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Kokonkov Nikita Igorevich

Angular Sn and Spatial Finite Element Even-Odd Parity Transport Equation
Discretization

Formule for computational transport simulations specified. Based on angular Sn and
spatial finite element discretization have been applied to even-odd parity notation of
transport equation. Also suggested several considerations on its solution techniques, such as
new promising method of scattering source conversion or quasidiffusion method for inner
iterations acceleration and Krylov methods for eigenvalue problem solution.

Keywords: even-odd parity transport equation, finite elements, Sn-method, centered
scattering source, quasidiffusion

KoxonkoB Hukura UropeBuu

VYrioBast SN ¥ KOHEUHO-3JIEMEHTHAS MPOCTPAHCTBEHHAS TUCKpPETU3AIMS YETHO-
HEUYETHOTO YpaBHEHHUs IIEpEeHOCca

[TpuBenecHsl (HOpPMyYIBI I YHCICHHOTO MOJCIUPOBAHUS IEPEHOCA HEUTPATBHBIX
gactuil. J[uckpernsanus 4€THO-HEUETHOM CHCTEMBI YPaBHCHHI ITEPEHOCA OCYIICCTBICHA HA
OCHOBE SN-METOJ1a 10 yTiiaM U KOHEYHBIX AJICMEHTOB TI0 MPOCTPAHCTBY. Takke MPUBEACHBI
HEKOTOpPbIE COOOpaskeHUs1 HAcU€T crocoba e€ penieHus: HOBBI MHOTOOOCIIAIONTHNI METO.
HEHTPUPOBAHUSl HMHTETpalla paccesHus W/Wiau MeToa KkBazuauddysuu mais ycKopeHus
CXOAMMOCTH BHYTPEHHUX UTEPAIMA W WCIIOIH30BAaHUE KPBUIIOBCKUX METOJIOB JIJISI PEIICHUS
CTAallMOHAPHBIX 3a/1a4.

Knwueevle cnoea. uémuno-neuémuas cucmema YpaeHeHUll nepeHocd, KOHeuHble
anemenmol, SN-Memoo, YeHMpPUPOBAHHAS hOpMA UHMeESPAAd PACCeAHUs, K8A3UOUDDY3uUs
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Formalism

Base equations for computations is a system of even-odd parity transport
equations in multigroup notation

dyg Q) . - ) IR
é gat( )+Q Vg (Q)+o%g (Q):E[agg (Q)vs (Q)de+ "
+gzajvg Ty (Q)t//g (Q)dﬁ‘i‘;jvg’f(f&g (Q)l//g (Q)dQ+qg,
#9Q Q
%awzt(sz)mw;(@)mg%(@)_ Jos (@)ys () 0+ -
0
+ / J:vg'agg (Q)g@ (Q)dQ+ZIngG§Tg (Q)w& (Q)dﬁ,
979 O 90
with boundary conditions
y/g(fz, rl,, ,t)+yx;(fz,r\av ,t) =y, (Q rl,, ,t),aT-Q< 0, (2i)
'//EJL (Q’ rr‘av ’t)_l//é (Q’ r‘av ’t) - '//gV (_Q’ rr‘av ,t),é—V-f) >0, (20)

and any initial conditions which can be introduced by end user.
The symbols in equations (1-2) defined as follows: v, —the group g velocity;

wy, — the even-odd parity angular flux distribution as functions of time t, spatial
coordinates r, and angular direction © for group g;

o9 —the macroscopic total cross-section for group g ;

og, — the even-odd parity macroscopic differential (elastic) scattering cross-section
from group g’ and angular direction Q to group g and angular direction Q;

o-gfg — the even-odd parity macroscopic differential fission cross-section from group
g’ and angular direction Q to group g and angular direction Q;

v9  —the mean number of neutrons produced due to elastic scattering in group g';
v9" — the mean number of neutrons produced due to fission in group g';

d, - the spatial extraneous source distribution in group g;

oV — the outward directed normal of boundary surface 6V of convex region V ;
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w3, — the angular flux distribution at boundary surface as function of time t and

inward angular direction Q for group g.
Abovementioned form is derived [1] from transport equation (15) by

w;(é) =y, (Q)il/lg (—Q) symmetrization of flux. Different approaches to calculation

of group constants can be used with that system.
Also several notations of differential ‘conservative’ (from group g to the same

group Q) scattering cross-section — with and without expanding it in a Legendre

polynomials series, second case by its turn splits into pointwise and tetra-linear in
polar and azimuth angle. Application of those notations will be specified below.

Iterations Structure

Two iteration — inner (scattering source) and outer (fission source) — circles
arose from solution of multigroup eigenvalue problem constituted by stationary form
of (1-2):

- o\ . Lot _ L (3e)
+3 [v¥oy, (Q)w; (Q)d9+2170&g (Q)y/g (Q)dQ+qg,
9'#d & 9° 0
¢ Vl//g(f))+ oy (Q) = Ia‘g (Q)w&(ﬁ)d§2+

" (30)

+ 3 [V Qe (Q)a0+ X[ Yooy (@ ()0

9'#9 & 9 a
with stationary boundary conditions

wg(f), f"av)ﬂ//a(ﬁ,f"av):wgv (Q, ?‘av),W-Q<O, (4)
y/g(fl, f"av)—l//g(fz,f‘av ) =y, (_Q’r‘av ),8—V-Q >0, (40)

where K is the effective multiplication factor eigenvalue.
The following inner iterations acceleration methods are applied (Appendixes B—
C):
e Centered form of scattering source [4];
e Quasidiffusion method (auxiliary angular dimension reduced system) [5].



Angular Discretization

Two ways of Sn-angular discretization [2] are applied:
1) Piecewise-bilinear interpolation of angular flux distribution with pre-defined
rectangle angular mesh (indices j, w and k, » denote azimuth and polar

nodes) for every angular direction gives for c//ﬂf as function of spatial

coordinates:
e With differential cross-sections in Legendre polynomial series (index 1)
expanding (quotients form is specified in Appendix D):

k j u 8(//?1; g k i
:Zk: 2 Gk, 1o 2. 2 G-

k=k-1j=j-1 k=k-1'j=)-1
_ZGQQZ Z Z HIJkaal//u,;a_ Z ngo-lggz Z Z HJKBWWWJF (56)
[=2i ouy v=0—1w=wy-1 g'zgl=2i auy »=9-1w=w-1
PDNGL D) 33 HIBI WG,
1=2i suy 9=3-1w=w-1

k i " a;)y?; g K i
> 3Gl > Y Cti-

X 1j=j-1 k=k-1'j=j-1
ST oY S Y HMBRpEL =Y T vty S S HB
1=2i+1 oy =1 w=w-1 g'#g1=2i+1 sy H=9-1w=w-1 (5 )
DIDIG i) > HMBLp
" 1=2i+1 o v=0-1w=w-1

e With twice bi-linear notation of differential cross-sections (quotients form is
specified in Appendix E):

:Zu;: BwengGgJ%+W3][ :Z



k i G 81//911; g k J c -
k—k—l‘jzzj—l T oo +0jkk;—1‘jzzj—1 ‘jkl//‘jk_
k i
-3 rensm 3 5 et | 3 3 et |-
k=k-1'j=j-1 9=9-1w=w—-1 w=o-1lw=w—-1
k i E) Wy (60)
=2 2 2 Ci ., S Y Bl | 3 Y B |+
g'#0 k=k-1'j=]-1 =1 w=uw-1 w=o-1w=w—1
" .
Y S CESHL Y Y Bal, | Y Y B |
g k=k-1'j=j-1 . 2y vw=—-1w=1wy-1 “ w=s—-1w=w-1

2) Discrete angles with pre-defined angular directions d’s and corresponding
angular quadrature coefficients C, (both given by user, see Appendix F):

e With differential cross-sections in Legendre polynomial series expanding:

Ll N
O T oW BT Hp =
=21 y

. g o« ,  ox , (7e)
=2 2 vIoIH D C Hw !+ 3> v o H D C Hyy " +qy,
g'#g 1=2i y g 1=2i y
Gaal//3+ dy, 9- _ WH!S'C H'yd =
d +Gg‘//d Z O dz y Wy =
506 1=2i+1 (70)
=2 2 VIO THa G R+ D 5 V‘”GF“‘QH'ZC Hw !
g'#g1=2i+1 g 1=2i+1

e Without differential cross-sections in Legendre polynomial series
expanding:

Gr Vi L olys S Co

d oa gl//d Z Y ggu'/lu - (8)
e

:ngZC vio qu?++ch v oW+ e
#0 Yy

ez

Gy 5; +03Wd ZCu gguwug =
(80)

3Tt ST vt

g'#g y



Spatial Discretization

Finite element [3] spatial discretization on tetrahedron mesh with piecewise
linear or quadratic basis function is applied to any of abovementioned angular
discretization of equations (1) or (3). For every angular direction flux distribution is
expanded in a basis functions series

VA (1) = S e e (1) 9
where for each point E in spatial domain V basis function W (r)=> 0z (r) and
=3k

scalar function @E(r) Is polynomial in tetrahedrons = that contain the E point for

which ©g () . =0and O (k)=1.
X
;
0 5
4 9 2
1
Picture 1.

The tetrahedron and
numeration of points in it.

=0, the

[

Cross-sections are taken to be constant within tetrahedron a( r’)

re=

same notion is used for extraneous source distribution q(?)‘g _=0g. Thus, (in inner
rex

points of spatial domain V') spatial discretization is completely described with five
quotients for all combinations of points A and E in tetrahedron = :

gt =[O (7) VO (7l (10d)
Vet = |0 ()O3R (F)aV, (10g)
Hg =3 42 [O3(F)dV, (105)

(the first one is a vector).



Computational Formulze

1) Piecewise-bilinear interpolation of angular flux distribution with pre-defined
rectangle angular mesh (indices j, w and k, » denote azimuth and polar

nodes) for every angular direction gives for expansion (9) coefficients '//,kE :

e With differential cross-sections in Legendre polynomial series (index 1)
expanding (angular quotients form is specified in Appendix D):

Ggooo Z Z FaEEAV/(?o_E + C(()J(()J Z (7115 Z YEA‘//(?JE -

=3AEeE =3A Ee=

Yy > HBY, Y o 3 VEY, = +

oy »=3-1w=w-11=2i

5 11a
DI I I N
9'#9 swy =21 w=wy—-11=2i Ee=
DHIPID) D HIBIL 2 vE ot 3 VWi
g’ ow »=-1lw=w-11=2i Ee=
Ggooo;;FEE Soe + Coo Z:AO-HHEZ;YE Wooe —
DIPND WD LI SRETE
awy v=0-1w=w—-11=2i+1 =34 Ec=
o w (11b)
=222 2 2 HYBER > vEo ) VErwlet
9'#0 swy v=9-1w=w-11=2i+1 =34 Ee=
YT Y YT OB Yol Y VE
9’ sy »=-1w=w-11=2i+1 Ee=
j j
ZlG‘i‘o‘OZAZ 2V oe + Zlc ZU ZyE Woe ~
j=]- E>AEeE U=l
DID WD IICHLTS WD W
oy »=3-1w=w-11=2i =34 (110)
DIIDNDUP LTS WL D WCAT A
9'#0 2y w=0—-1w=w-11=2i =34
k) W

2.2 2 2 2 HBIR Y vEToRt 3 Ve

9’ auw »=9-1w=w-11=2i =>4 Ee=



j
ZGaJOZZ E'//JOE+ZC ZG ZyE WJOE

j=J-1 Z3AEeE Yj=j-1

Y Y Y OB Y oY VEY, -

oy w=9-1w=w—-11=2i+1

e (11d)
=22 2 2 2 HPBR Y vIoR ) VEtwi.+
9'#0 owy w=9-1w=w-11=2i+1 EecE
DNIDIPUP WCHLTHUEL D WET
9’ o »=c2—-1w=w-11=2i+1 =34 Eec=
k —_—
k;_ngfkcaAE;F;é\wg{E C&Iﬁ ZSZAO'lksz ‘//g;E -
> Z 3 H B2, 20,9923/ Ay =Wy ML+
oy »=9—1w=w—-11=2i =34 EeE
N H Ok Bwa 9'g y 9'+ (11e)
+g’¢g ou :Z mz IIZZI ;VH UI ; WW\9E+
DRIPWD WIS WEL D WA
9" ouwy v=s2—-1w=w-11=2i E34 EeE
k
PR hy cgtzAa&zv Ve -
ouy “=9—-1w=u— i+l ex
(11f)
DI Z OKB’”’ZWG 2 VeVt
9'#g 2wy »=-1lw=w-11=2i+1
DNIDIPW LT WEL D W
9" owy v=o-lw=w-11=2i+1 Ee=
k i k j
2. 2 G5 Y 2 Tatvhet 2 2 CR o 2 Ve e -
k=k-1'j=j-1 E>AEeE k=k-1'j=j-1
DIPWPIPW I za.ggzv e =
owy v=0-1w=w—11=2i =34 Eec=
o . R (11g)
= = wp t
gig;:a:s 1u4; 1IZZI ._;V O-I Z WWSE

2 W

+;ZZ > > H BWZV Ulgafg;ygA‘//%EJerkH;'

"oy w=o-Llw=w-11=2i
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k j . _
> DG Y > Ity + Z Z R 2o 2L VE ke -

k=k-1'j=]-1 E>5AEe=E k=k-1'j=]-1 =5A
] w
_ 1 Z 1|221H JkBma ZO_IQQEZyE l/lu;sE
uy »=9—1w=w—-11=21+ ex
R (11h)
=222 2 > HIBIR Y vEoL ) VEN +
0'#g ow »v=o-1w=w-11=2i+1 =34 EeE
T Y Y Y HBE TGl Y VR
9’ ow v=-1w=w-11=2i+1

e With twice bi-linear notation of differential cross-sections (quotients form is
specified in Appendix E):

Ggy° Z Z Iy e +Coo Z of® Z VMo —

E>AEeE =5A EeE
<gzH.y| 3 5 enow |5 3§ ewvpvin, |-
12a
ey 5 S e |5 3 3 s
g'#g X E3A\ v=0-1w=wy-1 - EeE\ v=0-1w=wy-1
2+ N S > /2 "+
sersns] 3§ sorei 3l 5,8 s
GgoOOZA;FaEEA'/’gJE t ngz;\anE;ygAWgo_E -
_ 2 Wy
<gzr.y| 3 3 o |z 3§ evevg, -
Z3A\ v=0-1wy=wy-1 EeE\ v=0-1wy=wy-1
(12b)
=Y CEYH, Y S Y BuvEols, 2, S Y BUVEN, |+
9'#9g 2wy E3A\ v=0-1w=wy-1 EeE\ v=0-1wy=wy-1

2 W

segyr.y| 3 3 ere, |3 3 5 sveve

E3A\ v=0-1wy=w-1 eZ\ w=0-1wy=w-1
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J — —
Z G?OJOZ Z F;EAWJOE Z 820?1:ZVI§A‘//‘%3E -

j=-1 =71 = (12c)
Y CSHLY S S Ben S 3 S muvE, [t
‘j=j-1 uy E3A\ v=o0-1w=wy-1 EcE\ v=0-1w=wy-1
Y Y CESHL Y S S Bl |3 3 everi |
g'#9j=]-1 oy A\ v=-1lwy=1wy-1 EeE\ w=0-1wy=wy-1
+Z ZJ: CJ ZHMZLZSZ i Bwavg*fggJ%_WJZ[ > i B%;YEAW%;E},
g’ tj=j-1 2wy E3A\ v=o-1w=wy-1 EcE\ v=0-1w=wy-1
j G Cl VE
+ =
T 28wV e JZJ:— 027 2 Ve Ve~ (12d)
- ZJ: Cl ZHNMZ( Zal i By gjgotuw]2£ i i B\%?SVEAW\%\QEJ:
j=1-1 auy A\ w=o-1w=w-1 Ec=\ w=0-1w=wy-1
EIDICH ISP ILTEL 1) ) DIPIH S oA
9'#9 j=j-1 E3A\ w=o-1w=w-1 eZ\ w=0-1w=1wy-1

j £} w £} w
"y 82%2[ 3w |z 3 8 i)

K
ZG(%?I(ZZ WJkE"' chtzo-lkuzyg ’//JkE

*=k-1 SSAEcE S5A  Ee= (12e)
K 3 W =
Searn.g( s 3 ggaz};[;mzm1BzzyEAw\z;E}=Wom;+
2 W 2 W
DI DI ALTELH) 3 Do N2
g9'#09 k=k-1 2y E3A\ w=o0-1lwy=wy— 9=0—-1w=1y—1
K W 5 wy - '
SIPI Lo Do AN 3 DD S E SN
9" k=k-1 uy Z3A\ v=o0-1w=w-1 EcE\ w=0-1w=w-1
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Z GaOKZZ aE‘/’OkE"‘ Z C&'ﬁZG ZYE Woke —

=Z3AEeE =5A Ec= (12f)
k E) Wy
3o ZHWZ( >3 e 3;;43}2_[ >3 B -
k=k-1 Z3A\ v=0-1wy=wy-1 EeE\ v=0-1wy=wy-1
k 5 w - 2 l = "
=33 cthHmH (Z > Buve 08,15;4\9}2[ > B\g;y;Ay/\ng}
g'#0 k=k-1 23A\ v=0-1wy=wy-1 EeE\ v=0-1wy=wy-1
E) W
w3y 3 5 mra |5 3 3 evev |
9" k=k-1 E3A\ v=o-1w=wy-1 EeE\ w=0-1wy=wy-1
: j Gajk =EA 0 : j jk 9= EA g+
& 'y o+ C. 2=y VERwir o —
kg—l‘j:Zj—l K S &V ke k:zk—l‘jzzj—l JksaAUJk & F Vike (129)
K j . - -
N Z Z C}I; H9m i i Bﬁlz%aggkﬁj‘; Z ZBZ i Bilz?ay EA'//*%E =
k=k-1'j=]-1 2w E3A\ v=o0-1w=w-1 Ee=\ v=o0-1w=wy-1

wo \EA,, 9+
BW\SYE Weor |

wo \yEA,,, 9+
BW‘QYE Waor |+

k i _ _ k j
2 2 G Y D Taewiye + 2 2 Cl o 2 VeV e -

KR1j=] 1 SSAEe= KK1j=j-1 C EA (12h)
k J 9 ]
jk k=- = -
-2 2GR Ha, [Z 2. BL‘”%’WJZ[Z > BV w?m]
k=k 2uy E3A\ v=o0-1w=w-1 EecE\ w=0-1w=w-1

k . 9 ] 9 Wy
=2 Z 2 C‘ﬁ(ZHm:aAL’ ; BWQV_GQJ;J(;JZ[ Z Z BY2VE ‘//?an}

e=Z\ v=-1lwy=w-1

k j . 2 u 5 w : .
Zk: D C}iZHW,EBALZ 2 Buve o i ]EZ[Z > qu,?aygAwng}

eE\ v=-1w=wy-1

2) Discrete angles with pre-defined angular directions d’s and corresponding
angular quadrature coefficients C, (both given by user, see Appendix F):

e With differential cross-sections in Legendre polynomial series expanding:
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GQZZ EWdE+ZGd“Zy e -
—ZH ZC H! Zﬁlggzylg l//ugg HA
1=2i

Z3A

X HUTCHL S ol S Ve - (19
g'#gl=2i Yy
+ZZH ZC H, ZV Ul%TZyE %?1;
1=2i Ee=
SOINEZ DD R
—ZHZCH ZG, ZY Py =
1=2i+1 (130)

=> > HdZC H! Zv_al ZYE Wi+

g’'#g1=2i+1 y

+Z Z H ZCuHMZVE GIQET E;VE l//z?E_

"1=2i+1 y =5A

e Without differential cross-sections in Legendre polynomial series expanding:

ngz EWdEjLZGdHZyE Ve — ZCZ g0y Zy '/’z?g:

E3AEeE
=2, 2.0, 2 viog, 2 VE W&”ZZC 2 vEog 2 VEE + (14e)
g'#9g =34

A
+Hg

ZZ E‘//dE_'_ZUdHZy l//c?lg ZCZ Oggy ZY WL?L;:

Z3AEeE

=2, 2.0 2 viogg 2 Vevir +ZZC 2 vEog, 2 VEvie

g'#0 y E3A E>3A

(140)

Conclusions
With boundary conditions (4) relationships (11) or (12) or (13) or (14) form

complete system of linear equations from which solution of the effective
multiplication factor eigenvalue problem could be obtained by Krylov methods.
Introducing time dependence and time differentiation of angular flux distribution in
(11-14), coupling each one with boundary conditions (2) one could obtain system of
ODE’s.

Appendix A: The Transport Equation

The first-order non self-adjoint basic transport equation is [2]
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, Ot ' (15)

where the macroscopic total cross-section for group g is
c9=0%+0% +od". (16)

Macroscopic differential (elastic) scattering and/or fission cross-sections from group
g’ and angular direction Q to group g and angular direction € cold be expanded in
Legendre polynomial series:

q = 2l+1
99 — 9P
o 2 v (,u) (17a)
with expansion coefficients
1
o8 = [0 (u)du= [0 P (1)dO (17b)
-1 o
and
o _ 21 +1 o8P
09 =5 22600 P, (u) (182)
1=0
with expansion coefficients
1
o™ = Iagfg P (z)dpu= J.O'g’fg P, (££)dQ (18b)
1 o)

correspondingly.
Scattering and fission term in (16) are obtained by summation over all original

angular directions Q and destined groups g
J‘O-gg( )dQ zggg_ggg (19)

and

Zjam (Q)dﬁ = Zg:ag"‘g =o' (20)

90
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Boundary conditions for (15) is

v (T, t)=pd (Qt), oV -Q<0. (1)

Appendix B: Centered Form of Scattering Source

System of even-odd parity equations (1) could be expressed in form with so-
called centered scattering source [4]

g
(Q) + (22€)

9
W (Q)dﬁ-alggz//— (Q + (220)

where ¢ =0®+0d? and ¢; =0® +0° +0§? —c. By expansion differential

cross sections in Legendre polynomial series theorem alternative notation of (22)
obtained:

' (23e)
+9 =g I=2kVg Glgg n;, Ylm (Q)ivlm (Q)l//g (Q)dﬁ—l—
I ® / _ — —
+;|:2ngTUgfg n;, Y'm(Q)f2 |m(Q)'//$' (Q)dQ



(230)

99 — 599 99
where ¢ =0, ~O 2

Appendix C: Quasidiffusion Method

According to original approach [5] first equation of quasidiffusion system is
derived by integrating (15) over angular direction and second one is derived by
integrating product of (15) and angular direction over angular direction. The same is
done for boundary conditions (21). Thus auxiliary angular dimension reduced system
IS

g . o ,
é%_'_vwg +o09U¢ :;(Vg Ggg -i—\/g*fcfgﬁfg )Ug +47Z'qg, (243)

1 oW
v, ot

+V(DU )+ oW = Z(vg'alg'g (Q) +197 59" (Q))VV 9 (24v)

g g’

with boundary conditions
N WO (7], t)-Wg (7, 1) =(U9 (7L, 1)U (7L, ))0°. (25)

The symbols in equations (24-25) defined as follows:
us= jyxg (Q)dﬁ — the scalar flux distribution as function of spatial coordinates r
o)

and time t for group g and UJ, is the scalar flux distribution outside spatial domain;
W9 = fz//g (Q)f)dﬁ — the vector flux distribution as function of spatial coordinates 7
o

and time t for group g and WJ, is the normal to border vector flux distribution
outside;
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DY :{Dgﬁ} — the quasidiffusion tensor as functions of spatial coordinates r and

time t for group g which coordinates defined from relationship
DS,V = [0, Q0 (Q)dQ; (26)
Q
b9 — the boundary relation is defined as follows

[ we(ar], t)ov-Qdo / v (Cr, t)de. (27)

NV-O>0 V- Q>O

Finite element spatial discretization of (24) may be derived in the same manner
as in (9), additionally for (26) noting (Dgﬂug)zz\PE(r)anQﬁwg (Q)dfz one
E o)

may obtain
1y syznd DWW WD WELEE
Uy SSAEe= 5A Ee= (28s)
- (vg o93 +vE ol ) Z VEAUY +4nH2,
g’ =5A Ee=

1 - OW
ETZ‘A;YEA— ZAEZ:DQUQF“ +ZG_ZY“AW9— 280
=3 ex V
S (vl g ot ) SV

g’ E5A

in inner points of spatial domain V .

Appendix D
G (s ) = (244" = Bpt ath - 2)\/1—;17+3(arcsin(yk)—arcsin(yk_l))yk +
2+ 2)\i= 12 G (#1018 = 2881+
Gelo,401)=cos{o)-cuso,) {10y Jn( )
GS((oj_l,(oj) sm(goJ 1) sin(¢;) ( )cos((pJ 1)
Woo =1, Wi =(0; =0, Wy =(s4— _1), W, =W, Wy, C¥ =1, CI=W, /2,
Co =W, /2, CI=w, /4, Ggg:(o 0 -1)', Gi§=(0 0 WjO/Z)T,
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Gr (2t 124, ) Wy, Ge (5101 )G (Hha ) W
Gos ok 0 GJJ 1k-1 -~ Gs((oj—l (DJ)GR Hye1y :Uk /W
WOkGL(luk—l’luk) (,uk l,yk)/Z
GR(’uk’luk—l)/VVOK C((pl qpl‘l)GR(ﬂk E 'uk /W
G(())llf :% 0 ’ijllf—lzé s((ﬂj (Pj_l)GR(ﬂk —1r /W
WOkGL(:uk’/uk—l) WJkGl_(,uk 1,,uk)/Z

G ( /W Gc((Pj’(ﬁj_l)GR(ﬂk’ﬂk-l)/ij
ijl—(lk :% Gq (goj—l’q)j)GR(luk’luk—l)/\Njk ’ijllz _é GS(¢i’¢j—1)GR(ﬂk’ﬂk—1)MJk
ijGL(ﬂk'ﬂk—l)/z ijGL(/’lk’luk—l)/Z

Ilm 1 2 (I_m)'
1 "W, W, o +1(1+m)!
y Py
H®B,, ;= ZOIW n (= )[ [ (1= )P (1)du | [ (¢, —@)cos(mp)dg,
m ? Hya Puy-1
Hy Dy
HOOBZQb_ZOIILJ;? le(—l) I (Iu—,ua_l)le(,u)d,u I ((ow—(o)cos(mgo)d(o,
m= ? Hya Py1
Hy Py
H°B} ;= ZOIW (1) [ (ﬂa—ﬂ)am(ﬂ)dﬂ} [ (¢=0,)cos(mp)do,
m ? Hyq Puy1
Hy Py
HBY: = ZI m(=1) j(y—ya_l)le(y)dy j ((o—(pm_l)cos(m(p)d(p,
m=0 w> Hoq Pt
Hy Dy
H*BY",, , = Z‘BIW[ | P (1 )dﬂJ{I(ﬂa—ﬂ)Hm(ﬂ)dﬂ | (¢, —9)cos(mep)de,
m 7\ M1 Hyg Py
Hy H Py
HOKBM”jifZOI'L,ZQ [ P(e)dpe | [ (1=, 4)P(m)dpe | | (9, —)cos(mp)do,
M=0 M9\ sy Mg Py
Hy Hy Py
H*BY | = ZI [ Ple)dee || [ (1= 1)Pi(2)die | [ (9 =,,1)c08(me)dop,
m=0 ma Hiq Hyq Py

Py

H.OKBﬁfi—m ) W[ [ P (s Jﬁ s ﬂal)ﬂm(ﬂ)dﬂ]? (¢~ 9,,1)cos(me)dg,



HIB, = IR, 1>[jl<ﬂa—ﬂ>am<u>dﬂ ;fl<(,,m_¢>z(cos<mw>cos(m¢>+sm<mw)sm<m¢>)dwd¢,
I8, = Y1 Py () Zw—ﬂg_l)amwdu j’l%_go):;j(cos<mw)cos(m¢)+sm<mw)sin<m¢>)dwd¢,
H°BY, = mZIW n(- )jl(us—ﬂ)ﬂm(ﬂ)dﬂ}jl(cﬂm—60)1(COS(mw)COS(m(P)+5i”(mw)3i“(m¢))d0d‘ﬂ’
H,joBma-m;IW - >[;fl<u—ﬂ31>P.m<ﬂ>du]jl(%—w)z(cos(m)cos(m(p)+sin<mw>sin<m<o>)dwd<o,
B, =3 [jp }[J =P 11| | (0= es(mrosmo)sin i)
kB, = Y1 #’j:am(ﬂ)dﬂ [ ()P ;fl(%_¢)Z(cos<mw)cos<m¢,>+sm(mw>sm(m¢>)dm¢,
e, = 1 :jip.mw)dﬂ jlm—u)P.mm)dujj’l(%—(p)z(cos(mw>cos<m<o>+sin<mw>sin<m¢>)dwdw,

H*BY = ZI [j P (1 )dy]{i (u—yal)le(y)dy]T((om—(D)T(COS(mw)COS(m(p)+Sin(mw)sin(m(p))dwd(p.

m=0 u’l3 (pm—l ?j

67T
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Appendix E

w =W, /36, BY =4, BY =1 BY, =1 B%=4

w—15-1 = w—1o

All other coefficients are the same as in previous section.

wo—-1

Appendix F

For discrete angles discretization angular directions d ’s may be taken arbitrary.

Approximation of integral over solid angle by summation over all directions
If(f))df)zZCd f (Qd) is the basic requirement for them. In the simplest case
) d

corresponding angular quadrature coefficients satisfy relation 4~C; = I dQ. Way

AQy

to form rather good set of angular directions and corresponding coefficients for
quadrature could be found in [6].

The other coefficients in (7-8) and (13-14) are G, :Qd and

H(I3| H1|4 = mzzl_:| YIm(fzd )?Im (QM)

1.
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