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Êâàçèãàçîäèíàìè÷åñêèé àëãîðèòì ðåøåíèÿ óðàâíåíèé ìåëêîé âîäû â

ïîëÿðíîé ñèñòåìå êîîðäèíàò

Àííîòàöèÿ

Â äàííîé ðàáîòå ðå÷ü èäåò î ðàñøèðåíèè êâàçèãàçîäèíàìè÷åñêîãî àëãîðèòìà äëÿ

ðåøåíèÿ çàäà÷ ãèäðîäèíàìèêè â ïðèáëèæåíèè ìåëêîé âîäû â ïîëÿðíîé ñèñòåìå êîîð-

äèíàò. Ïðèâåäåí íîâûé ÷èñëåííûé àëãîðèòì ðåøåíèÿ óðàâíåíèé ìåëêîé âîäû, êîòî-

ðûé ïðîòåñòèðîâàí íà ïðèìåðå äâóõ ðàâíîâåñíûõ àíàëèòè÷åñêèõ ðåøåíèé. Ïîêàçàí

ñïîñîá ïîñòðîåíèÿ ñáàëàíñèðîâàííîé ðàçíîñòíîé ñõåìû äëÿ ïðèâåäåííûõ óðàâíåíèé.

T.G. Elizarova, M.A. Istomina

A quasi-gas dynamic algorithm for numerical solution of shallow water

equations in polar coordinates

Abstract

In this paper authors present a development of quasi-gas dynamic algorithm for

hydrodynamic �ow simulations in shallow water approximation in polar coordinate

system. A new numerical �nite-di�erence algorithm for shallow water equations is

developed and veri�ed for two analytical equilibrium solutions. The well-balanced �nite-

di�erence variant of presented scheme is shown.
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1 Ââåäåíèå

Êâàçèãàçîäèíàìè÷åñêèå (ÊÃÄ) óðàâíåíèÿ è îñíîâàííûå íà íèõ ÷èñëåí-

íûå àëãîðèòìû ïîêàçàëè ñâîþ ýôôåêòèâíîñòü ïðè ðàñ÷åòàõ ðàçíîîáðàç-

íûõ çàäà÷ ãàçîâîé äèíàìèêè [1], [2], [3]. Ïðè ýòîì áîëüøèíñòâî çàäà÷ ðå-

øàëîñü â äåêàðòîâîé è öèëèíäðè÷åñêîé ñèñòåìàõ êîîðäèíàò (r, z) [2], [3].

Â [3] ðàññìàòðèâàëàñü çàäà÷à îá îñåñèììåòðè÷íîì îáòåêàíèè ñôåðû. Äëÿ

åå ðåøåíèÿ â ðàìêàõ ÊÃÄ ïîäõîäà áûëè âûïèñàíû êâàçèãèäðîäèíàìè-

÷åñêèå óðàâíåíèÿ äëÿ íåñæèìàåìûõ è ñæèìàåìûõ òå÷åíèé è ïîñòðîåíû

ñîîòâåòñòâóþùèå ÷èñëåííûå àëãîðèòìû â äâóìåðíûõ ñôåðè÷åñêèõ êîîð-

äèíàòàõ (r, θ). Ïðè ñîïîñòàâëåíèè âûïîëíåííûõ ðàñ÷åòîâ ñ ðåçóëüòàòàìè

äðóãèõ àâòîðîâ áûëà îòìå÷åíà ñëîæíîñòü ïîñòðîåíèÿ àëãîðèòìîâ ðåøå-

íèÿ óðàâíåíèé ãàçîâîé äèíàìèêè äëÿ ñôåðè÷åñêèõ êîîðäèíàò. Ïîýòîìó

ïîñòðîåíèå óäîáíûõ è íàäåæíûõ àëãîðèòìîâ ðåøåíèÿ óðàâíåíèé ãàçîâîé

äèíàìèêè â ñôåðè÷åñêîé è ïîëÿðíîé ãåîìåòðèè ÿâëÿåòñÿ àêòóàëüíûì.

Äàííàÿ ðàáîòà ïîñâÿùåíà ðàñøèðåíèþ êâàçèãàçîäèíàìè÷åñêîãî (ÊÃÄ)

ïîäõîäà äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ òå÷åíèé âÿçêîãî ñæèìàåìîãî ãà-

çà äëÿ çàäà÷, ðàññìîòðåíèå êîòîðûõ åñòåñòâåííî è óäîáíî ïðîâîäèòü â

ïîëÿðíîé ñèñòåìå êîîðäèíàò. Ê òàêèì çàäà÷àì, ïîìèìî ðÿäà ïðèêëàä-

íûõ èíæåíåðíûõ çàäà÷, îòíîñÿòñÿ çàäà÷è ãåîôèçèêè, â ÷àñòíîñòè, ìîäå-

ëèðîâàíèå àòìîñôåðíûõ ÿâëåíèé â ïëàíåòàðíûõ ìàñøòàáàõ. Äðóãîé îá-

ëàñòüþ ïðèëîæåíèé ÿâëÿåòñÿ èññëåäîâàíèå àñòðîôèçè÷åñêèõ îáúåêòîâ,

ñâÿçàííûõ ñ âðàùåíèåì ìàòåðèè âîêðóã ïðèòÿãèâàþùèõ öåíòðîâ. Ê ïî-

ñëåäíèì îòíîñèòñÿ, â ÷àñòíîñòè, ÷èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â àê-

êðåöèîííûõ äèñêàõ [4] è èõ óïðîùåííûõ ìîäåëåé â ðàìêàõ ïðèáëèæåíèÿ

ìåëêîé âîäû (ÌÂ) [5]. Äëÿ ïîñëåäíåé ñåðèè çàäà÷ òðåáóåòñÿ ãèäðîäèíà-

ìè÷åñêàÿ ìîäåëü â ïðèáëèæåíèè ÌÂ ñ ó÷åòîì ôîðìû ïîäñòèëàþùåé ïî-

âåðõíîñòè. Äëÿ ðàñ÷åòà òå÷åíèé â àêêðåöèîííûõ äèñêàõ íåîáõîäèì ó÷åò
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âëèÿíèÿ âíåøíèõ ïðèòÿãèâàþùèõ öåíòðîâ. Äëÿ çàäà÷, â êîòîðûõ èçó-

÷àþòñÿ âîçìóùåíèÿ ðåøåíèÿ â îêðåñòíîñòè ðàâíîâåñíûõ êîíôèãóðàöèé,

òðåáóþòñÿ àëãîðèòìû, õîðîøî îïèñûâàþùèå ýòè ðàâíîâåñíûå êîíôèãó-

ðàöèè. Â ñîâðåìåííîé ëèòåðàòóðå òàêèå àëãîðèòìû íàçûâàþòñÿ õîðîøî

ñáàëàíñèðîâàííûìè (well�balanced schemes), ñì., íàïðèìåð, ðàáîòû [9] è

[10].

Âî âòîðîì ïàðàãðàôå ðàáîòû ïðèâåäåíû óðàâíåíèÿ Íàâüå-Ñòîêñà äëÿ

îïèñàíèÿ òå÷åíèÿ âÿçêîãî ñæèìàåìîãî ãàçà äëÿ ïîëÿðíîé ñèñòåìû êîîð-

äèíàò. Äëÿ óïðîùåíèÿ âûêëàäîê âûáðàí ÷àñòíûé ñëó÷àé � óðàâíåíèÿ

çàïèñàíû â áàðîòðîïíîì ïðèáëèæåíèè â âèäå óðàâíåíèé äëÿ îïèñàíèÿ

òå÷åíèé ÌÂ. Ïðè ýòîì ó÷òåíî âëèÿíèå âíåøíèõ ñèë è íàëè÷èå íåðîâíîé

ïîäñòèëàþùåé ïîâåðõíîñòè.

Â òðåòüåì ïàðàãðàôå ïîñòðîåíû ðåãóëÿðèçîâàííûå, èëè ñãëàæåííûå,

óðàâíåíèÿ ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò ñ ïðèìåíåíèåì ìåòîäà

îñðåäíåíèÿ èñõîäíûõ óðàâíåíèé ïî ìàëîìó èíòåðâàëó âðåìåíè. Ýòè ñãëà-

æåííûå óðàâíåíèÿ ÌÂ ÿâëÿþòñÿ îñíîâîé êîíå÷íî-ðàçíîñòíîãî àëãîðèò-

ìà ðåøåíèÿ óðàâíåíèé ÌÂ.

×åòâåðòûé ïàðàãðàô ïîñâÿùåí ïîñòðîåíèþ äâóõ õàðàêòåðíûõ ðàâíî-

âåñíûõ ðåøåíèé óðàâíåíèé ÌÂ, êîòîðûå â òîæå âðåìÿ ÿâëÿþòñÿ òî÷íû-

ìè ðåøåíèÿìè ñãëàæåííûõ óðàâíåíèé ÌÂ.

Â ïÿòîì ïàðàãðàôå ïðèâåäåí ðàçíîñòíûé àëãîðèòì ðåøåíèÿ óðàâíå-

íèé ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò, êîòîðûé òåñòèðóåòñÿ íà âûïè-

ñàííûõ ðàíåå ðàâíîâåñíûõ ðåøåíèÿõ. Ïîêàçàíà óñòîé÷èâîñòü ðàçíîñòíîé

ñõåìû. Ïàðàìåòðû ðàçíîñòíîé ñõåìû, îáåñïå÷èâàþùèå óñòîé÷èâîñòü è

òî÷íîñòü âû÷èñëèòåëüíîãî àëãîðèòìà äëÿ îäíîìåðíîé çàäà÷è, â äàëü-

íåéøåì áóäóò èñïîëüçîâàòüñÿ ïðè ïðîâåäåíèè ìàòåìàòè÷åñêîãî ìîäåëè-

ðîâàíèÿ äâóìåðíûõ òå÷åíèé.
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Â ïîñëåäíåì ïàðàãðàôå ïðèâåäåí ñïîñîá ïîñòðîåíèÿ ñáàëàíñèðîâàí-

íîé ðàçíîñòíîé ñõåìû, òî÷íîñòü êîòîðîé äëÿ ðàâíîâåñíûõ ðåøåíèé ñó-

ùåñòâåííî ïðåâîñõîäèò òî÷íîñòü áàçîâîãî àëãîðèòìà.

2 Óðàâíåíèÿ ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò

Cèñòåìà óðàâíåíèé ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò (r, φ) (ðèñ. 1) ñ

ó÷åòîì êîìïîíåíò òåíçîðà âÿçêèõ íàïðÿæåíèé Íàâüå-Ñòîêñà çàïèñûâà-

åòñÿ ñëåäóþùèì îáðàçîì

∂h

∂t
+

1

r

∂ (rhur)

∂r
+

1

r

∂(huφ)

∂φ
= 0, (1)

∂hur
∂t

+
1

r

∂(rhu2r)

∂r
+

1

r

∂(huruφ)

∂φ
+

∂

∂r

(
gh2

2

)
−

hu2φ
r

=

= h

(
fr − g

∂b

∂r

)
+

∂Πrr

∂r
+

1

r

∂Πrφ

∂φ
+

Πrr − Πφφ

r
,

(2)

∂huφ
∂t

+
1

r2
∂
(
r2huruφ

)
∂r

+
1

r

∂(hu2φ)

∂φ
+

1

r

∂

∂φ

(
gh2

2

)
=

= h

(
fφ −

1

r
g
∂b

∂φ

)
+

∂Πφr

∂r
+

1

r

∂Πφφ

∂φ
+

2

r
Πrφ,

(3)

ãäå h(r, φ, t) � âûñîòà æèäêîñòè, u = {ur(r, φ, t), uφ(r, φ, t)} � ñêîðîñòü

æèäêîñòè, b(r, φ) � ïðîôèëü äíà, µ � åñòåñòâåííàÿ ôèçè÷åñêàÿ âÿçêîñòü.

fr è fφ � êîìïîíåíòû âíåøíåé ñèëû. Ñîîòâåòñòâóþùèå äåêàðòîâîé ñè-

ñòåìå êîîðäèíàò êîìïîíåíòû òåíçîðà âÿçêèõ íàïðÿæåíèé Íàâüå-Ñòîêñà

äëÿ æèäêîñòè ðàâíû

Πrr = 2µ
∂ur
∂r

,

Πφφ = 2µ

(
1

r

∂uφ
∂φ

+
ur
r

)
,

Πrφ = Πφr = µ

(
1

r

∂ur
∂φ

+
∂uφ
∂r

− uφ
r

)
.

(4)
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Äàííàÿ ñèñòåìà ñîîòâåòñòâóåò ñèñòåìå óðàâíåíèé Íàâüå�Ñòîêñà èç

[6], ãäå îíà çàïèñàíà â íåäèâåðãåíòíîì âèäå äëÿ âÿçêîé íåñæèìàåìîé

æèäêîñòè.

Ñèñòåìà óðàâíåíèé ÌÂ â ïîëÿðíûõ êîîðäèíàòàõ (1) � (3) òàêæå ìî-

æåò áûòü ïîëó÷åíà èç èñõîäíîé ñèñòåìû óðàâíåíèé ÌÂ â äåêàðòîâûõ

êîîðäèíàòàõ

∂h

∂t
+ div (hu) = 0,

∂hu

∂t
+ div (hu⊗ u) +∇

(
gh2

2

)
= divΠNS + hf − gh∇b,

(5)

èëè

∂h

∂t
+ div (hu) = 0,

∂hu

∂t
+ u div (hu) + (hu∇)u+∇

(
gh2

2

)
= divΠNS + hf − gh∇b,

(6)

ñ ïîìîùüþ çàìåíû ïåðåìåííûõ

x = rcosφ,

y = rsinφ.

(7)

Åäèíè÷íûå âåêòîðû â ïîëÿðíîé ñèñòåìå êîîðäèíàò er = er(φ), eφ =

eφ(φ) âûðàæàþòñÿ ÷åðåç åäèíè÷íûå âåêòîðû â äåêàðòîâîé ñèñòåìå êî-

îðäèíàò i, j ñëåäóþùèì îáðàçîì

er = i cosφ+ j sinφ,

eφ = −i sinφ+ j cosφ.

(8)

Ïðè ýòîì
∂eφ
∂φ

= −er,
∂er
∂φ

= −eφ. Ïîäñòàâëÿÿ â âûðàæåíèå

u(x, y) = uxi+ uyj = urer(φ) + uφeφ(φ)
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çíà÷åíèÿ er è eφ ÷åðåç äåêàðòîâû êîîðäèíàòû, ïîëó÷àåì çíà÷åíèÿ êîìïî-

íåíò âåêòîðà ñêîðîñòè u â äåêàðòîâûõ êîîðäèíàòàõ, âûðàæåííûõ ÷åðåç

ïîëÿðíûå

ux = ur cosφ− uφ sinφ, uy = ur sinφ+ uφ cosφ.

Èç âûðàæåíèÿ äëÿ ïðîèçâîäíûõ ïî êîîðäèíàòàì â ïîëÿðíîé ñèñòåìå

êîîðäèíàò

∂

∂r
=

∂

∂x

∂x

∂r
+

∂

∂y

∂y

∂r
=

∂

∂x
cosφ+

∂

∂y
sinφ,

∂

∂φ
=

∂

∂x

∂x

∂φ
+

∂

∂y

∂y

∂φ
= −r sinφ

∂

∂x
+ r cosφ

∂

∂y

(9)

âûðàæàþòñÿ ïðîèçâîäíûå ïî äåêàðòîâûì êîîðäèíàòàì

∂

∂x
= cosφ

∂

∂r
− sinφ

r

∂

∂φ
,

∂

∂y
=

cosφ

r

∂

∂φ
+ sinφ

∂

∂r
.

(10)

Ñ ïîìîùüþ ñîîòâåòñòâóþùèõ êîýôôèöèåíòîâ Ëàìý

Hr = 1, Hφ = r

çàïèñûâàþòñÿ ñëåäóþùèå âû÷èñëåííûå âûðàæåíèÿ

div (hu) =
1

r

∂ (rhur)

∂r
+

1

r

∂ (huφ)

∂φ
,

u div (hu) = er

(
ur
r

∂ (rhur)

∂r
+

ur
r

∂ (huφ)

∂φ

)
+

+eφ

(
ur
r

∂ (rhur)

∂r
+

uφ
r

∂ (huφ)

∂φ

)
,

(hu∇)u = er

(
hur

∂ur
∂r

+
huφ
r

∂uφ
∂φ

−
hu2φ
r

)
+

+eφ

(
hur

∂uφ
∂r

+
huruφ

r
+

huφ
r

∂uφ
∂φ

)
.

(11)

Ñ ïîìîùüþ óêàçàííûõ ïîäñòàíîâîê ìîæåò áûòü ïîëó÷åíà ñèñòåìà óðàâ-

íåíèé ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò (1) � (3).
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3 ÊÃÄ óðàâíåíèÿ ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò

Äëÿ âûâîäà êâàçèãàçîäèíàìè÷åñêèõ (ÊÃÄ) èëè ðåãóëÿðèçîâàííûõ óðàâ-

íåíèåé ÌÂ â ïîëÿðíûõ êîîðäèíàòàõ ïðèìåíèì ìåòîä, îïèñàííûé â ñòà-

òüÿõ [7], [8], ò.å. ãèäðîäèíàìè÷åñêèå ïåðåìåííûå îñðåäíèì ïî ìàëîìó èí-

òåðâàëó âðåìåíè ∆t è âû÷èñëèì ñðåäíåå íà îòðåçêå (t, t+∆t). Ïðè ýòîì

áóäåì ðàçëàãàòü ñðåäíèå çíà÷åíèÿ ïåðåìåííûõ â ðÿä Òåéëîðà è ïðåíå-

áðåãàòü âòîðûìè ïðîèçâîäíûìè ïî âðåìåíè è ÷ëåíàìè âòîðîãî ïîðÿäêà

ìàëîñòè âèäà τ 2 è τµ, ãäå 0 ≤ τ ≤ ∆t � ïàðàìåòð ðåãóëÿðèçàöèè, èìåþ-

ùèé ðàçìåðíîñòü âðåìåíè, ïî êîòîðîìó ïðîèçâîäèòñÿ îñðåäíåíèå. Òàêèì

îáðàçîì, â ÊÃÄ óðàâíåíèÿõ ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò ãèäðîäè-

íàìè÷åñêèå ïåðåìåííûå h, ur, uφ çàìåíÿþòñÿ íà h + τ
∂h

∂t
, ur + τ

∂ur
∂t

è

uφ + τ
∂uφ
∂t

, à ïîòîêè hur è huφ � íà hur +
∂hur
∂t

è huφ +
∂huφ
∂t

, ñîîòâåò-

ñòâåííî.

Äëÿ âûâîäà ÊÃÄ óðàâíåíèé ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò íàì

ïîíàäîáÿòñÿ âûðàæåíèÿ äëÿ ïðîèçâîäíûõ
∂ur
∂t

,
∂uφ
∂t

. Äëÿ ýòîãî âûïèøåì

óðàâíåíèÿ äâèæåíèÿ â íåäèâåðãåíòíîì âèäå áåç âÿçêèõ ÷ëåíîâ Íàâüå�

Ñòîêñà

∂ur
∂t

+ ur
∂ur
∂r

+
1

r
uφ

∂ur
∂φ

+
1

h

∂

∂r

(
gh2

2

)
−

u2φ
r

= fr − g
∂b

∂r
, (12)

∂uφ
∂t

+
1

r
ur

∂(ruφ)

∂r
+

1

r
uφ

∂uφ
∂φ

+
1

rh

∂

∂φ

(
gh2

2

)
= fφ −

1

r
g
∂b

∂φ
. (13)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

τ
∂ur
∂t

+ w∗
r = 0,

w∗
r = τ

[
ur

∂ur
∂r

+
1

r
uφ

∂ur
∂φ

+ g
∂h

∂r
−

u2φ
r

− fr + g
∂b

∂r

]
,

(14)
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τ
∂uφ
∂t

+ w∗
φ = 0,

w∗
φ = τ

[
1

r
ur

∂ (ruφ)

∂r
+

1

r
uφ

∂uφ
∂φ

+
1

r
g
∂h

∂φ
− fφ +

1

r
g
∂b

∂φ

]
.

(15)

Äàëåå ðàñêëàäûâàåì ñðåäíèå çíà÷åíèÿ hur è huφ â óðàâíåíèè íåðàç-

ðûâíîñòè (1) â ðÿä Òåéëîðà, çàìåíÿÿ èõ íà hur + τ
∂hur
∂t

è huφ + τ
∂huφ
∂t

∂h

∂t
+

1

r

∂

∂r

(
r

[
hur + τ

∂ (hur)

∂t

])
+

1

r

∂

∂φ

[
huφ + τ

∂ (huφ)

∂t

]
= 0. (16)

Èç ïåðâîãî è âòîðîãî óðàâíåíèé äâèæåíèÿ áåç âÿçêèõ ÷ëåíîâ Íàâüå�

Ñòîêñà (12) è (13) âûðàçèì ïðîèçâîäíûå ïî âðåìåíè

∂hur
∂t

= −
[
1

r

∂
(
rhu2r

)
∂r

+
1

r

∂ (huruφ)

∂φ
+

∂

∂r

(
gh2

2

)
−

hu2φ
r

− h

(
fr − g

∂b

∂r

)]
,

(17)

∂huφ
∂t

= −
[
1

r2
∂
(
r2huruφ

)
∂r

+
1

r

∂
(
hu2φ

)
∂φ

+
1

r

∂

∂φ

(
gh2

2

)
− h

(
fφ −

1

r
g
∂b

∂φ

)]
(18)

è ââåäåì îáîçíà÷åíèÿ

τ
∂hur
∂t

+ wr = 0,

τ
∂huφ
∂t

+ wφ = 0,
(19)
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wr =
τ

h

[
1

r

∂
(
rhu2r

)
∂r

+
1

r

∂ (huruφ)

∂φ
+ gh

∂h

∂r
−

hu2φ
r

− h

(
fr − g

∂b

∂r

)]
,

wφ =
τ

h

[
1

r2
∂
(
r2huruφ

)
∂r

+
1

r

∂
(
hu2φ

)
∂φ

+
1

r
gh

∂h

∂φ
− h

(
fφ −

1

r
g
∂b

∂φ

)]
,

jmr = h(ur − wr),

jmφ = h(uφ − wφ).

(20)

Òîãäà óðàâíåíèå íåðàçðûâíîñòè â ðàìêàõ ÊÃÄ ìîäåëè ïîëÿðíîé ñèñòåìû

êîîðäèíàò çàïèñûâàåòñÿ êàê

∂h

∂t
+

1

r

∂ (rjmr)

∂r
+

1

r

∂ (jmφ)

∂φ
= 0. (21)

Ðàññìîòðèì ïåðâîå óðàâíåíèå äâèæåíèÿ (2) â ðåãóëÿðèçîâàííîì âèäå,

ãäå òàêæå ðàñêëàäûâàþòñÿ â ðÿä Òåéëîðà ñðåäíèå çíà÷åíèÿ hur, h è uφ

∂hur
∂t

+
1

r

∂

∂r
r

[(
hur + τ

∂ (hur)

∂t

)
ur + hurτ

∂ur
∂t

]
+

+
1

r

∂

∂φ

[(
huφ + τ

∂ (huφ)

∂t

)
ur+ huφτ

∂ur
∂t

]
+

∂

∂r

g

2

(
h+ τ

∂h

∂t

)2

−

−1

r

(
h+ τ

∂h

∂t

)(
uφ + τ

∂uφ
∂t

)2

=

(
h+ τ

∂h

∂t

)(
fr − g

∂b

∂r

)
.

(22)

Èëè, ñ ââåäåíèåì íîâûõ îáîçíà÷åíèé (14) è (20), èìååì

∂hur
∂t

+
1

r

∂ (rjmrur)

∂r
+

1

r

∂ (jmφur)

∂φ
+

∂

∂r

(
gh2

2

)
−

hu2φ
r

=

=

(
h+ τ

∂h

∂t

)(
fr − g

∂b

∂r

)
+

1

r

∂ (rhurw
∗
r)

∂r
+

1

r

∂ (huφw
∗
r)

∂φ
−

− ∂

∂r

(
ghτ

∂h

∂t

)
+ τ

∂h

∂t

u2φ
r

− 2h
uφ
r
w∗

φ +
∂Πrr

∂r
+

1

r

∂Πrφ

∂φ
+

+
Πrr − Πφφ

r
,

(23)
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ãäå

τ
∂h

∂t
= −τdiv (hu) = −τ

[
1

r

∂ (rhur)

∂r
+

1

r

∂ (huφ)

∂φ

]
. (24)

Àíàëîãè÷íî âûïèñûâàåòñÿ âòîðîå óðàâíåíèå äâèæåíèÿ ÊÃÄ ñèñòåìû

ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò

∂huφ
∂t

+
∂
(
r2jmruφ

)
∂r

+
1

r

∂ (jmφuφ)

∂φ
+

1

r

∂

∂φ

(
gh2

2

)
=

=

(
h+ τ

∂h

∂t

)(
fφ −

1

r
g
∂b

∂φ

)
+

∂
(
r2hurw

∗
φ

)
∂r

+

+
1

r

∂
(
huφw

∗
φ

)
∂φ

− 1

r

∂

∂φ

(
ghτ

∂h

∂t

)
+

∂Πφr

∂r
+

1

r

∂Πφφ

∂φ
+

2

r
Πrφ.

(25)

Òîãäà â ðåçóëüòàòå ïîëó÷àåòñÿ ñëåäóþùàÿ ðåãóëÿðèçîâàííàÿ ñèñòåìà

óðàâíåíèé ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò

∂h

∂t
+

1

r

∂(rjmr)

∂r
+

1

r

∂(jmφ)

∂φ
= 0, (26)

∂hur
∂t

+
1

r

∂ (rjmrur)

∂r
+

1

r

∂ (jmφur)

∂φ
+

∂

∂r

(
gh2

2

)
−

hu2φ
r

=

= (h− τdiv (hu))

(
fr − g

∂b

∂r

)
+

1

r

∂ (rurhw
∗
r)

∂r
+

1

r

∂ (huφw
∗
r)

∂φ
+

+
∂

∂r
(ghτdiv (hu))− τ

u2φ
r
div (hu)− 2h

uφ
r
w∗

φ+

+
∂Πrr

∂r
+

1

r

∂Πrφ

∂φ
+

Πrr − Πφφ

r
,

(27)

∂huφ
∂t

+
1

r2
∂
(
r2jmruφ

)
∂r

+
1

r

∂ (jmφuφ)

∂φ
+

1

r

∂

∂φ

(
gh2

2

)
=

= (h− τdiv (hu))

(
fφ −

1

r
g
∂b

∂φ

)
+

1

r2
∂
(
r2hurw

∗
φ

)
∂r

+
1

r

∂
(
huφw

∗
φ

)
∂φ

+

+
1

r
g
∂

∂φ
(hτdiv (hu)) +

∂Πφr

∂r
+

1

r

∂Πφφ

∂φ
+

2

r
Πrφ,

(28)
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ãäå

div (hu) =
1

r

∂ (hrur)

∂r
+

1

r

∂ (huφ)

∂φ
,

jmr = h(ur − wr),

jmφ = h(uφ − wφ),

wr =
τ

h

[
1

r

∂
(
rhu2r

)
∂r

+
1

r

∂ (huruφ)

∂φ
+ gh

∂h

∂r
−

hu2φ
r

− h

(
fr − g

∂b

∂r

)]
,

wφ =
τ

h

[
1

r2
∂
(
r2huruφ

)
∂r

+
1

r

∂
(
hu2φ

)
∂φ

+
1

r
gh

∂h

∂φ
− h

(
fφ −

1

r
g
∂b

∂φ

)]
,

w∗
r = τ

[
ur

∂ur
∂r

+
1

r
uφ

∂ur
∂φ

+ g
∂h

∂r
−

u2φ
r

− fr + g
∂b

∂r

]
,

w∗
φ = τ

[
1

r
ur

∂ (ruφ)

∂r
+

1

r
uφ

∂uφ
∂φ

+
1

r
g
∂h

∂φ
− fφ +

1

r
g
∂b

∂φ

]
,

Πrr = 2µ
∂ur
∂r

,

Πφφ = 2µ

(
1

r

∂uφ
∂φ

+
ur
r

)
,

Πrφ = Πφr = µ

(
1

r

∂ur
∂φ

+
∂uφ
∂r

− uφ
r

)
.

Ïðè τ = 0 ðåãóëÿðèçîâàííàÿ ñèñòåìà óðàâíåíèé ÌÂ â ïîëÿðíûõ êî-

îðäèíàòàõ (26) � (28) ïðåâðàùàåòñÿ â èñõîäíóþ ñèñòåìó óðàâíåíèé ÌÂ

â ïîëÿðíûõ êîîðäèíàòàõ (1) � (3).

Ïîñòðîåííàÿ ñèñòåìà ÊÃÄ óðàâíåíèé ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäè-

íàò ëåãêî ìîæåò áûòü îáîáùåíà äëÿ ñëó÷àÿ òå÷åíèÿ ïîëèòðîïíîãî ãàçà,

ðàññìàòðèâàåìîãî â áàðîòðîïíîì ïðèáëèæåíèè. Äëÿ ýòîãî ñëåäóåò ñäå-

ëàòü ôîðìàëüíóþ çàìåíó ïåðåìåííûõ h è p =
gh2

2
ñèñòåìû óðàâíåíèé

ÌÂ íà ρ è p = kργ.

Â îäíîìåðíîì ñëó÷àå h = h(r), ur = ur(r), uφ = uφ(r), b = b(r),
∂

∂φ
= 0
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èñõîäíàÿ ñèñòåìà óðàâíåíèé ÌÂ â ïîëÿðíûõ êîîðäèíàòàõ (1) � (3) èìååò

âèä 

∂h

∂t
+

1

r

∂ (rhur)

∂r
= 0,

∂hur
∂t

+
1

r

∂ (rhur)

∂r
+

∂

∂r

(
gh2

2

)
−

hu2φ
r

=

= h

(
fr − g

∂b

∂r

)
+

∂Πrr

∂r
+

Πrr − Πφφ

r
,

∂huφ
∂t

+
1

r2
∂
(
r2huruφ

)
∂r

= hfφ +
∂Πφr

∂r
+

2

r
Πrφ,

(29)

ãäå

Πrr = 2µ
∂ur
∂r

,

Πφφ = 2µ
ur
r
,

Πrφ = Πφr = µ

(
∂uφ
∂r

− uφ
r

)
.

Â ýòîì æå ïðèáëèæåíèè ðåãóëÿðèçîâàííàÿ ñèñòåìà óðàâíåíèé ÌÂ â

ïîëÿðíîé ñèñòåìå êîîðäèíàò (26) � (28) ïðèíèìàåò ñëåäóþùèé âèä

∂h

∂t
+

1

r

∂ (rjmr)

∂r
= 0,

∂hur
∂t

+
1

r

∂ (rjmrur)

∂r
+

∂

∂r

(
gh2

2

)
−

hu2φ
r

=

=

(
h− τ

1

r

∂ (hrur)

∂r

)(
fr − g

∂b

∂r

)
+

1

r

∂ (rurhw
∗
r)

∂r
+

+
∂

∂r

(
ghτ

1

r

∂ (hrur)

∂r

)
− τ

u2φ
r

1

r

∂ (hrur)

∂r
− 2h

uφ
r
w∗

φ +
∂Πrr

∂r
+

Πrr − Πφφ

r
,

∂huφ
∂t

+
1

r2
∂
(
r2jmruφ

)
∂r

=

(
h− τ

1

r

∂ (rhur)

∂r

)
fφ +

1

r2
∂
(
r2hurw

∗
φ

)
∂r

+
∂Πφr

∂r
+

2

r
Πrφ,

(30)
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ãäå

jmr = h (ur − wr) ,

wr =
τ

h

[
1

r

∂
(
rhu2r

)
∂r

+ gh
∂h

∂r
−

hu2φ
r

− h

(
fr − g

∂b

∂r

)]
,

w∗
r = τ

[
ur

∂ur
∂r

+ g
∂h

∂r
−

u2φ
r

− fr + g
∂b

∂r

]
,

w∗
φ = τ

[
1

r
ur

∂ (ruφ)

∂r
− fφ

]
.

4 Îäíîìåðíûå çàäà÷è è ðàâíîâåñíûå àíàëèòè÷åñêèå

ðåøåíèÿ

Ïðèìåð 1.

Ïðèâåäåì òî÷íîå ðåøåíèå óðàâíåíèé ÌÂ (29) äëÿ ïîêîÿùåéñÿ æèä-

êîñòè. Ïóñòü h = h(r), uφ = 0, ïðîèçâîäíûå ïî âðåìåíè ðàâíû íóëþ
∂

∂t
= 0, fr = 0, fφ = 0. Òîãäà èç ïåðâîãî óðàâíåíèÿ ñëåäóåò, ÷òî ur = 0.

Òðåòüå óðàâíåíèå ñèñòåìû óäîâëåòâîðÿåòñÿ òî÷íî. Èç âòîðîãî óðàâíåíèÿ

∂

∂r

(
gh2

2

)
+ gh

∂b

∂r
= 0

ïîëó÷àåòñÿ åñòåñòâåííîå óñëîâèå ðàâíîâåñèÿ äëÿ ïîêîÿùåéñÿ æèäêîñòè

h(r) + b(r) = const. (31)

Ïðèìåð 2.

Ðàññìîòðèì çàäà÷ó î ðàâíîâåñèè âðàùàþùåéñÿ æèäêîñòè.

Ïóñòü h = h(r), uφ = uφ(r), b(r) = const, fr = 0, fφ = 0. Áóäåì

èñêàòü ðåøåíèå ñèñòåìû (29) â âèäå
∂

∂t
= 0, ur = 0. Çàäàäèì ïîïåðå÷íóþ

ñêîðîñòü êàê uφ = rω0, ãäå ω0 � íåêîòîðàÿ êîíñòàíòà.
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Ïåðâîå è òðåòüå óðàâíåíèÿ ñèñòåìû óäîâëåòâîðÿþòñÿ òîæäåñòâåííî.

Èç âòîðîãî óðàâíåíèÿ ñèñòåìû (29) ñëåäóåò, ÷òî

∂

∂r

(
gh2

2

)
− hrω2

0 = 0,

è ñòàöèîíàðíîå, èëè ðàâíîâåñíîå, ðåøåíèå ñèñòåìû (29) èìååò âèä
u(r) = 0,

h(r) =
ω2
0r

2

2g
+ C1,

(32)

ãäå C1 � êîíñòàíòà, êîòîðàÿ íàõîäèòñÿ ïðè çàäàíèè íà÷àëüíûõ óñëîâèé.

Ýòà ïîñòàíîâêà ýêâèâàëåíòíà çàäàíèþ êîìïîíåíòû öåíòðîñòðåìèòåëü-

íîé ñèëû fr ïðè uφ = 0

h = h(r), ur = 0, uφ = 0,
∂

∂t
= 0, fr = rω2

0, fφ = 0.

5 Îäíîìåðíûé ðàçíîñòíûé àëãîðèòì è ðåçóëüòàòû

ðàñ÷åòà

Ââåäåì ðàâíîìåðíóþ ñåòêó ïî êîîðäèíàòå r ñ øàãîì ∆r, êîîðäèíàòàìè

óçëîâ ri, à òàêæå ñåòêó ïî âðåìåíè ñ øàãîì ∆t. Äëÿ ðåøåíèÿ ñèñòåìû

ÊÃÄ óðàâíåíèé ÌÂ â ïîëÿðíîé ñèñòåìå êîîðäèíàò èñïîëüçóåì ÿâíóþ

ïî âðåìåíè ñõåìó ñ öåíòðàëüíûìè ðàçíîñòÿìè. Çíà÷åíèÿ ãèäðîäèíàìè-

÷åñêèõ âåëè÷èí îïðåäåëÿþòñÿ â óçëàõ ñåòêè, çíà÷åíèÿ ïîòîêîâ îïðåäå-

ëÿþòñÿ â ïîëóöåëûõ óçëàõ.

Îäíîìåðíàÿ ðàçíîñòíàÿ àïïðîêñèìàöèÿ äëÿ ïåðâûõ äâóõ óðàâíåíèé

ñèñòåìû (30) âûãëÿäèò ñëåäóþùèì îáðàçîì

ĥi − hi

∆t
+

1

ri

(rjmr)i+ 1
2
− (rjmr)i− 1

2

∆r
= 0, (33)
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ˆ(hur)i − (hur)i
∆t

+
1

ri

(rjmrur)i+ 1
2
− (rjmrur)i−1

2

∆r
+

1

∆r

((
gh2

2

)
i+1

2

−
(
gh2

2

)
i− 1

2

)

−
hiu

2
φ i

ri
=

(
hi − τi

1

ri

1

∆r

(
(rhur)i+1

2
− (rhur)i−1

2

))(
fr i − g

1

∆r

(
bi+1

2
− bi− 1

2

))
+

+
1

∆r

((
ghτ

r

)
i+1

2

(hrur)i+1 − (hrur)i
∆r

−
(
ghτ

r

)
i−1

2

(hrur)i − (hrur)i−1

∆r

)
+

+
1

ri

(rurhw
∗
r)i+ 1

2
− (rurhw

∗
r)i− 1

2

∆r
− τω2

0

(hrur)i+1
2
− (hrur)i− 1

2

∆r
− 2hiω0w

∗
φ+

+
Πrr i+1

2
− Πrr i−1

2

∆r
+

Πrr i − Πφφ i

ri
,

(34)

ãäå

wr i+1
2
=

τi+ 1
2

hi+1
2

[
1

ri+1
2

(
rhu2r

)
i+1

−
(
rhu2r

)
i

∆r
+

1

∆r
ghi+1

2
(hi+1 − hi) −

−hi+ 1
2

(
fi+1

2
− g

1

∆r
(bi+1 − bi)

)]
,

(35)

w∗
r i+ 1

2
= τi+1

2

[
ur i+1

2

ur i+1 − ur i
∆r

+
1

hi+1
2

1

∆r
ghi+ 1

2
(hi+1 − hi) −

−fr i+1
2
+ g

1

∆r
(bi+1 − bi)

]
,

(36)

w∗
φ = τi+ 1

2

[
1

ri+1
2

ui+1
2

(ruφ)i+1 − (ruφ)i
∆r

]
, (37)

Πrr i+ 1
2
= 2µi+1

2

ur i+1 − ur i
∆r

, (38)

Πφφ i = 2µi
ur i
ri

. (39)
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Äèíàìè÷åñêàÿ âÿçêîòü µ áåðåòñÿ ïðîïîðöèîíàëüíîé äàâëåíèþ â ÿ÷åé-

êå è ðàññìàòðèâàåòñÿ êàê ðåãóëÿðèçóþùàÿ äîáàâêà

µ = τp = τ
gh2

2
. (40)

Ïàðàìåòð ðåãóëÿðèçàöèè ïðîïîðöèîíàëåí øàãó ñåòêè ∆r

τ = α
∆r

|ur(r)|+
√
gh(r, t)

. (41)

Øàã ïî âðåìåíè âûáèðàåòñÿ èç óñëîâèÿ Êóðàíòà â âèäå

∆t = β
∆r

|ur(r)|+
√
gh(r, t)

, (42)

ãäå β � ÷èñëî Êóðàíòà, 0 < α < 1 � ÷èñëîâîé êîýôôèöèåíò.

Ðàñ÷åòíàÿ îáëàñòü â ïðèìåðàõ áåðåòñÿ îò r1 = 10 ñì äî r2 = 110 ñì,

óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ g = 980 ñì/ñåê2 (ðèñ. 1).

Ïðèìåð 1. ×èñëåííàÿ ïðîâåðêà óñëîâèÿ ïîêîÿùåéñÿ æèäêîñòè. Íà-

÷àëüíûå óñëîâèÿ ur = 0, h(r) + b(r) = const, ïðîôèëü äíà çàäàåòñÿ êàê

íåáîëüøîé õîëìèê â âèäå ïîëóîêðóæíîñòè b(r) =
√
100− (r − 60)2 ðà-

äèóñà 10 ñì ñ öåíòðîì â òî÷êå r = 60 ñì. Ãðàíè÷íûå óñëîâèÿ äëÿ âûñîòû

æèäêîñòè h áåðóòñÿ èñõîäÿ èç òðåáîâàíèÿ âûïîëíåíèÿ óñëîâèÿ íåïðîòå-

êàíèÿ ïîòîêà ìàññû jmr = 0 íà ãðàíèöå ðàñ÷åòíîé îáëàñòè

∂h

∂r

∣∣∣∣
Γ

= −∂b

∂r

∣∣∣∣
Γ

. (43)

Äåéñòâèòåëüíî, ïîòîê ìàññû íà ãðàíèöå äîëæåí áûòü ðàâåí íóëþ jmr =

0, è ïðè ãðàíè÷íîì óñëîâèè íà ñêîðîñòü ur|Γ = 0 ïîëó÷àåì jmr = −hwr =

0.

Íà ðèñ. 2 ïðèâåäåí ðåçóëüòàò ðàñ÷åòà ýòîé çàäà÷è. ×èñëåííûé êîýô-

ôèöèåíò α â ïðåäåëàõ 0.1÷ 1 íå âëèÿåò íà ðåçóëüòàò ðàñ÷åòà.

Ïðèìåð 2. Êîíñòàíòà èíòåãðèðîâàíèÿ C1 â àíàëèòè÷åñêîì ðåøåíèè

âûáèðàåòñÿ èç çàäàíèÿ çíà÷åíèÿ âûñîòû æèäêîñòè íà ëåâîé ãðàíèöå ðàñ-
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÷åòíîé îáëàñòè h(r1, 0) = 10 ñì è ðàâíà C1 = 9.95. Óãëîâàÿ ñêîðîñòü

ðàâíà ω0 = 1.0 ñåê−1 (ñì. ðèñ. 3).

Íà÷àëüíûé óðîâåíü æèäêîñòè h0 íàõîäèòñÿ èç óñëîâèÿ ðàâåíñòâà îáú-

åìîâ ïðè t = 0 è t = ∞

2π

r2∫
r1

(
ω2
0r

2

2g
+ C1

)
rdr = h0π

(
r22 − r21

)
(44)

è ðàâåí h0 = 13 ñì. Íà÷àëüíûå óñëîâèÿ â äàííîì ïðèìåðå âûáðàíû

òàêèì îáðàçîì, ÷òîáû â ïðîöåññå ýâîëþöèè óðîâíÿ æèäêîñòè íå îáðàçî-

âûâàëèñü îáëàñòè ñ ñóõèì äíîì.

Ãðàíè÷íîå óñëîâèå äëÿ âûñîòû æèäêîñòè h áåðåòñÿ èç òðåáîâàíèÿ

íåïðîòåêàíèÿ ïîòîêà ìàññû íà ãðàíèöå jmr|Γ = 0 ïðè ur|Γ = 0

∂h

∂r

∣∣∣∣
Γ

= r|Γ
ω2
0

g
. (45)

Âðåìÿ ðàñ÷åòà ñîñòàâëÿåò 50 ñåê. Øàãè ñåòêè ðàâíû∆r = 2.0, 1.0, 0.5

ñì, ïàðàìåòð α = 0.5, ÷èñëî Êóðàíòà β = 0.1. Îáëàñòü ðàñ÷åòà äëÿ α îò

0.1 äî 1.0, äëÿ β � äî 0.4. Ðåçóëüòàòû ðàñ÷åòîâ ïðåäñòàâëåíû íà ðèñ. 4.

Îáà ïðåäñòàâëåííûõ ðàñ÷åòà ïîêàçûâàþò, ÷òî ïîñòðîåííàÿ ðàçíîñò-

íàÿ ñõåìà ìîíîòîííî ñõîäèòñÿ ê àíàëèòè÷åñêèì ðåøåíèÿì â óêàçàíîì

èíòåðâàëå øàãîâ ñåòêè è ÷èñåë Êóðàíòà. Òî÷íîñòü ÷èñëåííîãî ðåøåíèÿ

äëÿ h(r) è ur = 0 íà ñåòêå ñ øàãîì ∆r = 1.0 ïðè çàäàíèè íà÷àëüíîãî

óñëîâèÿ â âèäå àíàëèòè÷åñêîãî ðåøåíèÿ ñîñòàâëÿåò ∼ 10−3.

6 Ñáàëàíñèðîâàííàÿ ñõåìà

Äëÿ ðÿäà çàäà÷ âàæíî, ÷òîáû ðàçíîñòíàÿ ñõåìà îáëàäàëà ñâîéñòâîì

"well�balanced"[9]. Óêàçàííîå óñëîâèå îçíà÷àåò, ÷òî â ñîñòîÿíèè ðàâíî-

âåñèÿ (u ≡ 0) ñèëà äàâëåíèÿ äîëæíà áûòü óðàâíîâåøåíà ïðèëîæåííîé ê
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ñèñòåìå âíåøíåé ñèëîé. Äëÿ óðàâíåíèÿ Ýéëåðà ýòî ñîîòíîøåíèå çàïèñà-

âàåòñÿ â âèäå

∇p = hf = h∇ϕ, (46)

ãäå p � äàâëåíèå, h � âûñîòà æèäêîñòè, f = ∇ϕ � ìàññîâàÿ ñèëà.

Äëÿ ñáàëàíñèðîâàííûõ ñõåì ñîîòíîøåíèå (46) äîëæíî óäîâëåòâîðÿòü-

ñÿ ñ âûñîêîé òî÷íîñòüþ íà óðîâíå ðàçíîñòíîãî àëãîðèòìà. Äëÿ "well�

balanced"ñõåìû ýòà òî÷íîñòü ìîæåò ñîñòàâëÿòü ïîðÿäêà 10−13 − 10−15.

Ðàçðàáîòêå òàêèõ ñõåì ïîñâÿùåíî ìíîãî ðàáîò, íî ïîñòðîèòü òàêèå ñõå-

ìû íà áàçå ÷èñëåííûõ àëãîðèòìîâ ïîâûøåííîãî ïîðÿäêà òî÷íîñòè äî-

ñòàòî÷íî ñëîæíî [10].

ÊÃÄ àëãîðèòì åñòåñòâåííûì îáðàçîì ìîæíî ñäåëàòü ñáàëàíñèðîâàí-

íûì, ïîñêîëüêó âêëþ÷åííàÿ â íåãî àäàïòèâíàÿ ÷èñëåííàÿ äèññèïàöèÿ

çàíóëÿåòñÿ íà ðàâíîâåñíûõ ðåøåíèÿõ. Ïðèâåäåì ñïîñîá ïîñòðîåíèÿ ñáà-

ëàíñèðîâàííîé ÊÃÄ ñõåìû äëÿ äâóõ ðàññìîòðåííûõ âûøå ïðèìåðîâ.

Ïðèìåð 1. Àíàëîãîì âíåøíåé ñèëû â äàííîì ñëó÷àå âûñòóïàåò âû-

ðàæåíèå −g∂b/∂r, è ñîîòíîøåíèå (46) ïðèíèìàåò âèä

∂

∂r

(
gh2

2

)
+ gh

∂b

∂r
= 0 (47)

èëè

∂

∂r
(h+ b) = 0. (48)

Ðàçíîñòíàÿ àïïðîêñèìàöèÿ ñîîòâåòñòâóþùèõ ñëàãàåìûõ â ñõåìå (34)

çàïèñûâàåòñÿ â âèäå

g

2

h2
i+ 1

2

− h2
i−1

2

∆r
+ ghi

bi+1
2
− bi−1

2

∆r
= 0. (49)

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñáàëàíñèðîâàííóþ ðàçíîñòíóþ ñõåìó, íåîáõî-

äèìî çàìåíèòü hi íà
hi+1/2 + hi−1/2

2
. Òîãäà ïîëó÷àåòñÿ ðàçíîñòíîå ñîîò-
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íîøåíèå

1

∆r

(
hi+ 1

2
− hi−1

2
+ bi+ 1

2
− bi−1

2

)
= 0, (50)

êîòîðîå íåïîñðåäñòâåííî àïïðîêñèìèðóåò (48).

Ïðè òàêîé ìîäèôèêàöèè ðàçíîñòíîãî óðàâíåíèÿ (34) òî÷íîå ðåøåíèå

b(r) + h(r) = 13 ñì âû÷èñëÿåòñÿ ñ òî÷íîñòüþ äî 10−13 è ñêîðîñòü ur = 0

� ñ òî÷íîñòüþ äî 10−14. Óêàçàííàÿ ìîäèôèêàöèÿ ðàçíîñòíîãî ÊÃÄ àë-

ãîðèòìà äëÿ óðàâíåíèé ÌÂ âïåðâûå áûëà ïðåäëîæåíà â [8] äëÿ ïëîñêèõ

îäíîìåðíûõ òå÷åíèé è îáîáùåíà â [11] íà äâóìåðíûå çàäà÷è äëÿ ñõåì,

ïîñòðîåííûõ íà ïðÿìîóãîëüíûõ è íåñòðóêòóðèðîâàííûõ ñåòêàõ.

Ïðèìåð 2. Àíàëîãîì âíåøíåé ñèëû â äàííîì ñëó÷àå âûñòóïàåò âû-

ðàæåíèå hrw2
0, è ñîîòíîøåíèå (46) ïðèíèìàåò âèä

∂

∂r

(
gh2

2

)
− hw2

0

∂

∂r

(
r2

2

)
= 0. (51)

Ðàçíîñòíàÿ àïïðîêñèìàöèÿ çàïèñûâàåòñÿ â âèäå

g

2

h2
i+ 1

2

− h2
i−1

2

∆r
− hiω

2
0

r2
i+1

2

− r2
i−1

2

2∆r
= 0. (52)

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñáàëàíñèðîâàííóþ ðàçíîñòíóþ ñõåìó äëÿ âû-

ðàæåíèÿ
∂h

∂r
=

ω2
0r

2g
, â ñõåìå (34) òàêæå íåîáõîäèìî çàìåíèòü hi íà

hi+1/2 + hi−1/2

2
, ò.å.

g

2

h2
i+ 1

2

− h2
i−1

2

∆r
−

hi+1
2
+ hi−1

2

2
ω2
0

r2
i+ 1

2

− r2
i−1

2

2∆r
= 0. (53)

Òî÷íîñòü ÷èñëåííîãî ðåøåíèÿ ïðè çàäàíèè íà÷àëüíîãî óñëîâèÿ â âèäå

àíàëèòè÷åñêîãî ðåøåíèÿ (32) ñîñòàâëÿåò 10−14 äëÿ h(r) è ur = 0.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé, ïðîåêò 13-01-00703-à, 12-01-00769-à.
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Ðèñ. 1. Ðàñ÷åòíàÿ îáëàñòü.
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h(r) + b(r) = const

Ðèñ. 2. Ïðèìåð 1. Âûñîòà h(r) � ÷èñëåííûé ðàñ÷åò äëÿ ∆r = 1.0 ïðè t = 1 ñåê.

α = 0.5, β = 0.1.
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Analytical solution

Ðèñ. 3. Ïðèìåð 2. Âû÷èñëåíèå íà÷àëüíîãî óðîâíÿ æèäêîñòè. Íà÷àëüíûé è êîíå÷íûé

óðîâíè æèäêîñòè â àíàëèòè÷åñêîì ðàñ÷åòå.
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Analytical solution
Grid step 2.0
Grid step 1.0
Grid step 0.5

Ðèñ. 4. Ïðèìåð 2. Âûñîòà h(r) � àíàëèòè÷åñêèé è ÷èñëåííûé ðàñ÷åòû äëÿ ∆r =

2.0, 1.0, 0.5. α = 0.5, β = 0.1, t = 50 ñåê.


