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Ãëèçíóöèíà Ï.Â., Ëóêèí Â.Â., Ðîäèí À.Ñ.
Ðåàëèçàöèÿ óñëîâèÿ ìåõàíè÷åñêîãî êîíòàêòà óïðóãèõ òåë â ðàìêàõ ÌÊÝ

ïðè ðàçëè÷íîì âûáîðå áàçèñíûõ ôóíêöèé: îäíîìåðíûé ñëó÷àé

Ðàññìîòðåíà çàäà÷à î êîíòàêòíîì âçàèìîäåéñòâèè äâóõ äåôîðìèðóåìûõ
óïðóãèõ òåë â îäíîìåðíîé öèëèíäðè÷åñêè-ñèììåòðè÷íîé ïîñòàíîâêå. Äëÿ
àïïðîêñèìàöèè óïðóãîé çàäà÷è ïðèìåíåíû ìåòîäû êîíå÷íûõ ýëåìåíòîâ íà
äâóõóçëîâûõ ýëåìåíòàõ ñ áàçèñíûìè ôóíêöèÿìè Ëàãðàíæà è Ýðìèòà. Äëÿ
ó÷åòà êîíòàêòíûõ óñëîâèé â ïåðâîì ñëó÷àå ðåàëèçîâàí ìåòîä ìíîæèòåëåé
Ëàãðàíæà, âî âòîðîì ñëó÷àå îíè ó÷òåíû åñòåñòâåííûì îáðàçîì. Ðåøåíû òå-
ñòîâûå êîíòàêòíûå çàäà÷è, èìåþùèå àíàëèòè÷åñêîå ðåøåíèå. Ïðîâåäåí ñðàâ-
íèòåëüíûé àíàëèç, ïîêàçàâøèé, ÷òî ìåòîä ñ èñïîëüçîâàíèåì ôóíêöèé Ýðìè-
òà ïîçâîëÿåò ïîëó÷àòü áîëåå òî÷íûå ðåçóëüòàòû, ÷åì ìåòîä ñ èñïîëüçîâàíèåì
ôóíêöèé Ëàãðàíæà, íî îáëàäàåò íàìíîãî áîëüøåé âû÷èñëèòåëüíîé ñëîæíî-
ñòüþ.

Êëþ÷åâûå ñëîâà: êîíòàêòíàÿ çàäà÷à, ìåòîä êîíå÷íûõ ýëåìåíòîâ, ìåòîä
ìíîæèòåëåé Ëàãðàíæà, áàçèñíûå ôóíêöèè Ëàãðàíæà, áàçèñíûå ôóíêöèè Ýð-
ìèòà.

Polina Vladimirovna Gliznutsina, Vladimir Vladimirovich Lukin, Alek-
sandr Sergeevich Rodin

Mechanical contact conditions implementation in FEM algorythms with dif-
ferent basis functions sets: one-dimensional case

The one-dimensional axisymmetric approximation for the elastic contact
problem is considered. Finite element method algorythms with Lagrange and
Hermite basic functions are used. In the first case the Lagrange multiplier
method for contact conditions implementation is used. In the second case the
contact conditions are implemented in the natural way. Test contact problems
with analitical solutions are solved. The tests showed that FEM algorythm
with Hermite basis functions is more accurate, than Lagrange one. On the
other hand, algorythm with Hermite basis functions has a much higher compu-
tational complexity.

Key words: contact problem, finite element method, Lagrange multiplier,
Lagrange basic functions, Hermite basic functions.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû
�� 14-01-31496, 15-01-03073).



1. Ââåäåíèå

Ìåõàíèêà êîíòàêòíûõ âçàèìîäåéñòâèé ÿâëÿåòñÿ âàæíûì ðàçäåëîì ìåõà-
íèêè ñïëîøíûõ ñðåä è íàõîäèò ïðèìåíåíèå â ðàçëè÷íûõ îáëàñòÿõ íàóêè è
òåõíèêè. Â ìàøèíîñòðîåíèè êîíòàêòíîìó âçàèìîäåéñòâèþ òåë óäåëÿþò îñî-
áîå âíèìàíèå, ïîñêîëüêó êîíòàêòíîå äàâëåíèå ÿâëÿåòñÿ îäíèì èç îñíîâíûõ
âèäîâ ñèëîâîé íàãðóçêè íà ýëåìåíòû êîíñòðóêöèè. Àäåêâàòíûé ó÷åò ïðîöåñ-
ñîâ, ïðîèñõîäÿùèõ â çîíå êîíòàêòà, ïîçâîëÿåò ïðîâåñòè ïðàâèëüíóþ îöåíêó
ïðî÷íîñòè è äîëãîâå÷íîñòè äåòàëåé è ñäåëàòü âûâîä îá ýêîíîìè÷åñêîé öå-
ëåñîîáðàçíîñòè èñïîëüçîâàíèÿ ðàññìàòðèâàåìîé êîíñòðóêöèè. Îñíîâíûå äî-
ñòèæåíèÿ â îáëàñòè ìåõàíèêè êîíòàêòíûõ âçàèìîäåéñòâèé ñäåëàíû â ðàáîòàõ
È.ß.Øòàåðìàíà [1], Ê.Äæîíñîíà [2], Â.À.Áàáåøêî [3] è äðóãèõ.

×èñëåííîå ìîäåëèðîâàíèå êîíòàêòà äâóõ òåë ïîðîæäàåò ðÿä ïðîáëåì. Â
÷àñòíîñòè, íåîáõîäèìî íà ÷èñëåííîì óðîâíå âûïîëíèòü êîíòàêòíûå óñëîâèÿ
äâóõ òèïîâ � êèíåìàòè÷åñêèå (îòñóòñòâèå çàçîðà ìåæäó ïîâåðõíîñòÿìè êîí-
òàêòèðóþùèõ òåë) è ñèëîâûå (ðàâåíñòâî íîðìàëüíûõ ê êîíòàêòíîé ïîâåðõ-
íîñòè êîìïîíåíò òåíçîðîâ íàïðÿæåíèé â òåëàõ).

Êèíåìàòè÷åñêèå êîíòàêòíûå óñëîâèÿ â áîëüøèíñòâå ñëó÷àåâ ÷èñëåííîãî
àíàëèçà êîíòàêòíîãî âçàèìîäåéñòâèÿ òåë ìîæíî ó÷åñòü â ÿâíîì âèäå, òàê êàê
â êà÷åñòâå íåèçâåñòíûõ îáû÷íî âûáèðàþòñÿ ïåðåìåùåíèÿ, è ñîîòâåòñòâóþùåå
óñëîâèå ïåðåõîäèò (â îòñóòñòâèå òðåíèÿ) â óñëîâèå ðàâåíñòâà íîðìàëüíûõ
êîìïîíåíò ïåðåìåùåíèé íà êîíòàêòíîé ïîâåðõíîñòè.

Ñèëîâûå êîíòàêòíûå óñëîâèÿ ñîäåðæàò ïðîèçâîäíûå ÷èñëåííîãî ðåøåíèÿ
è ìîãóò áûòü âûïîëíåíû òîëüêî â íåêîòîðîì ñëàáîì ñìûñëå � â âèäå ðà-
âåíñòâà èíòåãðàëüíûõ ñðåäíèõ îò íîðìàëüíûõ íàïðÿæåíèé íà êîíòàêòíîé
ïîâåðõíîñòè. Ýòî îáñòîÿòåëüñòâî íå ïîçâîëÿåò âêëþ÷àòü äàííûå óñëîâèÿ, íà-
ïðèìåð, â äèñêðåòèçîâàííóþ ñèñòåìó óðàâíåíèé ìåòîäà êîíå÷íûõ ýëåìåíòîâ
(ÌÊÝ) ÿâíûì îáðàçîì � ýòî ïðèâåäåò ê ïîòåðå òî÷íîñòè ÷èñëåííîãî ðåøå-
íèÿ. Äëÿ ó÷åòà ñèëîâûõ óñëîâèé â ýòîì ñëó÷àå ïðèõîäèòñÿ ïðèìåíÿòü äîïîë-
íèòåëüíûå ïðèåìû.

Äëÿ ðåøåíèÿ êîíòàêòíûõ çàäà÷ ïðèìåíÿþòñÿ ðàçëè÷íûå ÷èñëåííûå ìåòî-
äû, â òîì ÷èñëå:

1) ìåòîä ìíîæèòåëåé Ëàãðàíæà [4], [5], [6];
2) ìåòîä øòðàôîâ [6];
3) ìåòîä ñ èñïîëüçîâàíèåì ôóíêöèé ôîðìû Ýðìèòà;
4) ìåòîä Øâàðöà [7], [8], [9].
Â ðàáîòå îïèñàíû íåêîòîðûå èç íèõ.
Öåëüþ ðàáîòû ÿâëÿåòñÿ ñðàâíåíèå ìåòîäà ìíîæèòåëåé Ëàãðàíæà è ìîäè-

ôèêàöèè ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñ èñïîëüçîâàíèåì áàçèñíûõ ôóíêöèé
Ýðìèòà íà ïðèìåðå ðåøåíèÿ êâàçèîäíîìåðíîé çàäà÷è ðàäèàëüíîãî êîíòàê-
òà äâóõ òðóá. Â öåíòðå âíèìàíèÿ íàõîäèòñÿ ñïîñîá ðåàëèçàöèè êîíòàêòíûõ
óñëîâèé.
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2. Ïîñòàíîâêà çàäà÷è

Ðèñ. 1. Êîíñòðóêöèÿ èç äâóõ òðóá,

ñîåäèíåííûõ ñ íàòÿãîì

Â êà÷åñòâå áàçîâîãî ïðèìåðà ðàññìîò-
ðèì êîíñòðóêöèþ èç äâóõ òðóá, ñîåäèíåí-
íûõ ñ íàòÿãîì (ðèñ. 1), íàãðóæåííóþ òàê,
÷òî âíåøíÿÿ è âíóòðåííÿÿ íàãðóçêè ÿâëÿþò-
ñÿ îñåñèììåòðè÷íûìè. Ñ÷èòàåì, ÷òî òîðöû
òðóá çàêðåïëåíû, ïîýòîìó îñåâûå ïåðåìåùå-
íèÿ âî âñåé îáëàñòè ðàâíû íóëþ. Ìàññîâûå è
îñåâûå ñèëû îòñóòñòâóþò. Â ñèëó ñäåëàííûõ
ïðåäïîëîæåíèé çàäà÷à ðàññìîòðåíà â îäíî-
ìåðíîé îñåñèììåòðè÷íîé ïîñòàíîâêå.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: r0, r1

� âíóòðåííèé è âíåøíèé ðàäèóñû ïåðâîé
òðóáû ñîîòâåòñòâåííî; r2, r3 � âíóòðåííèé
è âíåøíèé ðàäèóñû âòîðîé òðóáû ñîîòâåò-
ñòâåííî; u � âåêòîð ïåðåìåùåíèÿ; ε � òåí-
çîð äåôîðìàöèè; σ � òåíçîð íàïðÿæåíèé;
p1, p2 � âíóòðåííåå è âíåøíåå äàâëåíèÿ;
ν1, ν2 � êîýôôèöèåíòû Ïóàññîíà ïåðâîé è
âòîðîé òðóáû ñîîòâåòñòâåííî; G1, G2 � ìî-
äóëè ñäâèãà ïåðâîé è âòîðîé òðóáû ñîîòâåòñòâåííî. Áóäåì ðàññìàòðèâàòü
ñëó÷àé r1 = r2.

2.1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ìàòåìàòè÷åñêàÿ ìîäåëü ìåõàíèêè äåôîðìèðóåìîãî óïðóãîãî òåëà ñîñòîèò
èç ñëåäóùèõ áàçîâûõ ñîîòíîøåíèé (âåçäå äàëåå ïðåäïîëîãàåòñÿ ñóììèðîâà-
íèå ïî ïîâòîðÿþùèìñÿ èíäåêñàì) [10].

1) Òåíçîð ìàëûõ äåôîðìàöèé Êîøè

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, (1)

ãäå ui = ui(x, t) - êîìïîíåíòû âåêòîðà ïåðåìåùåíèé ñïîëîøíîé ñðåäû â òî÷êå

ïðîñòðàíñòâà x = (x1, x2, x3)
T â ìîìåíò âðåìåíè t. εij � êîìïîíåíòû òåíçîðà

äåôîðìàöèé.
2) Çàêîí Ãóêà

σij = Cijklεkl, (2)

ãäå σij � êîìïîíåíòû òåíçîðà íàïðÿæåíèé, Cijkl � êîìïîíåíòû òåíçîðà óïðó-
ãèõ êîýôôèöèåíòîâ.

3) Äèôôåðåíöèàëüíûå óðàâíåíèÿ ðàâíîâåñèÿ

∂σji
∂xj

+ bi = 0, (3)
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ãäå σij � êîìïîíåíòû òåíçîðà íàïðÿæåíèé, bi � êîìïîíåíòû âåêòîðà îáúåì-
íûõ ñèë.

4) Êèíåìàòè÷åñêèå (óñëîâèÿ íà ïåðåìåùåíèÿ) è ñèëîâûå (óñëîâèÿ íà íà-
ïðÿæåíèÿ) ãðàíè÷íûå óñëîâèÿ â ðàçëè÷íûõ êîìáèíàöèÿõ.

Áóäåì èñïîëüçîâàòü öèëèíäðè÷åñêóþ ñèñòåìó êîîðäèíàò (r, θ, z). Ñ ó÷å-
òîì ñäåëàííûõ ïðåäïîëîæåíèé îá îñåâîé ñèììåòðèè è îäíîìåðíîñòè çàäà÷è
îñíîâíûå ñîîòíîøåíèÿ ïðèíèìàþò ñëåäóþùèé âèä [10].

1) Êîìïîíåíòû òåíçîðà ìàëûõ äåôîðìàöèé Êîøè

εrr =
∂ur
∂r

, εθθ =
ur
r
. (4)

Îñòàëüíûå êîìïîíåíòû òåíçîðà äåôîðìàöèé ðàâíû íóëþ.
2) Îáîáùåííûé çàêîí Ãóêà.
Â äàííîé çàäà÷å ñ÷èòàåì, ÷òî îñåâàÿ ñèëà îòñóòñâóåò, ïîýòîìó σz = 0.

Òîãäà, ó÷èòûâàÿ (4), êîìïîíåíòû òåíçîðà íàïðÿæåíèé ïðèìóò âèä:

σr =
2G

1− 2ν

(
(1− ν)

∂u

∂r
+ ν

u

r

)
, (5)

σθ =
2G

1− 2ν

(
ν
∂u

∂r
+ (1− ν)

u

r

)
. (6)

3) Äèôôåðåíöèàëüíîå óðàâíåíèå ðàâíîâåñèÿ (ìàññîâûå ñèëû îòñóòñòâóþò
ïî óñëîâèþ çàäà÷è):

∂σr
∂r

+
σr − σθ

r
= 0. (7)

Ïîäñòàâèâ â (7) âûðàæåíèÿ äëÿ íàïðÿæåíèé èç (5), ïîëó÷èì óðàâíåíèå
Ëàìå:

2G(1− ν)

1− 2ν

(
∂2u

∂r2
+

1

r

∂u

∂r
− 1

r2
u

)
= 0, (8)

Êîíòàêòíîå âçàèìîäåéñòâèå äâóõ äåôîðìèðóåìûõ òâåðäûõ òåë îïèñûâàåò-
ñÿ äâóìÿ óðàâíåíèÿìè Ëàìå, êîíòàêòíûìè è ãðàíè÷íûìè óñëîâèÿìè. Óðàâ-
íåíèÿ Ëàìå äëÿ êàæäîãî òåëà èìåþò ñëåäóþùèé âèä:

2G1(1− ν1)

1− 2ν1

(
∂2u(1)

∂r2
+

1

r

∂u(1)

∂r
− 1

r2
u(1)

)
= 0, (9)

2G2(1− ν2)

1− 2ν2

(
∂2u(2)

∂r2
+

1

r

∂u(2)

∂r
− 1

r2
u(2)

)
= 0. (10)

Íà êîíòàêòíîé ãðàíèöå òåë äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå óñëîâèÿ äëÿ
ïåðåìåùåíèé è íàïðÿæåíèé:

u(1)(r1) = u(2)(r2), (11)

σr(r1) = σr(r2). (12)
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3. ×èñëåííûå ìåòîäû

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (9) � (12) âîñïîëüçóåìñÿ ìåòîäîì êîíå÷-
íûõ ýëåìåíòîâ [11].

Ïðèìåíèì äâà âàðèàíòà óêàçàííîãî ìåòîäà:
1) Â êà÷åñòâå ôóíêöèé ôîðìû âûáåðåì ôóíêöèè Ëàãðàíæà. Äëÿ ó÷åòà

êîíòàêòíûõ óñëîâèé âîñïîëüçóåìñÿ ìåòîäîì ìíîæèòåëåé Ëàãðàíæà.
2) Â êà÷åñòâå ôóíêöèé ôîðìû âûáåðåì ôóíêöèè Ýðìèòà. Â ýòîì ñëó÷àå

êîíòàêòíûå óñëîâèÿ ìîæíî ðàññìàòðèâàòü àíàëîãè÷íî ñòàíäàðòíûì ãðàíè÷-
íûì óñëîâèÿì. Íèêàêèõ äîïîëíèòåëüíûõ ïðèåìîâ íå òðåáóåòñÿ.

3.1. Ìåòîä ìíîæèòåëåé Ëàãðàíæà

Îïèøåì îáùóþ ñõåìó ìåòîäà ìíîæèòåëåé Ëàãðàíæà íà ïðèìåðå ñëåäóþ-
ùåé çàäà÷è [6]. Íà òî÷å÷íóþ ìàññó m íà ïðóæèíå æåñòêîñòüþ k äåéñòâóåò
ñèëà òÿæåñòè (ðèñ. 2). Îòêëîíåíèå òåëà îãðàíè÷åíî òâåðäîé ïðåãðàäîé.

Ðèñ. 2. Òåëî ñ ïðóæèíîé

Ïîòåíöèàëüíóþ ýíåðãèþ òàêîé ñèñòåìû ìîæ-
íî çàïèñàòü â ñëåäóþùåì âèäå:

Π(u) =
1

2
ku2 −mgu. (13)

Îãðàíè÷åíèå íà äâèæåíèå òåëà ñî ñòîðîíû
òâåðäîé ïðåãðàäû âûðàçèì íåðàâåíñòâîì

c(u) = h− u ≥ 0. (14)

Âûïîëíåíèå íåðàâåíñòâà (14) èñêëþ÷àåò ïðî-
íèêàíèå òåëà â ïðåãðàäó. Åñëè c(u) > 0, òî ìåæ-
äó òåëîì è òâåðäîé ïðåãðàäîé åñòü çàçîð. Åñëè
c(u) = 0, òî çàçîð îòñóòñòâóåò.

Ñîãëàñíî ìåòîäó ìíîæèòåëåé Ëàãðàíæà äëÿ
ó÷åòà îãðàíè÷åíèé èñïîëüçóåì ìîäèôèöèðîâàí-
íóþ ýíåðãèþ ñèñòåìû

ΠL(u, λ) =
1

2
ku2 −mgu+ λc(u). (15)

ãäå λ � ìíîæèòåëü Ëàãðàíæà.
Â ñîîòâåòñòâèè ñ ïðèíöèïîì ìèíèìóìà ïîòåíöèàëüíîé ýíåðãèè ïåðâàÿ âà-

ðèàöèÿ δΠ äîëæíà áûòü ðàâíà 0. Ïðè ýòîì âàðèàöèè u è λ ÿâëÿþòñÿ íåçàâè-
ñèìûìè. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó{

kuδu−mgδu− λδu = 0

c(u)δλ = 0
(16)
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èëè â ñèëó ïðîèçâîëüíîñòè âàðèàöèé u è λ{
ku−mg − λ = 0

c(u) = 0
(17)

Ïåðâîå óðàâíåíèå (17) ÿâëÿåòñÿ óðàâíåíèåì ðàâíîâåñèÿ äëÿ òî÷å÷íîé ìàñ-
ñû, âêëþ÷àþùèì â ñåáÿ ñèëû ðåàêöèè îïîðû ïðè íàëè÷èè êîíòàêòà òåëà
ñ òâåðäîé ïðåãðàäîé. Âòîðîå óðàâíåíèå îïèñûâàåò êèíåìàòè÷åñêîå óñëîâèå
êîíòàêòà: u = h. Òàêèì îáðàçîì, â ïðèâåäåííîé ïîñòàíîâêå ôóíêöèîíàë âà-
ðüèðóåòñÿ áåç äîïîëíèòåëüíûõ îãðàíè÷åíèé, à ìíîæèòåëü Ëàãðàíæà λ ÿâëÿ-
åòñÿ íåçàâèñèìîé ïåðåìåííîé, èìåþùåé ñìûñë ñèëû ðåàêöèè îïîðû RN

λ = kh−mg = RN . (18)

Çàìåòèì, ÷òî äëÿ äàííîé ñèëû âñåãäà âûïîëíÿåòñÿ íåðàâåíñòâî RN ≤ 0,
òî åñòü êîíòàêòíàÿ ñèëà ìîæåò áûòü òîëüêî ñæèìàþùåé.

Ïðèìåíèì ðàññìîòðåííûé ïîäõîä ê çàäà÷å êîíòàêòíîãî âçàèìîäåéñòâèÿ
äâóõ äåôîðìèðóåìûõ òåë â îäíîìåðíîé îñåñèììåòðè÷íîé ïîñòàíîâêå.

Ââåäåì íà îòðåçêàõ [r0, r1] è [r2, r3] ðàâíîìåðíûå ñåòêè ñ øàãîì h:

ω
(1)
h = xi : xi = r0 + ih, i = 0, N1.

ω
(2)
h = xi : xi = r2 + ih, i = 0, N2.

Ïðèáëèæåííîå ðåøåíèå çàäà÷è (9) � (12) ïðåäñòàâèì â âèäå [12]:

u
(α)
h =

Nα∑
j=0

u
(α)
j φj, α = 1, 2, (19)

ãäå Nα � êîëè÷åcòâî òî÷åê ñåòêè äëÿ òåëà α, u
(α)
i � çíà÷åíèÿ ïåðåìåùåíèÿ

â óçëàõ ñåòêè, {φi}(α) � íàáîðû áàçèñíûõ ôóíêöèé, èìåþùèå ñëåäóþùèé
âèä [12]:

φ
(α)
i (x) =


1 +

x− x(α)
i

h
, x

(α)
i − h ≤ x ≤ x

(α)
i ,

1− x− x(α)
i

h
, x

(α)
i ≤ x ≤ x

(α)
i + h,

0, |x− x(α)
i | > h.

(20)

Ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìèðóåìîãî òåëà â çàäà÷å, îïèñûâàåìîé óðàâ-
íåíèåì (8), èìååò âèä:

Π =

ˆ

V

(σrεr + σθεθ) rdV. (21)
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Äëÿ êîíòàêòíîé çàäà÷è (9) � (12) ïîñòðîèì ìîäèôèöèðîâàííóþ ïîòåíöè-
àëüíóþ ýíåðãèþ, ó÷èòûâàþùóþ íàëè÷èå îãðàíè÷åíèé íà êîíòàêòå:

ΠL =
2∑

α=1

Π(α) +

ˆ

Γ

λg(u)dΓ, (22)

ãäå λ � ìíîæèòåëü Ëàãðàíæà, g(u) � çàçîð ìåæäó êîíòàêòèðóþùèìè òåëà-
ìè, Π(α) � ïîòåíöèàëüíàÿ ýíåðãèÿ òåëà α.

Ìåòîä ìíîæèòåëåé Ëàãðàíæà çàêëþ÷àåòñÿ â ìèíèìèçàöèè ïîñòðîåííîãî
ôóíêöèîíàëà (22). Äëÿ ýòîãî ïðèðàâíÿåì íóëþ ïåðâóþ âàðèàöèþ ïîòåíöè-
àëüíîé ýíåðãèè:

δΠL = δ

(
2∑

α=1

Π(α) +

ˆ
Γ
λg(u)dΓ

)
=

=
2∑

α=1

δ

ˆ

Vα

(
σ(α)
r δε(α)

r + σ
(α)
θ δε

(α)
θ

)
rdV +

ˆ

Γ

(δλg(u) + λδg(u)) dΓ. (23)

Ñ ó÷åòîì ñîîòíîøåíèé äëÿ äåôîðìàöèé (4) è ñîîòíîøåíèé äëÿ íàïðÿæå-
íèé (5) ïîëó÷àåì

δΠL =
2∑

α=1

ˆ
Vα

2Gα

1− 2να

(
(1− να)

∂u(α)

∂r
+ να

u(α)

r

)
δ
∂u(α)

∂r
rdV+

+

ˆ

Vα

2Gα

1− 2να

(
να
∂u(α)

∂r
+ (1− να)

u(α)

r

)
δ
u(α)

r
rdV

+

ˆ

Γ

(δλg(u) + λδg(u)) dΓ.

(24)

Òàê êàê ïðèáëèæåííîå ðåøåíèå çàäà÷è èìååò âèä (19), ïðåäñòàâèì (24) â
ñëåäóþùåì âèäå:

δΠL =
2∑

α=1

ˆ

Vα

Nα∑
i=0

Nα∑
j=0

(
2Gα

1− 2να

(
(1− να)u

(α)
i

∂φ
(α)
i

∂r
+ ναui

φ
(α)
i

r

)
δu

(α)
j

∂φ
(α)
j

∂r
+

+
2Gα

1− 2να

(
ναu

(α)
i

∂φ
(α)
i

∂r
+ (1− να)u

(α)
i

φ
(α)
i

r

)
δu

(α)
j

φ
(α)
j

r

)
rdV+

+

ˆ

Γ

(δλg(u) + λδg(u)) dΓ =
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=
2∑

α=1

2Gα

1− 2να

ˆ

Vα

Nα∑
i=0

Nα∑
j=0

(
(1− να)

(
r
∂φ

(α)
i

∂r

∂φ
(α)
j

∂r
+

1

r
φ

(α)
i φ

(α)
j

)
+

+να

(
φ

(α)
i

∂φ
(α)
j

∂r
+ φ

(α)
j

∂φ
(α)
i

∂r

))
u

(α)
i δu

(α)
j dV +

ˆ

Γ

(δλg(u) + λδg(u)) dΓ = 0.

(25)

Òîãäà ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ïðèìåò âèä (δj,N1 è δj,0
� ñèìâîë Êðîíåêåðà)

2G1

1− 2ν1

ˆ

V1

N1∑
i=0

(
(1− ν1)

(
r
∂φ

(1)
i

∂r

∂φ
(1)
j

∂r
+

1

r
φ

(1)
i φ

(1)
j

)
+

+ν1

(
φ

(1)
i

∂φ
(1)
j

∂r
+ φ

(1)
j

∂φ
(1)
i

∂r

))
u

(1)
i dV + δj,N1λ = 0, j = 0, N1, (26)

2G2

1− 2ν2

ˆ

V2

N2∑
i=0

(
(1− ν2)

(
r
∂φ

(2)
i

∂r

∂φ
(2)
j

∂r
+

1

r
φ

(2)
i φ

(2)
j

)
+

+ν2

(
φ

(2)
i

∂φ
(2)
j

∂r
+ φ

(2)
j

∂φ
(2)
i

∂r

))
u

(2)
i dV − δj,0λ = 0, j = 0, N2, (27)

ˆ

Γ

g(u)dΓ = 0. (28)

3.2. Ìåòîä ñ èñïîëüçîâàíèåì ôóíêöèé ôîðìû Ýðìèòà

Ðèñ. 3. Ôóíêöèè ôîðìû Ýðìèòà

Â ðàìêàõ ìåòîäà êîíå÷íûõ ýëåìåíòîâ
êîíòàêòíûå óñëîâèÿ (3) ìîãóò áûòü ó÷òå-
íû ïðÿìûì îáðàçîì. Äëÿ ýòîãî ïðè ïî-
ñòðîåíèè ïðèáëèæåííîãî ðåøåíèÿ áóäåì
èñïîëüçîâàòü íå òîëüêî óçëîâûå çíà÷å-
íèÿ íåèçâåñòíîé ôóíêöèè, íî è çíà÷åíèÿ
åå ïåðâîé ïðîèçâîäíîé ïî ïðîñòðàíñòâó:

u
(α)
h =

Nα∑
j=0

(
u

(α)
j φ

(α)
j + u

′(α)
j ψ

(α)
j

)
, (29)

ãäå Nα � êîëè÷åcòâî òî÷åê ñåòêè äëÿ òå-

ëà α, u
(α)
j , u

′(α)
j � íåêîòîðûå êîýôôèöè-

åíòû, {φi}(α), {ψj}(α) � íàáîðû áàçèñíûõ ôóíêöèé. Òàêèå íàáîðû áàçèñíûõ
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ôóíêöèé íàçûâàþòñÿ ôóíêöèÿìè Ýðìèòà è èìåþò ñëåäóþùèé âèä [11]:

φ
(α)
i (x) =



(
h+ x− x(α)

i

)2
(h− 2x+ 2x

(α)
i )

h3
, x

(α)
i − h ≤ x ≤ x

(α)
i ,

(h− x+ x
(α)
i )2(h+ 2x− 2x

(α)
i )

h3
, x

(α)
i ≤ x ≤ x

(α)
i + h,

0, |x− x(α)
i | > h.

(30)

ψ
(α)
i (x) =


(x− x(α)

i )(h+ x− x(α)
i )2

h2
, x

(α)
i − h ≤ x ≤ x

(α)
i ,

(x− x(α)
i )(h− x+ x

(α)
i )2

h2
, x

(α)
i ≤ x ≤ x

(α)
i + h,

0, |x− x(α)
i | > h,

(31)

ãäå h � øàã ñåòêè.
Ôóíêöèè ôîðìû Ýðìèòà èçîáðàæåíû íà ðèñ. 3. Ôóíêöèè φ èçîáðàæåíû

êðàñíûì öâåòîì, ôóíêöèè ψ � ñèíèì.
Ñîãëàñíî ìåòîäó Áóáíîâà�Ãàëåðêèíà, ðàññìîòðèì ñëåäóþùóþ ñèñòåìó:

2G1(1− ν1)

1− 2ν1

ˆ

V (1)

(
∂2u(1)

∂r2
+

1

r

∂u(1)

∂r
− 1

r2
u1

)
ωdV = 0 (32)

2G2(1− ν2)

1− 2ν2

ˆ

V (2)

(
∂2u(2)

∂r2
+

1

r

∂u(2)

∂r
− 1

r2
u(2)

)
ωdV = 0. (33)

Ïîñêîëüêó ïåðåìåùåíèÿ çàâèñÿò òîëüêî îò r, ìîæåì çàìåíèòü èíòåãðàë
ïî îáúåìó íà èíòåãðàë ïî r.

2π
2G1(1− ν1)

1− 2ν1

r1ˆ

r0

(
∂2u(1)

∂r2
+

1

r

∂u(1)

∂r
− 1

r2
u1

)
ωrdr = 0

2π
2G2(1− ν2)

1− 2ν2

r3ˆ

r2

(
∂2u(2)

∂r2
+

1

r

∂u(2)

∂r
− 1

r2
u(2)

)
ωrdr = 0. (34)

Ñîãëàñíî ìåòîäó Áóáíîâà-Ãàëåðêèíà, â êà÷åñòâå ïðîáíûõ ôóíêöèé âûáè-
ðàþòñÿ áàçèñíûå. Òîãäà ñèñòåìà (34) ïîñëå óïðîùåíèÿ áóäåò èìåòü ñëåäóþ-
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ùèé âèä:

2G1(1− ν1)

1− 2ν1

r1ˆ

r0

(
∂2u(1)

∂r2
+

1

r

∂u(1)

∂r
− 1

r2
u1

)
φrdr = 0,

2G1(1− ν1)

1− 2ν1

r1ˆ

r0

(
∂2u(1)

∂r2
+

1

r

∂u(1)

∂r
− 1

r2
u1

)
ψrdr = 0,

2G2(1− ν2)

1− 2ν2

r3ˆ

r2

(
∂2u(2)

∂r2
+

1

r

∂u(2)

∂r
− 1

r2
u(2)

)
φrdr = 0,

2G2(1− ν2)

1− 2ν2

r3ˆ

r2

(
∂2u(2)

∂r2
+

1

r

∂u(2)

∂r
− 1

r2
u(2)

)
ψrdr = 0.

Ó÷èòûâàÿ (29), ïîëó÷èì(
∂u(1)

∂r
φir

)∣∣∣∣∣
r1

r0

−
N∑
j=0

 r2ˆ

r1

(
u

(1)
j

∂φj
∂r

+ u
(1)′

j

∂ψj
∂r

)
∂φi
∂r

rdr +

+

r2ˆ

r1

1

r

(
u

(1)
j

∂φj
∂r

+ u
(1)′

j

∂ψj
∂r

)
φidr

)
= 0, (35)

N∑
j=0

 r1ˆ

r0

(
u

(1)
j

∂φj
∂r

+ u
(1)′

j

∂ψj
∂r

)
∂ψi
∂r

rdr+

+

r2ˆ

r1

1

r

(
u

(1)
j

∂φj
∂r

+ u
(1)′

j

∂ψj
∂r

)
ψidr

 = 0, i = 0, .., N1, (36)

(
∂u(2)

∂r
φir

)∣∣∣∣∣
r3

r2

−
N∑
j=0

 r2ˆ

r1

(
u

(2)
j

∂φj
∂r

+ u
(2)′

j

∂ψj
∂r

)
∂φi
∂r

rdr +

+

r3ˆ

r2

1

r

(
u

(2)
j

∂φj
∂r

+ u
(2)′

j

∂ψj
∂r

)
φidr

)
= 0, (37)
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N∑
j=0

 r3ˆ

r2

(
u

(2)
j

∂φj
∂r

+ u
(2)′

j

∂ψj
∂r

)
∂ψi
∂r

rdr+

+

r3ˆ

r2

1

r

(
u

(2)
j

∂φj
∂r

+ u
(2)′

j

∂ψj
∂r

)
ψidr

 = 0, i = 0, .., N2. (38)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

φ1(r, ri) =
(h+ r − ri)2(h− 2r + 2ri)

h3
,

φ2(r, ri) =
(h− r + ri)

2(h+ 2r − 2ri)

h3
,

ψ1(r, ri) =
(r − ri)(h+ r − ri)2

h2
,

ψ2(r, ri) =
(r − ri)(h− r + ri)

2

h2
.

Ìàòðèöó ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (36) çàïèøåì â
âèäå:

K1 =


K11 0 K12 0
Kgc1 Kgc2 0 0

0 K13 0 K14

K21 0 K22 0
Kgc3 Kgc4 Kgc5 Kgc6

0 K23 0 K24

 ,

ãäå ìàòðèöû Kij, i = 1, 2, j = 1, ..., 4 è ìàòðèöà Kgck, k = 1, ..., 6 èìåþò ñëå-
äóþùèé âèä:

Kk1(G1, ν1, ri) =


Bk2 Ck 0 · · · 0
Ak Bkj Ck · · · 0
. . . . . . . . . . . .
0 · · · Ak Bkj Ck
0 · · · 0 Ak Bk1

 ,

ãäå ri = r0 +(i−1)h, i = 1, .., n1 � íîìåð ñòðîêè. Çäåñü è äàëüøå ïðåäïîëàãà-
åòñÿ ñóììèðîâàíèå ïî èíäåêñó j:Bkj(G1, ν1, ri) = Bk1(G1, ν1, ri)+Bk2(G1, ν1, ri).
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Kk2(G1, ν1, ri) =


Gk2 Ek 0 · · · 0
Dk Gkj Ek · · · 0
. . . . . . . . . . . .
0 · · · Dk Gkj Ek

0 · · · 0 Dk Gk1

 ,

ãäå ri = r0 + (i− 1)h, i = 1, .., n1 � íîìåð ñòðîêè.

Kk3(G2, ν2, ri) =


Bk2 Ck 0 · · · 0
Ak Bkj Ck · · · 0
. . . . . . . . . . . .
0 · · · Ak Bkj Ck
0 · · · 0 Ak Bk1

 ,

ãäå ri = r2 + (i− 1)h, i = 1, .., n2 � íîìåð ñòðîêè.

Kk4(G2, ν2, ri) =


Gk2 Ek 0 · · · 0
Dk Gkj Ek · · · 0
. . . . . . . . . . . .
0 · · · Dk Gkj Ek

0 · · · 0 Dk Gk1

 ,

ãäå ri = r2 + (i− 1)h, i = 1, .., n2 � íîìåð ñòðîêè.

Kgc1 =
(
0 · · · 0 1

)
,

Kgc2 =
(
−1 0 · · · 0

)
,

Kgc3 =

(
0 · · · 0

2G1ν1

(1− 2ν1)r1

)
,

Kgc4 =

(
− 2G2ν2

(1− 2ν2)r1
· · · 0 0

)
,

Kgc5 =

(
0 · · · 0

2G1(1− ν1)

(1− 2ν1)

)
,

Kgc6 =

(
−2G2(1− ν2)

(1− 2ν2)
· · · 0 0

)
.

A1(G, ν, ri) =
2Gr

1− 2ν

riˆ

ri−h

((
(1− ν)

∂φ2(r, ri − h)

∂r
+
ν

r
φ2(r, ri − h)

)
∂φ1(r, ri)

∂r
+

+

(
ν
∂φ2(r, ri − h)

∂r
+

1− ν
r

φ2(r, ri − h)

)
1

r
φ1(r, ri)

)
dr, (39)
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B1j(G, ν, ri) =
2Gr

1− 2ν

bjˆ

aj

((
(1− ν)

∂φj(r, ri)

∂r
+
ν

r
φj(r, ri)

)
∂φj(r, ri)

∂r
+

+

(
ν
∂φj(r, ri)

∂r
+

1− ν
r

φj(r, ri)

)
1

r
φj(r, ri)

)
dr, j = 1, 2,

a1 = ri − h, b1 = a2 = ri, b2 = ri + h, (40)

C1(G, ν, ri) =
2Gr

1− 2ν

ri+hˆ

ri

((
(1− ν)

∂φ1(r, ri + h)

∂r
+
ν

r
φ1(r, ri + h)

)
∂φ2(r, ri)

∂r
+

+

(
ν
∂φ1(r, ri + h)

∂r
+

1− ν
r

φ1(r, ri + h)

)
1

r
φ2(r, ri)

)
dr, (41)

D1(G, ν, ri) =
2Gr

1− 2ν

riˆ

ri−h

((
(1− ν)

∂ψ2(r, ri − h)

∂r
+
ν

r
ψ2(r, ri − h)

)
∂φ1(r, ri)

∂r
+

+

(
ν
∂ψ2(r, ri − h)

∂r
+

1− ν
r

ψ2(r, ri − h)

)
1

r
φ1(r, ri)

)
dr, (42)

G1j(G, ν, ri) =
2Gr

1− 2ν

bjˆ

aj

((
(1− ν)

∂ψj(r, ri)

∂r
+
ν

r
ψj(r, ri)

)
∂φj(r, ri)

∂r
+

+

(
ν
∂ψj(r, ri)

∂r
+

1− ν
r

ψj(r, ri)

)
1

r
φj(r, ri)

)
dr, j = 1, 2,

a1 = ri − h, b1 = a2 = ri, b2 = ri + h, (43)

E1(G, ν, ri) =
2Gr

1− 2ν

ri+hˆ

ri

((
(1− ν)

∂ψ1(r, ri + h)

∂r
+
ν

r
ψ1(r, ri + h)

)
∂φ2(r, ri)

∂r
+

+

(
ν
∂ψ1(r, ri + h)

∂r
+

1− ν
r

ψ1(r, ri + h)

)
1

r
φ2(r, ri)

)
dr, (44)

A2(G, ν, ri) =
2Gr

1− 2ν

riˆ

ri−h

((
(1− ν)

∂φ2(r, ri − h)

∂r
+
ν

r
φ2(r, ri − h)

)
∂ψ1(r, ri)

∂r
+

+

(
ν
∂φ2(r, ri − h)

∂r
+

1− ν
r

φ2(r, ri − h)

)
1

r
ψ1(r, ri)

)
dr, (45)
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B2j(G, ν, ri) =
2Gr

1− 2ν

bjˆ

aj

((
(1− ν)

∂φj(r, ri)

∂r
+
ν

r
φj(r, ri)

)
∂ψj(r, ri)

∂r
+

+

(
ν
∂φj(r, ri)

∂r
+

1− ν
r

φj(r, ri)

)
1

r
ψj(r, ri)

)
dr, j = 1, 2,

a1 = ri − h, b1 = a2 = ri, b2 = ri + h, (46)

C2(G, ν, ri) =
2Gr

1− 2ν

ri+hˆ

ri

((
(1− ν)

∂φ1(r, ri + h)

∂r
+
ν

r
φ1(r, ri + h)

)
∂ψ2(r, ri)

∂r
+

+

(
ν
∂φ1(r, ri + h)

∂r
+

1− ν
r

φ1(r, ri + h)

)
1

r
ψ2(r, ri)

)
dr, (47)

D2(G, ν, ri) =
2Gr

1− 2ν

riˆ

ri−h

((
(1− ν)

∂ψ2(r, ri − h)

∂r
+
ν

r
ψ2(r, ri − h)

)
∂ψ1(r, ri)

∂r
+

+

(
ν
∂ψ2(r, ri − h)

∂r
+

1− ν
r

ψ2(r, ri − h)

)
1

r
ψ1(r, ri)

)
dr, (48)

G2j(G, ν, ri) =
2Gr

1− 2ν

bjˆ

aj

((
(1− ν)

∂ψj(r, ri)

∂r
+
ν

r
ψj(r, ri)

)
∂ψj(r, ri)

∂r
+

+

(
ν
∂ψj(r, ri)

∂r
+

1− ν
r

ψj(r, ri)

)
1

r
ψj(r, ri)

)
dr, j = 1, 2,

a1 = ri − h, b1 = a2 = ri, b2 = ri + h, (49)

E2(G, ν, ri) =
2Gr

1− 2ν

ri+hˆ

ri

((
(1− ν)

∂ψ1(r, ri + h)

∂r
+
ν

r
ψ1(r, ri + h)

)
∂ψ2(r, ri)

∂r
+

+

(
ν
∂ψ1(r, ri + h)

∂r
+

1− ν
r

ψ1(r, ri + h)

)
1

r
ψ2(r, ri)

)
dr. (50)

4. Ðåçóëüòàòû òåñòîâûõ ðàñ÷åòîâ

Äëÿ òåñòèðîâàíèÿ îïèñàííûõ ìåòîäîâ ðåøåíà çàäà÷à ñ ïàðàìåòðàìè, ïðè-
âåäåííûìè â òàáëèöå 1. Ìîæíî ïîêàçàòü, ÷òî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è



16

Òàáëèöà 1. Ïàðàìåòðû çàäà÷è

r0 r1 r2 r3 G1 G2 ν1 ν2 p1 p2
0.2 ìì 0.6 ìì 0.6 ìì 1.2 ìì 76 ÃÏà 86 ÃÏà 0.1 0.3 10 ÌÏà 20 ÌÏà

àíàëîãè÷íî ïîëó÷åííîìó â [15] äëÿ ñëó÷àÿ òîëñòîñòåííîé òðóáû, è èìååò ñëå-
äóþùèé âèä: 

u(1) = A1r +
B1

r

u(2) = A1r +
B2

r
,

(51)

ãäå A1, B1, A2, B2 � êîíñòàíòû, êîòîðûå äëÿ çàäàííûõ ïàðàìåòðîâ ðàâíû

A1 = −15.8312, B1 = −0.233247, A2 = −21.6056, B2 = −2.31203. (52)

Ìàòðèöû ðåøàåìûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé õðàíÿòñÿ
â ôîðìàòå CSR (Compressed Sparse Row) [16]. Ðåøåíèå ÑËÀÓ ïðîâîäèòñÿ
ìåòîäîì LU-ðàçëîæåíèÿ.

Íà âñåõ ãðàôèêàõ äàëåå êðàñíûì îáîçíà÷àåòñÿ àíàëèòè÷åñêîå ðåøåíèå,
ñèíèì � ÷àñòü ÷èñëåííîãî ðåøåíèÿ, ñîîòâåòñòâóþùàÿ âíóòðåííåé òðóáå, çå-
ëåíûì � ÷àñòü ÷èñëåííîãî ðåøåíèÿ, ñîîòâåòñòâóþùàÿ âíåøíåé òðóáå.

4.1. Ìåòîä ìíîæèòåëåé Ëàãðàíæà

Íà ãðàôèêàõ 4 � 7 ïðèâåäåíû ðàñïðåäåëåíèÿ ïåðåìåùåíèé è íàïðÿæåíèé
äëÿ øàãîâ h = 0.1 è h = 0.005.

0.4 0.6 0.8 1.0 1.2
r, mm

-0.00007

-0.00006

-0.00005

-0.00004

-0.00003

uHrL, mm

Ðèñ. 4. Çàâèñèìîñòü ïåðåìåùåíèé îò ðàäèóñà, øàã h = 0.1
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Ðèñ. 5. Çàâèñèìîñòü ðàäèàëüíûõ íàïðÿæåíèé îò ðàäèóñà, øàã h = 0.1

0.4 0.6 0.8 1.0 1.2
r, mm

-0.00007

-0.00006

-0.00005

-0.00004

-0.00003

uHrL, mm

Ðèñ. 6. Çàâèñèìîñòü ïåðåìåùåíèé îò ðàäèóñà, øàã h = 0.005

0.4 0.6 0.8 1.0 1.2
r, mm

-20

-18

-16

-14

-12

-10

ΣHrL, MPa

Ðèñ. 7. Çàâèñèìîñòü ðàäèàëüíûõ íàïðÿæåíèé îò ðàäèóñà, øàã h = 0.005
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Ïðè êðóïíîì øàãå â ðåøåíèè íàáëþäàåòñÿ ðàçðûâ íàïðÿæåíèé íà ìåñòå
êîíòàêòà (ðèñ. 5). Ïðè óìåíüøåíèè øàãà ðàçðûâ óìåíüøàåòñÿ, íî âñå ðàâíî
èìååò ìåñòî, êàê âèäíî íà ðèñ. 8. Â öåëîì ðåøåíèå ñõîäèòñÿ ê àíàëèòè÷åñêî-
ìó.

0.59 0.60 0.61
r, mm

-15.5

-15.4

-15.3

ΣHrL, MPa

Ðèñ. 8. Çàâèñèìîñòü íàïðÿæåíèé îò ðàäèóñà, øàã h = 0.005, ìåñòî ðàçðûâà íîðìàëüíûõ

íàïðÿæåíèé

Ðàñ÷åò àáñîëþòíîé ïîãðåøíîñòè ïðîèçâåäåí ïî ôîðìóëå:

δ = max
i=1..N (α)

|u(α)
true,i − u

(α)
meas,i|, (53)

ãäå utrue � èñòèííîå (àíàëèòè÷åñêîå) çíà÷åíèå ðåøåíèÿ â òî÷êå, à umeas �
ïîëó÷åííîå (÷èñëåííîå).

Ïîëó÷åííàÿ àáñîëþòíàÿ ïîãðåøíîñòü ïðèâåäåíà â òàáëèöå 2, îòíîøåíèå
ïîñëåäîâàòåëüíûõ ïîãðåøíîñòåé äëÿ îïðåäåëåíèÿ ïîðÿäêà ìåòîäà ïîêàçàíû
â òàáëèöå 3.

Òàáëèöà 2. Ïîãðåøíîñòè ïåðåìåùåíèé è íàïðÿæåíèé

h ïîãðåøíîñòü ïåðåìåùåíèé, ìì ïîãðåøíîñòü íàïðÿæåíèé, MÏà

0.1 1.93697 · 10−7 0.754814

0.05 5.18968 · 10−8 0.419577

0.01 2.09679 · 10−9 0.0919832

0.005 4.96788 · 10−10 0.0465545

Ìåòîä èìååò âòîðîé ïîðÿäîê ïî ïåðåìåùåíèÿì è ïåðâûé ïî íàïðÿæåíèÿì.
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Òàáëèöà 3. Îòíîøåíèå ïîãðåøíîñòåé

îòíîøåíèå øàãîâ îòíîøåíèå ïîãðåøíîñòåé îòíîøåíèå ïîãðåøíîñòåé

ïåðåìåùåíèé íàïðÿæåíèé

0.1/0.05 = 2 3.73235 1.79899

0.05/0.01 = 5 24.7506 4.56145

0.01/0.005 = 2 4.22069 1.97582

4.2. Ìåòîä ñ èñïîëüçîâàíèåì ôóíêöèé ôîðìû Ýðìèòà

Íà ãðàôèêàõ 9 � 12 ïðèâåäåíû ðàñïðåäåëåíèÿ ïåðåìåùåíèé è íàïðÿæåíèé
äëÿ øàãîâ h = 0.1 è h = 0.005.

0.4 0.6 0.8 1.0 1.2
r, mm

-0.00007

-0.00006

-0.00005

-0.00004

-0.00003

uHrL, mm

Ðèñ. 9. Çàâèñèìîñòü ïåðåìåùåíèé îò ðàäèóñà, øàã h = 0.1

0.4 0.6 0.8 1.0 1.2
r, mm

-20

-18

-16

-14

-12

-10

ΣHrL, MPa

Ðèñ. 10. Çàâèñèìîñòü ðàäèàëüíûõ íàïðÿæåíèé îò ðàäèóñà, øàã h = 0.1
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0.4 0.6 0.8 1.0 1.2
r, mm

-0.00007

-0.00006

-0.00005

-0.00004

-0.00003

uHrL, mm

Ðèñ. 11. Çàâèñèìîñòü ïåðåìåùåíèé îò ðàäèóñà, øàã h = 0.005

0.4 0.6 0.8 1.0 1.2
r, mm

-20

-18

-16

-14

-12

-10

ΣHrL, MPa

Ðèñ. 12. Çàâèñèìîñòü ðàäèàëüíûõ íàïðÿæåíèé îò ðàäèóñà, øàã h = 0.005

Ïîëó÷åííàÿ àáñîëþòíàÿ ïîãðåøíîñòü ïðèâåäåíà â òàáëèöå 4, îòíîøåíèÿ
ïîñëåäîâàòåëüíûõ ïîãðåøíîñòåé äëÿ îïðåäåëåíèÿ ïîðÿäêà ìåòîäà ïîêàçàíû
â òàáëèöå 5.

Òàáëèöà 4. Ïîãðåøíîñòü ïåðåìåùåíèé è íàïðÿæåíèé

h ïîãðåøíîñòü ïåðåìåùåíèé, ìì ïîãðåøíîñòü íàïðÿæåíèé, ÌÏà

0.1 1.21403 · 10−7 0.0495328

0.05 2.25032 · 10−8 0.0119479

0.01 3.03212 · 10−10 0.000168

0.005 7.27303 · 10−11 0.000031256

Ìåòîä ïîçâîëÿåò ïîëó÷àòü ïåðåìåùåíèÿ è íàïðÿæåíèÿ ñ ôàêòè÷åñêèì ïî-
ðÿäêîì òî÷íîñòè 2.5.

Êàê ìîæíî óâèäåòü íà ãðàôèêàõ, ìåòîä ñ èñïîëüçîâàíèåì ôóíêöèé Ýð-
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Òàáëèöà 5. Îòíîøåíèå ïîãðåøíîñòåé

îòíîøåíèå øàãîâ îòíîøåíèå ïîãðåøíîñòåé îòíîøåíèå ïîãðåøíîñòåé

ïåðåìåùåíèé íàïðÿæåíèé

0.1/0.05 = 2 5.39492 4.14573

0.05/0.01 = 5 74.2161 71.1185

0.01/0.005 = 2 4.16899 5.37497

ìèòà ïîçâîëÿåò óæå íà øàãå h = 0.1 ïîëó÷àòü âïîëíå óäîâëåòâîðèòåëüíûå
ðåçóëüòàòû. Ê òîìó æå îí ïîçâîëÿåò ïîëó÷àòü íàïðÿæåíèÿ ñ òåì æå ïîðÿä-
êîì, ÷òî è ïåðåìåùåíèÿ, è áåç ðàçðûâà íà ïîâåðõíîñòè êîíòàêòà, â îòëè÷èå
îò ìåòîäà ìíîæèòåëåé Ëàãðàíæà. Ýòî ñâÿçàíî ñ òåì, ÷òî ôóíêöèè Ýðìèòà
ïîçâîëÿþò ïîëó÷àòü äîñòàòî÷íî òî÷íûå çíà÷åíèÿ íå òîëüêî ïåðåìåùåíèé, íî
è èõ ïðîèçâîäíûõ. Ïðè èñïîëüçîâàíèè ñòàíäàðòíûõ ÊÝ (ñ áàçèñíûìè ôóíê-
öèÿìè Ëàãðàíæà) êîìïîíåíòû òåíçîðîâ äåôîðìàöèè è íàïðÿæåíèé ÿâëÿþòñÿ
ïîñòîÿííûìè â ïðåäåëàõ ÿ÷åéêè ñåòêè. Òàêèì îáðàçîì, íàïðÿæåíèÿ, ïîëó÷åí-
íûå ïåðâûì ìåòîäîì, íåëüçÿ îòíåñòè íåïîñðåäñòâåííî ê ãðàíè÷íûì óçëàì,
îíè õàðàêòåðèçóþò íåêèå ñðåäíèå çíà÷åíèÿ â ïðèëåãàþùèõ ê ãðàíèöå ÿ÷åé-
êàì ñåòêè, ïîýòîìó íà ãðàôèêàõ, ïîêàçàííûõ íà ðèñ. 5, 8, ñóùåñòâóþò ðàç-
ðûâû ïî íàïðÿæåíèÿì (äîëæíû ñîâïàäàòü êîíòàêòíûå äàâëåíèÿ íà ãðàíèöå,
íî íàïðÿæåíèÿ â ïðèãðàíè÷íûõ çîíàõ ìîãóò îòëè÷àòüñÿ). Âî âòîðîì ìåòîäå
âû÷èñëåííûå íàïðÿæåíèÿ îòíîñÿòñÿ íåïîñðåäñòâåííî ê óçëàì ñåòêè, ïîýòîìó
íà ãðàôèêàõ ðèñ. 10, 12 íà êîíòàêòíîé ãðàíèöå ðàçðûâîâ â íàïðÿæåíèÿõ íåò,
ïîñêîëüêó âûïîëíåíî ñîîòâåòñòâóþùåå ãðàíè÷íîå óñëîâèå.

4.3. Âû÷èñëèòåëüíàÿ ñëîæíîñòü àëãîðèòìîâ

Êàê ïîêàçàíî â ïðåäûäóùåì ðàçäåëå, ìåòîä ñ èñïîëüçîâàíèåì ôóíêöèé
ôîðìû Ýðìèòà çíà÷èòåëüíî òî÷íåå, ÷åì ìåòîä ìíîæèòåëåé Ëàãðàíæà. Îöå-
íèì âû÷èñëèòåëüíóþ ñëîæíîñòü àëãîðèòìîâ. Äëÿ ýòîãî âû÷èñëèì êîëè÷å-
ñòâî îïåðàöèé óìíîæåíèÿ è äåëåíèÿ ÷èñåë ñ ïëàâàþùåé çàïÿòîé è çàòðà÷åí-
íîå âðåìÿ.

Äëÿ ñðàâíåíèÿ âû÷èñëèòåëüíîé ñëîæíîñòè àëãîðèòìîâ ïðèâåäåíû òàáëè-
öû 6 è 7.

Êàê âèäíî èç ðåçóëüòàòîâ, ìåòîä ñ èïîëüçîâàíèåì ôóíêöèé ôîðìû Ýðìèòà
òðåáóåò çíà÷èòåëüíî áîëüøèõ çàòðàò ïî ÷èñëó îïåðàöèé è ïî âðåìåíè, ÷åì
ìåòîä ìíîæèòåëåé Ëàãðàíæà.

Çíà÷èòåëüíàÿ ðàçíèöà âî âðåìåíè ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé îáúÿñíÿåòñÿ ñëåäóþùèì. Äëÿ ðåøåíèÿ ÑËÀÓ ïðîèçâîäèòñÿ
LU -ðàçëîæåíèå èñõîäíîé ìàòðèöû, çàïèñàííîé â ôîðìàòå õðàíåíèÿ ðàçðå-
æåííûõ ìàòðèö CSR (Compressed Sparse Row). Â ñëó÷àå ìåòîäà ìíîæèòåëåé
Ëàãðàíæà ìàòðèöà ÿâëÿåòñÿ òðåõäèàãîíàëüíîé, äîáàâëåíèå íîâûõ íåíóëåâûõ
ýëåìåíòîâ â ìàòðèöó ïðîèñõîäèò íå ÷àñòî.
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Òàáëèöà 6. Êîëè÷åñòâî çàòðà÷åííûõ îïåðàöèé

Ìåòîä Ìåòîä ñ èñïîëüçîâàíèåì

ìíîæèòåëåé Ëàãðàíæà ôóíêöèé ôîðìû Ýðìèòà

h 0.1
Çàïîëíåíèå ìàòðèöû 4792 30812

Ðåøåíèå ÑËÀÓ 107 1083
h 0.05

Çàïîëíåíèå ìàòðèöû 9532 65132
Ðåøåíèå ÑËÀÓ 203 4954

h 0.01
Çàïîëíåíèå ìàòðèöû 47452 339692

Ðåøåíèå ÑËÀÓ 979 357666
h 0.005

Çàïîëíåíèå ìàòðèöû 94852 682892
Ðåøåíèå ÑËÀÓ 1949 2651716

Ìåòîä
ìíîæèòåëåé
Ëàãðàíæà

Ìåòîä ñ èñï.
ôóíêöèé ôîðìû

Ýðìèòà

Ðèñ. 13. Ñòðóêòóðû ìàòðèö ÑËÀÓ

Ïðè ïðèìåíåíèè ìåòîäà ñ ôóíê-
öèÿìè Ýðìèòà ìàòðèöà ÑËÀÓ áîëåå
çàïîëíåííàÿ, äîáàâëåíèå íîâûõ ýëå-
ìåíòîâ ïðè LU -ðàçëîæåíèè ïðîèñõî-
äèò çíà÷èòåëüíî ÷àùå. Îïåðàöèÿ äî-
áàâëåíèÿ íîâîãî ýëåìåíòà â ðàçðå-
æåííóþ ìàòðèöó ïðåäïîëîãàåò ðàç-
äâèãàíèå ãðàíèö ìàññèâîâ è èõ ïåðå-
ñ÷åò, è, ñëåäîâàòåëüíî, çàíèìàåò çíà-
÷èòåëüíîå âðåìÿ.

Íà ðèñ. 13 ïðåäñòàâëåíû ñòðóêòó-
ðû ìàòðèö ÑËÀÓ äëÿ îáîèõ ìåòîäîâ.

5. Çàêëþ÷åíèå

Â ðàáîòå ðàññìîòðåíî ÷èñëåííîå ðåøåíèå çàäà÷è êîíòàêòíîãî âçàèìîäåé-
ñòâèÿ óïðóãèõ òåë ñ ïîìîùüþ ìåòîäà ìíîæèòåëåé Ëàãðàíæà è ôóíêöèé Ýð-
ìèòà. Ñ ïîìîùüþ äàííûõ ìåòîäîâ ðåøåíà òåñòîâàÿ çàäà÷à ðàäèàëüíîãî êîí-
òàêòà äâóõ òðóá.

Êàê ïîêàçàëè ðåçóëüòàòû, ìåòîä ñ èñïîëüçîâàíèåì ôóíêöèé ôîðìû Ëàãðàí-
æà ïåðâîãî ïîðÿäêà è ìíîæèòåëåé Ëàãðàíæà äëÿ ó÷åòà êîíòàêòíûõ óñëîâèé
èìååò âòîðîé ïîðÿäîê òî÷íîñòè ïî ïåðåìåùåíèÿì è ïåðâûé ïîðÿäîê òî÷íîñòè
ïî íàïðÿæåíèÿì. Ïðè ýòîì ðåøàåòñÿ ñèñòåìà èç (n+1) ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé, ãäå n � êîëè÷åñòâî òî÷åê ñåòêè. Ìàòðèöà ñèñòåìû ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé � ðàçðåæåííàÿ, õðàíåíèå ïðîèñõîäèò â ôîðìàòå
CSR.



23

Òàáëèöà 7. Çàòðà÷åííîå âðåìÿ

Ìåòîä Ìåòîä ñ èñïîëüçîâàíèåì

ìíîæèòåëåé Ëàãðàíæà ôóíêöèé ôîðìû Ýðìèòà

h 0.1
Çàïîëíåíèå ìàòðèöû 0.00369 0.00458

Ðåøåíèå ÑËÀÓ 0.00335 0.01532
h 0.05

Çàïîëíåíèå ìàòðèöû 0.00428 0.00474
Ðåøåíèå ÑËÀÓ 0.00945 0.02942

h 0.01
Çàïîëíåíèå ìàòðèöû 0.03394 0.00721

Ðåøåíèå ÑËÀÓ 0.06582 1.24364
h 0.005

Çàïîëíåíèå ìàòðèöû 0.12538 0.00958
Ðåøåíèå ÑËÀÓ 0.13909 15.5326

Ìåòîä ñ èñïîëüçîâàíèåì ôóíêöèé ôîðìû Ýðìèòà èìååò ýêñïåðèìåíòàëü-
íûé ïîðÿäîê òî÷íîñòè 2.5 è ïî ïåðåìåùåíèÿì, è ïî íàïðÿæåíèÿì. Íî äëÿ
ýòîãî ðåøàåòñÿ ñèñòåìà èç 2n ëèíåéíûõ óðàâíåíèé (ìàòðèöà ñèñòåìû òàêæå
ÿâëÿåòñÿ ðàçðåæåííîé). Ïðè èñïîëüçîâàíèè äàííîãî ìåòîäà ìîæíî ïîëó÷èòü
âïîëíå óäîâëåòâîðèòåëüíîå ðåøåíèå óæå ïðè øàãå h = 0.1, â îòëè÷èè îò
ìåòîäà ñ ìíîæèòåëÿìè Ëàãðàíæà. Îäíàêî âû÷èñëèòåëüíàÿ ñëîæíîñòü ìåòî-
äà ñ èñïîëüçîâàíèåì ôóíêöèé Ýðìèòà çíà÷èòåëüíî áîëüøå, ÷åì â ìåòîäå ñ
ìíîæèòåëÿìè Ëàãðàíæà.

Ðàññìîòðåííûå îñîáåííîñòè ðåàëèçàöèè äàííûõ ÷èñëåííûõ ìåòîäîâ ïðè
ðåøåíèè îäíîìåðíîé çàäà÷è ïîçâîëÿþò ñäåëàòü âûâîäû î âîçìîæíûõ òðóä-
íîñòÿõ ïðè ïåðåõîäå ê ðåøåíèþ ìíîãîìåðíûõ êîíòàêòíûõ çàäà÷. Ìåòîä ìíî-
æèòåëåé Ëàãðàíæà âïîëíå óñïåøíî èñïîëüçóåòñÿ äëÿ çàäà÷ òàêîãî êëàññà.
Êàê è â îäíîìåðíîì ñëó÷àå, îäíèì èç åãî ãëàâíûõ äîñòîèíñòâ ÿâëÿåòñÿ ñðàâ-
íèòåëüíî íåáîëüøîå óâåëè÷åíèå âû÷èñëèòåëüíûõ çàòðàò äëÿ ó÷åòà êîíòàêòà,
à îäíèì èç ãëàâíûõ íåäîñòàòêîâ � ïîëó÷åíèå íå î÷åíü òî÷íûõ çíà÷åíèé êîí-
òàêòíûõ äàâëåíèé íà ãðóáûõ ñåòêàõ. Èñïîëüçîâàíèå â ìíîãîìåðíûõ çàäà÷àõ
ìåòîäà ñ ôóíêöèÿìè Ýðìèòà ïðèâîäèò ê ðåçêîìó óâåëè÷åíèþ âû÷èñëèòåëü-
íîé ñëîæíîñòè ðåøåíèÿ, òàê êàê äàæå â äâóìåðíîì ñëó÷àå â êàæäîì óçëå
ñåòêè ïðèäåòñÿ èñêàòü íå äâå, à øåñòü ïåðåìåííûõ (ïåðåìåùåíèå ïî îñè x,
ïåðåìåùåíèå ïî îñè y è 4 ïðîèçâîäíûå). Ïîýòîìó õîòÿ äàííûé ìåòîä ÿâëÿ-
åòñÿ áîëåå òî÷íûì è ñâîáîäåí îò íåêîòîðûõ íåäîñòàòêîâ ìåòîäà ìíîæèòåëåé
Ëàãðàíæà, îí ïðàêòè÷åñêè íå ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ ìíîãîìåðíûõ çàäà÷.
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