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AJIFO[)I/ITM IIOUCKA TOYHOI'0 peICHUA 3a1a49u
HECKOJIbKUX KOMMI/IBOH)KépOB

O.A. Kiimmenko, b.51. llITeitnoepr
FOoicnvil pedepanvuvbiii ynueepcumem

AHHoTanus. B pabote paccMoTpeHa 3ajjaua HECKOJIBKUX KOMMHBOSKEPOB.
3ajava COCTOMUT B TOM, YTOOBI Ha rpad)e co B3BEIICHHBIMH JIyTaMH HAUTH HAOOP
U3 3apaHee 3aJaHHOTO KOJIMYEeCTBA HETIEPECEKAIOIIMXCS IUKIIOB, Y KOTOPOT'O BEC
(cymma BecoB Ayr) HauOOJIBIIErO IMHKJIAa MUHUMaJeH. Pa3paboTaH TOYHBIN,
OCHOBAHHBIM Ha METOJE BETBEH U I'PaHUL] AJITOPUTM PEILIEHUs IOCTABICHHOU
3ajaun. B moctpoeHHOM airoputMe, Kak M B M3BECTHOM anropuTMme banamia-
Kpucropuneca pemenus 3agadyd  OJHOTO KOMMMBOSIKEpA, HCIIONb3YETCS
BEHI'ePCKUI aITOPUTM pEeLIeHUS 3a]]a4ui O Ha3HaueHus1X. [I[poBeieHbl uncieHHbIe
HKCHEPUMEHTHI CO CIYYalHbIMU IpadamMu OOJIBIION Pa3sMEPHOCTH.

KiroueBble cioBa: 3agada KOMMHUBOSDKEpA, 3aJada O Ha3HAYCHUSX,
BEHI€PCKHUM AJITOPUTM, METOJ] BETBEH U I'PAHHUIL.

An algorithm for finding an exact solution
to the problem of multiple traveling salesmen

O.A. Klimenko, B.J. Steinberg

Southern Federal University

Abstract. This article considers the problem of several traveling salesmen.
The task is to find a set of a predetermined number of disjoint cycles on a graph
with weighted arcs, in which the weight (the sum of the weights of the arcs) of
the largest cycle is minimal. An accurate algorithm for solving the problem based
on the method of branches and boundaries has been developed. The constructed
algorithm, as well as the well-known Balas' and Christofides' algorithm for
solving the traveling salesman problem, uses the Hungarian algorithm for solving
the assignment problem. Numerical experiments with large-dimensional random
graphs have been carried out.

Keywords: traveling salesman problem, assignment problem, Hungarian
algorithm, branch and bound method.
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BBenenue

B nanHoii paboTe paccMoTpeHa 3ajaua HECKOJIbKUX KOMMUBOSIKEPOB. JTa
3amada SBIsETCS 000OIICHHEM 3a7a4d KOMMHBOSDKEpA, aJITOPUTMAM PEIICHUS
KOTOPOU TOCBSIIIEHO MHOXKECTBO TyOTUKAIIHIA.

3agaua KOMMHBOSDKEpA  (3aMKHyTas) —  3a7Jada  HaXOXKJICHUS
raMWJIbTOHOBA I[MKJIA C MHUHUMAaJIbHOW CYMMOW OYyr B IOJHOM B3BEIICHHOM
OPUEHTUPOBAHHOM Tpade, CTOMMOCTU YT KOTOPOTO HEOTPUIIATEIIbHEI.

B ocHoBe HeKOTOphIX 3(PGHEKTUBHBIX AJITOPUTMOB JICKHUT aJITOPUTM
banama-Kpucrodpuneca [1].

Anroputm banama-Kpucroduneca — TOUHBII alITOPUTM PELICHUS 3a1a4n
KOMMUBOSDKEpPA, OCHOBAHHBI Ha METO/IC BETBEH U IpaHUI] («TOUHBII) O3HAYAET,
YTO OH BCEI/1a HAXOJUT ONTUMAIBHOE PEUICHUE).

OddexTuBHas  peanuzainus, aJanTAPOBAHHAs K  COBPEMEHHBIM
npolieccopam, mnpejacrasieHa B [3]. B 4acTHOCTH, IPUMEHSAIOTCS ONTUMHU3ALINS
WCIIOJIb30BaHUs HEPAPXUU MTaMSTH U pacnapaieliiBaHue.

O6xox nepeBa BapuaHTOB B METOJI€ BETBEH M IpaHUI] MOKHO OIHCHIBATH
pekypcuBHOM  (yHkiuend. PacnapainenuBaHue peKypCUBHBIX — (PYHKIUI
paccMmarpuBainocsk B [9], [10].

B [8] paccMOTpeH MONIMHOMUATIBHBIN 3BPUCTUYECKUI AIITOPUTM PEIICHUS
3a7a4l  KOMMHBOSDKEpPA C  OLICHKOM KadecTBAa HAWJIEHHOTO  PEIICHHUS.
BrluncnuTensHas ClIoXHOCTh dToro amroputma O(N3), a nHaiinennoe stum
aJITOPUTMOM peIlIeHUEe XyKe ONTUMaJIbHOTO He Oosiee yeM B 1.5 pasza. B pabote
[11] ecTp anroput™m C OIIEHKOW CIIOXKHOCTU «HAWJICHHOE pPEIICHHE XYXkKe
onTUMaiabHOrO He Oosiee, ueM B k pa3 (k - mapameTp)». DTOT alrOpUT™M AJs
ciay4yailHeix rpadoB pasmepHocTH 50 ThICSY BEPIIMH Ha KOMIIBIOTEPE C
HIECTUSACPHBIM IIPOLIECCOPOM HAXOAMT pEUICHUE 3aJadyd  KOMMHBOSIKEPA,
KOTOPOE XYX€e ONTUMaNbHOro He Oonee, ueM Ha 5% (k = 1.05).

CyliecTByIOT pa3jiduHble 3aJa4ll HECKOJbKHUX KOMMHBOSIKEPOB. B 3THx
3aayax TpedyeTcs OThICKaTh HA0Op ONTUMAIBHBIX MAPIIPYTOB JJIs1 HECKOIBKUX
KOMMHUBOSLKEPOB. DOPMYITUPOBKU 3THX 3aJlay OTIMYAIOTCS BBIOOPOM IIEIEBOM
(GyHKIIUU, TOYEK CTapTa KOMMMBOSDKEPOB WM TpeOOBaHUMEM 3aMKHYTOCTH
(pazomMkHYyTOCTH) MapiIpyToB. O030p Takux pabOT MPeECTABICH B CTaThe [2].

Nmeercst MHOXKECTBO padOT, MOCBSAUIEHHBIX PEIICHUIO 3a/lay, TIe B
KauecTBe I1IeJIeBOM (DYHKIIMM BBIOMpAETCI CyMMa CTOMMOCTEH MapIIpyTOB
KOMMHUBOSDKEPOB. B paborax [6] u [7] paccMaTpuBaeTcs TOYHOE pEUICHUE TIPH
HEOOJIBIIIOM KOJIMYeCTBE KOMMUBOSKEPOB (He Oosiee 10). MiMeroTcst u HelaBHME
pe3yabTatsl [4].

B nannoii paboTe B kauecTBe 11e1€BOM (hYHKIIMH BEIOMPAETCS MAaKCUMYM U3
JUIMH TIYyTE€W, NMPOWJEHHBIX KOMMUBOsDKEpaMH. B Takoll NOCTaHOBKE 3ajaye
HECKOJIbBKUX KOMMMUBOSIKEPOB HMMEET MPAaKTHUYECKHUE MPUMEHEHUsS, HapHUMED,
€CIM MapuIpyThl «KOMMHBOSIKEPOB» CIEAYET OrpaHUYMBaTh JIUTEIbHOCTBIO
pabouero AgHS WIM 3amacoM roprouero. s pemieHus 3agadyd KCHONb3YeTCs
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BEHI'€PCKUI AJITOPUTM PEILICHHS] BCIOMOTaTEJIbHOM 3a/1a4l O Ha3HAYEHUSIX, KaK U
B U3BecTHOM asiroputme banama-Kpucropuaeca [1].

[IpoBeneHbl YHUCIEHHBIE HKCIEPUMEHTHI CO Cily4dalHbIMU Tpadamu,
JIeMOHCTpUpytone 3pGHeKTUBHOCTb MPEACTABICHHOTO AJITOPUTMA.

DopMyJHPOBKA 321241 HECKOJIbKUX KOMMHUBOSI)KEPOB
Han opuentupoBanusiii rpap G = (V,w), rne V — MHOXKECTBO BEpIIHH,

w: VXV o> RY — gecosan @ynkyua oye ( Rt — wmHONKECTBO
JENCTBUTENBHBIX HEOTPHULATENBbHBIX uncen). Habop k mPOCTBIX IMKIOB
C1,C, - ,Ck TAKOM, UTO Ka)K1as BEPIIMHA NPHHAIEKNAT POBHO OJHOMY LIMKILY,

Ha30BEM Mmapupymamu k xommusoscépos. Llukn c¢; OyneMm Ha3blBaTh MyTEM
(UM MapuIpyTOM) [-TOTO KOMMHBOSDKEpa. Cmoumocmslo Habopa mapuipymos
k xommusoscépos Ha30BEM BETUUNHY

max d(c;
i=1.k (),

rne d(c;) — CTOMMOCTh MapIpyTa i-TOro KOMMHUBOSIKEpPa (CyMMa BECOB JIyT).

3agaya HeCKOJIbKHX KOMMHUBOSIKEPOB. [laH opueHTHpOBaHHBINA Tpad
G = (V,w) wm mnHarypampHOe uucio k . HeoOxommmo oOTbICKaTh HaOOp
MapHipyToB kK KOMMHUBOSIKEPOB HAUMEHBIIICH CTOUMOCTH.

3ameyanue. 3agaya HECKOJIBKHX KOMMHBOSDKEPOB NP-TpyaHa, Tak Kak
NP-tpynHa 3aa4a 0THOTO KOMMHUBOSIKEDPA, SBJISIOIIASICS YaCTHBIM CIIyYaeM IpU
k= 1.

Pemienue 3a1a4u HECKOJbKMX KOMMHMBOSIKEPOB

Bynem uckaTh TOYHOE pELICHHE 3aJa4l HECKOJIBKHX KOMMHBOSIKEPOB
METOJOM BETBEM M TpaHUL. B MeToJe BETBEM M TPaHUI] MCXOJHAs 3a7aya
PEKYpCUBHO pa30HMBaeTcss Ha JApyrve 3aJadyd, KOTOPbIe PEIIAIOTCS MPOILIE
(HanpuMep, MEHbILIEH Pa3MEPHOCTH WJIM C APYTrOi OLEHKOW 11eJ1IeBOM (PYHKIUN).
B xone paboThl anropuT™Ma BETBEW U I'PaHUL] BCTPEYAIOTCS Pa3IudyHble HAOOPHI
MOKPBIBAIOLIUX BCE BEPIIMHBI K IIUKIIOB M 3alIOMUHAET JIYYIIUKA U3 HUX. Takoit
Ha0Op HA30BEM pexopOHbIM, a 3HAUCHHE TIEICBOM (QYHKIIUUA PEKOPAHOTO Habopa
HA30BEM PEeKOPOHbIM 3HAYEHUEM.

JUis Ka)XAa0W MoJ3aaul BIUUCISCTCS HUNCHAS OYEeHKA Yenegou (yHKYuu
Ha OCHOBE pEIICHHs 3a/Jayd O Ha3HaueHUAX. ['apaHTtupyercs, 4yTo (HUKHSISA
OLIEHKA I10/133/1a41 HE IPEBOCXOIUT ONTHUMAJILHOTO 3HAUYEHUS 11eJIEBON (PYHKIMH
ATOM MO3aqauH).

Ecnu HWKHSS oneHKa s MOoA3aJa4yM IMPEBOCXOAUT TEKYIEee PEKOPAHOE
3HAUEHUE, TO PEIICHHWE NO0JA33Jaud HE YJIYYUIUT €ro, U MojA3aAadyy MOXKHO
OTOpPOCHUTb.
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Crpykrypa noazaaau

Ha odepenHoil urepanum anroputMa Mbl OyaeM paboTaTh C MMO/A3aaadeH,
XapaKTePU3YIOIICHCS CIICTYIONTIMHI OTPaHUICHHUSIMH:

1. Péopa (vq,uy), (vy,uy), ..., (Ve Ur) — 3aMOPOXKEHBI. ITO O3HAYAET,
4TO KaXKI0€ M3 TEPEUYMCICHHBIX pEOEp IO/DKHO COICPKAThCsi B KaKOM-JIHOO
IUKJIE Cq,Cy, ... ,Ck . | APAHTUPYETCS, YTO B KAXIYIO BEPIIMHY BXOIHUT HE OoJjiee
4eM OJHO 3aMOPOXXEHHOE pedpo, a TaKkKe BBIXOAUT He Ooyiee 4eM OJIHO
3aMOPOKEHHOE peOpo. 3aMOpokeHHBbIE pEOpa MOTryT 0Opa30BBHIBATH ITUKIIHI.
Takue MUKITBI MBI TaK)Ke OyJIeM Ha3bIBATh 3AMOPONCEHHBIMU, OCTATLHBIC IIHKITBI
B rpade — wHezamopooiceHnvlie (XOTS OHH MOTYT COJEP)KaTh 3aMOPOKCHHBIC
péOpa). 3aMOpOKEHHbIE LHKJIBl COOTBETCTBYIOT MAapIIPyTy HEKOTOPOIro
KOMMHUBOSIKEPA.

2. Péopa (vy,uy),(vy,u3), ..., (v, u;) — 3amnpemnieHsl. ITO O3HAYAET,
4TO KaXJ0€ U3 MEPEUYHCICHHBIX pEOCp HE COMCPIKUTCS HU B OJTHOM U3 ITUKJIOB
C1,Coy een , C-

Taxum 06pa3oM, MbI UIIEM ONITUMAIBLHOE PELICHUE C YYETOM YIOMSHYTBIX
BBIIIIE OTPAHUYCHUM.

JUis pelieHust moj3agadd Mbl pa3OuBaeM €€, HaKIaJbIBas B KaxI0H M3
JIOYEPHUX M10/133/1a4 IONOJIHUTENIbHbIE OTpaHUYEHUS (HOBBIE 3aMOPOKEHHBIE UITH
3ampeniéHubie péopa). McxoaHas 3amaya HE UMEET OrpaHUYEeHUMN (TO €CTh BCE
pEOpa He 3amperieHbl U He 3aMOPOKEHBI).

[Ton3zanaya pemaercs HEMOCPEICTBEHHO B BYX CIIyYasiX.

1. Y3 kaxxa0¥ BEepIIMHBI UCXOJUT POBHO OJIHO 3aMOpOkKeHHOe pedpo. B
3TOM Cily4yae BC€ LUKIIbI SBJSIOTCS 3aMOpoxeHHbIMU. Ecimu ux poBHO k, TO
3aMOPOXEHHBIE ILMKIBI 00pa3ylOT €IUHCTBEHHOE pelleHHe Moj3agauu. B
IIPOTUBHOM CJIy4ae, pELICHUN HET.

2. Eciiv HEBO3MOXKHO pa30uTh rpad Ha LUHUKIIbI, B K&KIOM U3 KOTOPBIX HET
HU OJHOTO 3aMpeiIEHHOro pedpa, TO pEeIICHHU HET.

B opurunaipHom anroput™me banama-Kpucrodugeca wucnonb3yercs
TEPMUH «CTATUBaHUE pebOpa». B 3TOM cilydae mapa BepIIuH, CBSI3aHHBIX ATHM
pebpom, 3aMeHsIETCS Ha OJIHY BEPILIHUHY, a caMO peOpo 100aBiseTcs K OynynieMy
pelIeHNI0 UCXOMHOU 3amaun. YToObsl He MOIU(UIIMPOBATH UCXOMHBIN Tpad B
3a/1aue, Mbl «3aMOPaXXHUBaeM PeOpo».

BerBieHune B MeTO/1€ BeTBEH M IPAHUIL

Pa3bueHue Ha moj3aga4uu MPOUCXOAUT CIEAYIOIMINM 00pa3oMm:
1. Ans matpuusl rpada pemaercs 3agada o HazHaueHus1x (AP) ¢ momonibio
BeHrepckoro anroputma [ 10]. IIpu Tom
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® BEPILUHBI, IBISIOUINECS KOHIIAMHU 3aMOPOKEHHBIX pEdep, B 3a1a4e O
Ha3HAYEHUAX Yy4YacTUs HE TMPUHUMAIOT — 3aMOpOKEHHbIE PEOpa
N00aBIAIOTCS K ONTUMAJIbHOMY DPEIICHHUIO 33Ja4l O Ha3HAUYEHUSX
OPUHYIUTEIBHO (YCJIOBHO MOKHO CYUTaTh, YTO BEC KaXJOTO
3aMOPOYKEHHOT0 pedpa paBeH —0).

e 3anpenéHHble péopa MMEIOT BEC +00, MOTOMY OHM HHUKOTJA HE
OyIyT BKJIIOYEHBI B ONTUMAIBHOE PEIICHHUE 3a/1a4l O HAa3HAUYCHUSIX
(32 MCKJIIOUEHUEM CIIy4aeB, KOTJla HE CYIIECTBYET COBEPIICHHOIO
MapOCOYETaHUs U3 HE3AMPEIIEHHBIX PEOED).

2. Ecnin Habop pé&bep, momydeHHbIX B pe3yibTare pemeHus AP, o6pasyer
MapHipyTsl kK KOMMHBOSDKEPOB, CPABHHUM €T0 JUVIMHY C PEKOPIHBIM 3HAYCHHUEM H,
€CJIM HY>KHO, OOHOBHM €T0.

3. Ilycte ontumanbHOe pemieHne AP cocTouT M3 t HE3aMOpPOKEHHBIX
IIUKJIOB Cq,Cy,... ,C; U | 3aMOpPOKEHHBIX IUKIOB f1,f5,...,f; B HCXOTHOM
rpade. Torga 3HaueHuwe ueAeBOM (YHKIMM ONTUMAIBHOTO PEIICHUS STOU
noja3ajgaud  HEe MeEHee 4YeM My = {2?’§d (fi) m He MeHee dYeM m =
d(cy)+d(czx)+---+d(cr)

k=1
OIICHKOM M0J13a/1a4u.

4. Haitném B pemiennn AP HanmeHbImi 1o Becy uuki. [Iycts oH coctout
u3 péoep ey, ey, ...,6, B TOpsAIKe Bo3pacTtaHus BecoB. CBenéMm 3amauy K
CJICYIOIIMM M MoA3aauaM:

1. Pebpo e; — 3amnpelueHo;

2. Pebpo e; — 3aMOpOKEHO, pedpo e, — 3aIpenieHo;

3. Pébpa e;, e, — 3aMOpOKEHBI, pedpo €3 — 3alpeNIeHO;

. 3HaueHue, paBHoe, m = max(m,,m,) OyAeT HWKHEU

m — 1. P&opa ey, ey, ... ,6p-1 — 3aMOPOXKEHBI, peOpPo €, —
3aIpeleHo;
m. Pé6pa ey, e,, ... , €,;; — 3aMOPOKEHBI.

00 anropurme pemieHus 3a1a4M HECKOJIbKUX KOMMMBOSI)KEPOB

B nmamHolt paboTe mans  paccMaTpWBaeMOW  3a7aud  HECKOJIBKHX
KOMMUBOSKEpOB pa3paboTaH aJrOpUTM, OCHOBAaHHBIM Ha METOAE BETBEH U
rpanull nooOHeI anroputMy banama-Kpucroduneca pemenus 3agaun 04HOTO
KOMMHUBOsDKepa [1], HO ¢ HEKOTOPBHIMU HEU30EKHBIMU OTIIMYUSIMU.

Hcxoaubiit rpad B 000MX CiTydasix MpeICTaBICH MaTPHUIIEH BECOB.

B 060ux cinyyasx anropuT™ uimeT Habop u3 n (KOJTUIECTBO BepIIHH rpada)
TIOKPBIBAIOIIUX BCE BEpIIMHBI Tpada AYyr: B 3ajaue KOMMHUBOSIKEpa BCE AYTH
NpPUHAIICKAT OJHOMY TaMIJIBTOHOBY IMKIY; B 3a7ade HECKOJbKHX
KOMMUBOSDKEPOB - BCE IyTW MpPUHAJIeKAT 3apaHee 3aJaHHOMY KOJIMYECTBY k
ITUKJIOB.
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BetBnenne B aepeBe BapuaHTOB B 000MX CIIydasiX, KaKk U B aJlTOPUTME
Jluttna [12], cTpouTCsi HA OCHOBE BBIOOpA HEKOTOPOM IyTH Tpada, 1jisi KOTOPO
CTpOsITCA JBa BapuaHTa: 1) BbIOpaHHas Jyra HOPUHAMICKUT HCKOMOMY
MHOKECTBY N AYT WIH 2) HE MPUHAJIKUT. B pe3yibTaTe Takoro BETBICHUS B
KOKJIOM Yy3Jie JiepeBa BapUaHTOB (PUKCHUPYETCS HEKOTOPOE MHOXKECTBO YT,
MPUHAJJICKAIUX UCKOMOMY IIUKJTY (HA00py IUKJIOB), HEKOTOPOE MHOYKECTBO JIyT
HE TPUHAICKAIINX UCKOMOMY IUKIY (HAO0Opy LMKIOB) M OCTajbHBIC JIyTH.
KosruecTBO y3710B Takoro JiepeBa BAPUAHTOB MOXKHO OIEHUTh BeMUMHOMU 2" (n
- KOJIMYECTBO BEPIIUH rpada).

JIJist ipeIcTaBIEHHOTO B TAHHOW paboTe airOpUTMa KakK M IS JITOPUTMA
banama-Kpucropuaeca aepeBo BapHaHTOB COKpAIIACTCS MCIOJIb30BAaHUEM
pelIeHUs 3a]1a4u O HA3HAUYCHUSX B KXKJIOM y37€. B pe3ynbrare peiieHus 3aiauu
0 Ha3HAYEHUAX MOJYyYaETCs MHOXKECTBO U3 N AYT, HOKPHIBAIOIINX BCE BEPIINHBI
rpada. [lonmygyaemMmoe MHOXXECTBO JIyr 00Opa3yeT HabOp M3 HECKOJbKUX IHMKJIOB.
Takum 00pa3om, HCHOJB30BaHHME 337a4d O HA3HAUEHHUAX COKpAIIaeT JIePEBO
BapuaHToB JlutTina. MoxHO TOKa3aTh, 4YTO J000€ MHOXKECTBO IIUKJIOB,
coCTosIIIIee U3 N Ayr M MOKPHIBAIOIIEE BCE BEPIIMHBI rpada, mpocMaTpUBaeTCS
TaKuM JIepeBOM BapuaHTOB. Takum o0O0pa3oM, TOYHOE pEIICHUE JTaHHBIM
ITOPUTMOM HE OYyJIET IPOIYIICHO.

Ot BbIOOpa JIyrW [Jis BETBJICHUS 3aBUCHUT JIEPEBO BApUAHTOB M, Kak
clencTBue, OBICTPOJCHCTBUE alNropuTMa, XOTSA MpPH JIOOOM BBIOOpE IyTH
BETBJICHUS 0€3 OTCEYCHUS BETBEU MPOCMATPUBAIOTCSA BCe HAOOPHI U3 N JIYT.

[Ipuniun BeIOOpa Tyrd BETBIICHUSI ONpPENEISETCS OIICHKON IIeJIeBOM
byHKIIUU.

Onenka ueneBoit Qynkiuu B anroputme banama-Kpucroduneca
ONPEAECIISIETCS BETUYMHOMN PELICHUS 3a]a41 O HA3HAYEHUSIX. DTOM K€ BEJIMUUHON
MOXHO OIIEHUBATh 1IEJIEBYI0 (PYHKIMIO B 3a7a4€ HECKOJIbKUX KOMMUBOSIHKEPOB
mTSP [4], [2], eciin MUHUMH3UpYETCSI CyMMa BecOB ayT. J[Jist paccMaTpuBaeMou
B JIaHHOW paboTe 3a7a4yul HECKOJbKHUX KOMMHBOSDKEPOB [IJIsi OLICHKHU II€JIEBOM
GyHKIIMM B KaXJIOM y3J€ JIepeBa BapUAaHTOB HY)XHO OIICHMBaTh BEC
MaKCHMaJbHOTO IHUKIA. B 3TOM ciyuae B KauecTBe OICHKH II€JIeBOM (DYHKIIUU
MOXHO paccMaTpuBaTh BEJIUUMUHY PEUICHUS 3aJlaud O Ha3HAYEHUSIX, JICJICHHYIO
Ha 33J]aHHOE KOJIMYECTBO KOMMHUBOSIKEPOB k.

Kak u B pyrux airoputmax, OCHOBAaHHBIX Ha METOJI€ BETBEW M I'PAHUII,
OTCEYEHUE BETBEU BBIMIOIHAETCS B TE€X y3/laX, B KOTOPBIX OLEHKA LIEJIEBOU
GyHKIHUU XYyKe TEKYLIEro peKopa.

B anroputme banama-Kpuctoduaeca eciu B pesynbTaTe peiieHus 3a1auu
O HA3HAYEHHSX I[IOJYyYEH POBHO OJHMH LHMKI - TO 3TOT UHKI SBJISETCA
ONTUMAJIBHBIM pEIICHUEM. ECiM IUKIOB HECKOJIBKO, TO HAXOAUTCSA LUKI C
HAaUMEHBIIUM KOJIMYECTBOM Jyr W JJIS BETBICHUS BBIOMPAIOTCS IYyTU 3TOTO
nmukina. I[lpy »ToM HEBO3MOXHO, YTOOBI BCE [yrd IHMKJIA TPUHAIIEKAT
ONTUMAIILHOMY PEIICHUIO - 3TO JOMOJHUTEIBHO COKpAIaeT AEPEBO BapUAHTOB.
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B paccmaTtpuBaemoii 3amadue 11l BETBJICHHSI BEIOMPAETCS ITUKI ¢ HAUMEHBIIEH
CYMMOU BECOB IYT.

YucjeHHbIE IKCIEPUMEHTBI

[IpoBeneHbl  YMCIEHHBIE  JKCHEPUMEHTHI CO  CIOy4yailHBIMH  rpadamu.
PaccmaTtpuBauch mosiHble OpUEHTHpOBaHHBbIE rpadsl. Bec nyru BwiOupancs
CIy4aifHBIM LIeJbIM HEOTPULIATEILHBIM YHCIOM, MeHbIIHM 10, paBHOBEPOSATHO.

YuclieHHbIE IKCIIEPUMEHTHI POBOAWIIMCH Ha KOMITBIOTEPE CO
CJIEIYIOLIMMHU XapaKTEPUCTUKAMHU.

Windows 11, mporieccop Ryzen 7 5800X, 8 siaep, 6a3zoBast yactota 3.8 I'T'1,
00béM L1 xamia 512 Kb, o6bem L2 x3ma 4 M0, 00béM L3 koma 32 M6. 32 I'6
onepatuBHor namatu, DDR4, wactora 3200 MI 1.

[Iporpamma pa3zpabotana Ha s3bike C++. Komnunsitop gee 15.1,
KOMITHJIMPOBAJI ¢ AUPEKTUBOM -O3.

Pe3ynbraThl YMCIEHHBIX SKCIIEPUMEHTOB TipeicTaBiienbl B Tabmuie 1. Tlo
CTpOKaM yKa3aHO KOJHMYECTBO BEpIIMH B rpade, mo cToadimamM — KOJIUYECTBO
KOMMHUBOSDKEPOB. BpeMsi BBINOJIHEHUS YKA3aHO B CEKYH/IAX.

Tabmuuma 1. Cpeanee Bpems (B CeKyHAax) pEIICHHs 3aJa4d HECKOJIBKUX
KOMMHUBOSKEPOB B 3aBUCHUMOCTH OT MX KOJUYECTBA M KOJIMYECTBA BEPIIUH
ciy4yaiHoro rpada.

1 2 3 4 5
30 0.001 0.01 0.164 3.277 109.95
40 0.001 0.022 0.621 13.197 —
50 0.002 0.059 1.708 57.85 —
60 0.003 0.105 4.482 88.506 —
80 0.004 0.294 17.4 — —
100 0.007 0.839 52.152 — —
150 0.017 2.175 — — —

B Tabmune ykazano cpeaHee Bpemsi pemienus Ha 100 Tecrax 3a
UCKIIFOYEHHEM CIIy4aeB, IJie cpeaHee BpeMs npeBblmaeT 20 ceKyHI — ISl HUX
cpenHee Bpemsi Opanock mo 5 tectam. [Ipodepk B Tabnuile 03HA4aeT, 4TO IS
TaKUX Pa3MEPHOCTEN YHUCIEHHBIE 3KCIEPUMEHTBI HE TPOBOIUIIUCH.

[IpencraBiieHHBIM aITOPUTM, HECMOTpPsS Ha XOpollee OBICTPOJEHCTBHE,
UMEET HKCIIOHEHIMAIbHYIO CIIOXKHOCTh, YTO Jaxe B Tabmuue 1 HaOmomaeTcs.
OpnHako mana BEpOSITHOCTh TOI0, UTO Ha CTEHEPUPOBAHHOW CIIy4YalHOM MATpHIIE
MpECTaBICHHBIX B TaOnuile 1 pazMepHOCTeN anroputMm Oyner paboTtaTh Oosee
yaca - TaKMe JIaHHbIE BO BPEMs IKCIIEPUMEHTOB HE BCTPETHIIUCH.

B [4] npencraBneH anroput™ pemeHus 3agaun mTSP  (Heckosibko
KOMMHUBOSIKEPOB C MUHHUMHU3AIMEN CYMMBI BECOB MApUIPYTOB) M UHCIEHHBIC
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AKCOEPUMEHTHI JUIsI TPOrPpaMMHOM pealiu3alud  aliroputma. YucieHHbIe
skcriepuMeHThl Tabnuipl 1 AEeMOHCTPUPYIOT MPOU3BOJUTEIBHOCTb, KOTOPAS
BBIIIIE TTPOU3BOIUTEIILHOCTH MPOTrpaMMEI [4], 6oJiee ueM Ha MOPSIOK.

3akiIroueHue

IIpencraBieHHbll anropuT™M, Kak M B Cly4ae C 3a4a4ed OIHOTO
KOMMMUBOSIKEPA, IIPU UCIOJb30BAHUM BCIIOMOTATENIBHON 3a/1a4M O HA3HAYCHUAX
MMEET MPEUMYIIECTBA 110 CPABHEHUIO C AITOPUTMAMHU, KOTOPBIE 3Ty 3a7ady HE
VICIIOJIB3YIOT. IIpoBencHHbIE JKCIIEPUMEHTHI JEMOHCTPUPYIOT 3TO
IIPEBOCXO/ICTBO.

B nmanbHeiimeMm mpenmnonaraercsi pacCMOTPETh paclapajvieIMBaHUE U
JpYrUe ONTUMM3ALUH, YBEIIUUMBAIOIINE OBICTPOJAEHCTBUE TPOTPAMMBI.
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