðîêñèìàöèé Ïàäå, Ìàòåì. ñá., 105(147), 4, (1978), 512�524.

[9] À.À. Ãîí÷àð, Å.À. Ðàõìàíîâ, Ðàâíîâåñíàÿ ìåðà è ðàñïðåäåëåíèå íóëåé
ýêñòðåìàëüíûõ ìíîãî÷ëåíîâ, Ìàòåì. ñá., 125(167) (1984), 117�127.

[10] À.À. Ãîí÷àð, Å.À. Ðàõìàíîâ, Ðàâíîâåñíûå ðàñïðåäåëåíèÿ è ñêîðîñòü
ðàöèîíàëüíîé àïïðîêñèìàöèè àíàëèòè÷åñêèõ ôóíêöèé, Ìàòåì. ñá.,
134, 3, (1987) 306�352.

[11] À. È. Àïòåêàðåâ, Òî÷íûå êîíñòàíòû ðàöèîíàëüíûõ àïïðîêñèìàöèé
àíàëèòè÷åñêèõ ôóíêöèé, Ìàòåì. ñá., 193, 1, (2002) 3�72.

[12] À. À. Ãîí÷àð, Å. À. Ðàõìàíîâ, Î ñõîäèìîñòè ñîâìåñòíûõ àïïðîêñèìà-
öèé Ïàäå äëÿ ñèñòåì ôóíêöèé ìàðêîâñêîãî òèïà, Òðóäû ÌÈÀÍ.,157
(1981), 31�48.

[13] À.À. Ãîí÷àð, Å.À. Ðàõìàíîâ, Î çàäà÷å ðàâíîâåñèÿ äëÿ âåêòîðíûõ ïî-
òåíöèàëîâ, ÓÌÍ., 40, 4, (1985), 155�156.

25



[14] À.À. Ãîí÷àð, Å.À. Ðàõìàíîâ, Â.Í. Ñîðîêèí, Àïïð. Ýðìèòà�Ïàäå äëÿ
ñèñòåì ôóíêöèé ìàðêîâñêîãî òèïà, Ìàòåì. ñá., 188, 5, (1997), 33�58.

[15] À.È. Àïòåêàðåâ, Â. Ã. Ëûñîâ, Ñèñòåìû ìàðêîâñêèõ ôóíêöèé ãåíåðèðó-
åìûõ ãðàôàìè è àñèìïòîòèêà èõ àïïðîêñèìàöèé Ýðìèòà-Ïàäå, Ìà-
òåì. ñá., 201, 2, (2010), 27�78.

[16] Â. Ã. Ëûñîâ, Ñèëüíàÿ àñèìïòîòèêà àïïðîêñèìàöèé Ýðìèòà-Ïàäå äëÿ
ñèñòåìû ñòèëòüåñîâñêèõ ôóíêöèé ñ âåñîì Ëàããåðà, Ìàòåì. ñá., 196,
12, (2005), 99-122.

[17] Ì.À. Ëàïèê, Î íîñèòåëå ýêñòðåìàëüíîé ìåðû â âåêòîðíîé çàäà÷å ðàâ-
íîâåñèÿ, Ìàòåì. ñá.,197:8, (2006), 101-118

[18] M.A. Lapik, Interval of Equilibrium for the Logarithmic potential of an
Extremal Measure with a Constraint, and the Continuum Limit of the Toda
Lattice, Russian Journal of Mathematical Physics, 13, 1, (2006), 119-121.

[19] A. I. Aptekarev, A. B. J. Kuijlaars and W. Van Assche, Asymptotics
of Hermite-Pad�e rational approximants for two analytic functions with
separated pairs of branch points (case of genus 0), International
Mathematics Research Papers, (2008) , Article ID rpm007, 128 pages

[20] À. È. Àïòåêàðåâ, Àñèìïòîòèêà àïïðîêñèìàöèé Ýðìèòà�Ïàäå äëÿ ïà-
ðû ôóíêöèé ñ òî÷êàìè âåòâëåíèÿ, Äîêëàäû ÐÀÍ 422:4, (2008), 1-3.

[21] Â.Ñ Áóÿðîâ, Ëîãàðèôìè÷åñêàÿ àñèìïòîòèêà ìíîãî÷ëåíîâ îðòîãî-
íàëüíûõ íà äåéñòâèòåëüíîé îñè ñ íåñèììåòðè÷íûìè âåñîì , Ìàò.
Çàìåòêè, 50, (1991), 28�36.

[22] Â.Ñ Áóÿðîâ, Å.À. Ðàõìàíîâ, Ñåìåéñòâà ðàâíîâåñíûõ ìåð âî âíåøíåì
ïîëå íà äåéñòâèòåëüíîé îñè, Ìàòåì. ñá., 190, (1999), 11�22.

[23] Å.À. Ðàõìàíîâ, Ðàâíîâåñíàÿ ìåðà è ðàñïðåäåëåíèå íóëåé ýêñòðåìàëü-
íûõ ìíîãî÷ëåíîâ äèñêð. ïåðåìåííîé, Ìàòåì. ñá., 187 (1996), 109�124.

[24] A. B. J. Kuijlaars, E. A. Rakhmanov, Zero distributions for discrete
orthogonal polynomials J. Comput. Appl. Math. 99 (1998), 255�274.

[25] P. Dragnev and E. B. Sa�, Constrained energy problems with applications
to orthogonal polynomials of a discrete variable, J. Anal. Math. 72 (1997),
223�259.

[26] P. D. Dragnev and E. B. Sa�, A problem in potential theory and zero
asymptotics of Krawtchouk polynomials, J. Approx. Theory 102 (1999),
120�140.

26



[27] B. Beckermann, On a conjecture of E. A. Rakhmanov, Constr. Approx. 16
(2000), 427�448.

[28] P. Deift and K. T-R McLaughlin, A Continuum Limit of the Toda Lattice,
Memoirs Amer. Math. Soc. 624, Providence, RI, 1998.

[29] A. I. Aptekarev and W. Van Assche, Asymptotics of discrete orthogonal
polynomials and the continuum limit of the Toda lattice , Journal of Physics
A: Mathematics and General, 34(48), (2001), 10627-10639.

[30] P. Deift, T. Kriecherbauer, K.T.-R. McLaughlin, New results on the
equilibrium measure of logarithmic potentials in the presence of an external
�eld, J. Approx. Theory.,95 (1998), 388�475.

[31] H.N. Maskar, E.B. Sa�. Where does the sup norm of a weighted polynomial
live? Constr. Approx., 1, (1985), 71�91.

[32] À.È. Àïòåêàðåâ, Þ.Ã. Ðûêîâ, Î âàðèàöèîííîì ïðåäñòàâëåíèè ðåøå-
íèé íåêîòîðîé ãèïåðáîëè÷åñêîé ñèñòåìû óðàâíåíèé ñ ïîìîùüþ ëîãà-
ðèôìè÷åñêîãî ïîòåíöèàëà âî âíåøíåì ïîëå, Äîêëàäû Àêàäåìèè Íàóê
ÐÀÍ, 409, 1, (2006), 12�14.

[33] A.I. Aptekarev, Yu.G. Rykov, On the Variational Representation of
Solutions to Some Quasilinear Equations and Systems of Hyperbolic Type
on the Basis of Potential Theory, Russian Journal of Mathematical Physics,
13, 1, (2006), 4-12.

[34] P.D. Lax. Hyperbolic systems of conservation laws, II. Comm. Pure Appl.
Math., 10, No. 4 (1957), 537�566.

[35] P. Deift, T. Kriecherbauer, K. T-R. McLaughlin, S. Venakides, and X. Zhou,
Uniform asymptotics for polynomials orthogonal with respect to varying
exponential weights and applications to universality questions in random
matrix theory, Comm. Pure Appl. Math. 52 (1999), no. 11, 1335�1425.

[36] À.I. Aptekarev, J. Geronimo and W. Van Assche, Varying weights for
orthogonal polynomials with monotonically varying recurrence coe�cients,
Journal Approximation Theory, 150, 2008, 214-238.

[37] Å.À. Ðàõìàíîâ, Îá àñèìïòîòèêå îòíîøåíèÿ îðòîãîíàëüíûõ ìíîãî-
÷ëåíîâ, Ìàòåì. ñá., 103(145) (1977), 237�252.

[38] J. Moser, Three integrable Hamiltonian systems connected with isospectral
deformations, Adv. Math., 16, (1975), 197�220.

27



[39] J. Nuttall, Asymptotics of diagonal Hermite-Pad�e polynomials, J. Approx.
Theory, 42, (1984), no. 4, 299�386.

[40] Å.Ì. Íèêèøèí, Â.Í. Ñîðîêèí, Ðàöèîíàëüíûå àïïðîêñèìàöèè è îðòî-
ãîíàëüíîñòü, Íàóêà, Ìîñêâà, 1988.

[41] A. I. Aptekarev and H. Stahl, Asymptotics of Hermite-Pad�e polynomials,
in `Progress in Approximation Theory' ( A. Gonchar, E. B. Sa�, eds.),
Springer-Verlag, Berlin, 1992, pp. 127�167.

[42] A. I. Aptekarev, Multiple orthogonal polynomials, J. Comput. Appl. Math.,
99, (1998), no. 1�1, 423�448.

[43] W. Van Assche, Pad�e and Hermite-Pad�e approximation and orthogonality
Surveys in Approximation Theory, 2, (2006), 61�91.

[44] A.I. Aptekarev and V.A. Kaliaguine, Complex rational approximation and
di�erence operators, Rend. Circ. Mathem. Palermo, Ser.II, suppl., 52,
(1998), 3-21.

[45] A.I. Aptekarev, V.A. Kaliaguine and J. Van Iseghem, The Genetic Sum's
Representation for the Moments of a System of Stieltjes Functions and its
Application, Constr. Approx., 16 (2000), 487-524.

[46] Â.À. Êàëÿãèí, Àïïðîêñèìàöèè Ýðìèòà-Ïàäå è ñïåêòðàëüíûé àíàëèç
íåñèììåòðè÷íûõ ðàçíîñòíûõ îïåðàòîðîâ, Ìàòåì. ñá., 185, (1994), 79-
100.

[47] V.A. Kaliaguine, The operator moment problem, vector continued fractions
and an explicit form of the Favard theorem for vector orthogonal
polynomials, J. Comput. Appl. Math., 65, (1995), 181-193.

[48] A. I. Aptekarev, V.A. Kalyagin and E.B. Sa�, Higher-order three-term
recurrences and asymptotics of multiple orthogonal polynomials, Constr.
Approx., 30, 2, (2009), 175�223.

[49] O. Áîãîÿâëåíñêèé, Èíòåãðèðóåìûå äèíàìè÷åñêèå ñèñòåìû àññîöèè-
ðîâàííûå ñ óðàâíåíèåì ÊäÔ, Èçâ. Àêàä. Íàóê ÑÑÑÐ, ñåð. Ìàò., 51,
(1987), n. , 435�454.

[50] Â. Ñîðîêèí, Èíòåãðèðóåìûå íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû òèïà
öåïî÷êè Ëåíãìþðà, Ìàò. Çàìåòêè, 62(1997), 588-602.

28


	Untitled.pdf
	prep2012_20

