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Ðàññìàòðèâàåòñÿ øåñòîå óðàâíåíèå Ïåíëåâå ïðè a = 0. Äëÿ ýòîãî ñëó-
÷àÿ çäåñü ïîëó÷àåì øåñòü íîâûõ ðàçëîæåíèé ïðè x → 0 è x →∞, êîòîðûå
îòëè÷íû îò ðàçëîæåíèé èìåþùèõñÿ ïðè a 6= 0 è íàéäåííûõ ðàíåå (ÄÀÍ,
2004, ò. 395, N 6). ×åòûðå èç íîâûõ ðàçëîæåíèé ÿâëÿþòñÿ ñòåïåííûìè, äâà
� ñëîæíûìè, ò. å. ñ íåñòåïåííîé àñèìïòîòèêîé. Òàêæå ïîëó÷àåì íîâûå ðàç-
ëîæåíèÿ ðåøåíèé ïðè b = 0. Äëÿ ýòîãî èñïîëüçóåòñÿ îäíà èç ñèììåòðèé
óðàâíåíèÿ. Âñå ýòè ðàçëîæåíèÿ íàéäåíû âïåðâûå.

A.D. Bruno, I.V. Goruchkina. Expansions of solutions to the sixth Painleve
equation in cases a = 0 and b = 0. Preprint of the Keldysh Institute of Applied
Mathematics of RAS. Moscow, 2006.

We consider the sixth Painleve equation for a = 0. For the case we obtain
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�1. Ïîñòàíîâêà çàäà÷è

Äëÿ øåñòîãî óðàâíåíèÿ Ïåíëåâå [1], ïðè ðàçíûõ çíà÷åíèÿõ êîìïëåêñíûõ
ïàðàìåòðîâ a, b, c, d, èùåì ðàçëîæåíèÿ ðåøåíèé âèäà

y = crx
r +
∑

s

csx
s, (1.1)

ãäå x → 0 èëè x → ∞, ïîêàçàòåëè ñòåïåíè r è s � êîìïëåêñíûå ÷èñëà.
Êîýôôèöèåíòû cr è cs ìîãóò áûòü òðåõ òèïîâ:

1. cr è cs � ïîñòîÿííûå êîìïëåêñíûå êîýôôèöèåíòû, ïåðâûé ÷ëåí y =
crx

r � ñòåïåííàÿ ôóíêöèÿ;

2. cs � ìíîãî÷ëåíû îò ln x, ïåðâûé ÷ëåí y = crx
r òàêæå ñòåïåííàÿ ôóíê-

öèÿ;

3. cr è cs � ñòåïåííûå ðÿäû îò ln x, êîòîðûå ìîãóò ñîäåðæàòü è êðàòíûå
ëîãàðèôìû.

Åñëè x → 0, òî Re s > Re r, è Re s âîçðàñòàþò. Åñëè x →∞, òî Re s < Re r,
è Re s óáûâàþò. Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî àðãóìåíò êîìïëåêñíîé
ïåðåìåííîé x îñòàåòñÿ â íåêîòîðîì èíòåðâàëå. Åñëè äîïóñêàòü íåîãðàíè-
÷åííîå èçìåíåíèå arg x, òî â ñëó÷àå êîìïëåêñíûõ r è s ìîæåò ñëó÷èòüñÿ,
÷òî ïðè |x| → 0, ôóíêöèÿ xr ñ Re r > 0 ñòðåìèòüñÿ ê áåñêîíå÷íîñòè è
óïîðÿäî÷èâàíèå |xs| íå ñîîòâåòñòâóåò óïîðÿäî÷èâàíèþ Re s. Ðàçëîæåíèÿ
(1.1) òèïîâ 1 è 2 áóäåì íàçûâàòü ïðîñòûìè, à òèïà 3 � ñëîæíûìè. Ðàç-
ëîæåíèÿ òèïîâ 1 è 2 ïðè a, b, c, d 6= 0 íàéäåíû â [2 - 4]. Äëÿ íàõîæäåíèÿ
ðàçëîæåíèé (1.1) áóäåì èñïîëüçîâàòü ìåòîäû èçëîæåííûå â [5, 6, 7].

�2. Îáùèå ñâîéñòâà óðàâíåíèÿ

Øåñòîå óðàâíåíèå Ïåíëåâå èìååò âèä

y′′ =
(y′)2

2

(
1

y
+

1

y − 1
+

1

y − x

)
− y′

(
1

x
+

1

x− 1
+

1

y − x

)
+

+
y(y − 1)(y − x)

x2(x− 1)2

[
a + b

x

y2 + c
x− 1

(y − 1)2 + d
x(x− 1)

(y − x)2

]
, (2.1)

ãäå a, b, c, d = const ∈ C, à x è y � êîìïëåêñíûå ïåðåìåííûå. Ïðåä-
ñòàâèì åãî â âèäå äèôôåðåíöèàëüíîé ñóììû. Äëÿ ýòîãî óìíîæèì åãî íà
2x2(x − 1)2y(y − 1)(y − x) è ïåðåíåñåì â ëåâóþ ñòîðîíó ïðàâóþ ÷àñòü
óðàâíåíèÿ. Ïîëó÷àåì
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f(x, y)
def
= 2y′′x2(x− 1)2y(y − 1)(y − x)− (y′)2[ x2(x− 1)2(y − 1)(y − x)+

x2(x− 1)2y(y − x) + x2(x− 1)2y(y − 1) ]+
2y′[ x(x− 1)2y(y − 1)(y − x) + x2(x− 1)y(y − 1)(y − x)+

x2(x− 1)2y(y − 1) ]− [ 2ay2(y − 1)2(y − x)2 + 2bx(y − 1)2(y − x)2+
2c(x− 1)y2(y − x)2 + 2dx(x− 1)y2(y − 1)2 ] = 0.

(2.2)
Ðàçëîæåíèå åãî ðåøåíèé ïðè a, b 6= 0 ïîëó÷åíû â [2, 3, 4].

2.1. Íîñèòåëè è ìíîãîóãîëüíèêè. Åñëè a 6= 0 è b 6= 0, òî íîñè-
òåëü ëåâîé ÷àñòè óðàâíåíèÿ (2.2), ò. å. ìíîæåñòâî ïîêàçàòåëåé ñòåïåíè åå
ìîíîìîâ, åñòü

S(f) = {Q = (q1, q2) : q1 = 0, 1, 2, 3, q2 = 3− q1 + k, k = 0, 1, 2, 3}.

Íîñèòåëü S(f) è åãî âûïóêëàÿ îáîëî÷êà Γ(f) èçîáðàæåíû íà ðèñ. 1.

Ðèñ. 1

Çäåñü ìíîãîóãîëüíèê Γ(f) � ýòî ïàðàëëåëîãðàìì ñ âåðøèíàìè Γ̃
(0)
j =

Q̃j, ãäå Q̃1 = (3, 0), Q̃2 = (3, 3), Q̃3 = (0, 6), Q̃4 = (0, 3) è ðåáðàìè
Γ̃

(1)
1 , Γ̃

(1)
2 , Γ̃

(1)
3 , Γ̃

(1)
4 , ïîêàçàííûìè íà ðèñ. 1.

Ðàññìîòðèì äâà ñëó÷àÿ: a = 0, b 6= 0 è a 6= 0, b = 0.
1)a = 0, òîãäà óðàâíåíèå (2.2) ïðèìåò âèä

f(x, y)
def
= 2y′′x2(x− 1)2y(y − 1)(y − x)− (y′)2[ x2(x− 1)2(y − 1)(y − x)+

x2(x− 1)2y(y − x) + x2(x− 1)2y(y − 1) ]+
2y′[ x(x− 1)2y(y − 1)(y − x) + x2(x− 1)y(y − 1)(y − x)+

x2(x− 1)2y(y − 1) ]− [ 2bx(y − 1)2(y − x)2+
2c(x− 1)y2(y − x)2 + 2dx(x− 1)y2(y − 1)2 ] = 0.

(2.3)
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Â ýòîì ñëó÷àå ó íîñèòåëÿ, èçîáðàæåííîãî íà ðèñ. 1, ïðîïàäóò òî÷êè
(0, 6), (0, 5), (1, 5). Íîñèòåëü S(fa=0) ëåâîé ÷àñòè óðàâíåíèÿ (2.3), åãî âû-
ïóêëàÿ îáîëî÷êà Γ(fa=0), ãðàíè Γ

(0)
i = Qi, i = 2, 3, Γ̃

(0)
j = Q̃j, j =

1, 2, 4, Γ
(1)
1 , Γ

(1)
2 , Γ

(1)
3 , Γ̃

(1)
1 , Γ̃

(1)
2 èçîáðàæåíû íà ðèñ. 2a, íîðìàëüíûå êî-

íóñû U
(d)
i , Ũ

(d)
j , d = 0, 1 � íà ðèñ. 2b.

Ðèñ. 2a. Ðèñ. 2b.

2) b = 0, òîãäà óðàâíåíèå (2.2) ïðèìåò âèä

f(x, y)
def
= 2y′′x2(x− 1)2y(y − 1)(y − x)− (y′)2[ x2(x− 1)2(y − 1)(y − x)+

x2(x− 1)2y(y − x) + x2(x− 1)2y(y − 1) ]+
+2y′[ x(x− 1)2y(y − 1)(y − x) + x2(x− 1)y(y − 1)(y − x)+

x2(x− 1)2y(y − 1) ]− [ 2ay2(y − 1)2(y − x)2+
2c(x− 1)y2(y − x)2 + 2dx(x− 1)y2(y − 1)2 ] = 0.

(2.4)
Â ýòîì ñëó÷àå ó íîñèòåëÿ, èçîáðàæåííîãî íà ðèñ. 1, ïðîïàäóò òî÷êè
(3, 0), (2, 1), (3, 1). Íîñèòåëü S(fb=0) ëåâîé ÷àñòè óðàâíåíèÿ (2. 4), åãî
âûïóêëàÿ îáîëî÷êà Γ(fb=0), ãðàíè Γ

(0)
i = Qi, i = 5, 6, Γ̃

(0)
j = Q̃j, j =

2, 3, 4, Γ
(1)
4 , Γ

(1)
5 , Γ

(1)
6 , Γ̃

(1)
3 , Γ̃

(1)
4 èçîáðàæåíû íà ðèñ. 3a, íîðìàëüíûå êî-

íóñû U
(d)
i , Ũ

(d)
j , d = 0, 1 � íà ðèñ. 3b.

Âåðøèíû Q̃1, Q̃2, Q̃3, Q̃4 è ðåáðà Γ̃
(1)
1 , Γ̃

(1)
2 , Γ̃

(1)
3 , Γ̃

(1)
4 , èçîáðàæåííûå íà

ðèñ. 1, 2a è 3a ðàññìàòðèâàëèñü â ñëó÷àå a, b 6= 0 â [2, 3]. ×ëåíû óðàâíåíèÿ
(2.2), èìåþùèå ìíîæèòåëåì ïàðàìåòð a, èìåþò íîñèòåëü, èçîáðàæåííûé
íà ðèñ. 4 ñïëîøíûìè òî÷êàìè.

Òàêèì îáðàçîì, ïðè a = 0 ÷ëåíû â óðàâíåíèè (2.2), ñîîòâåòñòâóþùèå
âåðøèíàì Q̃1, Q̃2, Q̃4 è ðåáðàì Γ̃

(1)
1 , Γ̃

(1)
4 , îñòàþòñÿ áåç èçìåíåíèé. È ñî-

îòâåòñòâóþùèå èì óêîðî÷åííûå óðàâíåíèÿ òàêæå íå ìåíÿþòñÿ, ò.å. ñîõðà-
íÿþòñÿ âèäû ðàçëîæåíèé ðåøåíèé ñîîòâåòñòâóþùèå èì, èçìåíÿÿñü, áûòü
ìîæåò, ëèøü â ÷ëåíàõ, íà÷èíàÿ ñî âòîðîãî.
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Â ñëó÷àå b = 0, â ðàçëîæåíèÿõ ðåøåíèé, ñîîòâåòñòâóþùèõ ñîõðàíèâ-

øèìñÿ ãðàíÿì èç îáùåãî ñëó÷àÿ, ìîãóò èçìåíèòüñÿ ÷ëåíû íà÷èíàÿ ñî âòî-
ðîãî, íî âèäû ðàçëîæåíèé ñîõðàíÿþòñÿ. Ïîýòîìó ðàññìîòðèì îñòàâøèåñÿ
âåðøèíû Q2 è Q3 è ðåáðà Γ

(1)
1 , Γ(1)

2 , Γ(1)
3 â ñëó÷àå a = 0 è âåðøèíû Q5 è Q6

è ðåáðà Γ
(1)
4 , Γ

(1)
5 , Γ

(1)
6 â ñëó÷àå b = 0.

Ðèñ. 3a. Ðèñ. 3b.

Ðèñ. 4.

Óðàâíåíèå (2.1) îáëàäàåò ñèììåòðèåé (ñì. ôîðìóëó (2.3) èç [2]).

(x, y, a, b, c, d) = (1/x∗, 1/y∗, −b∗, −a∗, c∗, d∗). (2.5)

Ñ åå ïîìîùüþ ñëó÷àé a = 0 ïåðåâîäèòñÿ â ñëó÷àé b = 0. Âåðøèíû Q2

è Q3 è ðåáðà Γ
(1)
1 , Γ

(1)
2 , Γ

(1)
3 â ñëó÷àå a = 0, ñèììåòðè÷íû âåðøèíàì Q5,

Q6 è ðåáðàì Γ
(1)
4 , Γ

(1)
5 , Γ

(1)
6 â ñëó÷àå b = 0 ñîîòâåòñòâåííî. Ïîýòîìó äàëåå

ïîäðîáíî ðàññìîòðèì ñëó÷àé a = 0, à çàòåì ñ ïîìîùüþ ñèììåòðèè (2.5)
ïåðåíåñåì ðåçóëüòàòû íà ñëó÷àé b = 0.
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�3. Ðàçëîæåíèÿ, ñîîòâåòñòâóþùèå âåðøèíå

Q2, â ñëó÷àå a = 0

3.1. Ïðîñòûå ðàçëîæåíèÿ ðåøåíèé. Âåðøèíå Q2 = (2, 4) ñî-
îòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

f̂
(0)
2 (x, y)

def
= 2y′′x4y3 − 3y′2x4y2 + 4y′x3y3 − 2dx2y4 = 0. (3.1)

Íîðìàëüíûé êîíóñ U
(0)
2 = {p2 > p1 > 0}, ò. å. x →∞, y →∞, ω = 1.

Ïåðâîå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ (2.3) åñòü y = crx
r, cr 6= 0, cr

� ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Âû÷èñëèì ïîêàçàòåëü ñòåïåíè r. Õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå χ(r) = x−4r−2f̂

(0)
2 (x, y) = −r2 +2r− 2d = 0 èìååò äâà

êîðíÿ
r1,2 = 1±

√
1− 2d, d ∈ C. (3.2)

Òàê êàê â ôîðìóëå (3.2) ïåðåä êîðíåì
√

1− 2d ñòîèò çíàê ±, òî â êà÷å-
ñòâå åãî çíà÷åíèÿ âîçüìåì òî, äëÿ êîòîðîãî Re

√
1− 2d ≥ 0. Òîãäà, â ñëó-

÷àå Re
√

1− 2d > 0, âåêòîð P1 = ω(1, Re r1) = (1, 1+Re
√

1− 2d) ∈ U
(0)
2 , à

âåêòîð P2 = ω(1, Re r2) = (1, 1−Re
√

1− 2d) 6∈ U
(0)
2 . Åñëè Re

√
1− 2d = 0,

òî íè îäèí èç âåêòîðîâ P1 è P2 íå ëåæèò â U
(0)
2 . Òàêèì îáðàçîì, ðàçëîæå-

íèÿ ðåøåíèé, ñîîòâåòñòâóþùèå âåðøèíå Q2, ñóùåñòâóþò òîëüêî â ñëó÷àå
Re
√

1− 2d > 0. Ïåðâîå ïðèáëèæåíèå ðåøåíèÿ åñòü y = crx
r, cr 6= 0, ãäå

r = r1 = 1 +
√

1− 2d, d ∈ C. (3.3)

Âû÷èñëèì êðèòè÷åñêèå ÷èñëà. Ïåðâàÿ âàðèàöèÿ

∂f̂
(0)
2 (x, y)

∂y
= 2

d2

dx2x
4y3 + 6y′′x4y2 − 6y′

d

dx
x4y2 − 6y′2x4y+ (3.4)

+4
d

dx
x3y3 + 12y′x3y2 − 8dx2y3.

Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð

L(x)
def
= 2c3

r(
d2

dx2x
3r+4 + 3r(r − 1)x3r+2 − 3r

d

dx
x3r+3− (3.5)

−3r2x3r+2 + 2
d

dx
x3r+3 + 6rx3r+2 − 4dx3r+2).

Ñîãëàñíî ï. 1.4 èç [5], õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí åñòü ν(k) =
2c3

r(k
2 + k(1 − 3r) + 3r − 4d). Îí èìååò äâà êîðíÿ k1 = 1 + 2

√
1− 2d,

k2 = 1+
√

1− 2d. Êîíóñ çàäà÷è K = {Re k < Re r}. ×èñëà Re k1,2 íå ëåæàò
â K, ñëåäîâàòåëüíî, êðèòè÷åñêèõ ÷èñåë íåò è æ = 0 . Íîñèòåëü ðàçëîæåíèÿ
ðåøåíèÿ åñòü

K = {s = r + l(1− r)−m, l, m ≥ 0, l + m > 0, l, m ∈ Z}. (3.6)
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Ðàçëîæåíèå ðåøåíèÿ

F (0)
2 : y = crx

r +
∑

s

csx
s, s ∈ K, (3.7)

ãäå cr � íåíóëåâàÿ êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, êîìïëåêñíûé
ïîêàçàòåëü ñòåïåíè r çàäàí ôîðìóëîé (3.3), à s ïðîáåãàåò ìíîæåñòâî (3.6),
êîìïëåêñíûå êîýôôèöèåíòû cs ïîñòîÿííûå è îäíîçíà÷íî îïðåäåëåííûå.
Ðÿä (3.7) ñõîäèòñÿ äëÿ äîñòàòî÷íî áîëüøèõ |x| ïî òåîðåìå 3.4 èç [5].

Ñîãëàñíî [2] âû÷èñëèì âòîðîå ïðèáëèæåíèå ðàçëîæåíèÿ (3.7).
Åñëè 0 < Re

√
1− 2d ≤ 1, âòîðîå ïðèáëèæåíèå ðåøåíèÿ åñòü y = crx

r +
cr−1x

r−1. Âû÷èñëèì êîýôôèöèåíò cr−1. Âòîðîå ïðèáëèæåíèå óðàâíåíèÿ (2.
3) èìååò âèä

ˆ̂
f

(0)

2 (x, y) = −4y′′x3y3 + 6y′2x3y2 − 6y′x2y3 + 2(−c− b + d)xy4. (3.8)

Îòêóäà íàõîäèì br−1 = 2x−4r−1 ˆ̂
f

(0)

2 (x, crx
r) = 2c4

r(r
2 − r − c − b + d),

ν(r − 1) = 2c3
rr, cr−1 = cr(−r2 + r + c + b− d)/r.

Åñëè Re
√

1− 2d > 1, òî âòîðîå ïðèáëèæåíèå ðåøåíèÿ åñòü y = crx
r +

c1x, âû÷èñëèì êîýôôèöèåíò c1. Âòîðîå ïðèáëèæåíèå óðàâíåíèÿ (2.3) èìååò
âèä

ˆ̂
f

(0)

2 (x, y) = −2y′′x5y2 + 2y′2x5y − 2y′x4y2. (3.9)

Òàê êàê b1 =
ˆ̂
f

(0)

2 (x, crx
r) = 0, ν(1) = 4c3

r(r − 1)2 6= 0, òî c1 = 0.
Ñëó÷àé Re

√
1− 2d = 1 ðàññìîòðåí âìåñòå ñî ñëó÷àåì 0 < Re

√
1− 2d <

1, ïîñêîëüêó âêëàä âòîðîãî ïðèáëèæåíèÿ (3.9) ðàâåí íóëþ.

3.2. Íåñòåïåííûå àñèìïòîòèêè. Âû÷èñëèì íåñòåïåííûå ðåøå-
íèÿ óðàâíåíèÿ (3.1), åñëè îíè ñóùåñòâóþò. Ïðåîáðàçóåì óðàâíåíèå (3.1)
ñëåäóþùèì îáðàçîì

g(x, y) = x−2y−4f̂
(0)
2 (x, y) =

2y′′

y
x2 − 3y′2

y2 x2 +
4y′

y
x− 2d = 0, (3.10)

òàê ÷òî S(g) = {0}. Óðàâíåíèå g(x, y) = 0 ñîäåðæèò íåíóëåâóþ ïîñòîÿí-
íóþ −2d,

g∗ =
2y′′

y
x2 − 3y′2

y2 x2, coef(g∗) = 2− 3 = −1 6= 0. (3.11)

Åñëè d = 1/2, òî óðàâíåíèå χ(r) = 0 èìååò äâóêðàòíûé êîðåíü r = 1,
ò.å. âîçìîæíî íåñòåïåííûå ðåøåíèÿ ñóùåñòâóþò. Íî âåêòîð P = ω(1, 1)

íå ëåæèò â íîðìàëüíîì êîíóñå âåðøèíû U
(0)
2 . Ïî òåîðåìàì 5.6 è 5.7 èç

[5] íóæíûõ íåñòåïåííûõ àñèìïòîòèê íåò. Ñëåäîâàòåëüíî, âåðøèíå Q2 íå
ñîîòâåòñòâóåò íèêàêîå ñëîæíîå ðàçëîæåíèå ðåøåíèÿ óðàâíåíèÿ (2.3).
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�4. Ðàçëîæåíèÿ, ñîîòâåòñòâóþùèå âåðøèíå

Q3, â ñëó÷àå a = 0

4.1. Ñòåïåííûå ðàçëîæåíèÿ ðåøåíèé. Âåðøèíå Q3 = (0, 4)
ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

f̂
(0)
3 (x, y)

def
= 2y′′x2y3 − 3y′2x2y2 + 2y′x3y3 + 2cy4 = 0. (4.1)

Íîðìàëüíûé êîíóñ U
(0)
3 = {p1 < 0, p2 > 0}, òî åñòü x → 0, y → ∞,

ω = −1.
Ïåðâîå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ (2.3) åñòü y = crx

r, cr 6= 0, cr

� ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Âû÷èñëèì ïîêàçàòåëü ñòåïåíè r. Õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå χ(r) = x−4rf̂

(0)
3 (x, xr) = (−r2 + 2c) = 0 èìååò äâà

êîðíÿ
r1,2 = ±

√
2c, c ∈ C. (4.2)

Òàê êàê â ôîðìóëå (4. 2) ïåðåä êîðíåì
√

2c ñòîèò çíàê ±, òî â êà-
÷åñòâå åãî çíà÷åíèÿ âîçüìåì òî, äëÿ êîòîðîãî Re

√
2c ≥ 0. Â ñëó÷àå

Re
√

2c > 0, âåêòîð P1 = ω(1, Re r1) = (−1, −Re
√

2c) 6∈ U
(0)
3 , à âåêòîð

P2 = ω(1, Re r2) = (−1, Re
√

2c) ∈ U
(0)
3 . Åñëè Re

√
2c = 0, òî íè îäèí èç

âåêòîðîâ P1 è P2 íå ëåæèò â U
(0)
3 . Òàêèì îáðàçîì, ðàçëîæåíèÿ ðåøåíèé,

ñîîòâåòñòâóþùèå âåðøèíå Q3, ñóùåñòâóþò òîëüêî â ñëó÷àå Re
√

2c 6= 0.
Ïîëîæèì r = r2 = −

√
2c.

Âû÷èñëèì êðèòè÷åñêèå ÷èñëà. Ïåðâàÿ âàðèàöèÿ

∂f̂
(0)
3 (x, y)

∂y
= 2

d2

dx2x
2y3 + 6y′′x4y2 − 6y′

d

dx
x2y2− (4.3)

−6y′2x2y + 2
d

dx
xy3 + 6y′xy2 − 8cy3.

Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð

L(x)
def
= 2c3

rx
3r

(
d2

dx2x
2 + 3r(r − 1)− 3r

d

dx
x− 3r2 +

d

dx
x + 3r + 4c

)
.

(4.4)
Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

ν(k) = 2c3
r(k

2 − 3rk + 4c) (4.5)

èìååò êîðíè k1 = −2
√

2c è k2 = −
√

2c. Êîíóñ çàäà÷è K = {Re k > Re r}.
Ïîñêîëüêó Re

√
2c > 0, òî Re k1 è Re k2 ≤ Re r, ò. å. ÷èñëà Re k1,2 íå ëåæàò

â K, ñëåäîâàòåëüíî, êðèòè÷åñêèõ ÷èñåë íåò è æ = 0. Íîñèòåëü ðàçëîæåíèÿ
ðåøåíèÿ

K = {s = r − lr + m, l, m ≥ 0, l + m > 0, l, m ∈ Z}. (4.6)
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Ðàçëîæåíèå ðåøåíèÿ åñòü

F (0)
3 : y = crx

r +
∑

s

csx
s, s ∈ K, (4.7)

ãäå cr � íåíóëåâàÿ êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, êîìïëåêñíûé
ïîêàçàòåëü ñòåïåíè r çàäàí ôîðìóëîé (4.2), à s, ïðîáåãàåò ìíîæåñòâî (4.
6), êîìïëåêñíûå êîýôôèöèåíòû cs ïîñòîÿííûå è îäíîçíà÷íî îïðåäåëåííûå.
Ïî òåîðåìå 3.4 èç [5] ðÿä (4.7) ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x|.

Âû÷èñëèì âòîðîå ïðèáëèæåíèå ðåøåíèÿ.
Åñëè 0 < Re

√
2c ≤ 1, îíî èìååò âèä y = crx

r + cr+1x
r+1. Âû÷èñëèì

êîýôôèöèåíò cr+1. Âòîðîå ïðèáëèæåíèå óðàâíåíèÿ (2.3) åñòü

ˆ̂
f

(0)

3 (x, y) = −4y′′x3y3 + 6y′2x3y2 − 6y′x2y3 + 2xy4(−c + d− b). (4.8)

br+1 = x−4r−1 ˆ̂
f

(0)

3 (x, crx
r) = 2c4

r(r
2 − r − c + d − b), ν(1 + r) = 2c3

r(1 − r),
cr+1 = cr(r

2 − r − c + d− b)/(r − 1).
Åñëè Re

√
2c > 1, òî âòîðîå ïðèáëèæåíèå ðåøåíèÿ åñòü y = crx

r + c0, à
âòîðîå ïðèáëèæåíèå óðàâíåíèÿ (2.3) èìååò âèä

ˆ̂
f

(0)

3 (x, y) = −2y′′x2y2 + 2y′2 − 2y′xy2. (4.9)

Òàê êàê b0 =
ˆ̂
f

(0)

3 (x, crx
r) = 0, ν(0) = 4c3

rr
2 6= 0, òî c0 = 0.

Ñëó÷àé Re
√

2c = 1 ðàññìîòðåí âìåñòå ñî ñëó÷àåì 0 < Re
√

2c < 1,
ïîñêîëüêó âêëàä âòîðîãî ïðèáëèæåíèÿ (4.9) ðàâåí íóëþ.

4.2. Íåñòåïåííûå àñèìïòîòèêè. Âû÷èñëèì íåñòåïåííûå ðåøå-
íèÿ óðàâíåíèÿ (4.1), åñëè îíè ñóùåñòâóþò. Ïðåîáðàçóåì åãî

g(x, y) = y−4f̂
(0)
3 (x, y) =

2y′′

y
x2 − 3y′2

y2 x2 +
2y′

y
x + 2c = 0, (4.10)

S(g) = {0}. Óðàâíåíèå g(x, y) = 0 ñîäåðæèò íåíóëåâóþ ïîñòîÿííóþ 2c.
Â ñëó÷àå c = 0, óðàâíåíèå χ(r) = 0 èìååò äâóêðàòíûé êîðåíü r = 0. Íî
P = ω(1, 0) íå ëåæèò â íîðìàëüíîì êîíóñå U

(0)
3 . Ïîñêîëüêó

g∗ =
2y′′

y
x2 − 3y′2

y2 x2 +
2y′

y
x, coef(g∗) = −1 6= 0, (4.11)

òî ïî òåîðåìàì 5.6 è 5.7 èç [5] íóæíûõ íåñòåïåííûõ àñèìïòîòèê íåò.
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�5. Ðàçëîæåíèÿ, ñîîòâåòñòâóþùèå ðåáðó Γ
(1)
1

â ñëó÷àå a = 0

Ðåáðó Γ
(1)
1 ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

f̂
(1)
1 (x, y)

def
= − 2y′′x5y2 + 2y′2x5y − 2y′x4y2+

+2y′′x4y3 − 3y′2x4y2 + 4y′x3y3 − 2dx2y4 = 0 (5.1)

Íîðìàëüíûé êîíóñ åñòü U
(1)
1 = {λ(1, 1), λ > 0}, åìó ñîîòâåòñòâóþò ïðåäå-

ëû x →∞, y →∞, ω = 1.

5.1. Ñòåïåííûå ðàçëîæåíèÿ ðåøåíèé. Ïåðâîå ïðèáëèæåíèå
ðåøåíèÿ åñòü y = c1x, ãäå c1 6= 0. Âû÷èñëèì êîýôôèöèåíò c1. Îïðåäåëÿþ-
ùåå óðàâíåíèå åñòü

f̃
(1)
1 (c1) = c4

1(1− 2d) = 0. (5.2)
Ïîñêîëüêó c1 6= 0, òî d = 1/2, à c1 � íåíóëåâàÿ êîìïëåêñíàÿ ïðîèçâîëüíàÿ
ïîñòîÿííàÿ.

Íàéäåì êðèòè÷åñêèå ÷èñëà. Ïåðâàÿ âàðèàöèÿ åñòü

∂f̂
(1)
1 (x, y)

∂y
= −2

d2

dx2x
5y2 − 4y′′x5y + 4y′

d

dx
x5y + 2y′2x5 − 2

d

dx
x4y2−

−4y′x4y + 2
d2

dx2x
4y3 + 6y′′x4y2 − 6y′

d

dx
x4y2 − 6y′2x4y+ (5.3)

+4
d

dx
x3y3 + 12y′x3y2 − 8dx2y3.

Â ñëó÷àå d =
1

2
, ëèíåéíûé îïåðàòîð åñòü

L(x) = −2
d2

dx2c
2
1x

7 + 4
d

dx
c2
1x

6 + 2c2
1x

5 − 2
d

dx
c2
1x

6−

−4c2
1x

5 + 2
d2

dx2c
3
1x

7 − 6
d

dx
c3
1x

6 − 6c3
1x

5 + 4
d

dx
c3
1x

6+ (5.4)

+12c3
1x

5 − 4c3
1x

5.

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ν(k) = 2c2
1(c1 − 1)(k − 1)2. Ïîñêîëüêó

c1 6= 0, òî ëèáî c1 = 1 è k � ëþáîå, ëèáî c1 6= 1 è k1, 2 = 1 � êîðíè
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ν(k) = 0. Êîíóñ çàäà÷è K = {Re k < 1}.
Ñëåäîâàòåëüíî, â ñëó÷àå c1 6= 1, k1, 2 = 1 êðèòè÷åñêèõ ÷èñåë íåò è ðàçëî-
æåíèå ðåøåíèÿ åñòü

F (1)
1 : y = c1x +

+∞∑
k=0

c−kx
−k, (5.5)
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ãäå c1 � íåíóëåâàÿ êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, îñòàëüíûå c−k

êîìïëåêñíûå, ïîñòîÿííûå è îäíîçíà÷íî îïðåäåëåííûå. Ðÿä (5.5) ñõîäèòñÿ
äëÿ äîñòàòî÷íî áîëüøèõ |x| ïî òåîðåìå 3.4 èç [5].

Â ñëó÷àå c1 6= 1 âòîðîå ïðèáëèæåíèå ðåøåíèÿ èìååò âèä y = c1x + c0.
Âòîðîå ïðèáëèæåíèå óðàâíåíèÿ (2.3) åñòü

ˆ̂
f

(1)

1 (x, y)
def
= 2y′′x5y − y′2x5 + 2y′x4y − 2cx3y2+

+2y′′x4y2 − 2y′2x4y − 2y′x3y2 + 4x2y3(c + b− 1/2)− (5.6)

−4y′′x3y3 + 6y′2x3y2 − 6y′x2y3 − 2cxy4 − 2bx3y2 − 2bxy4 − 2dxy4.

Êîýôôèöèåíò c0 = −b0/ν(0), ãäå b0 = x−5 ˆ̂
f

(1)

1 (x, c1x) = c2
1(c1−1)2(1−2c−

2b), ν(0) = c2
1(c1 − 1), îòñþäà

c0 = (c1 − 1)(1− 2c− 2b). (5.7)

Åñëè c1 = 1, òî ñîëàñíî (5. 4) L(x) ≡ 0. Ñäåëàâ â óðàâíåíèè (2. 3) â
ñëó÷àå d = 1/2 çàìåíó y = u + x, ïîëó÷èì óðàâíåíèå

h(x, u)
def
= 2u′′x2(x− 1)2(u + x)(u + x− 1)u− (u′ + 1)2[

x2(x− 1)2(u + x− 1)u + x2(x− 1)2(u + x)u + x2(x− 1)2(u + x)(u + x− 1)]+
2(u′ + 1)[x(x− 1)2(u + x)(u + x− 1)u + x2(x− 1)(u + x)(u + x− 1)u+

x2(x− 1)2(u + x)(u + x− 1)]− [2bx(u + x− 1)2u2 + 2c(x− 1)(u + x)2u2+
+x(x− 1)(u + x)2(u + x− 1)2] = 0.

(5.8)
Åñëè ðåøåíèå óðàâíåíèÿ (5.8) èìååò ñòåïåííóþ àñèìïòîòèêó, òî êîíóñ

çàäà÷è K1 = {p1 > 0, p2 < p1}. Íî åñëè îíî èìååò íåñòåïåííóþ àñèìïòîòè-
êó, òî êîíóñ çàäà÷è K2 = {p1 ≥ 0, p2 < p1}, èáî âîçìîæíû ðåøåíèÿ âèäà
u = ln x, äëÿ êîòîðîãî p1 = 0. Ïîýòîìó áóäåì ñ÷èòàòü K2 êîíóñîì çàäà÷è.

Íîñèòåëü S(h) ëåâîé ÷àñòè óðàâíåíèÿ h(x, u) = 0, åãî âûïóêëàÿ îáîëî÷-
êà, ãðàíè � âåðøèíû H

(0)
i = Qi è ðåáðà H

(1)
i , i = 1, 2, 3, 4, 5 èçîáðàæåíû

íà ðèñ. 5a è íîðìàëüíûå êîíóñû U
(d)
i , d = 0, 1 � íà ðèñ. 5b.

Ñ êîíóñîì çàäà÷è K2 ïåðåñåêàþòñÿ íîðìàëüíûå êîíóñû U
(0)
2 , U(1)

1 .
Âåðøèíà H

(0)
2 . Ñîîòâåòñòâóþùåå åé óêîðî÷åííîå óðàâíåíèå

ĥ
(0)
2 (x, u)

def
= 2u′′ux6 − u′2x6 + u2x4 = 0. (5.9)

Ïåðâîå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ (5. 8) åñòü u = crx
r, cr 6= 0, cr

� ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Âû÷èñëèì ïîêàçàòåëü ñòåïåíè r. Õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå χ(r) = (r − 1)2 = 0 èìååò äâóêðàòíûé êîðåíü r = 1.
Âåêòîð P = ω(1, r) = (1, 1) 6∈ U

(0)
2
⋂
K2, ñëåäîâàòåëüíî, íåò ïîäõîäÿùèõ

ðåøåíèé, ñîîòâåòñòâóþùèõ âåðøèíå H
(0)
2 .
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Ðåáðî H

(1)
1 . Åìó ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

ĥ
(1)
1 (x, u)

def
= 2u′′ux6 − u′2x6 + u2x4 − 6u′′ux5 + 3u′2x5 − 2(b + c + 1)u2x3

+6u′′ux4 − 3u′2x4 + 2(2b + c)u2x2 − 2u′′ux3 + u′2x3 − 2bu2x = 0. (5.10)

Ýòî ðåáðî ãîðèçîíòàëüíî. Åãî ïðàâîé âåðøèíå H
(0)
2 = (4, 2) ñîîòâåòñòâóåò

óêîðî÷åííîå óðàâíåíèå (5. 9). Äëÿ îáîèõ ýòèõ óðàâíåíèé (5. 9) è (5. 10)
ñóììàðíûé ïîðÿäîê äèôôåðåíöèðîâàíèÿ ∆(ĥ

(1)
1 ) = ∆(ĥ

(0)
2 ) = 2. Ñîãëàñíî

òåîðåìå 5.5 èç [5] óðàâíåíèå (5. 10) íå èìååò íåñòåïåííûõ ðåøåíèé ïðè
x →∞.

Ðèñ. 5a. Ðèñ. 5b.

Òàêèì îáðàçîì, ïîëó÷àåì ðàçëîæåíèÿ ðåøåíèé, êîòîðûå îïðåäåëÿþòñÿ
ôîðìóëîé (5.5), ãäå c1 � ïðîèçâîëüíàÿ êîìïëåêñíàÿ ïîñòîÿííàÿ, c1 6= 1, 0,
à îñòàëüíûå êîìïëåêñíûå êîýôôèöèåíòû c−k ïîñòîÿííûå è îäíîçíà÷íî
îïðåäåëåííûå.

5.2. Íåñòåïåííûå àñèìïòîòèêè ðåøåíèé. Ñäåëàåì çàìåíó
ïåðåìåííûõ y = zx â óðàâíåíèè (5.1), òîãäà y′ = z′x + z, y′′ = z′′x + 2z′ è
óêîðî÷åííîå óðàâíåíèå (5.1), ïîñëå ñîêðàùåíèÿ íà x6, ïðèíèìàåò âèä

f̂
(1)
1 (x, y)

def
= g(x, z)

def
= − 2z′′z2x2 + 2z′2zx2 − 2z′z2x+

+2z′′z3x2 + 2z′z3x− 3z′2z2x2 + z4(1− 2d) = 0. (5.11)

Ðåáðî Γ
(1)
1 ïåðåøëî â âåðòèêàëüíîå ðåáðî Γ̃

(1)
1 , êîòîðîå åñòü îòðåçîê, ñîåäè-

íÿþùèé òî÷êè (0, 3) è (0, 4). Íîðìàëüíûé êîíóñ Ũ
(1)
1 = {λ(1, 0), λ > 0}.
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Ñëó÷àé d 6= 1/2. Îïðåäåëÿþùåå óðàâíåíèå (5. 2) èìååò òîëüêî íó-
ëåâîå ðåøåíèå, ñëåäîâàòåëüíî, íàñ áóäóò èíòåðåñîâàòü ðåøåíèÿ z → 0.
Ñäåëàåì ëîãàðèôìè÷åñêîå ïðåîáðàçîâàíèå ξ = ln x è ïðîèçâîäíóþ ïî ξ
áóäåì îáîçíà÷àòü òî÷êîé. Òîãäà z′ = ż/x, z′′ = (z̈ − ż)/x2 è

g(x, z)
def
= π(ξ, z)

def
= − 2z̈z2(1− z) + ż2z(2− 3z) + z4(1− 2d) = 0. (5.12)

Òàê êàê d 6= 1/2, òî íîñèòåëü S(π) óðàâíåíèÿ π(ξ, z) = 0 ñîñòîèò èç
òî÷åê Q1 = (−2, 3), Q2 = (0, 4), Q3 = (−2, 4). Îí è åãî âûïóêëàÿ îáîëî÷êà
Γ(π) èçîáðàæåíû íà ðèñ. 6a, à íîðìàëüíûå êîíóñû ãðàíåé èçîáðàæåíû íà
ðèñ. 6b.

Ðèñ. 6a. Ðèñ. 6b.

Åñëè x → ∞, òî ξ → ∞. Äëÿ ñòåïåííîãî ðåøåíèÿ ðàâåíñòâî p2 = 0
îçíà÷àåò, ÷òî ðåøåíèå ÿâëÿåòñÿ ïîñòîÿííîé. Îäíàêî, äëÿ íåñòåïåííîãî ðå-
øåíèÿ âåëè÷èíà p2 ýòî ïîðÿäîê ðåøåíèÿ ñîãëàñíî îïðåäåëåíèþ â ïóíêòå
5.1 â ðàáîòå [5]. Ïîýòîìó ðàâåíñòâî p2 = 0 íå îçíà÷àåò, ÷òî ôóíêöèÿ ÿâëÿ-
åòñÿ ïîñòîÿííîé. Íàïðèìåð, äëÿ ôóíêöèé ln x è 1/ ln x ïîðÿäîê p2 = 0.

Ïîýòîìó êîíóñ çàäà÷è åñòü K = {p1 ≥ 0, p2 ≤ 0}, ò.å. âîçìîæíî
p2 = 0. Êðîìå òîãî, z(ξ) 6= const. Ñ êîíóñîì çàäà÷è ïåðåñåêàþòñÿ íîð-
ìàëüíûå êîíóñû U

(0)
1 , U

(0)
2 , U

(1)
1 . Ñëåäîâàòåëüíî, íàñ áóäóò èíòåðåñîâàòü

ãðàíè Π
(0)
1 = Q1, Π

(0)
2 = Q2 è Π

(1)
1 . Óêîðî÷åííîå óðàâíåíèå, ñîîòâåòñòâó-

þùåå Π
(0)
2 , åñòü π̂

(0)
2 (ξ, z)

def
= z4(1 − 2d) = 0, îíî àëãåáðàè÷åñêîå è íå äàåò

ïîäõîäÿùèõ ðåøåíèé.
Ðåáðî Π

(1)
1 . Åìó ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

π̂
(1)
1 (ξ, z)

def
= − 2z̈z2 + 2ż2z + z4(1− 2d) = 0. (5.13)

Ïåðâîå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ π(ξ, z) = 0 åñòü z = c−2ξ
−2, c−2 6=

0. Íàéäåì êîýôôèöèåíò c−2. Îïðåäåëÿþùåå óðàâíåíèå

π̂
(1)
1 (c−2) = c3

−2(−4 + c−2(1− 2d)) = 0, (5.14)
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òàê êàê c−2 6= 0, òî îíî èìååò êîðåíü

c−2 =
4

1− 2d
. (5.15)

Âû÷èñëèì êðèòè÷åñêèå ÷èñëà. Ïåðâàÿ âàðèàöèÿ

∂π̂
(1)
1 (ξ, z)

∂z
= −2

d2

dξ2z
2 − 4z̈z + 4ż

d

dξ
z + 2ż2 + 4z3(1− 2d). (5.16)

Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð

L(ξ) =
∂π̂

(1)
1 (ξ, c−2ξ

−2)

∂z
= −2

d2

dξ2c
2
−2

1

ξ4 − 24c2
−2

1

ξ6−

−8c2
−2

d

dξ

1

ξ5 + 8c2
−2

1

ξ6 + 4c3
−2

1

ξ6 (1− 2d). (5.17)

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ν(k) = −2c2
−2(k

2 + 3k) èìååò äâà êîðíÿ
k1 = 0, k2 = −3. Êîíóñ çàäà÷è K = {Re k < −2}. Òàê êàê k2 ∈ K,
ñëåäîâàòåëüíî, k2 åäèíñòâåííîå êðèòè÷åñêîå ÷èñëî. Íîñèòåëü ðàçëîæåíèÿ
ðåøåíèéK = {s = −2−2l, l ∈ N}. Íîñèòåëü ðàçëîæåíèÿ ðåøåíèÿ ñ ó÷åòîì
k2 åñòü

K(k2) = {s = −2− l, l ∈ N}.
Òàê êàê ÷èñëî k2 = −3 íå ëåæèò â ìíîæåñòâå K, òî êîýôôèöèåíò c−3 �
ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ðàçëîæåíèå ðåøåíèÿ èìååò âèä

z =
c−2

ξ2 +
+∞∑
k=3

c−kξ
−k, (5.18)

ãäå êîìïëåêñíûé êîýôôèöèåíò c−2 6= 0 çàäàí ôîðìóëîé (5.15), êîýôôè-
öèåíò c−3 ïðîèçâîëüíûé, îñòàëüíûå êîìïëåêñíûå êîýôôèöèåíòû c−k ïî-
ñòîÿííûå è îäíîçíà÷íî îïðåäåëåííûå. Ðÿä (5.18) ñõîäèòñÿ äëÿ äîñòàòî÷íî
áîëüøèõ |x| ïî òåîðåìå 3.4 èç [5].

Ñäåëàâ îáðàòíûå ïðåîáðàçîâàíèÿ y = zx è ξ = ln x, ïîëó÷àåì

y =
4

1− 2d

1

ln2 x
x + c−3

1

ln3 x
x + x

+∞∑
k=3

c−k

(
1

ln x

)k

. (5.19)

Âåðøèíà Π
(0)
1 = Q1. Åé ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå π̂

(0)
1 (ξ, z)

def
= −2z̈z2+2ż2z = 0. Ïåðâîå ïðèáëèæåíèå ðåøåíèÿ èìååò âèä z = crξ

r, cr 6=
0, cr � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Âû÷èñëèì ïîêàçàòåëü ñòåïåíè r. Õàðàê-
òåðèñòè÷åñêîå óðàâíåíèå χ(r)

def
= ξ−3r+2π̂

(0)
1 (ξ, ξr) = 2r = 0 èìååò êîðåíü

r = 0. Âåêòîðó P = ω(1, r) = (1, 0) ñîîòâåòñòâóåò ïîñòîÿííîå ðåøåíèå,
êîòîðîå íàì íå ïîäõîäèò. Ñëåäîâàòåëüíî, ðåøåíèé, ñîîòâåòñòâóþùèõ âåð-
øèíå Π

(0)
1 = Q1, íåò.
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Ñëó÷àé d = 1/2. Â ýòîì ñëó÷àå îïðåäåëÿþùåå óðàâíåíèå (5.2) ìîæåò
èìåòü ïðîèçâîëüíîå ðåøåíèå. Òîãäà êîíóñ çàäà÷è åñòü K = {p1 ≥ 0}. È
êðîìå òîãî, z 6= const.

Íîñèòåëü S(π) óðàâíåíèÿ (5. 12) ñîñòîèò èç äâóõ òî÷åê Q1 è Q3. Åãî
âûïóêëàÿ îáîëî÷êà ýòî îòðåçîê, ñîâïàäàþùèé ñ ðåáðîì Π

(1)
3 (Ðèñ. 6a).

Íîðìàëüíûå êîíóñû ñóòü U
(0)
1 = {p2 < 0}, U

(0)
3 = {p2 > 0}, U

(1)
3 =

{λ(1, 0), λ > 0}.
Ñ êîíóñîì çàäà÷è ïåðåñåêàþòñÿ íîðìàëüíûå êîíóñû U

(0)
1 , U

(0)
3 , U

(1)
3 .

Ñëó÷àé âåðøèíû Π
(0)
1 = Q1 ðàññìàòðèâàëñÿ â ñëó÷àå d 6= 1/2. Âû÷èñ-

ëåííûé ðàíåå âåêòîð P = (1, 0) ëåæèò â êîíóñå çàäà÷è K, íî åìó îòâå÷àåò
ïîñòîÿííîå ðåøåíèå, êîòîðîå íàì íå ïîäõîäèò. Ñëåäîâàòåëüíî, ðåøåíèé,
ñîîòâåòñòâóþùèõ âåðøèíå Π

(0)
1 , íåò.

Âåðøèíà Π
(0)
3 = Q3. Åé ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

π̂
(0)
3 (ξ, z)

def
= 2z̈z3 − 3ż2z2 = 0.

Íîðìàëüíûé êîíóñ åñòü U
(0)
3 = {p2 > 0}.

Ïåðâîå ïðèáëèæåíèå ðåøåíèÿ èìååò âèä z = crξ
r, cr 6= 0, cr � ïðîèç-

âîëüíàÿ ïîñòîÿííàÿ. Âû÷èñëèì ïîêàçàòåëü ñòåïåíè r. Õàðàêòåðèñòè÷åñêîå
óðàâíåíèå χ(r)

def
= ξ−4r+2π̂

(0)
3 (ξ, ξr) = −r2 − 2r = 0 èìååò êîðíè r1 = 0 è

r2 = −2. Âåêòîðó P1 = ω(1, r1) = (1, 0) ñîîòâåòñòâóåò ïîñòîÿííîå ðåøåíèå,
êîòîðîå íàì íå ïîäõîäèò. À âåêòîð P2 = ω(1, r2) = (1, −2) íå ëåæèò â íîð-
ìàëüíîì êîíóñå U

(0)
3 . Ñëåäîâàòåëüíî, ðåøåíèé, ñîîòâåòñòâóþùèõ âåðøèíå

Π
(0)
3 = Q3, íåò.

Ðåáðî Π
(1)
3 . Îíî âåðòèêàëüíî. Åìó ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

π̂
(1)
3 (ξ, z)

def
= 2z̈z3 − 3ż2z2 − 2z̈z2 + 2ż2z = 0. (5.20)

Êîðíåì îïðåäåëÿþùåãî óðàâíåíèÿ ñëóæèò ëþáàÿ ïîñòîÿííàÿ. Íî ðåøåíèå
z(ξ) = const íàì íå ïîäõîäèò.

Ñîãëàñíî ïóíêòó 5.2 èç [5] äåëàåì åùå îäíî ëîãàðèôìè÷åñêîå ïðåîáðà-

çîâàíèå η = ln ξ, òîãäà ż =
1

ξ

dz

dη
, z̈ =

1

ξ2

(
d2z

dη2 −
dz

dη

)
. Ïðè ýòîì óðàâíåíèå

(5.20) ïðèíèìàåò âèä

π̂
(1)
3 (ξ, z)

def
= σ(η, z)

def
= − 2

(
d2z

dη2 −
dz

dη

)
z2(1− z) +

(
dz

dη

)2

z(2− 3z) = 0.

Íîñèòåëü S(σ) ñîñòîèò èç ÷åòûðåõ òî÷åêQ1 = (−1, 3), Q2 = (−1, 4), Q3 =
(−2, 4), Q4 = (−2, 3). Èõ âûïóêëàÿ îáîëî÷êà ÿâëÿåòñÿ êâàäðàòîì ñ ýòèìè
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âåðøèíàìè. Ãðàíèöà ýòîãî êâàäðàòà ñîñòîèò èç ÷åòûðåõ âåðøèí è ÷åòû-
ðåõ ðåáåð. Èõ íîðìàëüíûå êîíóñû ñóòü êâàäðàíòû è êîîðäèíàòíûå ëó÷è
ïëîñêîñòè p1, p2.

Êîíóñ çàäà÷è çäåñü K = {p1 ≥ 0} è ðåøåíèå z(η) 6= const. Ñ êîíóñîì çà-
äà÷è ïåðåñåêàþòñÿ íîðìàëüíûå êîíóñû âåðõíåãî, ïðàâîãî è íèæíåãî ðåáðà
è äâóõ ïðàâûõ âåðøèí.

Âåðõíåå è íèæíåå ðåáðà ñîîòâåòñòâóþò âåðøèíàì Π
(0)
3 è Π

(0)
1 , äëÿ êîòî-

ðûõ áûëî óæå óñòàíîâëåíî îòñóòñòâèå íóæíûõ ðåøåíèé. Ïðàâîìó ðåáðó
ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

2
dz

dη
z2(1− z) = 0. (5.21)

Îíî èìååò òîëüêî ïîñòîÿííûå ðåøåíèÿ, êîòîðûå íàì íå ïîäõîäÿò. Óêîðî-
÷åííûå óðàâíåíèÿ, ñîîòâåòñòâóþùèå ïðàâûì âåðøèíàì, ÿâëÿþòñÿ ÷àñòÿ-
ìè óðàâíåèÿ (5.21). Ïîýòîìó îíè èìåþò òàêæå òîëüêî ïîñòîÿííûå ðåøåíèÿ
êîòîðûå íàì íå ïîäõîäÿò. Ñëåäîâàòåëüíî, íåò ðåøåíèé, ñîîòâåòñòâóþùèõ
ðåáðó Π

(1)
3 .

Èòàê, â ñëó÷àå d = 1/2 íåò íåñòåïåííûõ ðåøåíèé.

5.3. Ñëîæíûå ðàçëîæåíèÿ ðåøåíèé. Ðåáðó Γ
(1)
1 ñîîòâåòñòâóåò

óêîðî÷åííîå óðàâíåíèå (5.1), è íîðìàëüíûé êîíóñ U
(1)
1 = {λ(1, 1), λ > 0}.

Èç íåãî ñëåäóåò, ÷òî r = 1 è ω = 1 , ò. å. x →∞. Óðàâíåíèå (5.1) èìååò ñå-
ìåéñòâî íåñòåïåííûõ ðåøåíèé (5.19), ãäå d 6= 1/2 � êîìïëåêñíûé ïàðàìåòð,
c−k � êîìïëåêñíûå îäíîçíà÷íî îïðåäåëåííûå ïîñòîÿííûå. Âû÷èñëèì êðè-
òè÷åñêèå ÷èñëà óêîðî÷åííûõ ðåøåíèé (5.19). Ïåðâàÿ âàðèàöèÿ åñòü (5.3).
Îáîçíà÷èì åå M(x, y). Ïîñêîëüêó r = 1, òî ñäåëàåì â (5. 3) ñòåïåííîå
ïðåîáðàçîâàíèå y = zx. Òîãäà y′ = z′x + z, y′′ = z′′x + 2z′. Îïåðàòîð

M(x, y) =
(
4x7zz′ − 2x6z3 + 2x6z2 − 6x7z2z′

) d

dx
+

(
2x7z3 − 2x7z2) d2

dx2 + 6x7z2z′′ − 4x7zz′′

−8x6zz′ − 6x7zz′2 + 12x6z2z′ (5.22)

+2x7z′2 − 2x5z2 − 8dx5z3 + 6x5z3 def
= N (x, z).

Ñäåëàåì â íåì ëîãàðèôìè÷åñêóþ çàìåíó ξ = ln x è ïðîèçâîäíóþ ïî ξ

áóäåì îáîçíà÷àòü òî÷êîé. Òîãäà z′ = ż/x, z′′ = (z̈ − ż)/x2 è

N (ξ, z) = ((4z2−6żz2 +4żz−4z3)
d

dξ
+(−2z2 +2z3)

d2

dξ2 −8dz3 +6z3 +6z2z̈

+6żz2 − 4zz̈ − 4żz − 6ż2z + 2ż2 − 2z2)x5 def
= x5Ñ (ξ, z). (5.23)
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Äëÿ ðåøåíèé (5. 19) èìååì z =
4

1− 2d

1

ξ2 + . . .. Ïîýòîìó â îïåðàòîðå Ñ
÷ëåíû ñòàðøåé ïî ξ ñòåïåíè n èìåþò n = −4 è îáðàçóþò îïåðàòîð

Ñ−4 = −2z2
(

d2

dξ2 − 2
d

dξ
+ 1

)
,

ãäå z =
4

1− 2d

1

ξ2 . Åìó ñîîòâåòñòâóåò õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

ν(k) = −2

(
4

1− 2d

)2

(k2− 2k + 1) = −2

(
4

1− 2d

)2

(k− 1)2, êîòîðûé èìå-

åò äâóêðàòíûé êîðåíü k = 1 = r, ò. å. íå äàåò êðèòè÷åñêèõ çíà÷åíèé.
Ïî òåîðåìå 1 èç [6, 7] äëÿ ðåøåíèé èñõîäíîãî óðàâíåíèÿ (2.3) ñóùåñòâóåò
åäèíñòâåííîå ðàçëîæåíèå

F (1)
1 Π

(1)
1 : y = ϕ1x +

∞∑
k=0

ϕ−kx
−k, (5.24)

ãäå ϕ1 åñòü (5.19), ϕ−k ðÿäû ïî óáûâàþùèì ñòåïåíÿì íåêðàòíûõ ëîãàðèô-
ìîâ.

�6. Ðàçëîæåíèÿ, ñîîòâåòñòâóþùèå ðåáðó Γ
(1)
2

â ñëó÷àå a = 0

Ðåáðî Γ
(1)
2 ãîðèçîíòàëüíî. Åìó ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

f̂
(1)
2 (x, y)

def
= 2y′′x4y3 − 3y′2x4y2 + 4y′x3y3 − 2dx2y2 + 2y′′x2y3 − 3y′2x2y2+

+2y′x3y3 + 2cy4 − 4y′′x4y3 + 6y′2x3y2 − xy4(c + b− d) = 0. (6.1)

Îíî íå äàåò ñòåïåííûõ ðåøåíèé, òàê êàê ðåáðî Γ
(1)
2 ãîðèçîíòàëüíî. Ïðîâå-

ðèì, ñóùåñòâóþò ëè íåñòåïåííûå àñèìïòîòèêè. Ðåáðî Γ
(1)
2 ñîåäèíÿåò âåð-

øèíû Q3 = (0, 4) è Q2 = (2, 4), ñîîòâåòñòâóþùèå óêîðî÷åííûå óðàâíåíèÿ
f̂

(0)
3 (x, y)

def
= 2y′′x2y3− 3y′2x2y2 +2y′x3y3 +2cy4 = 0 è f̂

(0)
2 (x, y)

def
= 2y′′x4y3−

3y′2x4y2+4y′x3y3−2dx2y2 = 0 èìåþò ïîðÿäêè äèôôåðåíöèðîâàíèÿ ðàâíûå
2. À ïîðÿäîê äèôôåðåíöèðîâàíèÿ óðàâíåíèÿ f̂

(1)
2 (x, y) = 0 òàêæå ðàâåí 2,

ñëåäîâàòåëüíî, ïî òåîðåìå 5.5 èç [5], íå ñóùåñòâóåò ðåøåíèé íè ïðè x → 0,
íè ïðè x →∞.

�7. Ðàçëîæåíèÿ, ñîîòâåòñòâóþùèå ðåáðó Γ
(1)
3

â ñëó÷àå a = 0

Ðåáðî Γ
(1)
3 âåðòèêàëüíî. Åìó ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

f̂
(1)
3 (x, y)

def
= 2y′′x2y3 − 3y′2x2y2+ (7.1)
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2y′xy3 + 2cy4 + 2y′2x2y − 2y′′x2y2 − 2y′xy2 = 0.

Íîðìàëüíûé êîíóñ U
(1)
3 = {λ(−1, 0), λ > 0}, åìó ñîîòâåòñòâóþò ïðåäåëû

x → 0, y → const 6= 0, ω = −1.

7.1. Ñòåïåííûå ðàçëîæåíèÿ ðåøåíèé. Ïåðâîå ïðèáëèæåíèå
ðåøåíèÿ óðàâíåíèÿ f(x, y) = 0 åñòü y = c0, c0 6= 0. Âû÷èñëèì êîýôôèöè-
åíò c0. Îïðåäåëÿþùåå óðàâíåíèå

f̃
(1)
3 (c0)

def
= 2cc4

0 = 0. (7.2)

Èç íåãî ñëåäóåò, ÷òî ëèáî c = 0 è c0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, ëèáî
c 6= 0 è ïîñêîëüêó c0 6= 0, òî ñòåïåííûõ ðåøåíèé íåò.

Ðàññìîòðèì ñëó÷àé c = 0, òîãäà êîýôôèöèåíò c0 � ïðîèçâîëüíàÿ ïî-
ñòîÿííàÿ, c0 6= 0. Íàéäåì êðèòè÷åñêèå ÷èñëà. Ïåðâàÿ âàðèàöèÿ åñòü

∂f̂
(1)
3 (x, y)

∂y
= 2

d2

dx2x
2y3 + 6y′′x2y2 − 6

d

dx
y′x2y2 − 6y′2x2y+

+2
d

dx
xy3 + 6y′xy2 + 4

d

dx
y′x2y + 2y′2x2 − 2

d2

dx2x
2y2− (7.3)

−4y′′x2y − 2
d

dx
xy2 − 4y′xy + 8cy3.

Â ñëó÷àå c = 0, ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð åñòü

L(x) =
∂f̂

(1)
3 (x, c0)

∂y
= 2

d2

dx2x
2c3

0 + 2
d

dx
xc3

0 − 2
d2

dx2x
2c2

0 − 2
d

dx
xc2

0. (7.4)

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

ν(k) = 2k2c2
0(c0 − 1), (7.5)

òàê êàê c0 6= 0, òî ëèáî c0 = 1 è åãî êîðíåì ÿâëÿåòñÿ ëþáîå ÷èñëî k è
L(x) ≡ 0, ëèáî k1, 2 = 0, c0 6= 1, c0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Êîíóñ çàäà÷è K = {Re k > 0}, òîãäà, åñëè c0 6= 1, òî k1, 2 = 0, k1, 2 6∈ K,
ò. å. êðèòè÷åñêèõ êîðíåé íåò è ðàçëîæåíèå èäåò ïî öåëûì âîçðàñòàþùèì
ñòåïåíÿì x. Ðàçëîæåíèå ðåøåíèÿ

F (1)
3 : y = c0 +

+∞∑
k=1

ckx
k, (7.6)

ãäå êîìïëåêñíûé êîýôôèöèåíò c0 6= 0, 1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ,
îñòàëüíûå êîìïëåêñíûå êîýôôèöèåíòû ck � ïîñòîÿííûå è îäíîçíà÷íî
îïðåäåëåííûå. Ðÿä (7. 6) ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x| ïî òåîðåìå
3.4 èç [5].
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Âòîðîå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ åñòü y = c0 + c1x. Âòîðîå ïðè-

áëèæåíèå óðàâíåíèÿ (2.3) åñòü
ˆ̂
f 3(x, y) = 2y′′x3y − y′2x3 − 2(b− d)xy2+

+2y′′x3y2 − 2y′2x3y + 6y′x2y2 − 4xy3(b− d)− (7.7)
−4y′′x3y3 + 6y′2x3y2 − 2xy4(b− d).

Êîýôôèöèåíò c1 = −b1/ν(1), b1 = x−1 ˆ̂
f

(1)

3 (x, c0) = −2(b− d)c2
0(c0− 1)2,

ν(1) = 2c2
0(c0 − 1),

c1 = (b− d)(c0 − 1). (7.8)
Â ñëó÷àå, êîãäà c0 = 1, ò. å. L(x) ≡ 0, ñäåëàåì â óðàâíåíèè (2.2) ïðè

a = 0, c = 0 çàìåíó y = u + 1 è ïîëó÷èì

g(x, u)
def
= u′′x2(x− 1)2(u + 1)u(u + 1− x)−

u′2[x2(x− 1)2u(u + 1− x) + x2(x− 1)2(u + 1)2(u + 1− x)+
x2(x− 1)2(u + 1)u] + 2u′[x(x− 1)2(u + 1)u(u + 1− x)+

x2(x− 1)(u + 1)u(u + 1− x) + x2(x− 1)2(u + 1)u− 2bxu2(u + 1− x)2+
2dx(x− 1)(u + 1)2u2] = 0.

(7.9)
Åñëè ðåøåíèå óðàâíåíèÿ (5.8) èìååò ñòåïåííóþ àñèìïòîòèêó, òî êîíóñ

çàäà÷è K1 = {p1 < 0, p2 < 0}. Íî åñëè îíî èìååò íåñòåïåííóþ àñèìïòî-
òèêó, òî êîíóñ çàäà÷è K2 = {p1 ≤ 0, p2 < 0}. Ïîýòîìó áóäåì ñ÷èòàòü K2

êîíóñîì çàäà÷è.
Íîñèòåëü S(g) ëåâîé ÷àñòè óðàâíåíèÿ (7.9), åãî âûïóêëàÿ îáîëî÷êà Γ(g),

ãðàíè, âåðøèíû G
(0)
i = Qi è ðåáðà G

(1)
i , i = 1, . . . , 5, èçîáðàæåíû íà ðèñ.

7a è íîðìàëüíûå êîíóñû U
(j)
i èçîáðàæåíû íà ðèñ. 7b.

Ðèñ. 7a. Ðèñ. 7b.

Ñ êîíóñîì çàäà÷è K2 ïåðåñåêàþòñÿ íîðìàëüíûå êîíóñû U
(0)
5 è U

(1)
1 .
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Âåðøèíà G

(0)
5 . Åé ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

ĝ
(0)
5 (x, u)

def
= 2u′′ux2 − u′2x2 + 2u′ux = 0. (7.10)

Ïåðâîå ïðèáëèæåíèå ðåøåíèÿ èìååò âèä u = crx
r, ãäå cr � íåíóëåâàÿ

ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîêàçàòåëü ñòåïåíè r îïðåäåëèì èç õàðàêòåðè-
ñòè÷åñêîãî óðàâíåíèÿ

χ(r) = r2 = 0, (7.11)

ò. å. r1, 2 = 0. Âåêòîð P = ω(1, r) = −(1, 0) íå ëåæèò â U
(0)
5 ∩ K, ñëåäî-

âàòåëüíî, ïîäõîäÿùèõ ðåøåíèé, ñîîòâåòñòâóþùèõ âåðøèíå G
(0)
5 = Q5, íåò.

Ðåáðî G
(1)
1 . Åìó ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

ĝ
(1)
1 (x, u)

def
= 2u′′ux2− u′2x2 + 2u′ux− 6u′′ux3 + 3u′2x3− 6u′ux2− 2(b− d)u2x

6u′′ux4−30u′2x4+6u′ux3−2(d+2b)u2x2−2u′′ux5+u′2x5−2u′ux4−2bu2x3 = 0.
(7.12)

Ýòî ðåáðî ãîðèçîíòàëüíî. Åãî ëåâîé âåðøèíå G
(0)
5 = (0, 2) ñîîòâåòñòâóåò

óêîðî÷åííîå óðàâíåíèå (7.10). Äëÿ îáîèõ ýòèõ óðàâíåíèé (7.10) è (7.12)
ñóììàðíûé ïîðÿäîê äèôôåðåíöèðîâàíèÿ ∆(ĝ

(1)
1 ) = ∆(ĝ

(0)
5 ) = 2. Ñîãëàñíî

òåîðåìå 5.5 èç [5] óðàâíåíèå (7. 12) íå èìååò íåñòåïåííûõ ðåøåíèé ïðè
x → 0.

7.2. Íåñòåïåííûå àñèìïòîòèêè ðåøåíèé.

Ñëó÷àé c 6= 0. Òîãäà ñòåïåííûõ ðåøåíèé óðàâíåíèÿ (7. 1) íåò. Ïî-
ñêîëüêó íåò êðàòíûõ íåíóëåâûõ ðåøåíèé îïðåäåëÿþùåãî óðàâíåíèÿ, òî
ïî òåîðåìå 5.2 èç [5] ó íàñ íåò ðåøåíèé ñòðåìÿùèõñÿ ê íåíóëåâîé ïîñòî-
ÿííîé. Ñäåëàåì ëîãàðèôìè÷åñêîå ïðåîáðàçîâàíèå ξ = ln x â óðàâíåíèè (7.
1). Òîãäà y′ = ẏ/x, y′′ = (ÿ − ẏ)/x2 è

ϕ(ξ, y)
def
= f̂

(1)
3 (ξ, y) = 2ÿy2(y − 1) + ẏ2y(2− 3y) + 2cy4 = 0. (7.13)

Ïî òåîðåìå 5.3 èç [5], ó ýòîãî óðàâíåíèÿ íàñ èíòåðåñóþò òîëüêî ðåøåíèÿ,
ñòðåìÿùèåñÿ ê íóëþ.

Íîñèòåëü ëåâîé ÷àñòè óðàâíåíèÿ, åãî âûïóêëàÿ îáîëî÷êà è íîðìàëüíûå
êîíóñû ãðàíåé èçîáðàæåíû íà ðèñ. 6 à è íà ðèñ. 6 b, ãäå Φ

(1)
i = Π

(1)
i . Êîíóñ

çàäà÷è K = {p1 ≥ 0, p2 ≤ 0}, ÷òî ñîîòâåòñòâóåò ïðåäåëó ξ → ∞, òî åñòü
x → 0. Ñ êîíóñîì çàäà÷è ïåðåñåêàþòñÿ íîðìàëüíûå êîíóñû U

(0)
1 , U

(0)
2 è

U
(1)
1 . Óêîðî÷åííîå óðàâíåíèå ϕ̂

(0)
2 (ξ, y)

def
= 2cy4 = 0 èìååò òîëüêî òðèâèàëü-

íîå ðåøåíèå.
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Ðåáðî Φ

(1)
1 . Åìó ñîîòâåòñòâóåò óêîðî÷åííîå óðàâíåíèå

ϕ̂
(1)
1 (ξ, y) = −2ÿy2 + 2ẏ2y + 2cy4 = 0. (7.14)

Íîðìàëüíûé êîíóñ U
(1)
1 = {λ(1, −2), λ > 0}. Ïåðâîå ïðèáëèæåíèå ðåøå-

íèÿ óðàâíåíèÿ ϕ(ξ, y) = 0 åñòü y = c−2ξ
−2, c−2 6= 0. Âû÷èñëèì êîýôôèöè-

åíò c−2. Îïðåäåëÿþùåå óðàâíåíèå

ϕ̃
(1)
1 (c−2) = c3

−2(−4 + 2cc−2) = 0, (7.15)

òàê êàê c−2 6= 0, òî îíî èìååò ðåøåíèå c−2 = 2/c. Íàéäåì êðèòè÷åñêèå
÷èñëà ðåøåíèÿ. Ïåðâàÿ âàðèàöèÿ

∂ϕ̂
(1)
1 (ξ, y)

∂y
= −2

d2

dξ2y
2 − 4ÿy + 4ẏ

d

dξ
y + 2ẏ2 + 8cy3. (7.16)

Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð

L(ξ) = −2
d2

dξ2c
2
−2

1

ξ4 − 24c2
−2

1

ξ6 − 8c2
−2

d

dξ

1

ξ5 + 8c2
−2

1

ξ6 + 8cc3
−2

1

ξ6 . (7.17)

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ν(k) = c2
−2(−2k2 − 6k), c−2 6= 0, èìååò

äâà êîðíÿ k1 = 0, k2 = −3. Êîíóñ çàäà÷è K = {Re k < −2}. k2 ∈ K, òî
åñòü k2 � åäèíñòâåííîå êðèòè÷åñêîå ÷èñëî. Íîñèòåëü ðàçëîæåíèÿ ðåøåíèÿ
K = {s = −2− 2l, l > 0}. Ìíîæåñòâî K(k2) = {s = −2− l, l > 0}. Âòîðîå
ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ ϕ(ξ, y) = 0 åñòü

y = c−2
1

ξ2 + c−3
1

ξ3 . (7.18)

Ïîñêîëüêó k2 6∈ K, òî óñëîâèå ñîâìåñòíîñòè àâòîìàòè÷åñêè âûïîëíåíî è
êîýôôèöèåíò c−3 � êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ðàçëîæåíèå ðåøåíèÿ åñòü

y =
2

c

1

ξ2 + c−3
1

ξ3 +
+∞∑
k=4

c−k
1

ξk
, (7.19)

ãäå c−3 � êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à c−k � êîìïëåêñíûå,
ïîñòîÿííûå è îäíîçíà÷íî îïðåäåëåííûå. Ñäåëàåì îáðàòíóþ çàìåíó è ïî-
ëó÷èì àñèìïòîòèêó ðåøåíèÿ óðàâíåíèÿ (2.3)

y =
2

c

1

ln2 x
+ c−3

1

ln3 x
+

+∞∑
k=4

c−k
1

lnk x
, (7.20)

ãäå c−3 � êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, êîìïëåêñíûå êîýôôèöè-
åíòû c−k � ïîñòîÿííûå è îäíîçíà÷íî îïðåäåëåííûå.
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Âåðøèíà Φ

(0)
1 = Q1. Óêîðî÷åííîå óðàâíåíèå

ϕ̂
(0)
1 (ξ, y)

def
= − 2ÿy2 + 2ẏ2y = 0 (7.21)

èìååò ðåøåíèå y = c0, òàê êàê âåêòîð P = ω(1, r) = (1, 0) ëåæèò âU
(0)
1 ∩K.

Íî ïîñòîÿííîå ðåøåíèå íàì íå ïîäõîäèò.

Ñëó÷àé c = 0. Óðàâíåíèå (7.13) ñîâïàäàåò ñ óðàâíåíèåì (5.12) â ñëó-
÷àå d = 1/2. Òàê êàê îïðåäåëÿþùåå óðàâíåíèå (7. 2) ïðè c = 0 èìååò
ïðîèçâîëüíîå íåíóëåâîå ðåøåíèå, êîíóñ çàäà÷è åñòü

K = {p1 ≥ 0}

è y 6= const. Ïîýòîìó ñîâïàäàþò âñå îáúåêòû ñòåïåííîé ãåîìåòðèè (íî-
ñèòåëü, âûïóêëàÿ îáîëî÷êà, íîðìàëüíûå êîíóñû, êîíóñ çàäà÷è) äëÿ ýòèõ
äâóõ óðàâíåíèé. Ñëåäîâàòåëüíî, íåò íåñòåïåííûõ ðåøåíèé óðàâíåíèÿ
(7.13) â ñëó÷àå c = 0.

7.3. Ñëîæíûå ðàçëîæåíèÿ ðåøåíèé. Ðåáðó Γ
(1)
3 ñîîòâåòñòâó-

åò óêîðî÷åííîå óðàâíåíèå (7.1), è íîðìàëüíûé êîíóñU
(1)
3 = {λ(−1, 0), λ >

0}. Èç íåãî ñëåäóåò, ÷òî r = 0 è ω = −1 , ò. å. x → 0. Óðàâíåíèå (7.1) èìååò
îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî íåñòåïåííûõ ðåøåíèé (7.20) ãäå c 6= 0 �
êîìïëåêñíûé ïàðàìåòð, c−3� êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à êî-
ýôôèöèåíòû c−k � êîìïëåêñíûå, ïîñòîÿííûå è îäíîçíà÷íî îïðåäåëåííûå.

Âû÷èñëèì êðèòè÷åñêèå ÷èñëà óêîðî÷åííûõ ðåøåíèé (7.20). Ïåðâàÿ âà-
ðèàöèÿ îïðåäåëåíà ôîðìóëîé (7. 3). Îáîçíà÷èì åå M(x, y). Ñäåëàåì â
M(x, y) ëîãàðèôìè÷åñêóþ çàìåíó ξ = ln x è ïðîèçâîäíóþ ïî ξ áóäåì
îáîçíà÷àòü òî÷êîé. Òîãäà y′ = ẏ/x, y′′ = (ÿ − ẏ)/x2. Îïåðàòîð

M(x, y) = 2

(
d2

dξ2 −
d

dξ

)
y3 + 6(ÿ − ẏ)y2 − 6

d

dξ
ẏy2 − 6ẏ2y + 2

d

dξ
y3 + 6ẏy2+

4
d

dξ
ẏy + 2ẏ2− 2

(
d2

dξ2 −
d

dξ

)
y2− 4(ÿ− ẏ)y− 2

d

dξ
y2− 4ẏy + 8cy3 def

= N (ξ, y).

(7.22)

Äëÿ ðåøåíèé (7.20) èìååì y =
2

c

1

ξ2 + . . .. Ïîýòîìó â îïåðàòîðå N ÷ëåíû

ñòàðøåé ïî ξ ñòåïåíè n èìåþò n = −4 è îáðàçóþò îïåðàòîð

N−4 = −2y2 d2

dξ2 ,
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ãäå y =
2

c

1

ξ2 . Åìó ñîîòâåòñòâóåò õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ν(k) =

−2

(
2

c

)2

k2, êîòîðûé èìååò äâóêðàòíûé êîðåíü k = 0 = r, ò. å. íå äàåò

êðèòè÷åñêèõ çíà÷åíèé.
Ïî òåîðåìå 1 èç [6] äëÿ ðåøåíèé èñõîäíîãî óðàâíåíèÿ (2.3) ñóùåñòâóåò

åäèíñòâåííîå ðàçëîæåíèå

F (1)
3 Φ

(1)
1 : y = ϕ0 +

∞∑
k=1

ϕkx
k, (7.23)

ϕ0 åñòü (7.19), ϕk ðÿäû ïî óáûâàþùèì ñòåïåíÿì íåêðàòíûõ ëîãàðèôìîâ.

�8. Ñâîäêà ðåçóëüòàòîâ â ñëó÷àå a = 0

Ïðîñòûå è ñëîæíûå ðàçëîæåíèÿ ðåøåíèé â îêðåñòíîñòè òî÷êè x = 0
îáðàçóþò ñëåäóþùèå ñåìåéñòâà:

1. Îäíîïàðàìåòðè÷åñêîå (ïî cr) ñåìåéñòâî F (0)
3 ïðîñòûõ ðàçëîæåíèé,

îïðåäåëåííîå ôîðìóëîé (4.7) r = −
√

2c.

2. Îäíîïàðàìåòðè÷åñêîå (ïî c0) ñåìåéñòâî F (1)
3 ïðîñòûõ ðàçëîæåíèé,

îïðåäåëåííîå ôîðìóëîé (7.6) (ïàðàìåòð c = 0).

3. Îäíîïàðàìåòðè÷åñêîå (ïî c−3) ñåìåéñòâî ñëîæíûõ ðàçëîæåíèéF (1)
3 Φ

(1)
1 ,

îïðåäåëåííîå ôîðìóëîé (7.23) (ïàðàìåòð c 6= 0).

Ïðîñòûå è ñëîæíûå ðàçëîæåíèÿ ðåøåíèé â îêðåñòíîñòè òî÷êè x = ∞
îáðàçóþò ñëåäóþùèå ñåìåéñòâà:

4. Îäíîïàðàìåòðè÷åñêîå (ïî cr) ñåìåéñòâî ïðîñòûõ ðàçëîæåíèé F (0)
2

îïðåäåëåííîå ôîðìóëîé (3.7) r = 1 +
√

1− 2d.

5. Îäíîïàðàìåòðè÷åñêîå (ïî c1) ñåìåéñòâî F (1)
1 ïðîñòûõ ðàçëîæåíèé,

îïðåäåëåííîå ôîðìóëîé (5.5) (ïàðàìåòð d = 1/2).

6. Îäíîïàðàìåòðè÷åñêîå (ïî c−3) ñåìåéñòâî ñëîæíûõ ðàçëîæåíèéF (1)
1 Π

(1)
1,

îïðåäåëåííîå ôîðìóëîé (5.24) (ïàðàìåòð d 6= 1/2).

Ñîãëàñíî òåîðåìå 7.5 èç [5] äëÿ âñåõ ðàçëîæåíèé, ïåðå÷èñëåííûõ âû-
øå, îòñóòñòâóþò ýêñïîíåíöèàëüíûå äîáàâêè, ïîñêîëüêó âñå óêîðî÷åííûå
óðàâíåíèÿ èìåþò âòîðûå ïðîèçâîäíûå, ò. å. äëÿ íèõ π(f) = π(L).

Ðàçëîæåíèÿ 1-6 íàéäåíû âïåðâûå. Îíè îòñóòñòâóþò, íàïðèìåð, â êíèãå
[8], ãäå ñîáðàíû âñå èçâåñòíûå ðåçóëüòàòû î ðàçëîæåíèÿõ ðåøåíèé óðàâ-
íåíèé Ïåíëåâå.
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Ñîãëàñíî § 2 èç [2] øåñòîå óðàâíåíèå Ïåíëåâå èìååò òðè ñèììåòðèè.

Åñëè ñêîìáèíèðîâàòü ïåðâûå äâå èç íèõ, òî ïîëó÷àåòñÿ ñèììåòðèÿ

(x, y, a, b, c, d) →
(

1

x∗
,

y∗

x∗
, a∗, b∗,−d∗ +

1

2
,−c∗ +

1

2

)
. (8.1)

Îíà ïåðåâîäèò ðàçëîæåíèÿ ïðè x → 0 â ðàçëîæåíèÿ ïðè x → ∞. Ïðè
ýòîì ðàçëîæåíèÿ 1, 2, 3 ïåðåõîäÿò â ðàçëîæåíèÿ 4, 5, 6 ñîîòâåòñòâåííî (è
îáðàòíî). Ïîêàæåì ýòî íà ïðèìåðå ðàçëîæåíèé 1 è 4.

Ôîðìóëà (4.7) ïðè çàìåíå (8.1) èñïûòûâàåò ñëåäóþùèå ïðåîáðàçîâàíèÿ

y∗

x∗
= crx

∗−r +
∑

s

csx
∗−s,

y∗ = crx
∗−r+1 +

∑
s

csx
∗−s+1, (8.2)

Ïîëîæèì c∗r∗ = cr, r∗ = −r +1, c∗s∗ = cs, s∗ = −s+1, ãäå s∗ ïðîáåãàåò
ìíîæåñòâî K∗ = {s∗ = r∗ + l(1− r∗)−m, l, m > 0, l + m ≥ 0, l, m ∈ Z}.
Ïîëó÷àåì ðÿä

y∗ = c∗r∗x
∗r∗ +

∑
s∗

c∗s∗x
∗s∗,

Èç § 4 èçâåñòíî, ÷òî â ñëó÷àå Re
√

2c > 1, âòîðîå ïðèáëèæåíèå ðåøåíèÿ,
ñîîòâåòñòâóþùåå âåðøèíå Q3, åñòü y = crx

r +c0, cr 6= 0, cr � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ, r = −

√
2c. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (8.1) ïîëó÷àåì âòîðîå

ïðèáëèæåíèå ðåøåíèÿ, ñîîòâåòñòâóþùåå âåðøèíå Q2 äëÿ Re
√

1− 2d∗ > 1,

y∗ = c∗r∗x
∗r∗ + c∗1x

∗,

ãäå r∗ = 1 +
√

1− 2d∗, c∗r∗ 6= 0, c∗r∗ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, c∗1 = 0.
Àíàëîãè÷íî â ñëó÷àå 0 < Re

√
1− 2d∗ ≤ 1 ïîëó÷àåì

y∗ = c∗r∗x
∗r∗ + c∗r∗−1x

∗r∗−1,

ãäå r∗ = 1 +
√

1− 2d∗, c∗r∗ 6= 0, c∗r∗ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, c
∗
r∗−1 =

c∗r∗(−r∗2 + r∗ + c∗ + b∗ − d∗)/r∗

Íàêîíåö, îïóñêàåì çâåçäî÷êè è ïîëó÷àåì

F (0)
2 : y = crx

r +
∑

s

csx
s, (8.3)

ãäå êîìïëåêñíûé ïîêàçàòåëü r = 1 +
√

1− 2d, cr 6= 0, cr � êîìïëåêñíàÿ
ïðîèçâîëüíàÿ ïîñòîÿííàÿ, êîìïëåêñíûå êîýôôèöèåíòû cs � ïîñòîÿííûå
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è îäíîçíà÷íî îïðåäåëåííûå, s ∈ C ïðîáåãàåò ìíîæåñòâî {r + l(1 − r) −
m, l, m > 0, l + m ≥ 0, l, m ∈ Z}, â ñëó÷àå 0 < Re

√
1− 2d ≤ 1 èìååò

âòîðîå ïðèáëèæåíèå y = crx
r + cr−1x

r−1, ãäå

cr−1 = cr(−r2 + r + c + b− d)/r,

à â ñëó÷àå Re
√

1− 2d > 1, âòîðîå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ èìååò
âèä y = crx

r + c1x, ãäå c1 = 0.

�9. Ðàçëîæåíèÿ ðåøåíèé â ñëó÷àå b = 0

Ñ ïîìîùüþ ñèììåòðèè (2.5) ïåðåâåäåì ðàçëîæåíèÿ 1-6 èç § 8, íàéäåííûå
â ñëó÷àå a = 0, â ñîîòâåòñòâóþùèå ðàçëîæåíèÿ 7-12 â ñëó÷àå b = 0.
Ðàçëîæåíèå 7. Îíî ñèììåòðè÷íî ðàçëîæåíèþ 1 äëÿ âåðøèíû Q3 è ñîîò-
âåòñòâóåò âåðøèíå Q6. Ôîðìóëà (4.7) ïðè çàìåíå (2.5) èñïûòûâàåò òàêèå
ïðåîáðàçîâàíèÿ

1

y∗
= crx

∗−r +
∑

s

csx
∗−s,

y∗ =
1

cr

x∗r

(
1 +

∑
s

cs

cr
x∗−s+r

) , (9.1)

Òàê êàê x∗ →∞ è

∣∣∣∣∣∑
s

cs

cr
x∗−s+r

∣∣∣∣∣ < 1, òî (9.1) ìîæíî ðàçëîæèòü â ðÿä

y∗ =
x∗r

cr

+∞∑
n=0

(−1)n

(∑
s

cs

cr
x∗−s+r

)n

. (9.2)

Âûïèøåì ïåðâûå äâà åãî ÷ëåíà

y∗ =
x∗r

cr
−
∑

s

cs

c2
r

x∗−s+2r + . . . . (9.3)

Ïîëîæèì c∗r = 1/cr, c∗s∗ = −cs/c
2
r, s∗ = −s + 2r, ãäå s∗ ïðîáåãàåò

ìíîæåñòâî {r + lr −m, l, m > 0, l + m ≥ 0, l, m ∈ Z}, ïîëó÷èì ðÿä

y∗ = c∗rx
∗r +

∑
s∗

c∗s∗x
∗s∗ + . . . ,

Âòîðîå ïðèáëèæåíèå ðåøåíèÿ â ñëó÷àå 0 < Re
√

2c ≤ 1 èìååò âèä y∗ =
c∗rx

∗r + c∗r−1x
∗r−1, r = −

√
2c,

c∗r−1 = −cr+1

c2
r

= −c∗r
r2 − r − c + d + a∗

r − 1
.
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À â ñëó÷àå Re

√
2c > 1, âòîðîå ïðèáëèæåíèå ðåøåíèÿ åñòü

y∗ = c∗rx
∗r + c∗2rx

∗2r,

ãäå c∗2r = 0. Íàêîíåö, îïóñòèì çâåçäî÷êè è ïîëó÷èì

F (0)
6 : y = crx

r +
∑

s

csx
s, (9.4)

ãäå êîìïëåêñíûé ïîêàçàòåëü r = −
√

2c, cr 6= 0, cr � êîìïëåêñíàÿ ïðîèç-
âîëüíàÿ ïîñòîÿííàÿ, êîìïëåêñíûå êîýôôèöèåíòû cs � ïîñòîÿííûå è îä-
íîçíà÷íî îïðåäåëåííûå, s ∈ C ïðîáåãàåò ìíîæåñòâî {r + lr − m, l, m >
0, l + m ≥ 0, l, m ∈ Z}.

Â ñëó÷àå 0 < Re
√

2c ≤ 1 ðàçëîæåíèå ðåøåíèÿ èìååò âòîðîå ïðèáëèæå-
íèå y = crx

r + cr−1x
r−1, ãäå

cr−1 = −cr
r2 − r − c + d + a

r − 1
,

à â ñëó÷àå Re
√

2c > 1, âòîðîå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ èìååò âèä
y = crx

r + c2rx
2r, ãäå c2r = 0.

Ïî òåîðåìå 3.4 èç [5] ðÿä (9.4) ñõîäèòñÿ äëÿ äîñòàòî÷íî áîëüøèõ |x|.
Ðàçëîæåíèå 8. Îíî ñèììåòðè÷íî ðàçëîæåíèþ 2 äëÿ ðåáðà Γ

(1)
3 è ñîîò-

âåòñòâóåò ðåáðó Γ
(1)
6 . Ôîðìóëà (7.6) ïðè çàìåíå (2.5) ïðåîáðàçóåòñÿ ê âèäó

F (1)
6 : y = c0 +

c−1

x
+

+∞∑
k=2

c−k

xk
, (9.5)

ãäå c0 6= 0, 1, c0 � êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, êîìïëåêñíûé
êîýôôèöèåíò c−1 = (d + a)(1 − c0)c0, îñòàëüíûå c−k � êîìïëåêñíûå, ïî-
ñòîÿííûå è îäíîçíà÷íî îïðåäåëåííûå.

Ïî òåîðåìå 3.4 èç [5] ðÿä (9.5) ñõîäèòñÿ äëÿ äîñòàòî÷íî áîëüøèõ |x|.
Ðàçëîæåíèå 9. Ðàçëîæåíèå 9 äëÿ ðåáðà Γ

(1)
6 ñèììåòðè÷íî ðàçëîæåíèþ 3

äëÿ ðåáðà Γ
(1)
3 . Èç (7.23), ïîñëå ïîäñòàíîâêè (2.5), ïîëó÷èì ðàçëîæåíèå

F (1)
6 Φ

(1)
1 : y = ϕ0 +

∞∑
k=1

ϕ−kx
−k, (9.6)

ãäå

ϕ0 =
c

2
ln2 x + c1 ln x +

+∞∑
k=0

c−k

(
1

ln x

)k

+ . . . , (9.7)

c1 � êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, c−k � êîìïëåêñíûå, ïîñòîÿí-
íûå è îäíîçíà÷íî îïðåäåëåííûå, ϕ−k ðÿäû ïî óáûâàþùèì ñòåïåíÿì ëîãà-
ðèôìîâ.
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Ðàçëîæåíèå 10. Ðàçëîæåíèå 4, ñîîòâåòñòâóþùåå Q2, ñ ïîìîùüþ ôîðìó-
ëû (2.5) ïåðåâîäèòñÿ â ðàçëîæåíèå 10, ñîîòâåòñòâóþùåå âåðøèíå Q5

F (0)
5 : y = crx

r +
∑

s

csx
s, (9.8)

ãäå r = 1 +
√

1− 2d, cr 6= 0, cr � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, s ∈ {r + l(r −
1) + m, l, m > 0, l + m ≥ 0, l, m ∈ Z}, cs � ïîñòîÿííûå è îäíîçíà÷íî
îïðåäåëåííûå. Â ñëó÷àå Re

√
1− 2d ≥ 1 âòîðîå ïðèáëèæåíèå ðåøåíèÿ y =

crx
r + cr+1x

r+1, cr+1 = cr
r2 − r − c + a + d

r
, â ñëó÷àå 0 < Re

√
1− 2d < 1

âòîðîå ïðèáëèæåíèå ðåøåíèÿ y = crx
r + c2r−1x

2r−1, c2r−1 = 0.
Ðÿä (9.8) ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x|, ñîãëàñíî òåîðåìå 3.4 èç

[5].
Ðàçëîæåíèå 11. Ñ ïîìîùüþ ñèììåòðèè (2. 5) ðàçëîæåíèå 8 äëÿ ðåáðà
Γ

(1)
4 ïîëó÷àåòñÿ èç ðàçëîæåíèÿ 5 äëÿ ðåáðà Γ

(1)
1 .

F (1)
4 : y = c1x +

+∞∑
k=2

ckx
k, (9.9)

ãäå c1 � êîìïëåêñíàÿ ïðîèçâîëüíàÿ ïîñòîÿííàÿ, c1 6= 0, 1, c2 = −c1(1 −
c1)(1 − 2c + 2a), îñòàëüíûå ck îäíîçíà÷íî îïðåäåëåííûå êîìïëåêñíûå ïî-
ñòîÿííûå.

Ýòîò ðÿä ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ |x|.
Ðàçëîæåíèå 12. Ðàçëîæåíèå 12 äëÿ ðåáðà Γ

(1)
4 ñèììåòðè÷íî ðàçëîæåíèþ

6 äëÿ ðåáðà Γ
(1)
1 . Ïîñëå ïîäñòàíîâêè (2.5) â ôîðìóëó (5.24), ïîëó÷èì ðàç-

ëîæåíèå

F (1)
4 Π

(1)
1 : y = ϕ1x +

∞∑
k=2

ϕkx
k, (9.10)

ãäå ϕ1 åñòü

ϕ1 =
1− 2d

4
ln2 x + c1 ln x +

+∞∑
k=0

c−k(ln x)−k, (9.11)

ïàðàìåòð d 6= 1/2, c1 � ïðîèçâîëüíàÿ êîìïëåêñíàÿ ïîñòîÿííàÿ, êîýôôè-
öèåíòû c−k � ïîñòîÿííûå, êîìïëåêñíûå è îäíîçíà÷íî îïðåäåëåííûå, ϕk

ðÿäû ïî óáûâàþùèì ñòåïåíÿì ëîãàðèôìîâ.

�10. Ñâîäêà ðåçóëüòàòîâ â ñëó÷àå b = 0

Ïðîñòûå è ñëîæíûå ðàçëîæåíèÿ ðåøåíèé â îêðåñòíîñòè òî÷êè x = ∞
îáðàçóþò ñëåäóþùèå ñåìåéñòâà:
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7. Îäíîïàðàìåòðè÷åñêîå (ïî cr) ñåìåéñòâî F (0)

6 ïðîñòûõ ðàçëîæåíèé,
îïðåäåëåííîå ôîðìóëîé (9.4) r = −

√
2c.

8. Îäíîïàðàìåòðè÷åñêîå (ïî c0) ñåìåéñòâî F (1)
6 ïðîñòûõ ðàçëîæåíèé,

îïðåäåëåííîå ôîðìóëîé (9.5) (ïàðàìåòð c = 0).

9. Îäíîïàðàìåòðè÷åñêîå (ïî c1) ñåìåéñòâî ñëîæíûõ ðàçëîæåíèéF (1)
6 Φ

(1)
1 ,

îïðåäåëåííîå ôîðìóëîé (9.6) (ïàðàìåòð c 6= 0).

Ïðîñòûå è ñëîæíûå ðàçëîæåíèÿ ðåøåíèé â îêðåñòíîñòè òî÷êè x = 0
îáðàçóþò ñëåäóþùèå ñåìåéñòâà:

10. Îäíîïàðàìåòðè÷åñêîå (ïî cr) ñåìåéñòâî ïðîñòûõ ðàçëîæåíèé F (0)
5

îïðåäåëåííîå ôîðìóëîé (9.8) r = 1 +
√

1− 2d.

11. Îäíîïàðàìåòðè÷åñêîå (ïî c1) ñåìåéñòâî F (1)
4 ïðîñòûõ ðàçëîæåíèé,

îïðåäåëåííîå ôîðìóëîé (9.9) (ïàðàìåòð d = 1/2).

12. Îäíîïàðàìåòðè÷åñêîå (ïî c1) ñåìåéñòâî ñëîæíûõ ðàçëîæåíèéF (1)
4 Π

(1)
1 ,

îïðåäåëåííîå ôîðìóëîé (9.10) (ïàðàìåòð d 6= 1/2).

Ïî ñâîéñòâó ñèììåòðèè ýòè ðàçëîæåíèÿ òàêæå íå èìåþò ýêñïîíåíöè-
àëüíî ìàëûõ äîáàâîê. Ðàçëîæåíèÿ 7-9 ïåðåâîäÿòñÿ â ðàçëîæåíèÿ 10-12
ñèììåòðèåé (8.1).

Îòìåòèì, ÷òî ñëîæíûå ðàçëîæåíèÿ ðåøåíèé äëÿ óðàâíåíèé Ïåíëåâå
íàéäåíû âïåðâûå. Êðîìå òîãî, âñå ðàçëîæåíèÿ 1-12 äëÿ øåñòîãî óðàâíåíèÿ
Ïåíëåâå òàêæå íàéäåíû âïåðâûå (ñð. [8]).
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