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È.Â. Ãîðþ÷êèíà. Î ñõîäèìîñòè ñòåïåííîãî ðÿäà ñ íåðàöèîíàëüíûìè ïî-
êàçàòåëÿìè ñòåïåíè, ÿâëÿþùåãîñÿ ôîðìàëüíûì ðåøåíèåì àëãåáðàè÷åñêîãî
ÎÄÓ. Ïðåïðèíò èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè èì.Ì.Â.Êåëäûøà ÐÀÍ,
Ìîñêâà, 2013.

Çäåñü äîêàçûâàåòñÿ òåîðåìà î äîñòàòî÷íîì óñëîâèè ñõîäèìîñòè âáëèçè
íóëÿ ñòåïåííîãî ðÿäà (ñ êîìïëåêñíûìè, íî íå ðàöèîíàëüíûìè ïîêàçàòåëÿ-
ìè ñòåïåíè), êîòîðûé ôîðìàëüíî óäîâëåòâîðÿåò àëãåáðàè÷åñêîìó (ïîëèíî-
ìèàëüíîìó) îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ (ÎÄÓ). Äîêà-
çàòåëüñòâî îñíîâàíî íà êëàññè÷åñêîì ìåòîäå ìàæîðàíò, íî ïðè ïîñòðîåíèè
ìàæîðàíòíîãî ðÿäà èñïîëüçóþòñÿ ìåòîäû ñòåïåííîé ãåîìåòðèè.

I. V.Goryuchkina. On convergence of power series solution with nonrational
power exponents of algebraic ODE. Preprint of the Keldysh Institute of Applied
Mathematics of RAS. Moscow, 2013.

Here we prove the theorem on su�cient condition of the convergence near zero
of the formal power series (with complex but nonrational power exponents) that
satis�es to algebraic (polynomial) ordinary di�erential equation (ODE). The proof
is based on classical majorant method, but for constructing majorant series we
use methods of power geometry.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò 11-01-00023 è ïðîåêò 12-01-31421 ìîë_à).
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1. Ñâîéñòâà ôîðìàëüíûõ ðåøåíèé àëãåáðàè÷åñêèõ ÎÄÓ, ïðåäñòàâëÿåìûõ â
âèäå ñòåïåííûõ ðÿäîâ ñ íåðàöèîíàëüíûìè ïîêàçàòåëÿìè ñòåïåíè, ìàëî èçó÷å-
íû. Îòìåòèì, ÷òî ñòåïåííàÿ ôóíêöèÿ êîìïëåêñíîãî ïåðåìåííîãî ñ êîìïëåêñ-
íûì ïîêàçàòåëåì ñòåïåíè èìååò ñëîæíîå ïîâåäåíèå. Ëó÷øå èçó÷åíû ðåøåíèÿ
ÎÄÓ, ïðåäñòàâëÿåìûå ôîðìàëüíûìè ðÿäàìè Òåéëîðà, Ëîðàíà èëè Ïüþçî.
Èìååòñÿ áîëüøîå ÷èñëî ðàáîò, â îñíîâíîì çàðóáåæíûõ àâòîðîâ, ïîñâÿùåí-
íûõ ýòîé òåìàòèêå. Äàëåå ìû ïðèâåäåì íåêîòîðûå ðåçóëüòàòû, êàñàþùèåñÿ
ñõîäèìîñòè è ðàçëè÷íûõ îöåíîê íà ðîñò êîýôôèöèåíòîâ ôîðìàëüíûõ ðÿäîâ
Òåéëîðà èëè ðÿäîâ Ëîðàíà ñ êîíå÷íîé ãëàâíîé ÷àñòüþ.

Â 1903 ãîäó Å. Ìàéå [1] èçó÷àë ôîðìàëüíûå ðåøåíèÿ âèäà

y =
∞∑
k=0

ck x
k, ck ∈ C (1)

àëãåáðàè÷åñêîãî ÎÄÓ n-ãî ïîðÿäêà

f(x, y, y′, . . . , y(n)) = 0, (2)

ãäå f(x, y, y′, . . . , y(n)) � ýòî ìíîãî÷ëåí ñâîèõ ïåðåìåííûõ. È ïîêàçàë, ÷òî åñ-
ëè ôîðìàëüíûé ðÿä (1) óäîâëåòâîðÿåò óðàâíåíèþ (2), òîãäà ñóùåñòâóåò

âåùåñòâåííîå íåîòðèöàòåëüíîå ÷èñëî s, òàêîå, ÷òî ðÿä

∞∑
k=0

ck
(k!)s

xk (3)

ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x|. Â 1971 ãîäó Ê. Ìàëåð [2] ïîëó÷èë
äðóãîå äîêàçàòåëüñòâî òåîðåìû Ìàéå.

Ðÿä (1) ñ òåì ñâîéñòâîì, ÷òî ðÿä (3) ñõîäèòñÿ, íàçûâàåòñÿ ðÿäîì Æåâðå,
à ÷èñëî s � ïîêàçàòåëåì Æåâðå.

Â 1978 ãîäó Æ.-Ï. Ðàìèñ [3] èçó÷àë ôîðìàëüíûå ðåøåíèÿ ëèíåéíûõ ÎÄÓ.
Èñïîëüçóÿ ìíîãîóãîëüíèê Íüþòîíà, îí ïðåäúÿâèë òî÷íóþ îöåíêó íà ïîêà-
çàòåëü Æåâðå ôîðìàëüíîãî ðåøåíèÿ (1) ëèíåéíîãî àíàëèòè÷åñêîãî ÎÄÓ è
ïîêàçàë, ÷òî åãî çíà÷åíèå çàâèñèò îò òàíãåíñîâ íàêëîíîâ ðåáåð ýòîãî ìíîãî-
óãîëüíèêà.

Â 1989 ãîäó Á. Ìàëüãðàíæ [4] äîêàçàë òåîðåìó î òîì, ÷òî: åñëè à) ôîð-

ìàëüíîå ðåøåíèå (1) óäîâëåòâîðÿåò óðàâíåíèþ (2); á) âûïîëíåíî óñëîâèå

∂f(x, y, y′, . . . , y(n))

∂y(n)
6≡ 0 íà ðåøåíèè (1);

â) ìíîãîóãîëüíèê Íüþòîíà ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà

M(x) =
n∑
l=0

∂f(x, y, y′, . . . , y(n))

∂y(l)

dl

dxl
, âû÷èñëåííîãî íà ðåøåíèè (1),
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íå èìååò ïîëîæèòåëüíûõ òàãåíñîâ íàêëîíîâ ðåáåð; òî îñîáàÿ òî÷êà x = 0
ÿâëÿåòñÿ ðåãóëÿðíîé îñîáîé òî÷êîé, ò. å. ðÿä (1) ñõîäèòñÿ äëÿ äîñòàòî÷íî
ìàëûõ |x|. À åñëè âûïîëíåíû óñëîâèÿ à), á) è âìåñòî óñëîâèÿ â) � óñëîâèå

ã) ìíîãîóãîëüíèê Íüþòîíà ýòîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà

M(x) èìååò ðåáðà ñ ïîëîæèòåëüíûìè òàíãåíñàìè íàêëîíà; òî äëÿ ôîð-

ìàëüíîãî ðåøåíèÿ (1) óðàâíåíèÿ (2) ïîêàçàòåëü Æåâðå s 6 1/r, ãäå r �

ýòî íàèìåíüøèé èç ïîëîæèòåëüíûõ òàíãåíñîâ íàêëîíà ðåáåð ìíîãîóãîëü-

íèêà Íüþòîíà.

Â 1990 ãîäó ß. Ñèáóÿ [5] ðàññìàòðèâàë óðàâíåíèå (2) ñ ðåøåíèåì (1), äëÿ
êîòîðûõ îí îáîáùèë âûøåïåðå÷èñëåííûå ðåçóëüòàòû Ìàéå, Ðàìèñà è Ìàëü-
ãðàíæà. À èìåííî, îí ïðåäúÿâèë òî÷íóþ îöåíêó íà ïîêàçàòåëü Æåâðå ôîð-
ìàëüíîãî ðåøåíèÿ (1) íåëèíåéíîãî àíàëèòè÷åñêîãî ÎÄÓ, è èç åãî òåîðåìû
ñëåäîâàëè óòâåðæäåíèÿ òåîðåìû Ðàìèñà è òåîðåìû Ìàëüãðàíæà.

Â 2004 ã. À.Ä. Áðþíî [6] ðàññìîòðåë óðàâíåíèå

f̃(x, z, z′, . . . , z(n)) ,
def
= L(x)z + h(x, z, z′, . . . , z(n)) = 0, (4)

ãäå f̃(x, z, z′, . . . , z(n)) � ýòî ñóììà ÷ëåíîâ âèäà

αxpzq0 (z′)
q1 · . . . ·

(
z(n)
)qn

, (5)

α, p ∈ C, 0 6 q0, . . . , qn ∈ Z. Ñîãëàñíî ðàáîòå [6] êàæäîìó ÷ëåíó (5) ìîæíî

ïîñòàâèòü â ñîîòâåòñòâèå òî÷êó (t1, t2) = (Re p −
n∑
k=0

k qk,
n∑
k=0

qk) ∈ R2. Ñîâî-

êóïíîñòü âñåõ òàêèõ òî÷åê íàçûâàåòñÿ íîñèòåëåì ñóììû f̃(x, z, z′, . . . , z(n))
è îáîçíà÷àåòñÿ S(f̃). Âûïóêëàÿ îáîëî÷êà íîñèòåëÿ íàçûâàåòñÿ ìíîãîóãîëü-

íèêîì è îáîçíà÷àåòñÿ Γ(f̃). Ïðåäïîëàãàåòñÿ, ÷òî â óðàâíåíèè (4) L(x) � ýòî
ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð Ýéëåðà, íîñèòåëü S(L(x)z) = (v, 1),
v ∈ R, òî÷êà (v, 1) ÿâëÿåòñÿ ëåâîé âåðøèíîé ìíîãîóãîëüíèêà Γ(f̃) è íå ñî-
äåðæèòñÿ â ìíîãîóãîëüíèêå Γ(h). Âåðõíåå ðåáðî ìíîãîóãîëüíèêà Γ(f̃), ïðè-
ìûêàþùåå ê âåðøèíå (v, 1) èìååò âíåøíþþ íîðìàëü −(1, r). Â [6] äîêàçàíà
òåîðåìà 3.1: óðàâíåíèå (4) èìååò ôîðìàëüíîå ðåøåíèå

z =
∞∑
k=0

ck(log x)xsk, (6)

ãäå sk ∈ K(k1, . . . , kκ) ⊂ C, r < Re sk 6 Re sk+1, êîíå÷íî ÷èñëî sk ñ îäèíà-

êîâûì Re sk, ck � ýòî ìíîãî÷ëåí îò ëîãàðèôìà log x, k1, . . . , kκ � êðèòè÷å-

ñêèå ÷èñëà îïåðàòîðà L(x) c ó÷åòîì èõ êðàòíîñòè (r < Re ki 6 Re ki+1)
è K(k1, . . . , kκ) � òî÷å÷íîå ìíîæåñòâî íà C (c Re sk > r), êîòîðîå îïðå-

äåëåííûì îáðàçîì âû÷èñëÿåòñÿ ïî íîñèòåëþ S(f̃) è êðèòè÷åñêèì ÷èñëàì



5

k1, . . . , kκ. Â ðàáîòå [6] óêàçàí ìåòîä âû÷èñëåíèÿ ðàçëîæåíèÿ (6). Ïðè ýòîì
åñëè

ki 6∈ K(k1, . . . , ki−1), i = 1, . . . , κ, (7)

òî ðàçëîæåíèå (6) íå ñîäåðæèò ëîãàðèôìîâ log x, ò.å. âñå ck ÿâëÿþòñÿ ïîñòî-
ÿííûìè. Åñëè èìåþòñÿ êðàòíûå êðèòè÷åñêèå ÷èñëà ki = ki−1, òî óñëîâèå (7)
íå âûïîëíåíî. Îäíàêî ðàçëîæåíèå (6) ìîæåò íå ñîäåðæàòü ëîãàðèôìà, åñëè
óñëîâèå (7) íå âûïîëíåíî. Êðîìå òîãî, â [6] ñôîðìóëèðîâàíà áåç äîêàçàòåëü-
ñòâà òåîðåìà 3.4 (ãèïîòåçà): åñëè â ñèòóàöèè òåîðåìû 3.1 â ðàçëîæåíèè (6)
âñå ck ñóòü êîíñòàíòû è ïîðÿäîê ïðîèçâîäíîé â L(x)z ðàâåí n (ò.å. ïî-
ðÿäêó ïðîèçâîäíîé â h(x, z, z′, . . . , z(n))), òî ðÿä (6) ðàâíîìåðíî ñõîäèòñÿ â

íåêîòîðîé îêðåñòíîñòè òî÷êè x = 0 ïðè |arg x| 6 π.

Äàëåå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà óðàâíåíèå (2) èìååò ôîðìàëüíîå ðå-
øåíèå

y =
∞∑
k=0

ckx
sk, (8)

ãäå êîýôôèöèåíòû ck � êîìïëåêñíûå ïîñòîÿííûå, ïîêàçàòåëè ñòåïåíè sk ∈ C,
−∞ < Re sk 6 Re sk+1, è åñëè Re sk = Re sk+1, òî Im sk 6 Im sk+1, è âî âòîðîì
ïóíêòå äàííîé ðàáîòû äîêàçûâàåòñÿ

Ëåììà 1. Åñëè äëÿ óðàâíåíèÿ (2) c ôîðìàëüíûì ðåøåíèåì (8) âûïîëíÿ-
åòñÿ óñëîâèå

n∑
l=0

∣∣∣∣∂ f(x, y, y′, . . . , y(n))

∂ y(l)

∣∣∣∣ 6≡ 0 íà ðåøåíèè (8), (9)

òîãäà ñóùåñòâóåò òàêîé íîìåð N ∈ Z, N ≥ 0, ÷òî äëÿ ëþáîãî öåëîãî

µ ≥ N , ïðåîáðàçîâàíèå

y =

µ∑
k=0

ck x
sk + xsµu, Re sµ+1 > Re sµ, (10)

ïðèâîäèò óðàâíåíèå (2) ê óðàâíåíèþ ñïåöèàëüíîãî âèäà

xv+sµ
[
L(x)u+ g(x, u, u′, . . . , u(n))

]
= 0, (11)

ãäå v ∈ C, L(x) � ýòî ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð Ýéëåðà, ò. å.

ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð âèäà

L(x) =
n∑
l=0

al x
l d

l

dxl
, (12)
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al = const ∈ C,
n∑
l=0

|al| 6= 0, äèôôåðåíöèàëüíàÿ ñóììà g(x, u, u′, . . . , u(n))

ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ ïîëîæèòåëüíûìè âåùåñòâåííûìè

÷àñòÿìè èëè â ÷èñòî ìíèìûõ ñòåïåíÿõ, à u, u′, . . . , u(n) � â öåëûõ íåîòðè-

öàòåëüíûõ ñòåïåíÿõ. Ïðè ýòîì

g(x, u, u′, . . . , u(n)) = A(x, u0, u1, . . . , un) +B(x, u0, u1, . . . , un) +D(x), (13)

ãäå

u0 = u, ul = xlu(l) +
l∑

j=1

j∏
i=1

(sµ − i+ 1) C l−j
l xl−ju(l−j), (14)

C l−j
l =

l !

j! (l − j)!
, l ∈ N, l 6 n,

èëè, ÷òî òîæå ñàìîå,

u = u0, xlu(l) = ul +
l∑

j=1

(−1)j
j∏
i=1

(sµ + i− 1) C l−j
l ul−j,

à) ôóíêöèÿ A(x, u0, u1, . . . , un) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ ïî-

ëîæèòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè èëè â ÷èñòî ìíèìûõ ñòå-

ïåíÿõ è òîëüêî ëèíåéíûå ïî u0, u1, . . . , un ÷ëåíû;

á) ôóíêöèÿ B(x, u0, u1, . . . , un) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ ïî-

ëîæèòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè èëè â ÷èñòî ìíèìûõ ñòå-

ïåíÿõ è íå ñîäåðæèò ëèíåéíûõ ïî u0, u1, . . . , un è ñâîáîäíûõ îò u0, u1,
. . . , un ÷ëåíîâ;

â) ôóíêöèÿ D(x) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ ïîëîæèòåëüíû-

ìè âåùåñòâåííûìè ÷àñòÿìè.

Îòìåòèì, ÷òî åñëè ìíîãî÷ëåí f(x, y, y′, . . . , y(n)) è âñå åãî ÷àñòíûå ïðî-
èçâîäíûå ïî y, y′, . . . , y(n) äî k-ãî ïîðÿäêà îáðàùàþòñÿ â íîëü òîæäåñòâåí-
íî íà ðåøåíèè (8), à ÷àñòíàÿ ïðîèçâîäíàÿ k + 1-ãî ïîðÿäêà ïî ïåðåìåííîé
y(l) íå îáðàùàåòñÿ â íîëü òîæäåñòâåííî, òî â êà÷åñòâå èñõîäíîãî ìíîãî÷ëå-
íà ñëåäóåò ðàññìàòðèâàòü k ðàç ïðîäèôôåðåíöèðîâàííûé ïî y(l) ìíîãî÷ëåí
f(x, y, y′, . . . , y(n)).

Òàêèì îáðàçîì, çàäà÷à èçó÷åíèÿ ðåøåíèé óðàâíåíèÿ (2) âñåãäà ñâîäèòñÿ
ê çàäà÷å èçó÷åíèÿ ðåøåíèé óðàâíåíèÿ (11).

Â ÷åòâåðòîì ïóíêòå äîêàçûâàåòñÿ òåîðåìà 3.4, ñôîðìóëèðîâàííàÿ â [6], â
ñëó÷àå êîãäà ìíîæåñòâî ïîêàçàòåëåé ñòåïåíè ôîðìàëüíîãî ðåøåíèÿ (8) óðàâ-
íåíèÿ (2) èìååò îäíó êîìïëåêñíóþ (íî íåðàöèîíàëüíóþ) îáðàçóþùóþ sµ.
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Îòìåòèì, ÷òî âî ìíîãèõ ñëó÷àÿõ îïåðàòîð L(x) óðàâíåíèÿ (4) âû÷èñëÿåòñÿ
ïî óêîðî÷åííîìó óðàâíåíèþ (ïåðâîìó ïðèáëèæåíèþ óðàâíåíèÿ (2)) è åãî
ðåøåíèþ.

Â ñëó÷àå êîãäà ôîðìàëüíîå ðåøåíèå (8) óðàâíåíèÿ (2) èìååò öåëûå ïîêà-
çàòåëè ñòåïåíè sk, óñëîâèÿ ñôîðìóëèðîâàííîé òåîðåìû Áðþíî ýêâèâàëåíòíû
óñëîâèÿì òåîðåìû Ìàëüãðàíæà â ðåãóëÿðíîì ñëó÷àå, ò. å. â ñëó÷àå âûïîëíå-
íèÿ óñëîâèé à), á ) è â).

Â 2010 ãîäó À. Áðþíî è È. Ãîðþ÷êèíà â ãë. 1, � 7 [7] äîêàçàëè ñôîðìóëèðî-
âàííóþ â [6] òåîðåìó â ñëó÷àå öåëûõ ïîêàçàòåëåé ñòåïåíè, èñïîëüçóÿ òåõíèêó,
îòëè÷íóþ îò òåõíèêè Ìàëüãðàíæà.

Â ïÿòîì ïóíêòå ýòîé ñòàòüè ïðèâåäåíû ïðèìåðû ïðîâåðêè óñëîâèé òåîðå-
ìû Áðþíî äëÿ ôîðìàëüíûõ ðåøåíèé òðåòüåãî óðàâíåíèÿ Ïåíëåâå. Îòìåòèì,
÷òî ëþáîå ôîðìàëüíîå ðåøåíèå âèäà (8) òðåòüåãî (è ëþáîãî) óðàâíåíèÿ Ïå-
íëåâå [12] èìååò íå áîëåå îäíîé êîìïëåêñíîé îáðàçóþùåé ìíîæåñòâà ïîêàçà-
òåëåé ñòåïåíè ýòîãî ðåøåíèÿ.

2. Äîêàçàòåëüñòâî ëåììû 1. Ñíà÷àëà îòìåòèì, ÷òî â ðàáîòå Ìàëüãðàíæà [4]
ïðèâåäåíî äîêàçàòåëüñòâî ýòîé ëåììû â ñëó÷àå öåëûõ ïîêàçàòåëåé ñòåïåíè
ðàçëîæåíèÿ (8). Åãî ïîäõîä ïðèìåíèì è â ñëó÷àå, êîãäà ïîêàçàòåëè ñòåïåíè
sk ∈ C, −∞ < Re s0 6 Re s1 6 Re s2 6 . . . , ÷èñëî ïîêàçàòàòåëåé ñòåïåíè sk
ñ îäèíàêîâîé âåùåñòâåííîé ÷àñòüþ Re sk êîíå÷íî. Äàëåå áóäåì èñïîëüçîâàòü
òåõíè÷åñêèå ïðèåìû ðàáîò [4] è [8].

Ïåðåïèøåì óðàâíåíèå (2) â âèäå

F (x, y0, y1, . . . , yn) = 0, (15)

ãäå ëåâàÿ ÷àñòü � ýòî ìíîãî÷ëåí ñâîèõ ïåðåìåííûõ, yi = xi y(i), i = 0, . . . , n.
Îáîçíà÷èì

Y = (y0, y1, . . . , yn), U = (u0, u1, . . . , un),

ϕ =
∞∑
k=0

ck x
sk, ϕµ =

µ∑
k=0

ck x
sk,

ϕi = xiϕ(i), ϕiµ = xiϕ(i)
µ , i = 0, . . . , n,

Φ = (ϕ0, ϕ1, . . . , ϕn), Φµ = (ϕ0µ, ϕ1µ, . . . , ϕnµ).

Òîãäà óñëîâèå (9) ìîæíî ïåðåïèñàòü â âèäå

n∑
i=0

∣∣∣∣ ∂F (x, Y )

∂yi

∣∣∣∣
Y=Φ

∣∣∣∣ 6≡ 0. (16)
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Ïðåîáðàçîâàíèå (10) çàïèøåì â âèäå Y = Φµ + xsµU. Ïðèìåíÿÿ ýòî ïðåîáðà-
çîâàíèå è ôîðìóëó Òåéëîðà ê óðàâíåíèþ F (x, Y ) = 0, ïîëó÷àåì óðàâíåíèå

F (x,Φµ + xsµU) = F (x,Φµ) + xsµ
n∑
i=0

∂F (x, Y )

∂yi

∣∣∣∣
Y=Φµ

ui+

+
x2sµ

2

n∑
i,j=0

∂2F (x, Y )

∂yi∂yj

∣∣∣∣
Y=Φµ

ui uj + · · · = 0.

(17)

Îïðåäåëèì ôóíêöèþ p(ϕ), êîòîðàÿ êàæäîìó ôîðìàëüíîìó ñòåïåííîìó ðÿ-
äó ϕ (ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è êîìïëåêñíûìè ïîêàçàòåëÿìè ñòå-
ïåíè, êîòîðûå óïîðÿäî÷åíû ïî íåóáûâàíèþ âåùåñòâåííûõ ÷àñòåé, è ÷èñëî
ïîêàçàòåëåé ñòåïåíè ñ îäèíàêîâîé âåùåñòâåííîé ÷àñòüþ êîíå÷íî) ñòàâèò â
ñîîòâåòñòâèå ÷èñëî ρ ∈ C, âåùåñòâåííàÿ ÷àñòü êîòîðîãî Re ρ � ýòî íàèìåíü-
øàÿ ñðåäè âñåõ âåùåñòâåííûõ ÷àñòåé ïîêàçàòåëåé ñòåïåíè ýòîãî ðÿäà, è ñðå-
äè âñåõ ìíèìûõ ÷àñòåé ïîêàçàòåëåé ñòåïåíè ñ ìèíèìàëüíîé âåùåñòâåííîé
÷àñòüþ ìíèìàÿ ÷àñòü Im ρ ìèíèìàëüíà.

Åñëè
∂F (x, Y )

∂yi

∣∣∣∣
Y=Φ

6≡ 0, òî ïóñòü

vi = p

(
∂F (x, Y )

∂yi

∣∣∣∣
Y=Φ

)
.

Åñëè
∂F (x, Y )

∂yi

∣∣∣∣
Y=Φ

≡ 0, òî ïóñòü vi = +∞. Ïîñêîëüêó âûïîëíåíî óñëîâèå

(16), òî íå âñå çíà÷åíèÿ v0, . . . , vn áåñêîíå÷íû. Ïóñòü v = p

(
n∑
i=0

xvi

)
.

È ïóñòü µ òàêîé íîìåð, ÷òî Resµ+1 > Resµ ≥ 0, è

∀i, ∀l : i, l ∈ Z, 0 6 i 6 n, l ≥ 0, Re

(
p

(
∂F (x, Y )

∂yi

∣∣∣∣
Y=Φµ+l

))
≥ Re v,

è

∃ i, ∀l : i, l ∈ Z, 0 6 i 6 n, l ≥ 0, p

(
∂F (x, Y )

∂yi

∣∣∣∣
Y=Φµ+l

)
= v. (18)

Òîãäà

Re

(
p

(
∂F (x, Y )

∂yi

∣∣∣∣
Y=Φ

− ∂F (x, Y )

∂yi

∣∣∣∣
Y=Φµ

))
≥ Re v. (19)

À ïîñêîëüêó

∂F (x, Y )

∂yi

∣∣∣∣
Y=Φ

− ∂F (x, Y )

∂yi

∣∣∣∣
Y=Φµ

= xsµ
n∑
j=0

∂2F (x, Y )

∂yi∂yj

∣∣∣∣
Y=Φµ

uj + . . . ,
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òî

Re

(
p

(
xsµ

n∑
j=0

∂2F (x, Y )

∂yi∂yj

∣∣∣∣
Y=Φµ

uj + . . .

))
≥ Re v. (20)

Ïîëîæèì Ψ = (ψ0, . . . , ψn) è Ψ = x−sµ(Φ−Φµ), òîãäà U = Ψ � ýòî ôîðìàëü-
íîå ðåøåíèå óðàâíåíèÿ (17). Êàæäàÿ èç êîìïîíåíò âåêòîðà Ψ íà÷èíàåòñÿ ñî
ñòåïåíè sµ+1 − sµ, ò. å. p(ψi) = sµ+1 − sµ, i = 0, . . . , n. Êðîìå òîãî, òàê êàê
Y = Φ ôîðìàëüíî óäîâëåòâîðÿåò óðàâíåíèþ (15), òî

p (F (x,Φµ)) = sµ+1 + v. (21)

Â óðàâíåíèè (17) ñðåäè ëèíåéíûõ ïî u0, . . . , un ÷ëåíîâ âûäåëèì òå, êîòîðûå
ñîäåðæàò ìíîæèòåëü xsµ+v, îáîçíà÷èì èõ xsµ+v L(U), ãäå ìíîãî÷ëåí L(U)
èìååò âèä

L(U) =
n∑
i=0

Ai ui. (22)

Ñîãëàñíî ôîðìóëå (18) ýòîò ìíîãî÷ëåí L(U) 6≡ 0. Ïîëüçóÿñü ôîðìóëîé (14),

ïîëó÷àåì L(U) = L(x)u =
n∑
i=0

ai x
i u(i), ãäå

n∑
i=0

|ai| 6= 0. Äåéñòâèòåëüíî, êîýô-

ôèöèåíòû Ai è ai ñâÿçàíû ìåæäó ñîáîé òðåóãîëüíîé ìàòðèöåé c åäèíè÷íûì
îïðåäåëèòåëåì:

1 π1 C0
1 π2 C0

2 . . . πn−1 C0
n−1 πn C0

n

0 1 π1 C1
2 . . . πn−2 C1

n−1 πn−1 C1
n

0 0 1 . . . πn−3 C2
n−1 πn−2 C2

n

... ... ... . . . ... ...

0 0 0 . . . 1 π1 Cn−1
n

0 0 0 . . . 0 1





A0

A1

A2

...

An−1

An


=



a0

a1

a2

...

an−1

an


,

ãäå πj =
j∏
i=1

(sµ − i + 1). Îòñþäà ñëåäóåò, ÷òî a0 = . . . = an = 0, òîëüêî åñëè

A0 = . . . = An = 0, ÷åãî áûòü íå ìîæåò, ïîñêîëüêó L(U) 6≡ 0.

Îáîçíà÷èì òàêæå
xsµ+vD(x) = F (x,Φµ),

xsµ+v(A(x, U) + L(U)) = xsµ
n∑
i=0

∂F (x,Φµ)

∂yi
ui,
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xsµ+vB(x, U) = x2sµ

n∑
i,j=0

∂2F (x,Φµ)

∂yi∂yj
uiuj + . . . .

Ïðè ýòîì èç ñîîòíîøåíèé (19), (20), (21) è (22) ñëåäóåò, ÷òî p(D(x)) = sµ+1−
sµ, Re (p (L(Ψ))) = 0, Re (p (A(x,Ψ))) > 0, p (A(x,Ψ)) 6= 0, Re (p (B(x,Ψ))) >
0, ò. å. ôóíêöèÿ A(x, U) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ ïîëîæèòåëüíû-
ìè âåùåñòâåííûìè ÷àñòÿìè èëè â ÷èñòî ìíèìûõ ñòåïåíÿõ è òîëüêî ëèíåéíûå
ïî u0, u1, . . . , un ÷ëåíû; ôóíêöèÿ B(x, U) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ
ñ ïîëîæèòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè èëè â ÷èñòî ìíèìûõ ñòåïåíÿõ è
íå ñîäåðæèò ëèíåéíûõ ïî u0, u1, . . . , un è ñâîáîäíûõ îò u0, u1, . . . , un ÷ëå-
íîâ; ôóíêöèÿ D(x) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ ïîëîæèòåëüíûìè
âåùåñòâåííûìè ÷àñòÿìè. Äîêàçàòåëüñòâî ëåììû 1 îêîí÷åíî.

3. Äàëåå ïðè |x| → 0, arg(x) ∈ [−π, π] èçó÷àåòñÿ ôîðìàëüíîå ðåøåíèå (8)
óðàâíåíèÿ (2) â ïðåäïîëîæåíèè, ÷òî âûïîëíåíû óñëîâèÿ

à)
∂f(x, y, y′, . . . , y(n))

∂y(n)
6≡ 0 íà ðåøåíèè (8);

á) êîýôôèöèåíò cµ 6= 0;

â) ïîêàçàòåëè ñòåïåíè

s0, . . . , sµ−1 ∈ Z, sµ ∈ C \Q, sµ, sµ+1, sµ+2, · · · ∈ K ⊂ C, (23)

K ⊆ {sµ +m1r1 +m2r2, m1,m2 ∈ Z, m1,m2 > 0}, (24)

Re r1, Re r2 > 0,

r1 = 〈R1, (1, sµ)〉 = α1 + β1sµ, r2 = 〈R2, (1, sµ)〉 = α2 + β2sµ, (25)

âåêòîðû R1 = (α1, β1) è R2 = (α2, β2), R1, R2 ∈ Z2, âåêòîðû R1 è R2 íå
êîëëèíåàðíû, ò. å.

γ ,
def
=

∣∣∣∣ α1 β1

α2 β2

∣∣∣∣ 6= 0; (26)

ã) ïîêàçàòåëè ñòåïåíè sk çàíóìåðîâàíû â ïîðÿäêå íåóáûâàíèÿ èõ âåùå-
ñòâåííûõ ÷àñòåé

−∞ < s0 < · · · < sµ−1 < Re sµ 6 Re sµ+1 ≤ . . . ,

åñëè Re sk = Re sk+1, òî Im sk < Im sk+1. Êîëè÷åñòâî ïîêàçàòåëåé ñòåïå-
íè sk ñ îäèíàêîâîé âåùåñòâåííîé ÷àñòüþ Re sk êîíå÷íî.
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Òàêèì îáðàçîì, ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà ìíîæåñòâî ïîêàçàòåëåé
ñòåïåíè (24) ðàçëîæåíèÿ (8) èìååò òîëüêî îäíó êîìïëåêñíóþ îáðàçóþùóþ
sµ.

Êðîìå òîãî, áóäåì ïðåäïîëàãàòü, ÷òî óðàâíåíèå (2) ïðåîáðàçîâàíèåì (10)
ïðèâîäèòñÿ ê óðàâíåíèþ ñïåöèàëüíîãî âèäà (11) c òåì æå ñàìûì íîìåðîì
µ, ÷òî è â ôîðìóëàõ (23) è (24). Òîãäà ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (10) ýòà
çàäà÷à ñâîäèòñÿ ê çàäà÷å èçó÷åíèÿ ðåøåíèÿ

u =
∞∑
k=0

γk x
σk (27)

óðàâíåíèÿ
L(x)u+ g(x, u, u′, . . . , u(n)) = 0, (28)

ãäå γk = ck+µ+1, σk = sk+µ+1 − sµ, ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð
L(x) îïðåäåëåí ôîðìóëîé (12), äèôôåðåíöèàëüíàÿ ñóììà g(x, u, u′, . . . , u(n))
îïðåäåëåíà ôîðìóëîé (13). Ïðè ýòîì ïîêàçàòåëè ñòåïåíè σk ïðèíàäëåæàò
ìíîæåñòâó

{m1r1 +m2r2, m1,m2 ∈ Z, m1,m2 ≥ 0,m1 +m2 > 0} ⊂ C. (29)

Çàìå÷àíèå 1. Cäåëàâ ïðåîáðàçîâàíèå y =
µ−1∑
k=0

ckx
sk + z â óðàâíåíèè (2)

c ðåøåíèåì (8), ó÷èòûâàÿ ïðåäïîëîæåíèÿ à) � ã) (ïåðå÷èñëåííûå â íà÷àëå
ýòîãî ïóíêòà) è óìíîæèâ ðåçóëüòàò íà x â ïîäõîäÿùåé ñòåïåíè, ïîëó÷àåì
óðàâíåíèå

h(x, z, z′, . . . , z(n)) = 0, (30)

ãäå h(x, z, z′, . . . , z(n)) � ýòî ìíîãî÷ëåí ñâîèõ ïåðåìåííûõ.
Âåêòîðû R1 è R2 îáðàçóþò áàçèñ ìíîæåñòâà

{R0 +m1R1 +m2R2, m1,m2 ∈ Z,m1,m2 > 0} ⊂ Z2, R0 ∈ Z2, (31)

â êîòîðîì ñîäåðæèòñÿ íîñèòåëü S(h) óðàâíåíèÿ (30).

Ëåììà 2. Êîìïëåêñíûé íîñèòåëü óðàâíåíèÿ (28) (êîòîðîå ïîëó÷àåòñÿ
èç óðàâíåíèÿ (2) ñ ðåøåíèåì (8) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (10) ñ ó÷åòîì
óñëîâèé a) � ã)) ëåæèò â ìíîæåñòâå

{M1 (r1, −1) +M2 (r2, −1) +M3(0, 1)} ⊂ C× Z, (32)

M1,M2,M3 ∈ Z, M3 ≥M1 +M2, M1 +M2 +M3 > 0, M1,M2,M3 ≥ 0.
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Äîêàçàòåëüñòâî. Ñäåëàåì â óðàâíåíèè (2) ïðåîáðàçîâàíèå (10). Íî ñäå-
ëàåì åãî â òðè ïðèåìà

1) y =
µ−1∑
k=0

ckx
sk + z, 2) z = cµx

sµ + v, 3) v = xsµu, (33)

÷òî ÷óòü óâåëè÷èò îáúåì äîêàçàòåëüñòâà, íî óïðîñòèò âûêëàäêè. Îòìåòèì,
÷òî îñíîâíîå âíèìàíèå óäåëÿåòñÿ èçìåíåíèÿì ïîêàçàòåëåé ñòåïåíè, à íå ïî-
ÿâëÿþùèìñÿ âî âðåìÿ ïðåîáðàçîâàíèé ìíîãî÷èñëåííûì êîíñòàíòàì.

Èòàê, ñíà÷àëà â óðàâíåíèè (2) äåëàåì ïðåîáðàçîâàíèå 1) èç ôîðìóëû (33).
Ñîãëàñíî çàìå÷àíèþ 1 ïîëó÷àåì óðàâíåíèå (30) c íîñèòåëåì S(h), ëåæàùèì
â ìíîæåñòâå (31). Ðàññìîòðèì ìîíîì

αx q1 z q20(z′x) q21 · . . . · (z(n)xn) q2n (34)

äèôôåðåíöèàëüíîãî ìíîãî÷ëåíà h(x, z, z′, . . . , z(n)), ãäå α ∈ C, q1, q20, . . . ,

q2n ∈ Z, q1, q20, . . . , q2n ≥ 0, q2 =
n∑
l=0

q2 l, (q1, q2) ∈ S(h).

Çàòåì ïðèìåíÿåì ïðåîáðàçîâàíèå 2) èç ôîðìóëû (33) ê ìîíîìó (34), ïî-
ëó÷àåì âûðàæåíèå

αxq1 (cµ0 x
sµ + v)q20 (cµ1 x

sµ + v′x)q21 · . . . · (cµn x
sµ + v(n)xn)q2n,

ãäå cµ l x
sµ = cµ(xsµ)(l) xl. Ïîëüçóåìñÿ ôîðìóëîé áèíîìà Íüþòîíà è ïåðåïè-

ñûâàåì ýòî âûðàæåíèå â âèäå

αxq1
q20∑
j0=0

C j0
q20

(cµ0x
sµ)q20−j0 vj0 · . . . ·

q2n∑
jn=0

C jn
q2n

(cµnx
sµ)q2n−jn (xnv(n))jn,

ãäå Ck
n =

n!

k!(n− k)!
.

Äàëåå ïåðåìíîæàåì ñóììû, âûäåëÿåì ñâîáîäíûå îò v, v′, . . . , v(n), ëèíåé-
íûå, êâàäðàòè÷íûå è. ò. ä. ÷ëåíû ïî v, v′, . . . , v(n) è âûíîñèì çà ñêîáêó ìíî-
æèòåëü α̃ xq1+q2sµ, ãäå α̃ = α c q20µ0 · . . . · c q2nµn , ïîëó÷àåì âûðàæåíèå

α̃ xq1+q2sµ

[
1 +

n∑
l=0

C 1
q2 l

v(l)xl

cµ l
x−sµ +

n∑
l=0

C 2
q2 l

(
v(l)xl

cµ l

)2

x−2sµ+ (35)

n∑
l,m=0
l 6=m

C 1
q2 l

C 1
q2m

v(l)xl

cµ l

v(m)xm

cµm
x−2sµ + . . . +

vq20 · . . . · (v(n)xn)q2n

c q20µ0 · . . . · c
q2n
µn

x−q2sµ

 .
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Îáîçíà÷èì (xsµu)(l) =
l∑

j=0

alj x
sµ−l+ju(j). Òåïåðü â ôîðìóëå (35) äåëàåì ïðå-

îáðàçîâàíèå 3) èç ôîðìóëû (33), ïîëó÷àåì âûðàæåíèå

α̃ xq1+q2sµ

1 +
n∑
l=0

C 1
q2 l

l∑
j=0

alj
cµ l

u(j)xj +
n∑
l=0

C 2
q2 l

(
l∑

j=0

alj
cµ l

u(j)xj

)2

+

n∑
l,m=0
l 6=m

C 1
q2 l

C 1
q2m

l∑
j=0

alj
cµ l

u(j)xj
m∑
i=0

ami
cµm

u(i)xi + . . .

+
1

c q20µ0 · . . . · c
q2n
µn

uq20 (a10u+ a11xu
′)
q21 · . . . ·

(
n∑
j=0

anju
(j)xj

)q2n]
,

êîòîðîå ìîæíî çàïèñàòü â âèäå

xq1+q2sµ

N∑
i=0

bi u
q i20(u′x)q

i
21 · . . . · (u(n)xn)q

i
2n, (36)

ãäå N ∈ N, bi ∈ C, q i20, . . . , q
i
2n ∈ Z, q i20, . . . , q

i
2n ≥ 0, q i2 =

n∑
l=0

q i2l.

Êîìïëåêñíûé íîñèòåëü ýòîé äèôôåðåíöèàëüíîé ñóììû èìååò âèä

{(q1 + q2sµ, q
i
2), i = 0, . . . , N},

ãäå q i2 ∈ Z, q i2 ≥ 0, à (q1, q2) ∈ S(h). Ïîñêîëüêó (q1, q2) ∈ S(h), òî

q1 + q2sµ ∈ {〈R0 +R1m1 +R2m2, (1, sµ)〉,m1,m2 ∈ Z, m1,m2 ≥ 0}.

Îòñþäà ñëåäóåò, ÷òî íîñèòåëü óðàâíåíèÿ (11) ëåæèò â ìíîæåñòâå

{(r0 +m1r1 +m2r2,m3),m1,m2,m3 ∈ Z, m1,m2,m3 ≥ 0, m1 +m2 +m3 > 0},

ãäå r0 = 〈R0, (1, sµ)〉, r1 = 〈R1, (1, sµ)〉 è r2 = 〈R2, (1, sµ)〉. Êðîìå òîãî, r0 = v+
sµ, v ∈ C. Äåëèì óðàâíåíèå (11) íà xv+sµ, ïîëó÷àåì óðàâíåíèå (28). Íîñèòåëü
óðàâíåíèÿ (28) ëåæèò â ìíîæåñòâå

{(r1m1 +r2m2,m3),m1,m2,m3 ∈ Z,m1,m2,m3 ≥ 0,m1 +m2 +m3 > 0}}. (37)

Ôîðìóëó (37) ïåðåïèñûâàåì â ýêâèâàëåíòíîé ôîðìå (32). Äîêàçàòåëüñòâî
ëåììû 2 îêîí÷åíî.

×èñëî λ íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì (ñîáñòâåííûì) ÷èñëîì ëèíåé-
íîãî äèôôåðåíöèàëüíîãî îïåðàòîðà L(x), îïðåäåëåííîãî ôîðìóëîé (12), åñëè
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îíî óäîâëåòâîðÿåò óðàâíåíèþ L(x)xλ = 0. Ïðè ýòîì L(x)xλ = xλ ν(λ), ãäå
ν(λ) � õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí. Êîðíè λi, i = 1 . . . , n õàðàêòåðèñòè÷å-
ñêîãî óðàâíåíèÿ ν(λ) = 0 ÿâëÿþòñÿ õàðàêòåðèñòè÷åñêèìè ÷èñëàìè ëèíåéíîãî
äèôôåðåíöèàëüíîãî îïåðàòîðà L(x).

Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð (12) èìååò n õàðàêòåðèñòè÷åñêèõ
÷èñåë λi, i = 1 . . . , n, êîòîðûå ìîæíî óïîðÿäî÷èòü Reλ1 6 Reλ2 6 . . .
6 Reλn. Äëÿ ðàçëîæåíèÿ (27) õàðàêòåðèñòè÷åñêîå ÷èñëî λi íàçûâàåòñÿ êðè-
òè÷åñêèì ÷èñëîì, åñëè Reλi > Reσ0 èëè Reλi = Reσ0, à Imλi > Imσ0.

Ñîãëàñíî � 1 ðàáîòû [6] ôîðìàëüíîå ðåøåíèå z =
∞∑
k=µ

ckx
sk óðàâíåíèÿ (30) ñ

íîñèòåëåì (24) ñîîòâåòñòâóåò âåðøèíå Γ
(0)
j ìíîãîóãîëüíèêà ýòîãî óðàâíåíèÿ.

Íîñèòåëü ýòîãî ðåøåíèÿ (ñì. ïðåäëîæåíèÿ 3.1 � 3.3 èç [6]) âû÷èñëÿåòñÿ ïî
íîñèòåëþ óðàâíåíèÿ (30) è õàðàêòåðèñòè÷åñêîìó ÷èñëó sµ. Ïðè ýòîì ñðåäè
ïîêàçàòåëåé ñòåïåíè sk ëèáî íåò êðèòè÷åñêèõ ÷èñåë, ëèáî êðèòè÷åñêèå ÷èñëà
ïðèíàäëåæàò ìíîæåñòâó (24).

Åñëè àëãåáðàè÷åñêîå ÎÄÓ èìååò ôîðìàëüíîå ðåøåíèå

y =
∞∑
k=0

ck(x̃
1/q)sk (38)

(q ∈ Z, ck è sk òå æå, ÷òî è â ôîðìóëå (8)), òî ñ ïîìîùüþ çàìåíû ïåðåìåííîé
x̃ = xq â óðàâíåíèè è åãî ôîðìàëüíîì ðåøåíèè (38) ýòà çàäà÷à ñâîäèòñÿ ê
çàäà÷å (2) ñ ðåøåíèåì (8).

Ïðîäîëæèì èçó÷àòü ôîðìàëüíîå ðåøåíèå (27) óðàâíåíèÿ (28). Äàëåå íàì
áóäåò íåîáõîäèìî, ÷òîáû äëÿ âñåõ k, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà m + 1,
âûïîëíÿëèñü íåðàâåíñòâà

|ν(σk)| > 0 è |σk(σk − 1) · . . . · (σk − n+ 1)| > 0. (39)

Äëÿ ýòîãî ñäåëàåì çàìåíó çàâèñèìîé ïåðåìåííîé â óðàâíåíèè (28)

u =
m∑
k=0

γk x
σk + w, (40)

ãäå m âûáðàíî òàê, ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà

Reσm > n è Reσm > Reλn. (41)

Ïîcëå çàìåíû ïåðåìåííîé (40) â óðàâíåíèè (28) ïîëó÷èì óðàâíåíèå

f1(x,w,w
′, . . . , w(n)) ,

def
= L(x)w + g1(x,w,w

′, . . . , w(n)) = 0, (42)
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ãäå ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð L(x) îïðåäåëåí ôîðìóëîé (12),
äèôôåðåíöèàëüíàÿ ñóììà g1(x,w,w

′, . . . , w(n)) ñîäåðæèò x â êîìïëåêñíûõ
ñòåïåíÿõ ñ ïîëîæèòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè èëè â ÷èñòî ìíèìûõ
ñòåïåíÿõ, à w, w′, . . . , w(n) � â öåëûõ íåîòðèöàòåëüíûõ ñòåïåíÿõ. À èìåííî,

g1(x,w,w
′, . . . , w(n)) = A1(x,w0, w1, . . . , wn) +B1(x,w0, w1, . . . , wn), (43)

ãäå
w0 = w, w1 = xw′, . . . , wn = xnw(n), (44)

à) ôóíêöèÿ A1(x,w0, w1, . . . , wn) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ

ïîëîæèòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè èëè â ÷èñòî ìíèìûõ ñòå-

ïåíÿõ è òîëüêî ëèíåéíûå ïî w0, w1, . . . , wn ÷ëåíû;

á) ôóíêöèÿ B1(x,w0, w1, . . . , wn) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ

ïîëîæèòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè èëè â ÷èñòî ìíèìûõ ñòå-

ïåíÿõ è íå ñîäåðæèò ëèíåéíûõ ïî w0, w1, . . . , wn ÷ëåíîâ.

Êîìïëåêñíûé íîñèòåëü óðàâíåíèÿ (42) ëåæèò â ìíîæåñòâå (32). Äåéñòâèòåëü-
íî, ïîñëå ïðåîáðàçîâàíèÿ (40) ìîíîì

bx q1uq20(u′x) q21 · . . . · (u(n)xn) q2n

óðàâíåíèÿ (28), ãäå b ∈ C, q1 ïðèíàäëåæèò ìíîæåñòâó (29), q20, . . . , q2n ∈ Z,
q20, . . . , q2n > 0, ïðåîáðàçîâûâàåòñÿ â âûðàæåíèå

bxq1
q20∑
j0=0

Cj0
q20

(
m∑
k=0

γk0 x
σk

)q20−j0

wj0 · . . . ·
q2n∑
jn=0

Cjn
q2n

(
m∑
k=0

γkn x
σk

)q2n−jn(
w(n)xn

)j0
,

(45)
ãäå γkl xσk = (γk x

σk)(l) xl. Ïîñêîëüêó ïîêàçàòåëè ñòåïåíè q1 è σk ïðèíàäëåæàò
ìíîæåñòâó (29), òî èõ âûïóêëàÿ ëèíåéíàÿ êîìáèíàöèÿ òàêæå ïðèíàäëåæèò
ìíîæåñòâó (29). Ñëåäîâàòåëüíî, íîñèòåëü âûðàæåíèÿ (45) (ò. å. ìíîæåñòâî
âñåõ âåêòîðíûõ ïîêàçàòåëåé ñòåïåíè äèôôåðåíöèàëüíûõ ìîíîìîâ óðàâíåíèÿ
(42)) ëåæèò â ìíîæåñòâå (32).

Çàìå÷àíèå 2. Ïîñêîëüêó L(x) c xλ = 0 ïðè ëþáîì çíà÷åíèè c ∈ C, òî
ïðîèçâîëüíûå ïîñòîÿííûå ôîðìàëüíîãî ðÿäà (27) ñîäåðæàòñÿ òîëüêî â ñëà-
ãàåìûõ ñ êðèòè÷åñêèìè çíà÷åíèÿìè σk = λi, 0 6 i 6 n.

Ïîñêîëüêó â ïðåîáðàçîâàíèè (40) m âûáðàíî òàê, ÷òî ñðåäè ïîêàçàòåëåé
ñòåïåíè σk ðàçëîæåíèÿ (46) íåò êðèòè÷åñêèõ ÷èñåë, òî ñîãëàñíî çàìå÷àíèþ 2
âñå êîýôôèöèåíòû γk ýòîãî ðàçëîæåíèÿ îäíîçíà÷íî îïðåäåëåíû.
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Óðàâíåíèå (42) èìååò åäèíñòâåííîå (îäíîçíà÷íî îïðåäåëåííîå íà÷àëüíûìè
äàííûìè) ôîðìàëüíîå ðåøåíèå

w =
∞∑

k=m+1

γk x
σk, (46)

ãäå γk è σk òå æå, ÷òî è â ôîðìóëå (27), Reσk > n è Reσk > Reλn.
Ïîñêîëüêó σk ïðèíàäëåæàò ìíîæåñòâó (29), òî ðÿä (46) ìîæíî çàïèñàòü â

âèäå
w =

∑
M

γM ξm1
1 ξm2

2 , (47)

ãäå M = (m1,m2) ∈ Z2, m1,m2 > 0, γM = γk ñ σk = m1r1 +m2r2,

ξ1 = xr1, ξ2 = xr2. (48)

Åñëè äëÿ êîýôôèöèåíòîâ ðÿäà (47) è êîýôôèöèåíòîâ CM ðÿäà

W =
∞∑
M

CM ξm1
1 ξm2

2 (49)

âûïîëíÿþòñÿ íåðàâåíñòâà
CM > |γM |, (50)

òî ðÿä (49) íàçûâàåòñÿ ìàæîðàíòíûì äëÿ ðÿäà (47).

Ïðîäèôôåðåíöèðîâàâ n ðàç ðÿä

W =
∞∑

k=m+1

Ckx
σk, (51)

ãäå σk òå æå, ÷òî è â (46), Ck ∈ R, Ck > |ck| > 0, Ck = CM c σk = m1r1 +m2r2,
ïîëó÷èì ðÿä

W (n) =
∞∑

k=m+1

Ck σk(σk − 1) · · · · · (σk − n+ 1)xσk−n. (52)

Ðÿä

Wa =
∞∑

k=m+1

Ck |σk(σk − 1) · · · · · (σk − n+ 1)| xσk−n (53)

áóäåì íàçûâàòü àññîöèèðîâàííûì ðÿäîì c ðÿäîì (52).

Åñëè êîýôôèöèåíòû γM è CM óäîâëåòâîðÿþò íåðàâåíñòâàì (50), òî ðÿä

xnWa =
∞∑
M

CM |(m1r1 +m2r2) · . . . · (m1r1 +m2r2 − n+ 1)| ξm1
1 ξm2

2 (54)
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ìàæîðèðóåò ðÿä

xnw(n) =
∞∑
M

γM(m1r1 +m2r2) · . . . · (m1r1 +m2r2 − n+ 1) ξm1
1 ξm2

2 . (55)

Åñëè â äèôôåðåíöèàëüíîé ñóììå L(x)w óðàâíåíèÿ (42) êîýôôèöèåíò ïðè
ñòàðøåé ïðîèçâîäíîé an 6= 0, òî, ðàçäåëèâ óðàâíåíèå (42) íà an, ïîëó÷èì

óðàâíåíèå
1

an
f1(x,w,w

′, . . . , w(n)) = 0, â êîòîðîì êîýôôèöèåíò ïðè ñòàðøåé

ïðîèçâîäíîé â äèôôåðåíöèàëüíîé ñóììå
1

an
L(x)w ðàâåí åäèíèöå. ×òîáû íå

ââîäèòü íîâûå îáîçíà÷åíèÿ, äàëåå áóäåì ïîëàãàòü, ÷òî óðàâíåíèå (42) óæå
èìååò òàêîé âèä, ò. å. an = 1.

Òàê êàê s0 ∈ C \ Q è γ 6= 0 (ò. å. ÷èñëà r1 è r2 ëèíåéíî íåçàâèñèìû
íàä öåëûìè ÷èñëàìè), òî èìååòñÿ âçàèìíîîäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó
ýëåìåíòàìè ìíîæåñòâà (29) è ïîäìíîæåñòâîì ìíîæåñòâà Z2.

4. Òåîðåìà 1. Åñëè â óðàâíåíèè (42), êîòîðîå ïîëó÷àåòñÿ èç óðàâíåíèÿ

(2) ïðåîáðàçîâàíèÿìè (10) è (40), äèôôåðåíöèàëüíàÿ ñóììà L(x)w ñîäåð-

æèò ñòàðøóþ ïðîèçâîäíóþ (ò. å. ïðîèçâîäíóþ ïîðÿäêà n), òî ðÿä (46)
ðàâíîìåðíî ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x| è |arg x| 6 π.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ðÿä (51), à òàêæå ðÿä (52) è àññîöèèðîâàí-
íûé ñ íèì ðÿä (53). Åñëè âûïîëíÿþòñÿ íåðàâåíñòâà CM > |γM | > 0, òî ðÿä
(49) ìàæîðèðóåò ðÿä (47), à ðÿä (54) ìàæîðèðóåò ðÿä (55).

Ïîñòðîèì óðàâíåíèå

∆ xn Wa −G1(x, x
nWa) = 0, ∆ = const ∈ R, ∆ > 0, (56)

ãäå ëåâàÿ ÷àñòü � ýòî äèôôåðåíöèàëüíàÿ ñóììà áåç ïðîèçâîäíûõ, ñîäåðæà-
ùàÿ x â êîìïëåêñíûõ ñòåïåíÿõ, à Wa � â öåëûõ; êîòîðîå èìååò ôîðìàëüíîå
ðåøåíèå (53), òàêîå, ÷òî ðÿä (54) ìàæîðèðóåò ðÿä (55).

Äëÿ ýòîãî çàïèøåì óðàâíåíèå (42) â âèäå

L(x)w = −g1(x, w, w
′, . . . , w(n)). (57)

Îöåíèì ñíèçó ëåâóþ ÷àñòü óðàâíåíèÿ (57). Ïîñêîëüêó â ðàçëîæåíèè (46)
Reσk > n è Reσk > Reλn, òî ïîêàçàòåëè ñòåïåíè σk ðàçëîæåíèÿ (46) óäî-
âëåòâîðÿþò íåðàâåíñòâàì (39). Òîãäà ñóùåñòâóåò ∆ ∈ R, ∆ > 0 òàêîå, ÷òî
ïîêàçàòåëè ñòåïåíè σk ðàçëîæåíèÿ (46) óäîâëåòâîðÿþò íåðàâåíñòâó

|ν(σk)| > ∆ |σk(σk − 1) . . . (σk − n+ 1)|. (58)
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Èç ôîðìóëû (58) ñëåäóåò, ÷òî

0 < ∆ 6 inf
|ν(σk)|

|σk(σk − 1) . . . (σk − n+ 1)|

ïî âñåì σk ñ Reσk > n è Reσk > Reλn. Òàê êàê L(x)xσk = xσkν(σk) è
âûïîëíåíî óñëîâèå (58), òî ïðè |x| > 0, Reσk > n è Reσk > Reλn èìååì

|L(x)xσk| > ∆

∣∣∣∣xn dndxnxσk
∣∣∣∣ , (59)

ò. å. |L(x)W | ≥ ∆ |W (n) xn| = ∆ |Wa x
n|.

Ôóíêöèþ G1(x, x
nWa) ïîñòðîèì ïî ôóíêöèè −g1. Äëÿ ýòîãî ñíà÷àëà â

äèôôåðåíöèàëüíîé ñóììå −g1 çàìåíèì âñå êîýôôèöèåíòû íà èõ ìîäóëè, à
çàòåì çàìåíèì ôóíêöèþ w è âñå åå ïðîèçâîäíûå w(l) íà âûðàæåíèÿ xn−lWa:

w(l) −→ xn−lWa, n > l > 0. (60)

Çàìåòèì, ÷òî åñëè w = xρ, ρ ∈ C, ãäå Re ρ > n, |x| > 0, òî w(l) = ρ(ρ −
1) . . . (ρ−l+1) xρ−l, à xn−lw(n) = ρ(ρ−1) . . . (ρ−n+1)xρ−l, è âî âòîðîì ñëó÷àå
ìîäóëü êîýôôèöèåíòà íå ìåíüøå, ÷åì ìîäóëü êîýôôèöèåíòà â ïåðâîì ñëó÷àå,
à ïîêàçàòåëè ñòåïåíè ñîâïàäàþò.

Íîñèòåëè ðÿäîâ (52) è (53) ñîâïàäàþò. Âåêòîðíûé ïîêàçàòåëü ñòåïåíè
Q(W (n)) = (−n, 1). Ïîëîæèì Q(Wa) = (−n, 1). Òîãäà êîìïëåêñíûå íîñèòåëè
ñóìì −g1(x, w, w

′, . . . , w(n)) è G1(x, x
nWa) ñîâïàäàþò è ëåæàò â ìíîæåñòâå

(32). Äåéñòâèòåëüíî, ñîãëàñíî ïîñòðîåíèþ ñóììû G1(x, x
nWa) êàæäûé ìî-

íîì äèôôåðåíöèàëüíîé ñóììû −g1(x, w, w
′, . . . , w(n)) ïåðåõîäèò â ìîíîì

ñóììû G1(x, x
nWa):

b xq1wq20(w′x)q21 · . . . · (w(n)xn)q2n −→ |b|xq1 (xnWa)
q2 ,

ãäå b ∈ C q20, . . . , q2n ∈ Z, q20, . . . , q2n ≥ 0, q2 =
n∑
l=0

q2l, âåêòîðíûé ïîêàçà-

òåëü ñòåïåíè (q1, q2) ïðèíàäëåæèò ìíîæåñòâó (32). Î÷åâèäíî, ÷òî âåêòîðíûå
ïîêàçàòåëè ñòåïåíè ýòèõ ìîíîìîâ ñîâïàäàþò, ò. å.

Q
(
b xq1wq20(w′x)q21 · . . . · (w(n)xn)q2n

)
= Q (|b| xq1 (xnWa)

q2) = (q1, q2).

Îòñþäà ñëåäóåò, ÷òî ñîâïàäàþò âñå òî÷êè íîñèòåëåé ýòèõ ñóìì. Ïîñòðîåíèå
óðàâíåíèÿ (56) îêîí÷åíî.

Â ðàçëîæåíèè (46) ïîêàçàòåëè ñòåïåíè σk óïîðÿäî÷åíû ñîãëàñíî íåóáû-
âàíèþ èõ âåùåñòâåííûõ ÷àñòåé Reσm+1 6 Reσm+2 6 Reσm+3 6 . . . , è åñëè
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Reσk = Reσk+1, òî Imσk < Imσk+1. Ïîêàæåì, ÷òî êàæäûé êîýôôèöèåíò γk
ðàçëîæåíèÿ (46) îäíîçíà÷íî îïðåäåëÿåòñÿ êîýôôèöèåíòàìè óðàâíåíèÿ (42)
è êîýôôèöèåíòàìè γt ðàçëîæåíèÿ (46) ñ t < k.

Ïîäñòàâèì ðÿä (46) â óðàâíåíèå (42). Çàòåì óïîðÿäî÷èì ÷ëåíû â ïîðÿäêå
íåóáûâàíèÿ âåùåñòâåííûõ ÷àñòåé ïîêàçàòåëåé ñòåïåíè ïåðåìåííîé x è â ñëó-
÷àå êîãäà âåùåñòâåííûå ÷àñòè ðàâíû, â ïîðÿäêå âîçðàñòàíèÿ ìíèìûõ ÷àñòåé.
Ïîñêîëüêó ðÿä (46) óäîâëåòâîðÿåò óðàâíåíèþ (42), òî, ïðèðàâíèâàÿ êîýôôè-
öèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïîëó÷àåì ñèñòåìó óðàâíåíèé

ν(σk)γk − bk = 0, (61)

ãäå k = m + 1, m + 2, m + 3, . . . . Êîýôôèöèåíò bm+1 çàâèñèò òîëüêî îò
êîýôôèöèåíòîâ óðàâíåíèÿ (42), êîýôôèöèåíòû bk c k > m + 2 çàâèñÿò îò
êîýôôèöèåíòîâ óðàâíåíèÿ (42) è îò êîýôôèöèåíòîâ γt ðàçëîæåíèÿ (46) ñ
t < k.

Äàëåå ïîäñòàâèì ðÿä (53) â óðàâíåíèå (56). Äëÿ êîýôôèöèåíòîâ Ck ýòîãî
ðÿäà ïîëó÷àþòñÿ ðàâåíñòâà, àíàëîãè÷íûå ðàâåíñòâàì (61), ò. å.

∆ |σk(σk − 1) . . . (σk − n+ 1)|Ck −Bk = 0, (62)

ãäå k = m + 1, m + 2, m + 3, . . . . Êîýôôèöèåíò Bm+1 çàâèñèò òîëüêî îò
êîýôôèöèåíòîâ óðàâíåíèÿ (56), êîýôôèöèåíòû Bk c k > m + 2 çàâèñòÿò îò
êîýôôèöèåíòîâ óðàâíåíèÿ (56) è îò ïðåäûäóùèõ êîýôôèöèåíòîâ Ct > |γt| ñ
t < k.

Ðàññìîòðèì óðàâíåíèÿ (61) è (62) ïðè k = m + 1. Êîýôôèöèåíòû bm+1

è Bm+1 çàâèñÿò òîëüêî îò êîýôôèöèåíòîâ óðàâíåíèé (46) è (56) ñîîòâåò-
ñòâåííî. Ñîãëàñíî ïîñòðîåíèþ óðàâíåíèÿ (56) è ôîðìóëå (58) âûïîëíÿþò-
ñÿ íåðàâåíñòâà |bm+1| 6 Bm+1, |ν(σm+1)| > ∆ |σm+1(σm+1 − 1) . . . (σm+1 −
n + 1)|, ñëåäîâàòåëüíî, |γm+1| 6 Cm+1. Òåïåðü ðàññìîòðèì óðàâíåíèÿ (61)
è (62) ïðè k = m + 2. Ñîãëàñíî ïîñòðîåíèþ óðàâíåíèÿ (56), ôîðìóëå (58)
è |γm+1| 6 Cm+1, âûïîëíÿþòñÿ íåðàâåíñòâà |bm+2| 6 Bm+2, |ν(σm+2)| >
|σm+2(σm+2−1) . . . (σm+2−n+ 1)|, ñëåäîâàòåëüíî, |γm+2| 6 Cm+2. Ïðîäîëæàÿ
ïî èíäóêöèè ýòîò ïðîöåññ äëÿ êàæäîãî k > m + 3, ïîëó÷àåì, ÷òî |bk| 6 Bk,
|ν(σk)| > ∆ |σk(σk − 1) . . . (σk − n+ 1)|, |ct| 6 Ct c t < k, ïîýòîìó

Ck =
Bk

∆ | (σk(σk − 1) . . . (σk − n+ 1)) |
> |γk| =

|bk|
|ν(σk)|

.

Òàêèì îáðàçîì, ðåøåíèå (53) òàêîå, ÷òî ðÿä (54) ìàæîðèðóåò ðÿä (55).

Òåïåðü ïîêàæåì, ÷òî ðÿä (53) ñõîäèòñÿ. Äëÿ ýòîãî â óðàâíåíèè (56) ïîëî-
æèì

xnWa ,
def
= Z (63)
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è çàïèøåì åãî â âèäå
∆ Z −G1(x, Z) = 0. (64)

Ïðè ýòîì íîñèòåëè óðàâíåíèé (42), (56) è (64) ñîâïàäàþò.
Óðàâíåíèå (64) ñîäåðæèò x â êîìïëåêñíûõ ñòåïåíÿõ ñ íåîòðèöàòåëüíûìè

âåùåñòâåííûìè ÷àñòÿìè, à Z � â öåëûõ íåîòðèöàòåëüíûõ. Ìû õîòèì ïåðåéòè
îò óðàâíåíèÿ ñ äâóìÿ ïåðåìåííûìè è êîìïëåêñíûìè ïîêàçàòåëÿìè ñòåïåíè,
ê óðàâíåíèþ ñ òðåìÿ ïåðåìåííûìè, íî öåëûìè íåîòðèöàòåëüíûìè ïîêàçà-
òåëÿìè ñòåïåíè. Äëÿ ýòîãî ñäåëàåì â óðàâíåíèè (64) ïðåîáðàçîâàíèå (48) c
Re r1 > 0, Re r2 > 0. Ïîñêîëüêó íîñèòåëü óðàâíåíèÿ (64) ëåæèò â ìíîæåñòâå
(32), òî óðàâíåíèå (64) ìîæíî çàïèñàòü â âèäå∑

AM1,M2,M3
xM1r1+M2r2 ZM3 = 0, (65)

ãäå M1,M2,M3 ∈ Z, M1,M2,M3 > 0, M1 +M2 +M3 > 0, AM1,M2,M3
= const ∈

R, A0,0,1 = ∆ . Ñîãëàñíî ïðåîáðàçîâàíèþ (48) óðàâíåíèå (65) ïðåîáðàçóåòñÿ â
óðàâíåíèå ∑

AM1,M2,M3
ξM1

1 ξM2
2 ZM3 = 0.

Ïîëîæèì

Π0(ξ1, Z) ,
def
=
∑

AM1,0,M3
ξM1−1

1 ZM3, M1 > 1,M3 > 0;

Π1(ξ2, Z) ,
def
=
∑

A0,M2,M3
ξM2−1

2 ZM3, M2 > 1,M3 > 0;

Π2(ξ1, ξ2, Z) ,
def
=
∑

AM1,M2,M3
ξM1−1

1 ξM2−1
2 ZM3, M1,M2 > 1,M3 > 0;

Π3(Z) ,
def
=
∑

A0,0,M3
ZM3−2, M3 > 2.

Òàêèì îáðàçîì, ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (48) èç óðàâíåíèÿ (64) ïîëó÷àåì
óðàâíåíèå

f2(ξ1, ξ2, Z) ,
def
= ∆ Z −G2(ξ1, ξ2, Z) = 0, (66)

ãäå

G2(ξ1, ξ2, Z) = ξ1 Π0(ξ1, Z) + ξ2 Π1(ξ2, Z) + ξ1 ξ2 Π2(ξ1, ξ2, Z) + Z2 Π3(Z),

Π0(ξ1, Z), Π1(ξ2, Z), Π2(ξ1, ξ2, Z) è Π3(Z) � ýòî ìíîãî÷ëåíû ñâîèõ ïåðåìåííûõ.

Ïîñêîëüêó f2(ξ1, ξ2, Z) ìíîãî÷ëåí ñâîèõ ïåðåìåííûõ è

f2(0, 0, 0) = 0,
∂f2

∂Z
(0, 0, 0) = ∆ 6= 0,
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òî ñîãëàñíî òåîðåìå Êîøè î íåÿâíîé ôóíêöèè [9] óðàâíåíèå (66) èìååò åäèí-
ñòâåííîå (îäíîçíà÷íî îïðåäåëåííîå íà÷àëüíûìè äàííûìè) àíàëèòè÷åñêîå ðå-
øåíèå

Z(ξ1, ξ2) =
∑
M1,M2

ψM1,M2
ξM1

1 ξM2
2 , Z(0, 0) = 0, (67)

ãäå M1,M2 ∈ Z, M1,M2 > 0, M1 + M2 > 0. Ñëåäîâàòåëüíî, ðÿä (67) ðàâ-
íîìåðíî ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |ξ1| è |ξ2|. Ñîãëàñíî (48) ýòî áóäåò
èìåòü ìåñòî ïðè äîñòàòî÷íî ìàëûõ |x| è |arg x 6 π.|

Âîçâðàùàÿñü îáðàòíî (67)→ (48)→ (63) ê ïåðåìåííûì Wa è x, ïîëó÷àåì
àíàëèòè÷åñêîå ðåøåíèå

xnWa =
∑
M1,M2

ψM1,M2
xM1r1+M2r2,

êîòîðîå ìîæíî çàïèñàòü â âèäå

Wa =
∑
M1,M2

ψM1,M2
xM1r1+M2r2−n. (68)

Ïîñêîëüêó ôîðìàëüíîå ðåøåíèå (53) îïðåäåëåíî åäèíñòâåííûì îáðàçîì,
òî îíî ñîâïàäàåò ñ ðåøåíèåì (68), ò. å. ðÿä (53) ðàâíîìåðíî ñõîäèòñÿ äëÿ
äîñòàòî÷íî ìàëûõ |x| è |arg x| 6 π. À òàê êàê ðÿä (54) ìàæîðèðóåò ðÿä (55) è
|xr1| 6 |ξ1|, |xr2| 6 |ξ2| ïðè óêàçàííûõ x, òî îòñþäà ñëåäóåò, ÷òî ðÿä (46) òàêæå
ðàâíîìåðíî ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x| è |arg x| 6 π. Äîêàçàòåëüñòâî
òåîðåìû 1 îêîí÷åíî.

5. Ïðèìåð 1. Ðàññìîòðèì òðåòüå óðàâíåíèå Ïåíëåâå

y′′ =
y′2

y
− y′

x
+
ay2 + b

x
+
cy4 + d

y
, (69)

ãäå y′ = dy/dx, ïàðàìåòðû óðàâíåíèÿ a, b, c, d ∈ C. Äîìíîæèâ åãî íà x2y,
ïîëó÷èì ïîëèíîìèàëüíîå ÎÄÓ:

−x2yy′′ + x2y′2 − xy′y + axy3 + bxy + cx2y4 + dx2 = 0. (70)

Íîñèòåëü óðàâíåíèÿ (70) ñîñòîèò èç ïÿòè òî÷åê {(0, 2), (1, 1), (1, 3), (2, 4),
(2, 0)} è ëåæèò â ìíîæåñòâå

{(0, 2) +m1(1,−1) +m2(1, 1), m1,m2 ∈ Z,m1,m2 > 0}. (71)

Ìíîãîóãîëüíèê óðàâíåíèÿ (70) � ýòî òðåóãîëüíèê ñ âåðøèíàìè (0, 2), (2, 4),
(2, 0). Ðàññìîòðèì óêîðî÷åííîå óðàâíåíèå, ñîîòâåòñòâóþùåå âåðøèíå (0, 2):

f̂
(0)
1 (x, y, y′, y′′) ,

def
= − x2yy′′ + x2y′2 − xy′y = 0. (72)
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Ñîãëàñíî ðàáîòå [6] èùåì åãî ðåøåíèÿ â âèäå y = c0x
s0. Ïîäñòàâëÿÿ ýòî

ðåøåíèå â óðàâíåíèå íàõîäèì, ÷òî c0 è s0 � ñóòü ïðîèçâîëüíûå ïîñòîÿí-
íûå. Âåðøèíå (0, 2) ñîîòâåòñòâóåò íîðìàëüíûé êîíóñ U

(0)
1 = {m1(−1,−1) +

m2(−1, 1), m1,m2 ∈ R,m1,m2 > 0}. Ïîýòîìó −1 < Re s0 < 1. Èç âåðøè-
íû (0, 2) èñõîäÿò âåêòîðû R1 = (1,−1) è R2 = (1, 1) îáðàçóþùèå ðåøåòêó,
â êîòîðîé ëåæèò íîñèòåëü óðàâíåíèÿ (70). Ìíîæåñòâî ïîêàçàòåëåé ñòåïåíè
ðàçëîæåíèÿ áåç ó÷åòà êðèòè÷åñêèõ ÷èñåë K ëåæèò â ìíîæåñòâå ñ îäíîé êîì-
ïëåêñíîé îáðàçóþùåé s0:

K ⊆ {s0 +m1(1− s0) +m2(1 + s0), m1,m2 ∈ Z,m1,m2 > 0} ⊂ C. (73)

Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð L(x) ìîæíî âû÷èñëèòü êàê ôîð-

ìàëüíóþ ïåðâóþ âàðèàöèþ
δf̂

(0)
1 (x, y, y′, y′′)

δy
íà ðåøåíèè y = c0 x

s0. Òàêèì

îáðàçîì, ïîëó÷àåì, ÷òî

L(x)u = −c0 (x2u′′ + (1− 2r)xu′ + r2).

Ëèíåéíîìó äèôôåðåíöèàëüíîìó îïåðàòîðó L(x) ñîîòâåòñòâóåò õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå ν(k) = (k− s0)

2 = 0, êîòîðîå èìååò äâóêðàòíîå ðåøåíèå
k = s0. Ñëåäîâàòåëüíî, êðèòè÷åñêèõ ÷èñåë íåò è ðàçëîæåíèå ðåøåíèÿ èìååò
âèä ([12])

y =
∞∑
k=0

ckx
sk, (74)

ãäå êîìïëåêñíûå êîýôôèöèåíòû: c0 � ïðîèçâîëüíûé, c0 6= 0, ck ñ k ∈ N � îä-
íîçíà÷íî îïðåäåëåíû, êîìïëåêñíûå ïîêàçàòåëè ñòåïåíè: s0 � ïðîèçâîëüíûé,
−1 < Re s0 < 1, sk ïðèíàäëåæèò ìíîæåñòâó (73). Ïîðÿäîê îïåðàòîðà L(x)
ðàâåí 2, ñîãëàñíî òåîðåìå 1 (ñëó÷àé s0 ∈ C \Q) è òåîðåìå 1.7.2 èç [7] (ñëó÷àé
s0 ∈ Q) ðÿä (74) ðàâíîìåðíî ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x| è |arg x| 6 π.

Ïðèìåð 2. Óêîðî÷åííîå óðàâíåíèå, ñîîòâåòñòâóþùåå ðåáðó [(0, 2), (1, 1),
(2, 0)], èìååò âèä

f̂
(1)
1 (x, y, y′, y′′) ,

def
= − x2yy′′ + x2y′2 − xy′y + bxy + dx2 = 0. (75)

Ðåáðó [(0, 2), (1, 1), (2, 0)] ñîîòâåòñòâóåò íîðìàëüíûé êîíóñ

U
(1)
1 = {m1(−1,−1),m1 ∈ R, m1 > 0}.

Èùåì ñòåïåííûå ðåøåíèÿ óðàâíåíèÿ (75) â âèäå y = c0x. Ïîäñòàâëÿÿ åãî â
óðàâíåíèå (75), îïðåäåëÿåì, ÷òî c0 = d/b. Ìíîæåñòâî ïîêàçàòåëåé ñòåïåíè
ðàçëîæåíèÿ áåç ó÷åòà êðèòè÷åñêèõ ÷èñåë K = {1 + 2m1,m1 ∈ Z,m1 ≥ 0}.
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Çäåñü ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð L(x) ìîæíî âû÷èñëèòü êàê

ôîðìàëüíóþ ïåðâóþ âàðèàöèþ
δf̂

(1)
1 (x, y, y′, y′′)

δy
íà ðåøåíèè y = (d/b)x, ò. å.

L(x)u = (d/b)(x2u′′ − xu′ + 1) + b. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

(d/b)(k − 1)2 + b = 0,

ñîîòâåòñòâóþùåå ëèíåéíîìó äèôôåðåíöèàëüíîìó îïåðàòîðó L(x), èìååò äâà
êîðíÿ k = 1 ± b/

√
−d. Ïóñòü λ = b/

√
−d, λ ∈ C, Reλ > 0, λ 6= 2p, p ∈ N,

òîãäà óðàâíåíèå (70) èìååò ôîðìàëüíûå ðåøåíèÿ

y =
∞∑
k=0

ckx
sk, (76)

ãäå êîìïëåêñíûå êîýôôèöèåíòû: c0 = −d/b, c0 6= 0, ck ñ sk = 1 + λ � ïðî-
èçâîëüíûé, îñòàëüíûå ck � îäíîçíà÷íî îïðåäåëåíû, êîìïëåêñíûå ïîêàçàòåëè
ñòåïåíè:

sk ∈ K(1 + λ) ⊆ {1 + 2m1 + λm2, m1,m2 ∈ Z,m1,m2 > 0} ⊂ C. (77)

Ìíîæåñòâî K(1 +λ) èìååò îäíó êîìïëåêñíóþ îáðàçóþùóþ λ. Ïîðÿäîê L(x)
ðàâåí 2, ñîãëàñíî òåîðåìå 1 (â ñëó÷àå λ ∈ C\Q) è òåîðåìå 1.7.2 èç [7] (â ñëó÷àå
λ ∈ Q) ðÿä (76) ðàâíîìåðíî ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x| è |arg x| 6 π.

Âûðàæàþ áëàãîäàðíîñòü ìîåìó ó÷èòåëþ Àëåêñàíäðó Äìèòðèåâè÷ó Áðþíî
è ìîåìó äðóãó Ðåíàòó Ãîíöîâó çà çàìå÷àíèÿ, ïðåäëîæåíèÿ è îáñóæäåíèÿ.
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