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ÀÍÍÎÒÀÖÈß
Íà ìîäåëüíîì ïðèìåðå íåëèíåéíîé ãèïåðáîëè÷åñêîé ñèñòåìû ñ ìàëûì ïàðàìåò-

ðîì ïðè ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè ïîêàçûâàåòñÿ, ÷òî åå äèíàìèêà ïðè áîëü-
øèõ çíà÷åíèÿ âðåìåíè àïïðîêñèìèðóåòñÿ â ñìûñëå ãëîáàëüíûõ àòòðàêòîðîâ äèíàìè-
êîé ïðåäåëüíîãî ïàðàáîëè÷åñêîé ñèñòåìû. Áëèçîñòü æå èíäèâèäóàëüíûõ òðàåêòîðèé
ñóùåñòâåííûì îáðàçîì çàâèñèò îò èõ ñïåêòðîâ Ôóðüå. Ïîëó÷åííûå ðåçóëüòàòû îòðà-
æàþò âîçìîæíûå ÿâëåíèÿ, âîçíèêàþùèå ïðè àíàëèçå êâàçèãàçîäèíàìè÷åñêèõ ñèñòåì
óðàâíåíèé.

Ñòð. 9, áèáë. íàçâ. 6

A.A.Ilyin, Yu.G.Rykov

ABSTRACT
We study a model nonlinear hyperbolic system with small parameter as a coe�cient of

the second-order time derivative. We show that its long time dynamics is approximated in
terms of global attractors by the dynamics of the limiting parabolic system. The proximity
of the individual trajectories essentially depends on their Fourier spectrum. The obtained
results might be useful for the explanation of certain e�ects arising in the analysis of the
quasi-gasdynamics systems.
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1 Ââåäåíèå

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [1], êîòîðàÿ áûëà ìîòèâè-
ðîâàíà ïîÿâëåíèåì íîâûõ ìîäèôèêàöèé êâàçèãèäðîäèíàìè÷åñêèõ (ÊÃÄ)
ñèñòåì óðàâíåíèé [2], [3]. Îñíîâíîé îñîáåííîñòüþ ýòèõ íîâûõ ìîäèôèêà-
öèé ÿâëÿåòñÿ ïðèñóòñòâèå â ñèñòåìàõ óðàâíåíèé âòîðûõ ïðîèçâîäíûõ ïî
âðåìåíè ñ ìàëûì ïàðàìåòðîì.

Êàê è óðàâíåíèÿ Ýéëåðà è Íàâüå�Ñòîêñà, ÊÃÄ ñèñòåìû âûâîäÿòñÿ
èç óðàâíåíèé êèíåòè÷åñêîé òåîðèè. Îïèñàííàÿ â [2], [3] ìîäèôèêàöèÿ
ôàêòè÷åñêè ãèïåðáîëèçóåò ñèñòåìó óðàâíåíèé Íàâüå�Ñòîêñà, â ýòèõ æå
ðàáîòàõ ìîæíî íàéòè ïîäðîáíîå îïèñàíèå âîïðîñîâ, ñâÿçàííûõ ñ ÊÃÄ
ñèñòåìàìè óðàâíåíèé. Ïðåäëàãàåìàÿ ðàáîòà îáîáùàåò ðåçóëüòàòû [1] íà
ñèñòåìû óðàâíåíèé. Çäåñü æå îòìåòèì, ÷òî ðàññìîòðåíèå ãèïåðáîëèçèðî-
âàííûõ óðàâíåíèé Íàâüå�Ñòîêñà äàæå â íåñæèìàåìîì ñëó÷àå óæå ïðåä-
ñòàâëÿåò çíà÷èòåëüíûå ñëîæíîñòè [4], [5].

2 Àòòðàêòîðû ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì

Â ýòîì ðàçäåëå ðàññìàòðèâàåòñÿ ïðèìåð ñèíãóëÿðíî âîçìóùåííîé ãèïåð-
áîëè÷åñêîé ñèñòåìû, äëÿ êîòîðîé ïðåäåëüíàÿ ïàðàáîëè÷åñêàÿ ñèñòåìà
èìååò ãëîáàëüíûé àòòðàêòîð, â ïðîèçâîëüíî ìàëîé îêðåñòíîñòè êîòîðî-
ãî ñîäåðæàòñÿ àòòðàêòîðû èñõîäíîé ñèíãóëÿðíî âîçìóùåííîé ñèñòåìû.
Ïðè ýòîì áëèçîñòè èíäèâèäóàëüíûõ òðàåêòîðèé íà áåñêîíå÷íîì èíòåð-
âàëå âðåìåíè â îáùåì ñëó÷àå, êîíå÷íî, íåò.

Ñíà÷àëà íàïîìíèì îñíîâíûå èñïîëüçóþùèåñÿ íèæå ïîíÿòèÿ. Ïóñòü
ýâîëþöèîííàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðî-
èçâîäíûìè

~̇u = ~F (~u), ~u(0) = ~u0 ∈ H (1)
êîððåêòíî ðàçðåøèìà â ãèëüáåðòîâîì ïðîñòðàíñòâå H, òî åñòü îïðåäå-
ëåíà ïîëóãðóïïà ðàçðåøàþùèõ îïåðàòîðîâ

St : H → H, St~u0 = ~u(t),

ãäå ~u(t) � ðåøåíèå óðàâíåíèÿ (1) â ìîìåíò âðåìåíè t. Îãðàíè÷åííîå
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ìíîæåñòâî A ∈ H íàçûâàåòñÿ ãëîáàëüíûì àòòðàêòîðîì St, åñëè
1. A b H (êîìïàêòíîñòü);
2. StA = A (ñòðîãàÿ èíâàðèàíòíîñòü);
3. distt→∞(StB,A) → 0 ∀ îãðàíè÷åííîãî B (ïðèòÿæåíèå),

ãäå
dist(X, Y ) = sup

x∈X
inf
y∈Y

‖x− y‖.

Ðàññìîòðèì ãèïåðáîëè÷åñêóþ ñèñòåìó ñ ìàëûì ïàðàìåòðîì ïðè ñòàð-
øåé ïðîèçâîäíîé ïî âðåìåíè

ε∂2
t ~u + γ∂t~u = ν∆~u− f(~u)− g(x),

~u|∂Ω = 0, ε > 0, γ > 0.
(2)

Çäåñü Ω b R3 � îãðàíè÷åííàÿ îáëàñòü â R3, γ > 0 � ôèêñèðîâàíî, à ε
� ìàëûé ïàðàìåòð. Äàëåå ~u = {u1, . . . , un} è

∆~u := {∆u1, . . . , ∆un}.
Óñëîâèÿ íà íåëèíåéíîñòü òàêîâû (óñëîâèå íà ðîñò è óñëîâèå äèññèïà-

òèâíîñòè):
|f ′(~u)| ≤ C(1 + |~u|)2,

f(~u) = ∇uF (~u),

F (~u) ≥ −(λ1 − η)~u2 − C ∀~u ∈ Rk, η > 0,

F (~u) ≤ Cf(~u) · ~u + C1 + (λ1 − η)~u2/2,

ãäå λ1 � ïåðâîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà −∆ ñ óñëîâèåì Äèðèõëå.
Êðîìå òîãî, g ∈ H1(Ω), ãäå H1(Ω) � ïðîñòðàíñòâî Ñîáîëåâà.

Ñèñòåìà (2) ïðè ε = 0 ïåðåõîäèò â ïàðàáîëè÷åñêóþ ñèñòåìó

γ∂t~u = ν∆~u− f(~u)− g(x),

~u|∂Ω = 0.
(3)

Ôàçîâûì ïðîñòðàíñòâîì äëÿ ñèñòåìû (2) ÿâëÿåòñÿ ïðîñòðàíñòâî ïàð
(~u, p) = (~u, ∂t~u) ∈ E1 = (H2∩H1

0)×H1
0 , à äëÿ ñèñòåìû (3) � ïðîñòðàíñòâî

H1
0 . Êðîìå òîãî, íàì ïîíàäîáèòñÿ øêàëà

Es = Hs+1 ×Hs, Hs = (−∆)−s/2L2(Ω), (4)

ãäå îïåðàòîð −∆ áåðåòñÿ ñ îäíîðîäíûì óñëîâèåì Äèðèõëå.
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Ñèñòåìà (3) èìååò åäèíñòâåííîå ðåøåíèå â ôàçîâîì ïðîñòðàíñòâå H1
0

è îáëàäàåò â íåì ãëîáàëüíûì àòòðàêòîðîì A0. Èç ñâîéñòâ ñãëàæèâàíèÿ
âûòåêàåò, ÷òî àòòðàêòîð A0 îãðàíè÷åí â H3. Äëÿ åãî ðåøåíèé òàêæå
îáðàçóåì ïàðó

(~u, p) = (~u, (1/γ)(ν∆~u− f(~u)− g(x))),

ñîñòîÿùóþ èç ïîëíûõ òðàåêòîðèé (~u, ∂t~u), ãäå ~u ∈ A0. Äëÿ âñåõ ~u ∈
A0 ìíîæåñòâî âñåõ òàêèõ ïàð îáîçíà÷èì ÷åðåç A(0). Òàê êàê àòòðàêòîð
~u ∈ A0 îãðàíè÷åí â H3, òî ìíîæåñòâî ïàð A(0) îãðàíè÷åíî â ñëåäóþùåì
ñìûñëå

‖~u‖2
3 + ‖∂t~u‖2

1 ≤ M2.

Ñèñòåìà (2) ïðè ε > 0 îáëàäàåò ãëîáàëüíûì àòòðàêòîðîì A(ε), êîòî-
ðûé ðàâíîìåðíî ïî ε > 0 îãðàíè÷åí â E1:

‖(~u, p)‖E1
≤ M,

ãäå M íå çàâèñèò îò ε.
Ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò î áëèçîñòè ãëîáàëüíûõ àòòðàêòî-

ðîâ ãèïåðáîëè÷åñêîé ñèñòåìû ñ ìàëûì ïàðàìåòðîì ïðè ñòàðøåé ïðîèç-
âîäíîé ïî âðåìåíè (2) è ïðåäåëüíîé ïàðàáîëè÷åñêîé ñèñòåìû (3), êîòî-
ðûé ìîæíî äîêàçàòü àíàëîãè÷íî ñëó÷àþ îäíîãî óðàâíåíèÿ, ðàçîáðàííî-
ìó â [6].
Òåîðåìà 2.1. Àòòðàêòîðû A(ε), ñîîòâåòñòâóþùèå (2), ïîëóíåïðå-
ðûâíî ñâåðõó çàâèñÿò îò ε ïðè ε → 0 è â E1−δ, δ > 0 ñïðàâåäëèâî

distE1−δ
(A(ε),A(0)) → 0 ïðè ε → 0, (5)

ãäå Es îïðåäåëåíî â (4).
Çàìå÷àíèå 2.1. Ïðåäåë (5) îçíà÷àåò, ÷òî âñå àòòðàêòîðû A(ε) ëåæàò ïðè
ε → 0 â ïðîèçâîëüíî ìàëîé îêðåñòíîñòè àòòðàêòîðà ïðåäåëüíîãî óðàâ-
íåíèÿ (3):

∀µ > 0 ∃ε0(µ) : A(ε) ⊂ Oµ(A(0)) ïðè ε < ε0(µ).

3 Î ïîâåäåíèè òðàåêòîðèé íà êîíå÷íîì èíòåðâàëå

Òåîðåìà 2.1 ãîâîðèò îá èíòåãðàëüíîé áëèçîñòè (â òåðìèíàõ ãëîáàëüíûõ
àòòðàêòîðîâ) äèíàìèêè ñèíãóëÿðíî âîçìóùåííîé è ïðåäåëüíîé ñèñòåìû
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óðàâíåíèé ïðè áîëüøèõ çíà÷åíèÿõ âðåìåíè. Â ýòîé òåîðåìå îòñóòñòâóåò
èíôîðìàöèÿ î áëèçîñòè èíäèâèäóàëüíûõ ðåøåíèé.

Àíàëîãè÷íî [1] â ýòîì ðàçäåëå ìû ðàññìîòðèì âîïðîñ î áëèçîñòè èíäè-
âèäóàëüíûõ òðàåêòîðèé. Êàê è â [1], ðàññìîòðèì äëÿ ïðîñòîòû îäíîìåð-
íóþ ïåðèîäè÷åñêóþ çàäà÷ó, â êîòîðîé íà÷àëüíîå óñëîâèå äëÿ �ñêîðîñòåé�
ðàçóìíî ïîëîæèòü ðàâíûì 0:

ε∂2
t ~u + ∂t~u + A~ux = ν~uxx,

~u(0) = ~u0, ∂t~u(0) = 0, x ∈ [0, 2π].
(1)

Çäåñü ~u = {u1, . . . , un}, ε := εE, ãäå E � åäèíè÷íàÿ n × n-ìàòðèöà, A
� íåêîòîðàÿ n×n-ìàòðèöà, è ν � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà
ðàçìåðà n× n. Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî

∫ 2π

0
~u(t, x)dx = 0 äëÿ âñåõ t ≥ 0. (2)

Áóäåì èñïîëüçîâàòü ðÿäû Ôóðüå, è ïðåäñòàâèì ~u(x, t) â âèäå

~u(x, t) =
∑

k∈Z0

~uk(t)e
ikx, ãäå ~uk(t) =

1

2π

∫ 2π

0
~u(t, x)e−ikxdx,

ãäå Z0 = Z \ {0} è íóëåâàÿ ìîäà îòñóòñòâóåò â ñèëó (2). Îäíîðîäíûå
ïðîñòðàíñòâà Ñîáîëåâà îïðåäåëÿþòñÿ ñòàíäàðòíûì îáðàçîì

‖~u‖2
Ḣs =

∑

k∈Z0

|k|2s|~uk|2, s ∈ R.

Ìû õîòèì ñðàâíèòü ðåøåíèÿ ñèñòåìû (1) ñ ðåøåíèÿìè ïðåäåëüíîé
ñèñòåìû (ñ ε = 0):

∂t~u + A~ux = ν~uxx,

~u(0) = ~u0, x ∈ [0, 2π].
(3)

Äëÿ ðåøåíèé ñèñòåìû (1) èìååì
ε~̈uk + ~̇uk + iAk~uk = −νk2~uk,

~uk(0) = ~uk
0, ~̇uk(0) = 0.

(4)

Îáîçíà÷èì
B0 = ikA + k2ν.

(Íàïîìíèì, ÷òî ν � ïîëîæèòåëüíàÿ n× n-ìàòðèöà.) Ïóñòü λ0l åñòü ñîá-
ñòâåííûå çíà÷åíèÿ ìàòðèöû B0, à ~r0l � ïðàâûå ñîáñòâåííûå âåêòîðû,
l = 1, . . . , n.
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Òîãäà õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ (4) çàïèøåòñÿ â âèäå
det(ελ2E + λE + B0) = 0. (5)

Áóäåì èñïîëüçîâàòü àñèìïòîòè÷åñêîå ðàçëîæåíèå ïî ε äëÿ òîãî, ÷òîáû
íàéòè ñîáñòâåííûå ÷èñëà

λ =
λ−1

ε
+ λ0 + λ1ε + o(ε).

Ïîäñòàâëÿÿ â (5), ïîëó÷àåì

det

((
λ−1

ε
(λ−1 + 1) + λ0(2λ−1 + 1) + O(ε)

)
E + B0

)
= 0.

Çíà÷èò, λ−1 = 0 èëè −1, à îñòàâøååñÿ âûðàæåíèå ÿâëÿåòñÿ ñîáñòâåííûì
÷èñëîì äëÿ B0. Òàêèì îáðàçîì, èìååì äâà ñëó÷àÿ

λ1l = −λ0l + O(ε),

λ2l = −1

ε
+ λ0l + O(ε).

(6)

Ðåøåíèÿ ñèñòåìû (1) çàïèñûâàþòñÿ â âèäå
~uk =

∑

l

cl1~r
(1)
kl eλ1lt +

∑

l

cl2~r
(2)
kl eλ2lt,

ãäå ~r
(1)
kl è ~r

(2)
kl � ñîáñòâåííûå âåêòîðû äëÿ ñîîòâåòñòâóþùèõ ñîáñòâåííûõ

÷èñåë. Ïðè ýòîì âûïîëíÿþòñÿ ñîîòíîøåíèÿ∑

l

cl1~r
(1)
kl +

∑

l

cl1~r
(2)
kl = ~uk(0),

∑

l

cl1λ1l~r
(1)
kl +

∑

l

cl1λ2l~r
(2)
kl = 0,

(7)

ïðè÷åì
~r

(1)
kl = ~r

(0)
kl + O(ε), ~r

(2)
kl = ~r

(0)
kl + O(ε).

Òåîðåìà 3.1. Ïóñòü T ïðîèçâîëüíî è ôèêñèðîâàíî. Ïóñòü âûïîëíåíî
~̇u(0) = 0, ìàòðèöà B0 îáëàäàåò ïîëíûì íàáîðîì ñîáñòâåííûõ âåêòîðîâ
è

~u0(x) =
∑

|k|≤k0=const

~uk(0)eikẋ.

Òîãäà ðåøåíèÿ ñèñòåì (1) è (3) ðàâíîìåðíî áëèçêè íà îòðåçêå [0, T ] â
ñîáîëåâñêîé íîðìå Ḣs:

‖~u(t)− ~̄u(t)‖Ḣs ≤ C(T, k0, s) · ε.
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Äîêàçàòåëüñòâî. Â óñëîâèÿõ òåîðåìû ñïðàâåäëèâû ñîîòíîøåíèÿ (7), ïî-
ýòîìó ∑

l

(cl1 + cl2)~r
(0)
kl = ~uk(0) + O(ε),

∑

l

(cl1λ1l + cl2λ2l)~r
(0)
kl = O(ε).

Îòñþäà, âñëåäñòâèå ïîëíîòû áàçèñà ñîáñòâåííûõ âåêòîðîâ, äëÿ ëþáîãî l

èìååì
cl1 + cl2 = u0

k,

λ1lcl1 + λ2lcl2 = 0,
(8)

ãäå u0
k � êîýôôèöèåíò ðàçëîæåíèÿ íà÷àëüíîãî âåêòîðà ïî ñîáñòâåííûì

âåêòîðàì ~r
(0)
kl . Îòñþäà âûòåêàåò, ÷òî ñ òî÷íîñòüþ äî O(ε)

cl1 =
λ2lu

0
k

λ2l − λ1l
,

cl2 =
λ1lu

0
k

λ1l − λ2l
.

(9)

Òîãäà äëÿ ðåøåíèé ñèñòåìû (1) ïîëó÷àåì

~uk(t) =
∑

l

(
cl1e

−λ0lt+O(εt) + cl2e
−t/ε+λolt+O(εt)

)
~r

(0)
kl + O(ε),

ïðè÷åì
cl1 = (1 + O(ε))u0

k, cl2 = u0
k ·O(ε).

Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû.
Çàìå÷àíèå 3.1. Îòìåòèì, ÷òî åñëè êîëè÷åñòâî ìîä â ðåøåíèè íå îãðàíè-
÷åíî, òî àíàëîãè÷íî [1] ìîæíî áóäåò òàê âûáðàòü íîìåð ìîäû â çàâèñè-
ìîñòè îò ε, ÷òîáû äîáèòüñÿ ðàñõîæäåíèÿ ðåøåíèé íà âåëè÷èíó O(1) çà
ñêîëü óãîäíî ìàëîå âðåìÿ.

Ñïèñîê ëèòåðàòóðû

[1] Èëüèí À.À., Ðûêîâ Þ.Ã. Îá îäíîì ìîäåëüíîì óðàâíåíèè ñ ìà-
ëûì ïàðàìåòðîì ïðè ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè, âîçíè-
êàþùåì ïðè àíàëèçå íåêîòîðûõ êâàçèãàçîäèíàìè÷åñêèõ ñèñòåì
óðàâíåíèé. Ïðåïðèíò ÈÏÌ èì. Ì.Â.Êåëäûøà, 2012, �12, 9ñ.
http://library.keldysh.ru/preprint.asp?id=2012-12



9

[2] Çëîòíèê À.À., ×åòâåðóøêèí Á.Í. Î ïàðàáîëè÷íîñòè êâàçèãèäðîäè-
íàìè÷åñêîé ñèñòåìû óðàâíåíèé, åå ãèïåðáîëè÷åñêîé 2-îãî ïîðÿäêà
ìîäèôèêàöèè è óñòîé÷èâîñòè ìàëûõ âîçìóùåíèé äëÿ íèõ. Æóð-
íàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè 48:3
(2008), 445�472.

[3] Åëèçàðîâà Ò.Ã. Êâàçèãàçîäèíàìè÷åñêèå óðàâíåíèÿ è ìåòîäû ðàñ÷åòà
âÿçêèõ òå÷åíèé. Ìîñêâà, Íàó÷íûé ìèð, 2007.

[4] Raske R., Saal J. Hyperbolic Navier�Stokes equations I: local well-
posedness. Evolution equations and control theory 1:1 (2012), 195�215.

[5] Raske R., Saal J. Hyperbolic Navier�Stokes equations II: global existence
of small solutions. Evolution equations and control theory 1:1 (2012),
217�234.

[6] Áàáèí À.Â., Âèøèê Ì.È. Àòòðàêòîðû ýâîëþöèîííûõ óðàâíåíèé.
Ìîñêâà, Íàóêà, 1989.


	Untitled.pdf
	prep2012_75

