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1. Statement of problem.
The radial components of the wave functions of the 𝐷-dimensional isotropic

oscillator (whose potential is 𝑉𝐷(𝑟) = 𝜆2𝑟2

2 ) in the position space �⃗� ∈ R𝐷, 𝑟 := |�⃗�|
are given by

Ψ𝑛,𝑙(𝑟) = Const(𝑛, 𝑏, 𝜆,𝐷) 𝑟𝑙𝑒−𝜆𝑟2/2 ̂︀𝐿(𝑙+𝐷/2−1)
𝑛 (𝜆𝑟2) ,

where ̂︀𝐿(𝛼)
𝑛 (𝑥) are the Laguerre polynomials which are orthonormal with respect

to the weight function
𝑤𝛼(𝑥) = 𝑥𝛼𝑒−𝑥 . (1.1)

The wave functions Ψ𝑛,𝑙 with quantum numbers 𝑛, 𝑙 correspond to the energy
levels

𝐸𝑛,𝑙 = 𝜆

(︂
2𝑛 + 𝑙 +

𝐷

2

)︂
, 𝑛 = 0,1,2, . . . , 𝑙 = 0,1,2, . . .

The squared modulus of this wave functions describes the position probability
distribution density 𝜌𝑛,𝑙 = |Ψ𝑛,𝑙|2.

J. S. Dehesa has posed a problem to obtain the asymptotics of the entropic
moments ∞∫︁

0

𝜌 𝑝
𝑛,𝑙(𝑟) 𝑟𝐷−1𝑑𝑟 , 𝑛 → ∞ ,

i.e. the entropic moments for the Rydeberg (high energy) states. Thus, we need
to study the asymptotics of the 𝐿𝑝-norm of the Laguerre polynomials

𝑁𝑛(𝐷, 𝑝) =

∞∫︁
0

(︂[︁̂︀𝐿(𝛼)
𝑛 (𝑥)

]︁2
𝑤𝛼(𝑥)

)︂𝑝

𝑥𝛽 𝑑𝑥 , 𝑝 > 0 , (1.2)

where

𝛼 = 𝑙 +
𝐷

2
− 1 , 𝑙 = 0,1,2, . . . , and 𝛽 = (𝑝− 1)(1 −𝐷/2) . (1.3)

We note that (1.3) and (1.1) guarantee the convergence of integral (1.2) at zero,
i.e. the condition

𝛽 + 𝑝𝛼 = 𝑝𝑙 +
𝐷

2
− 1 > −1 ,

is always satisfied for physically meanfull parameters (1.3).
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2. Statements and discussions of the results.
The asymptotic behavior of 𝑁𝑛(𝐷, 𝑝) as 𝑛 → ∞ essentially depends on the

values of the parameters 𝐷 and 𝑝 (i.e. 𝛼, 𝛽 and 𝑝). In fact different regions
of integration in (1.2) for different values of the parameters give the dominant
contribution in the magnitude of the integral 𝑁𝑛(𝐷, 𝑝). Thus we have to use
various asymptotical representation for the Laguerre polynomials for different
scales.

Roughly speaking in the neighborhood of zero (i.e. the left end point of
the interval of orthogonality) the Laguerre polynomials can asymptotically be
presented by means of Bessel functions (taken for expanding scale of the variable).
Then (to the right) oscillatory behavior of the polynomials (in the bulk region of
zeros location) is modeled asymptotically by means of the trigonometric functions
and at the neighborhood of the extreme right zeros asymptotics is given by Airy
functions. Finally, in the neighborhood of the infinity point the polynomials have
growing asymptotics. Moreover, there are regions where these asymptotics match
each other. Namely, asymptotics of the Bessel functions for big arguments match
the trigonometric function, as well as the asymptotics of the Airy functions do the
same. Altogether, there are five asymptotical regimes which can give (depending
on 𝐷 and 𝑝) the dominant contribution in the asymptotics of 𝑁𝑛(𝐷, 𝑝) . Three of
them exhibit the growth of 𝑁𝑛(𝐷, 𝑝) as some degree of 𝑛 with an exponent which
depends on 𝐷 and 𝑝. We call these regimes Bessel, Airy and cosine (or oscillatory)
regimes.

We define the constants which stay in front of the degree of 𝑛 in the asymp-
totics of 𝑁(𝐷, 𝑝) for these regimes. For the Bessel regime we denote

𝐶𝐵(𝛼, 𝛽, 𝑝) := 2

∞∫︁
0

𝑡2𝛽+1|𝐽𝛼|2𝑝(2𝑡) 𝑑𝑡 . (2.1)

For the Airy regime we denote

𝐶𝐴(𝑝) :=

∫︁ +∞

−∞

[︃
2𝜋
3
√

2
Ai2

(︃
−𝑡 3

√
2

2

)︃]︃𝑝
𝑑𝑡 . (2.2)

For the cosine regime we denote

𝐶(𝛽, 𝑝) :=
2𝛽+1

𝜋𝑝+1/2

Γ(𝛽 + 1 − 𝑝/2) Γ(1 − 𝑝/2) Γ(𝑝 + 1/2)

Γ(𝛽 + 2 − 𝑝) Γ(1 + 𝑝)
. (2.3)

Definitions for the Bessel and the Airy functions are given below, see (3.5), (3.10)
and (3.11).
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There are also two transition regimes: cosine-Bessel and cosine-Airy. If these
regimes dominate in integral (1.2), then the asymptotics of 𝑁(𝐷, 𝑝) besides the
degree on 𝑛 have the factor ln𝑛. It is also curious to mention that if these regimes
dominate then the gamma factors in constant 𝐶(𝛽, 𝑝) in (2.3) for the oscillatory
cosine regime explode. For the cosine-Bessel regime it happens for 𝛽+ 1−𝑝/2 = 0,
and for the cosine-Airy regime it happens for 1 − 𝑝/2 = 0.

Now we are going to state the asymptotics results. We split them in three
theorems.
Theorem 1. Let 𝐷 ∈ (2,∞). Denoting

𝑝* :=
𝐷

𝐷 − 1
, (2.4)

we have for (1.2), as 𝑛 → ∞

𝑁𝑛(𝐷, 𝑝) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐶(𝛽, 𝑝) (2𝑛)(1−𝑝)𝐷/2 (1 + ¯̄𝑜(1)), 𝑝 ∈ (0, 𝑝*)

2

𝜋𝑝+1/2𝑛𝑝/2

Γ(𝑝 + 1/2)

Γ(𝑝 + 1)
(ln𝑛 + 𝑂(1)) , 𝑝 = 𝑝*

𝐶𝐵(𝛼, 𝛽, 𝑝)𝑛(𝑝−1)𝐷/2−𝑝 (1 + ¯̄𝑜(1)), 𝑝 > 𝑝*

, (2.5)

where the constants 𝐶,𝐶𝐵 are defined in (2.3), (2.1) respectively and dependence
of the parameters 𝛼(𝑙, 𝐷), 𝛽(𝑝,𝐷) on 𝑙, 𝑝,𝐷 is defined in (1.3).

To comment on this result we note that

𝛽(𝑝*, 𝐷) − 𝑝*

2
= (𝑝* − 1)

(︂
1 − 𝐷

2

)︂
− 𝑝*

2
=

1

𝐷 − 1

(︂
1 − 𝐷

2
− 𝐷

2

)︂
= −1 ,

therefore from (2.3) we have 𝐶(𝛽, 𝑝) = ∞. Thus, when 𝐷 > 2 we have that for
𝑝 ∈ (0, 𝑝*) the region of R+ where the Laguerre polynomials exhibit the cosine
asymptotics contributes the dominant part in the integral (1.2). For 𝑝 = 𝑝* the
transition cosine-Bessel regime determines the asymptotics of 𝑁𝑛(𝐷, 𝑝*), and for
𝑝 > 𝑝* the Bessel regime plays the main role.

The next result is
Theorem 2. Let 𝐷 = 2. We have for (1.2), as 𝑛 → ∞

𝑁𝑛(2, 𝑝) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝐶(0, 𝑝) (2𝑛)(1−𝑝) (1 + ¯̄𝑜(1)) , 𝑝 ∈ (0, 2)

ln𝑛 + 𝑂(1)

𝜋2𝑛
, 𝑝 = 2

𝐶𝐵(𝛼,0, 𝑝)

𝑛
(1 + ¯̄𝑜(1)) , 𝑝 > 2

. (2.6)
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A peculiarity of the case of the dimension 𝐷 = 2 is in the following. We have
from the Theorems 1 and 2

lim
𝐷→2+

𝑁(𝐷, 𝑝) = 𝑁(2, 𝑝) , 𝑝 ∈ (0,2) ∪ (2,∞) .

However, from the Theorem 1 we have

lim
𝐷→2+

𝑁(𝐷,2) =
3(ln𝑛 + 𝑂(1))

4𝜋2𝑛
. (2.7)

At the same time the Theorem 2 states:

𝑁(2,2) =
ln𝑛 + 𝑂(1)

𝜋2𝑛
.

Indeed, as we shall prove below, the magnitude of the integral 𝑁(2,2) is performed
mainly by two regions of R+ (with the same order of contribution). The first
one is at the origin (Bessel-cosine regime), and the second one is around the
right-extreme zeros of the Laguerre polynomials (Airy-cosine regime). The first
region gives the contribution in 𝑁(2,2) as in (2.7). The second one gives the rest
of the contribution

ln𝑛 + 𝑂(1)

4𝜋2𝑛
. (2.8)

Thus, for 𝐷 = 2 and 𝑝 = 2 we have the competition of two transition regimes,
namely the Bessel-cosine and Airy-cosine regimes.

The concluding result on the asymptotics of 𝑁(𝐷, 𝑝) (we recall 𝛽 is defined
in (1.3)) is the following

Theorem 3. Let 𝐷 ∈ [0,2). We have for (1.2), as 𝑛 → ∞ and 𝑝 ∈ (0,2]

𝑁(𝐷, 𝑝) =

⎧⎪⎪⎨⎪⎪⎩
𝐶(𝛽, 𝑝) (2𝑛)(1−𝑝)𝐷2 (1 + ¯̄𝑜(1)) , 𝑝 ∈ (0,2)

ln𝑛 + 𝑂(1)

𝜋2(4𝑛)1−𝛽
, 𝑝 = 2

. (2.9)

Denoting ̃︀𝑝 :=
−2 + 3𝐷

−4 + 3𝐷
, we have for 𝑝 > 2 and 4/3 < 𝐷 < 2

𝑁𝑛(𝐷, 𝑝) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝐶𝐴(𝑝)

𝜋𝑝
(4𝑛)(

1−2𝑝
3 +𝛽)(1 + ¯̄𝑜(1)) , 𝑝 ∈ (2, ̃︀𝑝)

(︂
𝐶𝐴(𝑝)

𝜋𝑝
4(

1−2𝑝
3 +𝛽) + 𝐶𝐵(𝛼, 𝛽, 𝑝)

)︂
𝑛−𝛽−1 , 𝑝 = ̃︀𝑝

𝐶𝐵(𝛼, 𝛽, 𝑝)𝑛−𝛽−1 , 𝑝 ∈ (̃︀𝑝,∞)

, (2.10)



– 7 –

and we conclude the case 𝑝 > 2 for 𝐷 6 4/3

𝑁(𝐷, 𝑝) =
𝐶𝐴(𝑝)

𝜋𝑝
(4𝑛)(

1−2𝑝
3 +𝛽)(1 + ¯̄𝑜(1)) , 𝑝 ∈ (2,∞) . (2.11)

Here we see that the oscillatory regime in (2.9) for 𝑝 ∈ (0,2) matches the
same regime in (2.5) and (2.6) for 𝑝 < 𝑝*. But for 𝑝 = 2 the Airy-cosine regime
wins vs Bessel-cosine regime and we have only the contribution of (2.6) in 𝑁(𝐷, 𝑝).
For 𝑝 ≥ 2 we get a new phenomena – the role of the oscillatory regime disappears
and for the first time the Airy and Bessel regimes becomes competitive.

3. Asymptotics of the Laguerre polynomials
In the proofs of the stated theorems we use the asymptotical representation

for the Laguerre polynomials 𝐿(𝛼)
𝑛 (𝑥) defined by [7, 9]

𝐿(𝛼)
𝑛 (𝑥) =

𝑛∑︁
𝜈=0

(︂
𝑛 + 𝛼

𝑛− 𝜈

)︂
(−𝑥)𝜈

𝜈!
(3.1)

with norm
‖𝐿(𝛼)

𝑛 ‖2 = Γ(𝛼 + 1)

(︂
𝑛 + 𝛼

𝑛

)︂
. (3.2)

For the distinct scales of the variable 𝑥 with respect to 𝑛 the Laguerre polynomials
have different asymptotics.

For the Bessel regime (i.e. when 𝑥 is small with respect to 𝑛 there is Hilb
asymptotics (see [9] , eq.(8.22.4))

𝑒−
𝑥
2𝑥𝛼/2𝐿(𝛼)

𝑛 (𝑥) =
(𝑛 + 𝛼)!

𝑛!
(𝑁 𝑥)−𝛼/2𝐽𝛼(2

√
𝑁 𝑥) + 𝜀(𝑥, 𝑛) , (3.3)

where

𝑁 = 𝑛 +
𝛼 + 1

2
, 𝜀(𝑥, 𝑛) =

⎧⎨⎩
𝑥𝛼/2+2𝑂(𝑛𝛼) , 0 < 𝑥 < 𝑐

𝑛

𝑥5/4𝑂(𝑛𝛼/2−3/4) , 𝑐
𝑛 < 𝑥 < 𝐶

, (3.4)

and the Bessel function is defined by

𝐽𝛼(𝑧) =
∞∑︁
𝜈=0

(−1)𝜈

𝜈! Γ(𝜈 + 𝛼 + 1)

(︁𝑧
2

)︁𝛼+2𝜈

. (3.5)

For the transition region between Bessel regime and oscillatory regime we
use the asymptotics of the Bessel function [7]

𝐽𝛼(𝑧) =

√︂
2

𝜋𝑧
cos
(︁
𝑧 − 𝛼𝜋

2
− 𝜋

4

)︁
+ 𝑒|Im 𝑧|𝑂

(︂
1

𝑧

)︂
, | arg 𝑧| < 𝜋 . (3.6)
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The following regimes: oscillatory, growing and Airy are described by the
Plancherel-Rotach asymptotics (see [9]):

for 𝑥 = (4𝑛 + 2𝛼 + 2) cos2 𝜙, 𝜀 6 𝜙 6
𝜋

2
− 𝜀𝑛−1/2

𝑒−𝑥/2 𝐿
(𝛼)
𝑛 (𝑥) = (−1)𝑛 (𝜋 sin𝜙)−1/2 𝑥−𝛼/2−1/4 𝑛𝛼/2−1/4×

×
{︀

sin
[︀(︀
𝑛 + 𝛼+1

2

)︀
(sin 2𝜙− 2𝜙) + 3𝜋

4

]︀
+ (𝑛𝑥)−1/2𝑂(1)

}︀
;

(3.7)

for 𝑥 = (4𝑛 + 2𝛼 + 2) ch2 𝜙, 𝜀 6 𝜙 6 𝜔

𝑒−𝑥/2 𝐿
(𝛼)
𝑛 (𝑥) = 1

2(−1)𝑛 (𝜋 sh𝜙)−1/2 𝑥−𝛼/2−1/4 𝑛𝛼/2−1/4×

× exp
[︀(︀
𝑛 + 𝛼+1

2

)︀
(2𝜙− sh 2𝜙)

]︀
[1 + 𝑂(𝑛−1)] ;

(3.8)

and for 𝑥 = 4𝑛 + 2𝛼 + 2 − 2
(︀
2𝑛
3

)︀1/3
𝑡 , |𝑡| < 𝐶𝑜𝑛𝑠𝑡

𝑒−𝑥/2 𝐿(𝛼)
𝑛 (𝑥) = (−1)𝑛 𝜋−1 2−𝛼−1/3 31/3 𝑛−1/3{𝐴(𝑡) + 𝑂(𝑛−2/3)} (3.9)

where 𝐴(𝑡) is Airy function (see [9])

𝐴(𝑡) =
𝜋

3

(︂
𝑡

3

)︂1/2 (︂
𝐽−1/3(2(

𝑡

3
)3/2) + 𝐽1/3(2(

𝑡

3
)3/2)

)︂
, (3.10)

the solution of the equation

𝑑2

𝑑𝑡2
𝑦 +

1

3
𝑡 𝑦 = 0 ,

bounded as 𝑡 → ∞. In (2.2) we use the following normalization for the Airy
function as

𝐴(𝑡) =
𝜋
3
√

3
Ai
(︁
−𝑡/3

√
3
)︁

. (3.11)

During the last two decades there was a substantional progress in proving global
asymptotical representations for orthogonal polynomials (see papers of Percy Deift
with coauthors[10], [11], [12], Roderic Wang with coauthors [13], [14] and papers
[3], [2]). In practice it means that the classical asymptotics formulas (like Hilb
and Plancherel-Rotach) hold true in wider domains providing matching of the
asymptotics in the transition zones (for example, see in [1], [3], [11], [12] for
Hermite polynomials). In our paper we assume that matching of the classical
asymptotics holds true for the Laguerre polynomials as well.
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4. Proofs
For all three theorems we use the unified approach. We split in (1.2) the

domain of integration R+ into nine intervals:

𝑁𝑛(𝐷, 𝑝) =

∞∫︀
0

((𝐿
(𝛼)
𝑛 (𝑥))2𝑤(𝑥))𝑝 𝑥𝛽 𝑑𝑥

‖𝐿(𝛼)
𝑛 ‖2𝑝

= 𝑛−𝑝𝛼

(︃
9∑︁

𝑗=1

𝐼𝑗

)︃
,

where
𝐼𝑗 :=

∫︁
△𝑗

((𝐿(𝛼)
𝑛 (𝑥))2𝑤(𝑥)𝑝 𝑥𝛽 𝑑𝑥 , (4.1)

and

∆1 = [0,𝑀/𝑛] ; ∆2 = [𝑀/𝑛,1] ; ∆3 = [1, (4 − 𝜀)𝑛] ;

∆4 = [(4 − 𝜀)𝑛,4𝑛− 𝑛
1
3+𝜃] ; ∆5 = [4𝑛− 𝑛

1
3+𝜃,4𝑛−𝑀𝑛

1
3 ];

∆6 = [4𝑛−𝑀𝑛
1
3 ,4𝑛] ; ∆7 = [4𝑛,4𝑛 + 𝑀𝑛

1
3 ] ;

∆8 = [4𝑛 + 𝑀𝑛
1
3 ,4𝑛 + 𝑛

1
3+𝜃] ; ∆9 = [4𝑛 + 𝑛

1
3+𝜃,∞] ,

(4.2)

for some big 𝑀 > 0, small 𝜀 > 0 and 𝜃 > 0. Then we replace 𝐿
(𝛼)
𝑛 𝑤 in (4.1) by

their asymptotics. For 𝑗 = 1 we use Hilb asymptotics (3.3)-(3.4); for 𝑗 = 2 we use
Hilb asymptotics (3.3)-(3.4) and Bessel function asymptotics (3.6); for 𝑗 = 3,4 we
use oscillatory asymptotics of Plancherel-Rotach (3.7); for 𝑗 = 5,6,7,8 we use Airy
asymptotics of Plancherel-Rotach (3.9); for 𝑗 = 9 we use growing asymptotics of
Plancherel-Rotach (3.8).

Eventually we estimate the contribution of each integral from {𝐼𝑗}9𝑗=1 finding
the dominating terms.

4.1. Proof of Theorem 1. We have 𝐷 > 2 and 𝑝* = 𝐷
𝐷−1 .

We start with 𝑝 > 𝑝*. For this case in the representation (4.1) for 𝑁𝑛(𝐷, 𝑝)

by the sum of integrals
9∑︀

𝑗=1

𝐼𝑗 (see (4.1), (4.2)) the main contribution is given by

𝐼1. We have

𝐼1 =

𝑀/𝑛∫︁
0

(𝑤1/2(𝑥) ̂︀𝐿(𝛼)
𝑛 (𝑥))2𝑝 𝑥𝛽 𝑑𝑥 =
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=

𝑀/𝑛∫︁
0

[︃(︂
(𝑛 + 𝛼)!

𝑛!

)︂2

(𝑁𝑥)−𝛼𝐽2
𝛼(2

√
𝑁𝑥) + 𝑂

(︁
𝑥𝛼/2+2𝑛𝛼

)︁]︃𝑝
𝑥𝑝𝛼+𝛽 𝑑𝑥 .

Making the change of the variable 𝑡 :=
√
𝑁𝑥, we continue

𝐼1 ≃ 𝑛2𝑝𝛼 ·𝑁−𝑝𝛼−𝛽−1

√
𝑀𝑁
𝑛∫︀

0

2𝑡2𝑝𝛼+2𝛽+1𝑡−2𝑝𝛼|𝐽2𝑝
𝛼 | (2𝑡) 𝑑𝑡 ≃

≃ 𝑛𝑝𝛼−𝛽−1

√
𝑀∫︀
0

2𝑡2𝛽+1|𝐽2𝑝
𝛼 | (2𝑡) 𝑑𝑡 .

(4.3)

The last integral converges at zero. Indeed the integrand has there the order of
singularity 2𝑝𝛼+2𝛽+1 > −1 due to (3). The order of singularity of the integrand
at infinity is 2𝛽 + 1 − 𝑝 < −1 due to 𝑝 > 𝑝*. Since the parameter 𝑀 is arbitrary
in our partition of R+ in (4.2)), we take 𝑀 → ∞ and obtain

𝑛−𝑝𝛼𝐼1 ≃ 𝑛−𝛽−1

∞∫︁
0

2𝑡2𝛽+1|𝐽𝛼|2𝑝(2𝑡) 𝑑𝑡 . (4.4)

In fact, the contribution in 𝑁𝑛 of the remaining integrals 𝐼𝑗, 𝑗 = 2, . . . ,9 for
𝐷 > 2, 𝑝 > 𝑝* is less (we will see it latter). Thus (due to (3), (4)) asymptotics
(4.4) is the same as in (2.5) for 𝑝 > 𝑝*.

Now 𝑝 = 𝑝*. For this case the dominant behavior have two integrals 𝐼2 and
𝐼3. Indeed, we have from (4.3)

𝑛−𝑝𝛼𝐼1 = 𝑂

(︂
𝑀𝑝𝛼+𝛽+1

𝑛𝛽+1

)︂
+ 𝛿𝑛 , 𝛿𝑛 =

𝑀𝑝𝛼+𝛽+3

𝑛𝛽+3
. (4.5)

We note, that from (3) we have

𝛽 − 𝑝*

2
= (𝑝* − 1) (1 − 𝐷

2
) − 𝑝*

2
= −1 . (4.6)

Estimating 𝐼2 we use the asymptotics of the Bessel function (3.6)

𝑛−𝑝𝛼𝐼2 =

1∫︁
𝑀/𝑛

𝐽2𝑝
𝛼 (2

√
𝑁𝑥)𝑥𝛽 𝑑𝑥 + 𝛿𝑛 =

=

1∫︁
𝑀/𝑛

1

𝜋𝑝(𝑁𝑥)𝑝/2

{︂
cos
(︁

2
√
𝑁𝑥− (2𝛼 + 1) · 𝜋

4

)︁
+ 𝑂

(︂
1√
𝑁

)︂}︂2𝑝

𝑥𝛽 𝑑𝑥 + 𝛿𝑛 .
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Using ([4], Lemma 2.1) we continue for 𝑛 → ∞

𝑛−𝑝𝛼𝐼2 =
1

𝜋

𝜋∫︁
0

| cos 𝜃|2𝑝 𝑑𝜃
1∫︁

𝑀/𝑛

𝑥−𝑝/2+𝛽 𝑑𝑥

𝜋𝑝𝑁𝑝/2
(1 + ¯̄𝑜(1)) .

The first integral is

𝜋∫︁
0

| cos 𝜃|2𝑝 𝑑𝜃 =

√
𝜋 Γ(𝑝 + 1/2)

Γ(𝑝 + 1)
.

Computing the second integral for 𝑝 = 𝑝* (see (4.6)) we obtain

𝑛−𝑝*𝛼𝐼2 =
Γ(𝑝* + 1/2) (ln𝑛 + 𝑂(1))

𝜋𝑝*+1/2 Γ(𝑝* + 1)𝑁𝑝/2
. (4.7)

The Plancherel-Rotach asymptotics (3.7) for 𝜙 = arccos
√︀

𝑥
4𝑁 can be transformed

to

𝑥𝛼

𝑛𝛼

(︁
𝑒𝑥/2𝐿𝛼

𝑛(𝑥)
)︁2

=
2 sin2

[︁
1
2

√︀
𝑥(4𝑁 − 𝑥) − 2𝑁 arccos

√︀
𝑥
4𝑁 + 3𝜋

4

]︁
+ 𝑂

(︁
1√
𝑛𝑥

)︁
𝜋
√︀

𝑥(4𝑁 − 𝑥)
.

(4.8)
Substituting it in 𝐼3 and using ([4], Lemma 2.1) we have for 𝐼3, as 𝑛 → ∞

𝑛−𝑝*𝛼𝐼3 =

(4−𝜀)𝑛∫︁
1

𝑥𝛼𝑝
*

𝑛𝛼𝑝*

(︁
𝑒𝑥/2𝐿(𝛼)

𝑛 (𝑥)
)︁2𝑝*

𝑥𝛽𝑑𝑥 =

=

(︂
2

𝜋
√

4𝑛

)︂𝑝*
1

𝜋

𝜋∫︁
0

| sin 𝜃|2𝑝*𝑑𝜃 ·
(4−𝜀)𝑛∫︁
1

𝑥𝛽−𝑝*/2𝑑𝑥 .

Thus 𝐼3 gives the same contribution in 𝑁𝑛(𝐷, 𝑝* as 𝐼2 in (4.7)

𝑛−𝑝*𝛼𝐼3 =
Γ(𝑝* + 1/2) (ln𝑛 + 𝑂(1))

𝜋𝑝*+1/2 Γ(𝑝* + 1)𝑁𝑝/2
. (4.9)

We see from (4.5) that for 𝑝 = 𝑝* the contribution from 𝐼1 in 𝑁𝑛(𝐷, 𝑝*) is less
than that from 𝐼2 and 𝐼3. The same can be shown for the contribution of other
integrals. Thus summing up (4.7) and (4.9) we arrive at (2.5) for 𝑝 = 𝑝*.
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It remains to consider the case 𝑝 ∈ (0, 𝑝*). The dominant contribution here
is given by 𝐼3. Substituting in 𝐼3 asymptotics (4.8), making change of variable
𝑡 :=

√︀
𝑥
4𝑛 and using ([4], Lemma 2.1) we arrive to

𝑁−𝑝𝛼𝐼3 =

(︂
2

𝜋4𝑛

)︂𝑝

(2
√
𝑛)2𝛽+2 1

𝜋

𝜋∫︁
0

| sin 𝜃|2𝑝𝑑𝜃 ·
1∫︁

0

𝑡2𝛽+1 𝑑𝑡

𝑡𝑝(1 − 𝑡2)𝑝/2
(1 + ¯̄𝑜(1)) .

The last integral can be evaluated explicitly

1∫︁
0

𝑡2𝛽+1 𝑑𝑡

𝑡𝑝(1 − 𝑡2)𝑝/2
=

1

2

Γ(𝛽 + 1 − 𝑝/2) Γ(1 − 𝑝/2)

Γ(𝛽 + 2 − 𝑝)
.

Thus we obtain

𝑛−𝑝*𝛼𝐼3 =
2𝛽+1

𝜋𝑝+1

Γ(𝛽 + 1 − 𝑝/2) Γ(1 − 𝑝/2) Γ(1 + 𝑝/2)

Γ(𝛽 + 2 − 𝑝) Γ(1 + 𝑝)
(2𝑛)1−𝑝+𝛽 (1 + ¯̄𝑜(1)) .

(4.10)
It is clear, that the contributions of 𝐼1 and 𝐼2 is less than 𝐼3. The same can be
shown for the contribution of other integrals. Theorem is proved.

4.2. Proof of Theorem 2. We have 𝐷 = 2. Then 𝛽 ≡ 0 and 𝑝* = 2.

We start with 𝑝 > 2. Like for the case 𝑝 > 𝑝* for 𝐷 > 2, we see that
dominant contribution in 𝑁𝑛(𝐷, 𝑝) is given by 𝐼1, see (4.1) – (4.2). Indeed, we
have

𝑀/𝑛∫︁
0

(︁
𝑤1/2(𝑥) ̂︀𝐿(𝛼)

𝑛 (𝑥)
)︁2𝑝

𝑑𝑥 =

=

𝑀/𝑛∫︁
0

[︃
𝑛!

(𝑛 + 𝛼)!

(︂
(𝑛 + 𝛼)!

𝑛!

)︂2

(𝑁𝑥)−𝛼𝐽2
𝛼(2

√
𝑁𝑥) + 𝑥𝛼+4𝑂(𝑛𝛼)

]︃𝑝
𝑥𝑝𝛼 𝑑𝑥 ≃

≃ 1

𝑛

⎛⎜⎝
√
𝑀∫︁

0

2𝑡 |𝐽𝛼|2𝑝(2𝑡) 𝑑𝑡 + ¯̄𝑜(1)

⎞⎟⎠ .

Since 𝑀 is an arbitrary constant, we let 𝑀 → ∞. At the same time, we see that
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the sum 𝐽6 + 𝐽7 also gives a perceptible contribution
4𝑁+𝑀𝑛1/3∫︁

4𝑁−𝑀𝑛1/3

(︁
𝑤1/2(𝑥) ̂︀𝐿(𝛼)

𝑛 (𝑥)
)︁2𝑝

𝑑𝑥 =

𝑀∫︁
−𝑀

[︂
(2𝑛)−2/3𝐴2

𝑖

(︂
− 𝑡

24/3

)︂]︂𝑝
𝑛1/3 𝑑𝑡 (1 + ¯̄𝑜(1) .

(4.11)
However, for 𝑝 > 2

1/3 − 𝑝 2/3 < −1 . (4.12)
Thus the only contribution of 𝐼1 plays the role, and we obtain (2.6) for 𝑝 > 2.

Now 𝑝 = 2. In comparison with the case 𝑝 = 𝑝* for 𝐷 > 2, not only the
transition zone for the Bessel-cosine regimes (i.e. integrals 𝐼2 and 𝐼3) plays the
role, but the transition zone for the cosine-Airy regimes (i.e. integrals 𝐼4 and 𝐼5)
plays the role too.

For 𝐼2 and 𝐼3, substituting 𝑝* = 2 in (4.7) and (4.9), we get

𝑛−2𝛼(𝐼2 + 𝐼3) =
3 ln𝑛 + 𝑂(1)

4𝜋2𝑛
. (4.13)

The second transition zone is
[︀
(4 − 𝜀)𝑛, 4𝑛− 𝑛1/3+𝜃

]︀
∪
[︀
4𝑛− 𝑛1/3+𝜃,4𝑛−𝑀 · 𝑛1/3

]︀
.

For the oscillatory Plancherel-Rotach asymptotics (3.7) we have

4𝑁−𝑛1/3+𝜃∫︀
(4−𝜀)𝑁

[︂
2 sin2

(︁
1
2

√
𝑥(4𝑁−𝑥)−2𝑁 arccos

√
𝑥
4𝑁+ 3𝜋

4

)︁
+𝑂( 1√

𝑁𝑥
)

𝜋
√

𝑥(4𝑁−𝑥)

]︂2
𝑑𝑥 =

= 1
𝜋

𝜋∫︀
0

sin4 𝜙𝑑𝜙 ·
4𝑁−𝑛1/3+𝜃∫︀

4𝑁

4 𝑑𝑥
𝜋𝑥(4𝑁−𝑥) = 3

8𝜋2𝑛

(︀
(23 − 𝜃) ln𝑛 + 𝑂(1)

)︀
.

(4.14)

For 𝐼5 using (3.9) and asymptotics for the Airy function (see in [12])

Ai4
(︂
− 𝑡

24/3

)︂
≃ (1 + sin(𝑡3/2/3))2

4𝜋2(𝑡/24/3)
, 𝑡 → ∞ ,

we obtain
4𝑛−𝑀𝑛1/3∫︀

4𝑁−𝑛(1/3+𝜃)

(𝑤1/2(𝑥)̂︀𝐿(𝛼)
𝑛 (𝑥))2𝑑𝑥 ≃

𝑛𝜃∫︀
𝑀

[︀
(2𝑛)−2/3Ai2

(︀
− 𝑡

24/3

)︀]︀2
𝑛1/3𝑑𝑡 ≃

≃ 1
4𝜋2𝑛

𝜋∫︀
0

(1 + sin𝜙)2𝑑𝜙
𝑛𝜃∫︀
𝑀

𝑑𝑡
𝑡 =

3(𝜃 ln𝑛+𝑂(1))

8𝜋2𝑛 .

(4.15)

Summing (4.14), (4.15) and (4.13) we get (2.6) for 𝑝 = 2.
The remaining case is 𝑝 < 2. Here we proceed in the same manner as for the

case 𝑝 < 𝑝*, 𝐷 > 2, and we get (4.10) for 𝛽 = 0. Theorem is proved.
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4.3. Proof of Theorem 3. We have 𝐷 ∈ [0,2), 𝛽 > 0 for 𝑝 > 1, therefore
𝑝* = 2, as in the previous case.

We start with 𝑝 > 2. Now the competition between 𝐼1 and 𝐼6 + 𝐼7 becomes
crucial. We already know for 𝐼1 from (4.4) that

𝑛−𝑝𝛼𝐼1 = 𝐶𝐵𝑛
−𝛽−1 .

To get the asymptotics for 𝑛−𝑝𝛼(𝐼6 + 𝐼7) we substitute 𝑥𝛽 in the left-hand side of
(4.11)

4𝑛+𝑀𝑛1/3∫︁
4𝑛−𝑀𝑛1/3

(𝑤1/2(𝑥)̂︀𝐿(𝛼)
𝑛 (𝑥))2𝑝𝑥𝛽𝑑𝑥 ≃ 22𝛽𝑛

1−2𝑝
3 +𝛽𝐶𝐴 .

Now instead of inequality (4.12), we have for 𝐷 > 4/3 the solution 𝑝 = 𝑝 of the
equation (where 𝛽 is from (3))

−𝛽 − 1 = 1 − 2𝑝

3
+ 𝛽 ⇒ 𝑝 =

−2 + 3𝐷

−4 + 3𝐷
.

Thus we have obtained (2.11) and (2.10).
Now 𝑝 = 2. In comparison with the previous cases, we have that the only

the transition zone for the cosine-Airy regimes plays the role. Substituting 𝑥𝛽 in
the left-hand sides of (4.14) and (4.15) we arrive at (2.9), 𝑝 = 2.

Finally for 𝑝 ∈ (0,2), we have

1 + 𝛽 − 𝑝 > −𝛽 − 1 ,

and
1 + 𝛽 − 𝑝 >

1 − 2𝑝

3
+ 𝛽 .

Thus only the oscillatory integral 𝐼3 gives the contribution to the asymptotics of
𝑁𝑛(𝐷, 𝑝), and from (4.10) we complete proof of (2.9).

Theorem is proved.
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