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Abstract 

A small satellite equipped with thrusters providing continuous limited thrust for translational control is 

considered in the paper. The angular motion of the satellite is controlled by onboard reaction-wheels. The position of 

the capturing point of the space debris object and the position of the capturing system in the satellite body frame are 

assumed to be specified. One of the proposed control algorithm is constructed based on State-Dependent Riccati 
Equation to provide the required relative attitude and position of these two points for the capturing. The control 

algorithm requires linearization of nonlinear motion equations in the vicinity of the current state vector. The optimal 

control coefficients are determined by solving the Riccati equation at each time step. Another approach is to use 

artificial potentials to develop a control algorithm for achieving capturing conditions. Attractive and repulsive 

potentials are virtually placed in the space debris centre of mass, and a conical selective potential is in the vicinity of 

capturing point. The satellite reaches the required relative distance and capture the object in case the point of the 

space debris object and the position of the capturing system are close to each other. These two control algorithms 

performance is studied using numerical simulation with defined parameters of supposed active space debris removal 

mission. The results of the algorithms application are compared, their main features and shortcomings are analysed. 
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1. Introduction 

 

Space debris removal problem is one of the most 

complex and urgent task for space community. A set of 

missions are already tested a set of approaches for 

debris removal [1–5]. Active removal of inactive 

spacecrafts and rocket stages often involves the use of 

special small satellites that can attach themselves on the 

space debris object or capture it with a manipulator [6], 

net [7,8] or harpoon with tether [9,10], and change its 
orbit using the on-board motion control system. Active 

debris removal implies autonomous relative motion 

control in order to achieve relative state vector required 

for capturing. Onboard propulsion is often considered 

for the translational motion control and reaction wheels 

are for the attitude maneuvers. 

The problem of relative translational and attitude 

motion control is well studied and a big variety of 

control approaches is developed. For example, sliding 

control-based algorithms [11,12] are developed for the 

relative orbit-attitude tracking problem, for the 
rendezvous problem the swarm particle optimization 

algorithm is applied for the required trajectories 

generation [13], for the docking stage with non-

cooperative object the majority of the proposed control 

algorithms are fuel-optimal or time-optimal [14–18]. 

Therefore, the optimal algorithms for calculating 

trajectories are often replaced by computationally 

simpler and faster non-optimal ones [19,20], however 

their performance are strongly depend on initial 

conditions at the docking stage. As a compromise 

between two approaches a feedback control law 

developed for minimization of some defined cost-

function can be applied to the problem. A linear 
quadratic regulator (LQR) is well-known example of 

such an algorithm, though the relative motion equations 

are highly non-linear. To overcome this inconsistency 

the motion equations are linearized in the vicinity of the 

current state vector and LQR-like State-Dependent 

Riccati Equation-based (SDRE) control algorithm is 

applied [21–23]. In [24,25] a comparative study 

between SDRE and LQR is presented, and SDRE 

showed its advantages considering fuel consumption, 

rendezvous time and trajectory accuracy. The SDRE-

based algorithms are used to address various problems 
such as the position and attitude control of a single 

spacecraft [26] or relative motion control in satellite 

formation flying [25]. For the problem of space debris 
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object capturing the kinematic coupling effect must be 

taken into account when the relative motion of not 

centers of mass of two bodies but motion between two 

defined body-fixed points is considered as in [27]. The 

paper [28] studies the application of the SDRE-based 

control for this type of relative motion equations. In 

paper [29] the influence of the control system 

parameters on the performance of the SDRE-based 
control algorithm on the relative motion during the 

capturing taking into account reaction wheels saturation 

and thrusters misalignment is studied. 

The presented paper devoted to comparison of two 

different control approaches for capturing the tumbling 

space debris at the defined point. Performance of the 

SDRE-based control algorithm and virtual potentials 

approach are studied at the same conditions and with the 

same parameters of the satellite and the satellite system. 

Such a study allows to choose the most appropriate 

algorithm depending on requirements of the space 
debris removal mission. 

 

2. Problem Statement 

Consider a tumbling space debris object and a 

satellite capable to capture this object by some of the 

capturing system such as robotic manipulator, magnetic 

gripper, harpoon etc. The satellite initially is in a certain 

vicinity of several meters near the debris object. In order 

to capture the object the satellite should be inside the 

defined area relative to the capturing point on the object 

surface and the satellite capturing system should be 
directed to the capturing point with required accuracy. 

The main purpose of the motion control system is to 

provide such a translational and attitude motion of the 

satellite that will result in satisfying the capturing 

conditions concerning the relative center of mass 

position and relative attitude. It is assumed that the 

satellite is equipped with onboard propulsion system 

able to provide continuous thrust and with reaction 

wheels for attitude control. 

The purpose of the paper is to develop motion 

control algorithms for capturing maneuver in a close 

range and compare its performance in required 
characteristic velocity and maneuver time. The body-

fixed reference frames of the tumbling space debris 

object and active satellite are presented in Fig. 1.  

 
Fig. 1. Reference frames of chaser satellite and target 

object 

 

3.1 Relative rotational and translational equations of 

motion 

In this section the equations of rotational and 

translational motion are derived. A relative vector is 

formed using relative velocity and distance between two 
specified points on the space debris and satellite. This 

relative vector between arbitrary points couples the 

rotational and translational motion of two objects. In 

order to represent the dynamical equations of motion in 

terms of relative vector of distance and velocity between 

these two points, it is required to use relative 

translational equations of centres of mass and the 

relative rotational equation of two rigid object. 

In order to express relative rotational motion and 

corresponding equations, angular momentum equations 

of (1.1) and (1.2): 

 S S

S S S S

I S

d d

dt dt

   
       

   

H H
ω H N T  (1.1) 

 
I D D

D D DD D

D D D

d d

dt dt

   
      

   

H H
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In these equations (1.1) (1.2) ,C DH H are the angular 

momentum of chaser and the target. The subscript 

placeholder for ,I T denotes the system of the 

coordinates where differentiating. ,C DN N stands for 

external disturbing torques and CT is control. at the 

same time can introduce relative angular velocity as: 

 S D ω ω ω  (1.3) 

Where ,S Dω ω are angular velocities of the spacecraft 

and the debris. Differentiating (1.3) in inertial frame and 

expressing in the target reference frame leads to relative 

kinematics of two space object as 

 ,

S DD I II
D S D
S

d dd

dt dt dt

    
     

    

ω ωω
D  (1.4) 

where 
T

SD is the transfer matrix from spacecraft to the 

target. Notting that: 
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 ,S S S WS D D D  H I ω h H I ω  (1.5) 

 

Then the dynamical equations of relative rotational 
motion can be derived in debris reference frame: 
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At the same time relative translational equations of 

motion which are called Clohessy-Wiltshire for the 

centres of mass of two objects are as follow: 
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where  0 ; ;
T

x y zρ  is radius-vector of chaser center of 

mass in LHLV reference frame with target in the origin 

TC  (Fig. 1); 
T

x y za a a   a  is the control 

acceleration, which is produced by thrusters; n  is the 

orbital angular velocity of the target. 

Now consider that two points are fixed on the 

spacecraft and space debris and are expressed in the 

body frames of this rigid bodies as ,S DP P and the 

corresponding radius vectors from the centres of mass 

are ,S Dr r . The relative vector for capturing can be 

expressed as the sum of these two vectors 

 
D D S D

S S D e D e e , (1.8) 

where ,S De e are the unit vectors from the center of mass 

of the corresponding object to these points. Taking 

derivative from (1.8) gives: 

 

( )

D

D S S S

S S D S

S D D

D D

d

dt

 



 
  

 

 

e
ω D e ω D e

ω D e e

 (1.9) 

Where 
ω is the skew-symmetric matrix of 

vectorω . The second derivative of (1.8) is: 
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(1.6) Can be simplified to  
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Substituting 
ω from equation (1.6)  

      
2

1

2

S

D D S S

d

dt

       
e

G ω ω e e e e DI T (1.12) 

This equation is the nonlinear dynamical equation of 

this relative vector e with states and control.  

 

 

3. Control Algorithms 

 

3.1 SDRE-based control 

 

The nonlinear dynamical system is considered as 

        ,t t t x f x g x u  (1.13) 

Here state vector is shown as   nt x  and the 

control vector as   mt u , ,f g  are nonlinear smooth 

functions; SDRE control algorithm can be generated for 

the nonlinear system (1.13) using the functional (1.14) 
to be minimized: 

 
0

1
( ) ( ) ( ) ( )

2

ft

T TJ t t t t dt    x Q x u Ru  (1.14) 

Where ,Q R  are positive definite weighting matrices. In 

(1.14) finite horizon time ft  is considered. Here the 

point 0x  is assumed to be equilibrium state of the 

system. SDRE method requires the linearization of the 

equation of motion in a neighbourhood of the 

equilibrium. The optimal coefficients of the regulator 
are calculated as a result of solving Riccati equation at 

each time step. In this paper ,Q R  are considered as 

constant matrices. Next step is to linearize the nonlinear 

system. The linearization of dynamical system leads to: 

 

     x A x x B x u  (1.15) 

 

where  A x  is the dynamic matrix or state dependent 

coefficient matrix and  B x  is the nonlinear control 

matrix. analogical to linear quadratic regulator for 

nonlinear quadratic regulator a corresponding algebraic 

Riccati equation can be derived. Setting Hamilton 

function and applying the maximum principle of 

Pontryagin [31], and taking to account the necessary 

conditions for optimality leads to the optimal control 

law as: 
 

      1 T R B x P xu x x  (1.16) 

 
The control function (1.16) is similar to linear 

quadratic regulator, but unlike LQR here the 

coefficients are implicit functions of state vector. The 

matrix ( )P x  is unique, symmetric and positive-definite 

and can be obtained by solving algebraic Riccati 

equation: 
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After substituting this semi-optimal control law the 

closed loop system will look : 

 

       1 T x A B x R B x P x x  (1.18) 

 

For the debris removal the dynamical equations 

(1.12) can be linearized with respect to e and e . state 

dependant factorizing of the equation system (1.12) will 

lead to: 
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3.2 Virtual potentials approach 

 

The second approach to the berthing process is to 

use virtual attractive and repulsive potential functions 

,a rV V . If these potential functions as (1.20) are added 

together, then it will be possible to achieve an 

equilibrium point in a desired distance between two 

centres. This equilibrium is the distance where the 

virtual net force is equal to zero, in the other words the 

potential functions compensate each other. The 

geometrical coefficient , , ,a r a rC C l l are the 

geometrical coefficients of the poles and they determine 
the equilibrium position.  
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The force produced by the potential function is : 

 

 V F   (1.21) 

 

The components of the virtual force in orbital 

system are: 
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Then by adding these virtual control forces to the right 

part of Clohessy-Wiltshire equation the relative motion 

can be controlled.  
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In order to achieve a stable equilibrium point, some 

virtual friction will be added which leads to a semi-

elliptical rotational movements around the target on the 

desired distance from the debris. 
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And  is a control design coefficient. Using this 

algorithm it is possible to achieve an equilibrium 

distance around the target. The advantage of this 
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algorithm is that by changing the power coefficients 

,a rC C  of the fields, it becomes possible to move toward 

the debris target when the proper time for capturing 
comes. 

 

4. Algorithms comparison 

 

Here the results of mathematical and computational 

modelling are presented. The rendezvous and capturing 

problem is solved using both algorithms. The same 

initial conditions for both simulations are as follow: 

 

Table 1. Initial conditions 

Initial conditions parameters 

,S DP P  [1,1,1] m 

0( )D

D tω  [0.2,0.4,0] rad/s 

0( )S

S tω  [0.02,0,0.08] rad/s 

0( )D tq  [0,0,1,0]  

0( )S tq  [0.59,0.2,0.6,0.5]  

0x  [5,5,5] m 

0x  [1,2,3] m/s 

 

For the simulation the following moment of inertia for 

the objects are considered: 
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For the SDRE algorithm the following weighting 

matrices for the translational motion control (1.27) and 

rotational (1.28) are used: 
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For the virtual potential method when the desired 

equilibrium distance is not reached yet, the geometrical 

and power ,a rC C and friction rf  coefficient are 

suggested:  
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 (1.29) 

 

When the satellite is in the equilibrium distance and 

berthing opportunity shows up the coefficients change 

to the followings: 
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 (1.30) 

 

Fig. 2 and 3 show tracking error of the direction 

alignment of the berthing arm on spacecraft 
Se and 

capturing point on the debris. When the capturing arm is 
directed towards the berthing vector, and the distance is 

reached to a desirable value, it is possible to accomplish 

the capturing Fig. 2 and 3 show the error of vectors 

Se and 
Se from the desired values. The SDRE algorithm 

provides a smooth convergence. 

 
Fig. 2. Error of berthing vector on spacecraft 

 
Fig.3.  Error of berthing vector velocity on 

spacecraft 

 

Animation which shows the relative trajectory is 

illustrated in Fig. 4. In a straight forward manner 

satellites goes to capture the debris. 
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Fig. 4. Trajectory generated by SDRE 

 

The translational force and rotational control torque 
are shown in Fig. 5-6. It is clear that to hold the 

direction and minimize distance for berthing constantly 

required to produce some control. Control magnitude is 

constraint due to limitation of controllers. 

 
Fig. 5. Control force components 

 
Fig. 6. Control torque on rotational motion 

 

As mentioned with the same initial condition the 

problem simulated using the virtual repulsive and 

attractive potential method. Fig. 7-8 show the error of 

vectors 
Se and 

Se from the desired values. The virtual 

potential method provides a smooth convergence as 

well. The converging time for rendezvous vector 

alignment approximately is two times more than SDRE 

algorithm. 

 

 
Fig. 7. Error of capturing vector on spacecraft 

 
Fig. 8. Error of the capturing vector velocity on 

spacecraft 

 

Animation demonstrating relative trajectory under 
virtual potentials is illustrated in Fig. 9. The satellite 

arrives to the desired equilibrium radius and by help of 

virtual friction rotates on the surface of an ellipsoid 

around the target until the time when the capturing 

conical window shows up. In this moment the attractive 

potential increases and satellites rush directly into the 

capturing sector. Here two possible cases happen. Either 

satellite can accomplish capturing on the available time 

successfully, or the sector closes and the satellites must 

retreat back to ellipsoid and wait for the sector to open 

up again and repeat the berthing process. Fig. 10 shows 
this event when first attempts are unsuccessful and then 
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satellite can finally accomplish capturing. For this case 

the angular velocity of the target is increased to 

[0.2,0.4,0.1] rad/s otherwise it could capture on the first 

attempt as Fig. 11. 

 
Fig. 9. Trajectory generated by virtual potentials 

 
Fig. 10. Relative distance for the case of two 

unsuccessful attempts and third successful attempt for 
the docking 

 
Fig. 11. First successful attempt 

 

 

 

The translational force and rotational control torque 

are shown Fig. 12-13. In Error! Reference source not 

found. the near zero horizontal part of the graph shows 

the virtual friction and impulsive forces are the virtual 

potentials at approaching phase and capturing moment.  

 

 
Fig. 12. Control force on translational motion virtual 

potentials 

 

 
Fig. 13. Control torque on rotational motion virtual 

potentials 

 

Another numerical study conducted in the following 

manner. Initial magnitude of angular velocity of the 

target is fixed and some sets of random points were 

taken, as a result the V  and capturing time is obtained. 

This comparative study is applied for both SDRE and 

potential methods. Fig. 14 demonstrate required V  for 

7 sets of points with the fixed magnitude of angular 

velocity. Fig. 15 shows the rendezvous time for the 

same simulation. It is obvious that the more the angular 

velocity, the more the V  and rendezvous time. 
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Fig. 14. Required Delta-V with respect to initial 

angular velocity of the debris for SDRE algorithm 
 

 
Fig. 15. Capturing time with respect to initial 

angular velocity of the debris for SDRE algorithm 

 

Fig. 16-17 the capturing time and the required V  

is presented for the case of virtual potentials application. 

The capturing time is considerably more than the time 

required in case of SDRE-based control.  

 
Fig. 16. Capturing time using virtual potential approach 

 
Fig. 17. Delta-V with respect to trust value constraint 

for virtual potentials-based algorithm 

 

The other comparative numerical study conducted 

by choosing some maximum values on thrust force as 

constraint, and at the same time choosing some sets of 

points with different initial distances and different 

debris angular velocity. Using this method shows the 
probability of a successful rendezvous and the time and 

corresponding fuel consumption which is required. Fig. 

18-19 show that the higher the constraint value, the less 

V  and the less the rendezvous time for the SDRE 

algorithm is needed. Decreasing the constraint reduces 
the probability of successful work of algorithm.  

 

 
Fig. 18. V with respect to trust value constraint for 

SDRE algorithm 
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Fig. 19. Capturing time with respect to trust value 

constraint for SDRE algorithm 

 

The capturing time depends on the desired precision 

as a predefined mission requirement. For this end some 

parameter is defined as terminal parameter which 

represents the accuracy of capturing. Fig. 20-21 show 

the V  and time for several terminal parameters for 

SDRE algorithm. The higher accuracy can be achieved 

at the cost of higher V  and rendezvous time. 

 
Fig. 20. Required Delta-V with respect to the terminal 

parameter for SDRE algorithm 

 
Fig. 21. Capturing time with respect to the terminal 

parameter for SDRE algorithm 

The results for the case of virtual potential-based 

control algorithm is presented in Fig. 22-23. In case of 

low available thrust the vitual potential-based control 

failed to capture during the 10000 s. The higher the 

maximum thrust the faster the maneuver and it requires 

less V . 

  
Fig. 22. Rendezvous time with respect to trust value 

constraint for SDRE algorithm 

 
Fig. 23. Capturing time with respect to trust value 

constraint for SDRE algorithm 

 

5. Conclusions  

 

Two control approaches for active debris removal 

during the capturing stage is proposed in the work and 

their performance is compared under the same 

conditions. It has been shown that the SDRE-based 

control show faster convergence compared to algorithm 

using virtual potential functions. However, the required 

V  for the docking manoeuvre is more for the SDRE-

based control. The advantage of the virtual potential-

based algorithm is that along with saving fuel at cost of 

time it provides the collision avoidance in case of 

inappropriate relative position during the docking. 

Though at high space debris angular velocity the 

capturing could be not possible using this control 
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approach. One of the proposed algorithms could be 

implemented on-board depending on the space debris 

mission requirement concerning the constrains on the 

capturing manoeuver time and fuel limitation. Also the 

space debris angular velocity strongly affect the control 

algorithm performance. 
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