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CappbrueB B.A., I'ytiuk C.A., CuaBa A., Cantym JL.

JInHaMMKa CITyTHHKA-TUPOCTATa IOJ ACHUCTBHEM TI'PAaBUTALMOHHOIO MOMEHTA.
HccnenoBanne ycTOMUUBOCTH T0JIOKEHUNM PaBHOBECHUS

Hccnenoana TrHaMuKa CIIyTHHKA-TUPOCTATa, ABHKYLIETOCS B LIEHTPAJIbHOM
HBIOTOHOBOM CHJIOBOM TI0JIe TIO KpyroBoil opOute. [Ipensiosxken MeTos ornpeaesieHus
BCEX TMOJOXEHUN paBHOBECHS CIyTHHUKA-TUpOCTaTa B OpPOUTAIbHOW CHCTEME
KOOpPAMHAT TPH 3aJaHHBIX 3HAYEHUAX BEKTOpPAa THPOCTATUYECKOTO MOMEHTa |
IVIABHBIX LEHTPAJIbHBIX MOMEHTOB MHEPLMH, I10Jy4YEHBI YCIOBHS UX CYLICCTBOBAHUS.
JIns  KaxIOM pPaBHOBECHOM OpHEHTAIlMM IIOJYYEHBl JOCTATOYHBIE YCJIOBHSA
YCTOWYMBOCTU C HCIIOJIBh30BaHWEM B KaudecTBe (yHKuu JlsmyHOBa 000OIIEHHOTO
uHTerpana osHepruu. IlpoBeneH jAeTanbHBIA  YHUCIEHHBIM aHamu3  oOJsacTeit
BBITIOJIHEHUSL YCJIOBHM YCTOMYMBOCTH IIOJOKEHUM PABHOBECUS B 3aBUCUMOCTH OT
yeThipex Oe3pa3MepHbIX NapameTpoB 3agaud. [lokazaHo, 4TO YHUCIO MOJOKEHHM
pPaBHOBECUS CIIyTHHKA-TUpPOCTaTa, I KOTOPBIX BBINOJHSAKOTCA JOCTATOYHbBIC
YCIIOBUSI YCTOMYMBOCTH, B OOIEM Clly4ae U3MEHSIETCS MPU BO3PACTAHUU BEJIIUMYMHBI
MOJTyJIsl THPOCTATUYECKOr0O MOMEHTA OT 4 110 2.

Kniouesvie cnoea: CiyTHUK-TUPOCTAT, TPABUTAMOHHBIA MOMEHT, IOJIOKEHUS
paBHOBECHS, YCTOUYHUBOCTb.

PabGoTta BeimonHena mpu mojjepxkke [lopryrambekoro QoHma mo Hayke H
TEXHUKE.

Sarychev V.A,, Gutnik S.A,, Silva A., Santos L.
Dynamics of gyrostat satellite subject to gravitational torque. Stability analysis

Dynamics of gyrostat satellite moving along a circular orbit in the central
Newtonian gravitational field is investigated. A symbolic-numerical method for
determining of all equilibrium orientations of gyrostat satellite in the orbital
coordinate system with given gyrostatic torque and given principal central moments
of inertia is proposed. For each equilibrium orientation sufficient conditions of
stability are obtained as a result of analysis of generalized energy integral used as
Lyapunov’s function. Investigation of domains where stability conditions take place
is provided in detail depending on four dimensionless parameters of the problem. It is
shown that the number of stable equilibria of the gyrostat satellite in general case
changes from 4 to 2 with the increasing the absolute value of gyrostatic torque.

Key words: gyrostat satellite, gravitational torque, equilibria, stability.
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1. Equations of motion

Let us consider the attitude motion of a gyrostat satellite which is a rigid body
with statically and dynamically balanced rotors inside the satellite body. The angular
velocities of rotors relative to the satellite body are constant. The center of mass O of
gyrostat satellite is situated in a circular orbit.

Let us introduce two right-hand Cartesian coordinate systems with origin in the
center of mass O of the gyrostat satellite.

OXYZ is the orbital coordinate system whose OZ axis is directed along the
radius vector connecting the centers of mass of the Earth and of the gyrostat satellite;
the OX axis is directed along the vector of linear velocity of the center of mass O .

Oxyz is the gyrostat-fixed coordinate system; Ox, Oy, Oz are the principal

central axes of inertia of the gyrostat satellite.
Let us define the orientation of the Oxyz coordinate system with respect to the

orbital coordinate system by Euler angles v, 9 and ¢ . Now the direction cosines of
Ox, Oy, Oz axes in the orbital coordinate system are represented by the following
expressions [1]:

a,;, =C0s(X, X) =Ccosy cos¢ —siny cosgsin ¢,

a,, =C0os(y, X) =—Cosy sing —siny cos.$cos ¢,

a,; =C€0s(z, X) =siny sin g,

a,, =C0S(X,Y) =siny cos¢ + COSy COS JFSin g,

a,, =Ccos(y,Y) =—siny sin ¢ + cosy €0S$Cos @, (1)
a,; =C€0S(z,Y) =—-cosy sin g,

a,, =C0S(X,Z) =singsing,

a,, =C0s(y,Z) =singcosg,

8y, =C0S(z,Z) =Cc0s Y.

Then, the equations of motion of the gyrostat satellite relative to its center of mass are
written in the following form [1, 2]:

Ap +(C - B)qr — 3w} (C - B)a,a,, — H,r + H,q =0,
Bq + (A—C)rp—3w; (A-C)aga, —H,p+H,r =0, (2)
Cr +(B-A)pg-3wi(B-A)a,a, —H,q+H,p=0;



p=yay+ 9cosp+ WyBy = P+ @3y,
q=ya, — Ssm(p+a)0 20 =0 + @8y, (3)

F=yay, + @+ ad,; =T + 0y,

In equations (2), 3) H,=> @, H, =D 3, Bd Hy =D J 7@ I, is the axial
k=1 k=1 k=1

moment of inertia of k -th rotor; «,, S,, 7, are the constant direction cosines of the
symmetry axis of the k -th rotor in the coordinate system Oxyz; ¢, is the constant
angular velocity of the k -th rotor relative to the gyrostat; A, B,C are the principal
central moments of inertia of the gyrostat; p, d, r are the projections of the absolute
angular velocity of the gyrostat satellite onto the Ox, Oy, Oz axes; w, is the angular

velocity of motion of the center of mass of the gyrostat satellite along a circular orbit.
Dots designate differentiation with respect to time t.
Further it will be more convenient to use parameters

lel-_llla)o, HZ:I-_Izla)O, H3:H3/a)0. 4)

For the systems of equations (2) and (3) the generalized energy integral exists in
the form

_(Aﬁz"'B )+ a’o[(A C)a31+(B C)aez]"'
(5)

+%a)§[(B — A)aZ, +(B-C)al,]- @ (H,a, + H,a,, + H,a,,) = const.

2. Equilibrium orientations

Setting in (2) and (3) v =y, =const, $=9, =const, ¢ =@, =const, we obtain
at A= B #C the equations
(C- B)(azzazs _3a32a33) —H,a,, +Hza, =P =0,
(A- C)(a23321 - 3a33a31) —-H;a, +Ha,;, =Q=0, (6)
(B- A)(a21a22 _3a31332) —-Ha,, +H,a,, =R =0,
allowing us to determine the gyrostat satellite equilibria in the orbital coordinate

system. Actually, it is more convenient to use in subsequent investigation the
equivalent system



Pa11 + Qa12 + Ra13 =0,
PaZl + Qazz + Raz3 =0, (7)
Pa,, + Qa,, + Ra,; =0.

System (6) depends on four dimensionless parameters

Hl

H, " H, _B-A
B-C'

“B_c' * B-C ' B_C

h, (8)

h =
Equations (7) are equivalent to equations (6) and can be rewritten in the form

4(Aa21a31 + Bazzaaz + Caz:aaas) + (H1a3l + Hza32 + Hsa33) =0,
Aa11a31 + Ba12a32 + Ca13a33 =0, 9)
(Aanazl + Ba12a22 + Ca13a23) + (Hlall + H2a12 + H3a13) =0

or using dimensionless parameters (8) in the form

—4(va,a, +aya,,) + (hag, +h,a, +hag;) =0,
Vayay + 38, =0, (10)
vay,a, +a3d,, — (ha, +h,a, +ha;)=0.

Taking into account expressions (1), system (6) or system (9) can be considered
as a system of three equations with unknowns v, 3, ¢,. The second more

convenient method to close equations (9) consists in adding six conditions of
orthogonality for the direction cosines (1)

a121 + a122 + a123 =1,

al +a,+al, =1,

a':fl + aa.?z + a§3 =1 (11)
8,8y, + 8,85, + 88, =0,

8,85 + 8,8y, + 8385, =0,

8,8y, + 885, + 8385, = 0.

Further, we will study the equilibrium orientations of the gyrostat satellite using
systems (9) and (11).

As it was shown in [1, 2], the system of second equation in (9) and first, second,
fourth, fifth and sixth equations in (11) can be solved for a,,, a,,, &5, 8y, 8y,, Ayg If

A= B #C, using dimensionless parameters (8) in the form:
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a, = —485,8;, ’ a, = 4va;, - (1-v)ag]a, ’
ha, +has, +hsay, ha, +has, +hiay,
_ 4(1-v)aya, _ ~4(vay, +ag,)a, (12)
i hag, +h,ag, +hag, i hag, +h,ag, +hag,
a, = 4vaa;, ’ = 41— v)ag, +ag,]ag, :
ha,, +has, +hsag, hay, +has, +hag,

Substituting equations (12) in the first and third equations (9) and adding the
third equation (11) we get three equations

16[3-3223'323 +(1- V)2a323a§1 + Vza'jlaszz] = (ha,, + ha,, + h3a33)2(a321 + a'jz + 353),
dv(1—v)aya,a, +[hag,a, —h,(1-v)a,a, —hya,a, ]x
x(hay, +hya,, +ha,,) =0,

2 2 2
Ay 185 + a5 =1.

(13)

for determination of direction cosines a,;, a,,, as5. If system (13) will be solved then
relations (12) allow us to find the other six direction cosines. In (13) the right part of
first equation was multiplied by a2, +aZ2, +a’, =1.

Let us introduce the values x=&, y:& and divide all terms of first
83 833

equation in (13) by a§3 and second equation by a333. Then we will have the system of
two equations with unknown values X, y:

16[y* + (1—v)*x* +v2x°y?] = (hx+ hy + h)? (L + X* + y?),

4v(L-v)xy +[hy-h,Q-v)x-hyxy](hx+h,y +h;) =0. (14)

Now substituting expressions a,, = Xa,,;, a,, = ya,, in the last equation of the system
(13), we receive

) 1
= 15
T y? (19)
The system of equations (14) can be presented in such form:
+ay+a,=0,
&Yy +tay+a, (16)

by’ +by®+b,y* +by+b, =0.



Here

a, = hy(h, — vhyx),
a, =hh +[4v@Q-v)+h —Q-v)hZ —vhi]x —vhhx?,
a, =—(1—-v)h,(hx+h)x,

b, = hZ,

b, =2h,(hx+hs),

b, = (2 + h? —=16) + 2hh,x + (h} + h? —=16v?)X?,

b, = 2h, (hx + h,)L+ X),

b, = (hx+h)? L+ x*) —16(L-v)*x>.

(17)

Using the resultant concept, we eliminate variable y from the equations (16) with the
help of Mathematica symbolic matrix function. The equation in X then has the form

[3]:

12 11 10 9 8 7 6
PoX™ + PXT 4 P X 4 PXT + Py X7+ P X+ PeX A+

, (18)
+ I07X5 + IOBX4 + I%X3 + PyX” + PpX+ Py, =0,
where
P, = -h'hyv®,

p,= 20hv®| 20— (v 1) - 2v (R +2v -2) |,

pyy = -20h3{ 207 2 (v —1) - 2v(n¢ + 2v - 2)},
P, = 'hl4h34'

Substituting the value of a real root of equation (18) into the equations (16), we
can find roots of these equations. For each solution of the system (15) one can
determine two values of a,, from equation (15), and then the values a, and a,,.

Thus, each real root of the algebraic equation (18) corresponds to two sets of values
8y, 84,, 835, Which, by virtue of (12), uniquely determine the remaining direction

COSINES @, &5, 8y, &y, By, &yy. It fOllOWs from these considerations that the gyrostat
satellite in general case (h, #0, h, #0, h, # 0) may have no more than 24 equilibrium
orientations in the orbital coordinate system.
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3. Stability analysis of equilibria

Using equation (18), it is possible to determine numerically all equilibrium
orientations of the gyrostat satellite in the orbital coordinate system and analyze their
stability. In [3] dependence of the number of real solutions of equation (18) from the
parameters was analyzed numerically. Evolution of domains in the space of
parameters that correspond to various numbers of equilibria was carried out in detail.
The numerical calculations in [3] were made for the case when B> A>C (O<v<l)

and nonzero parameters h;, h,, h,.

In this work we will investigate the stability of equilibrium solutions satisfying
equations (10) and (11).

Let us use the generalized energy integral (4) as Lyapunov’s function in order to
obtain sufficient conditions of stability of the equilibrium orientations of the gyrostat
satellite. The generalized energy integral (4) can be rewritten in such form:

%(Aﬁz + B3 +CF?) +§(B _C)R{BlL-v)al +ad]+

(19)
+(val, +a2,) - 2(ha,, + hya,, + h,a,;)}= const.
Let us present angles v, 9, ¢ as
W=y, + 7, I=%+3, =0, +, (20)

where 7, 9, are small deviations from the equilibrium position w =, = const,
9= =const, p=g¢,=const, satisfying the system of equations (10). Then, energy
integral (19) can be presented in the form
1(Aﬁ2 +Bg’ +Cr?) +l(B —C)ai (A, 7 + A9 + A, 0" +
2 2 (21)
+2A, 78 +2A, g + 2A, 9p) + Z = const.

where the symbol X designates the terms of higher than the second order of
smallness relative to 7, 4,  and
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A, =v(a;—ay)+(a; —ay) +hay, +hay, + ha,,
A,y = (3+cos’y,)(L-vsin’ g,)cos 29, —
—%vsin 2y, c0s 9, sin 2¢, + (h,sin g, + h, cos¢,) cosy, cos Y, + h,a,,,
A, = vi(al, —a2)-3(a’, —aZ)]+ha, +ha,, 22)
Ay = —%Sin 2y,Sin 29, +v(a,,a,; + a,,8,,) —siny, (ha,, +h,a,, +ha,,;),
A, = V(a8 +,8,) — My, +hay,,
A, = —%vsin 29,sin 2¢, +v(a,,Cos @, + a,,)a,; — (h, cosg, —h,sing,)a,,.

It follows from the Lyapunov’s theorem that the equilibrium solution is stable if the
quadratic form

1, _ _ _ 1 _ — _
E(Ap2 +Bg° +Cr?) +§(B —C)as (A, 7" + A y9* + A 9" +
+2A,,78 +2A, g + 2A,,90)

for this solution is positive definite. The sufficient conditions of stability will be
fulfilled if the following inequalities take place:

A//'// > 0’
A, Agg — (Aw)2 >0, (24)

Ay PggPoy + 2R, A, A, — 'A\VW(A&/J)Z B ASS('AW)Z - AW(AN)Z >0.

Substituting the expressions for A, A, A A, A, A, from (22) for the

corresponding equilibrium solution into (24), we will obtain the sufficient conditions
for stability of this solution.

(23)

4. Numerical investigation of stability of equilibria

Using integral (21) and conditions (24) we can analyze numerically the
sufficient conditions of stability of the equilibrium solutions.

For each set of the values of four system parameters v, h;, h,, h, we have
defined real roots x of equation (18) using Mathematica numeric package for
algebraic equations.

As it was mentioned above, to each real root x, of equation (18) corresponds

real root y, of equations (16).
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For the solution x,y, we can determine two values of a,, from the equation
(15), and then the values a,, = x,a,, and a,, = y,a,,.

Therefore, it is possible to define two sets of direction cosines a,,, a,,, a,,
corresponding to each real root x, of equation (18). To obtain the remaining direction
cosines a,,, a,,, &3, &y, 8,,, &, It IS NEcessary to use relationships (12).

We will present the results of calculations by Euler angles (1) for clear
understanding of their physical sense. Then the roots of the equations (18), (16) will
have the following view:

tggo:ﬁ:ﬁ and
i 8

Q= arctg& (0<p<27).
2

The angle 9 (0<9< ) can be defined from (15) (cos$=a,,). The angle y
(0<y < 2x) is uniquely determined with the help of relations

a
% ; COSy = ——2—

sing sing’
After that we can uniquely determine the orientation angles y,, 4,, ¢,, calculate

coefficients of quadratic form (23) and check the conditions of its positive
definiteness (24).
Due to the fact that 0<¢ <27, to each real root tgp=x,/y, corresponds two

values of angle ¢ (¢, and @, =¢, + 7). From the features of the quadratic form

coefficients (22) it follows that the sufficient stability conditions (24) for the values
¢, and ¢, are equal. In addition, it is possible to prove that conditions (24) do not

depend on the sign of the parameters h;, h,, h,. Hence, the numerical analysis of the

sufficient stability conditions of equilibrium solutions of the equations (10) possible
to do with positive values of h;, h,, h,, 0<v <1 condition and single value of ¢ (¢

or ¢, ) corresponding to each real root of equations (16), (18).

The numerical calculations were made for fixed values of v,h, and h,. The
figures 1-87 were calculated for the values v, h, and h,, indicated in the Table 1.

In the figures 1-87 the dependence of ¢ from h, with the fixed values of v, h,
and with the different values of h, is presented. Dashed lines indicate curves where

stability conditions (24) are valid.
Since the sufficient stability conditions (24) for the values ¢, and ¢+

(0<@p<2x) are equal, the numerical results in the figures 1-87 are presented for the
@ range 0<p<r.

siny =
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Calculations were made for the inertia parameters v =0.01 (near limit value
v=0 (A=B)),v=01,v=02,v=03,v=04,v=05,v=06,v=0.7, v=0.28,
v=0.9 and v=0.99 (near limit value v=1 (A=C)) see Table 1. The results of
calculations are presented in the Figures 1-87.

From the analysis of all calculations for the indicated above parameters it
follows that for the h, parameter values less then 1—v and for small h, h, there are
24 equilibrium solution curves and for 4 equilibrium curves stability conditions (24)
are valid (Figs.3, 8, 10, 17, 23, 24, 26, 27, 37, 42, 43, 46, 51, 52, 55, 59, 62, 69, 72,
75, 80, 85). There are also 4 stable equilibria for v >0.5 and h, >1-v (Figs.66, 68,
74,79, 83).

When the values of parameter h, increase, there are a sequential mergers of
equilibrium curves at points that correspond to the points of intersection of the
straight lines h, =const with the borders of regions with the fixed number of

equilibria which was calculated in [3]. For example, at the Fig. 25 (v =0.2, h,=0.4)
there are 4 points of intersection of the straight line h, =0.1 with the borders of
regions with fixed number of equilibria h =0.039, h =0.17, h =0.531 and
h =2.077; at the Fig. 27 (v=0.2, h,=0.1, h,=0.4) at these points equilibrium
curves are merging.

When the values of parameters h, h,, h, of the gyrostatic torque are greater or
equal 4 there are 8 equilibrium solutions (Figs.7, 14, 22, 34, 35, 41, 50, 58, 65, 87)
and only 2 of them are stable. For the big values of parameters h,h,, h; the
equilibrium values of ¢ are close to the trivial solutions, where some axis of the
orbital coordinate system and some axes of the body coordinate system coincide.

Conclusions

In this work the attitude motion of a gyrostat satellite under the action of
gravitational torque in a circular orbit has been investigated. The main attention was
given to investigation of stability conditions of the satellite’s equilibrium orientations
in general case when A=B=C and h, =0, h, #0, h; #0.

Using the Lyapunov theorem, sufficient conditions for stability of the
equilibrium orientations are obtained in the form of set inequalities.

Sufficient conditions of stability are investigated numerically for each
equilibrium orientation using generalized integral of energy as a Lyapunov’s
function.

It was shown that the number of stable equilibria of the gyrostat satellite in
general case changes from 4 to 2 with the increasing the absolute value of gyrostatic
torque. For the h, parameter values less then 1—v and for small h;, h, there are

always four stable equilibria.
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The obtained results can be used in the stage of preliminary projecting of the
satellite with gravitational stabilization system.
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Table 1.
Parameter values for stability analysis
Gyrostatic

arameters h3 h2 h3 h2

0.01 0.01 0.5 0.01 2.0
0.01 0.05 0.45 0.05

0.1 0.01 0.2 0.45 0.2
0.01 0.5 0.45 0.5
0.01 2.0 0.45 2.0
0.01 4.0 0.45 4.0
0.2 0.05 1.0 0.5
0.2 0.1 2.0 0.5
0.01 0.05 0.4 0.2

0.2 0.01 0.2 0.4 0.3
0.01 0.5 0.4 0.5
0.01 0.85 0.4 0.6
0.01 2.0 0.4 1.0
0.01 4.0 0.4 2.0
0.2 0.05 0.4 3.0
0.2 0.1 0.4 4.0
0.4 0.05 1.0 0.5
0.4 0.1
0.01 0.05 0.2 0.05

0.3 0.01 0.5 0.2 0.1
0.01 1.0 1.0 0.5
0.01 2.0 2.0 0.5
0.01 4.0
0.01 0.05 0.2 0.05

0.4 0.01 0.5 0.2 0.1
0.01 1.0 1.0 0.5
0.01 2.0 2.0 0.5
0.01 4.0
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Gyrostatic
arameters h3 h2 h3 h2
0.01 0.05 0.2 0.1
0.5 0.01 0.5 1.0 0.5
0.01 2.0 2.0 0.5
0.01 4.0
0.01 0.05 0.4 0.1
0.6 0.01 0.8 1.0 0.5
0.01 2.0 2.0 0.5
0.01 4.0
0.01 0.05 0.2 0.1
0.7 0.01 0.8 1.0 0.5
0.01 2.0 2.0 0.5
0.01 0.05 1.0 0.5
0.8 0.01 0.8 1.629 0.5
0.01 2.5
0.01 0.05 1.0 0.5
0.9 0.01 0.9 2.0 0.5
0.01 3.6
0.005 0.5 0.005 4.0
0.99 0.005 2.0
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Fig. 82. v=0.9, h,=3.6, h;=0.01
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