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ɺ. ɸ. ʌʨʦʣʦʚ
ʀʟʙʠʨʘʪʝʣʴʥʦʝ ʧʨʠʤʝʥʝʥʠʝ Metropolis Light Transport ʜʣʷ ʪʨʫʜʥʦʚʳʯʠʩ-

ʣʠʤʳʭ ʬʝʥʦʤʝʥʦʚ ʦʩʚʝʱʸʥʥʦʩʪʠ

ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʧʨʝʜʣʦʞʝʥ ʤʝʪʦʜ ʩʦʚʤʝʱʝʥʠʷ ʦʙʳʢʥʦʚʝʥʥʦʛʦ ʤʝʪʦʜʘ
ʄʦʥʪʝ-ʂʘʨʣʦ ʥʘ ʦʩʥʦʚʝ ʜʚʫʥʘʧʨʘʚʣʝʥʥʦʡ ʪʨʘʩʩʠʨʦʚʢʠ ʧʫʪʝʡ (BPT) ʠ ʄʦʥʪʝ-
ʂʘʨʣʦ ʧʦ ʩʭʝʤʝ ʤʘʨʢʦʚʩʢʠʭ ʮʝʧʝʡ ʥʘ ʦʩʥʦʚʝ ʤʝʪʦʜʘMultiplexedMetropolis Light
Transport (MMLT). ʉʦʚʤʝʱʝʥʠʝ ʦʩʫʱʝʩʪʚʣʷʝʪʩʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʟʦʙʨʘʞʝʥʠʷ
ʧʨʠ ʧʦʤʦʱʠ ʧʦʧʠʢʩʝʣʴʥʦʡ ʤʘʩʢʠ, ʧʦʣʫʯʝʥʥʦʡ ʥʘ ʦʩʥʦʚʝ ʘʥʘʣʠʟʘ ʰʫʤʘ ʚ ʠʟʦʙ-
ʨʘʞʝʥʠʠ, ʩʛʝʥʝʨʠʨʦʚʘʥʥʦʤ ʜʚʫʥʘʧʨʘʚʣʝʥʥʦʡ ʪʨʘʩʩʠʨʦʚʢʦʡ ʧʫʪʝʡ. ʇʦ ʠʪʦʛʘʤ
ʩʦʚʤʝʱʝʥʠʷ ʧʦʣʫʯʝʥʦ ʜʚʘ ʦʩʥʦʚʥʳʭ ʨʝʟʫʣʴʪʘʪʘð (1) ʫʚʝʣʠʯʝʥʠʝ ʪʦʯʥʦʩʪʠ ʨʘʩ-
ʯʸʪʘ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ BPT ʧʨʠ ʦʜʠʥʘʢʦʚʦʤ ʚʨʝʤʝʥʠ ʨʘʩʯʸʪʘ ʠ (2) ʚʠʟʫʘʣʴʥʦʝ
ʫʣʫʯʰʝʥʠʝ ʠʟʦʙʨʘʞʝʥʠʷ ʚ ʧʨʝʜʣʦʞʝʥʥʦʤ ʤʝʪʦʜʝ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ MMLT ʧʨʠ
ʦʜʠʥʘʢʦʚʦʤ ʚʨʝʤʝʥʠ ʨʘʩʯʸʪʘ.

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: Metropolis Light Transport, ʄʦʥʪʝ-ʂʘʨʣʦ ʪʨʘʩʩʠʨʦʚʢʘ
ʣʫʯʝʡ.

Frolov Vladimir
Selective application of Metropolis Light Transport for hard sampling illumi-

nation phenomena

In this paper amethod for combiningOrdinaryMonte Carlo (OMC) andMarkov
Chain Monte Carlo (MCMC) is proposed. We combine Bidirectional Path Tracing
(BPT) and Multiplexed Metropolis Light Transport (MMLT) in image space by us-
ing per pixel mask that is obtained from BPT noise analysis. The resulting method is
more accurate than BPT and produces more pleasant image than MMLT.

Key words: Metropolis Light Transport, Markov Chain Monte Carlo, ray trac-
ing, bidirectional path tracing.
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ɺʚʝʜʝʥʠʝ
ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ ʤʝʪʦʜʦʤ ʄʦʥʪʝ-ʂʘʨʣʦ-ʪʨʘʩʩʠʨʦʚʢʠ ʣʫʯʝʡ/ʧʫʪʝʡ ʷʚʣʷʝʪ-

ʩʷ ʦʜʥʠʤ ʠʟ ʩʘʤʳʭ ʧʦʧʫʣʷʨʥʳʭ ʩʧʦʩʦʙʦʚ ʨʘʩʯʸʪʘ ʛʣʦʙʘʣʴʥʦʛʦ ʦʩʚʝʱʝʥʠʷ (ʠ,
ʢʘʢ ʩʣʝʜʩʪʚʠʝ, ʩʠʥʪʝʟʘ ʬʦʪʦʨʝʘʣʠʩʪʠʯʥʳʭ ʠʟʦʙʨʘʞʝʥʠʡ) ʥʘ ʩʝʛʦʜʥʷʰʥʠʡ ʜʝʥʴ.
ʆʩʥʦʚʥʘʷ ʧʨʠʯʠʥʘ ʧʦʧʫʣʷʨʥʦʩʪʠ ð ʚʳʩʦʢʘʷ ʨʘʟʤʝʨʥʦʩʪʴ ʠʥʪʝʛʨʘʣʘ ʦʩʚʝʱʸʥ-
ʥʦʩʪʠ ʠ ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʩʯʠʪʘʪʴ ʦʩʚʝʱʸʥʥʦʩʪʴ ʩ ʚʳʩʦʢʦʡ ʪʦʯʥʦʩʪʴʶ ʜʣʷ ʧʦʣʫ-
ʯʝʥʠʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʫʨʦʚʥʷ ʬʦʪʦʨʝʘʣʠʟʤʘ (ʨʠʩ. 1).

ʈʠʩ. 1. ʀʟʦʙʨʘʞʝʥʠʝ, ʧʦʣʫʯʝʥʥʦʝ ʧʨʠ ʧʦʤʦʱʠ ʄʦʥʪʝ-ʂʘʨʣʦ-ʪʨʘʩʩʠʨʦʚʢʠ ʧʫ-
ʪʝʡ ʚ ʨʘʟʨʘʙʦʪʘʥʥʦʤ ʧʨʦʛʨʘʤʤʥʦʤ ʦʙʝʩʧʝʯʝʥʠʠ Hydra Renderer [1]. ɺʳʩʦʢʠʡ
ʫʨʦʚʝʥʴ ʨʝʘʣʠʟʤʘ ʦʙʝʩʧʝʯʠʚʘʝʪʩʷ ʢʘʢ ʤʦʜʝʣʠʨʦʚʘʥʠʝʤ ʙʦʣʴʰʦʛʦ ʢʦʣʠʯʝʩʪʚʘ
ʨʘʟʥʦʦʙʨʘʟʥʳʭ ʵʬʬʝʢʪʦʚ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʩʚʝʪʘ ʩ ʤʘʪʝʨʠʘʣʘʤʠ ʦʢʨʫʞʘʶʱʝʛʦ
ʤʠʨʘ, ʪʘʢ ʠ ʚʳʩʦʢʦʡ ʪʦʯʥʦʩʪʴʶ ʩʘʤʦʛʦ ʨʘʩʯʸʪʘ

ɿʘ ʧʦʩʣʝʜʥʠʝ 10 ʣʝʪ ʦʙʣʘʩʪʴ ʩʠʥʪʝʟʘ ʬʦʪʦʨʝʘʣʠʩʪʠʯʥʳʭ ʠʟʦʙʨʘʞʝʥʠʡ ʩʫ-
ʱʝʩʪʚʝʥʥʦ ʧʨʦʛʨʝʩʩʠʨʦʚʘʣʘ. ʈʘʟʚʠʪʠʝ ʤʝʪʦʜʦʚ ʨʘʩʯʸʪʘ ʦʩʚʝʱʝʥʥʦʩʪʠʰʣʦ ʚ ʦʩ-
ʥʦʚʥʦʤ ʜʚʫʤʷ ʧʘʨʘʣʣʝʣʴʥʳʤʠ ʧʫʪʷʤʠ ð (1) ʥʘ ʦʩʥʦʚʝ ʦʙʳʯʥʦʛʦ ʄʦʥʪʝ-ʂʘʨʣʦ
(Ordinary Monte Carlo, OMC) ʠ (2) ʥʘ ʦʩʥʦʚʝ ʄʦʥʪʝ-ʂʘʨʣʦ ʧʦ ʩʭʝʤʝ ʤʘʨʢʦʚʩʢʠʭ
ʮʝʧʝʡ (Markov Chain Monte Carlo, MCMC). ʆʙʝ ʛʨʫʧʧʳ ʤʝʪʦʜʦʚ ʧʨʠʤʝʥʷʶʪʩʷ
ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʠʥʪʝʛʨʘʣʘ ʦʩʚʝʱʸʥʥʦʩʪʠ ʠ ʨʝʰʝʥʠʷ ʠʟʚʝʩʪʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʨʝʥ-
ʜʝʨʠʥʛʘ (ʬʦʨʤʫʣʘ 1) [2]. ʈʘʩʩʤʦʪʨʠʤ ʵʪʠ ʧʫʪʠ ʙʦʣʝʝ ʧʦʜʨʦʙʥʦ ʜʘʣʝʝ.



ï 4 ï

1. ʊʝʨʤʠʥʦʣʦʛʠʷ
ʆʙʦʟʥʘʯʠʤ ʥʝʢʦʪʦʨʳʝ ʯʘʩʪʦ ʠʩʧʦʣʴʟʫʝʤʳʝ ʪʝʨʤʠʥʳ, ʢʦʪʦʨʳʝ ʚ ʦʙʣʘʩʪʠ

ʛʨʘʬʠʢʠ ʠ ʩʠʥʪʝʟʘ ʨʝʘʣʠʩʪʠʯʥʳʭ ʠʟʦʙʨʘʞʝʥʠʡ ʫʧʦʪʨʝʙʣʷʶʪʩʷ ʚʩʝʛʜʘ ʚ ʦʧʨʝʜʝ-
ʣʸʥʥʦʤ ʢʦʥʪʝʢʩʪʝ (ʧʨʝʜʧʦʣʘʛʘʝʤʦʤ ʚ ʛʨʘʬʠʢʝ ʧʦ ʫʤʦʣʯʘʥʠʶ).

ʊʦʯʥʦʩʪʴ ʠ ʩʢʦʨʦʩʪʴðʜʚʘ ʪʝʨʤʠʥʘ, ʢʦʪʦʨʳʝ ʚʩʝʛʜʘ ʧʦʜʨʘʟʫʤʝʚʘʶʪ ʩʦʚ-
ʤʝʩʪʥʦʝ ʠʩʧʦʣʴʟʦʚʘʥʠʝ. ɽʩʣʠ ʛʦʚʦʨʷʪ çʪʦʯʥʦʩʪʴè ð ʧʦʜʨʘʟʫʤʝʚʘʶʪ ʪʦʯʥʦʩʪʴ
ʧʨʠ ʬʠʢʩʠʨʦʚʘʥʥʦʤ ʚʨʝʤʝʥʠ ʨʘʩʯʸʪʘ ʠʟʦʙʨʘʞʝʥʠʷ. ɽʩʣʠ ʛʦʚʦʨʷʪ çʩʢʦʨʦʩʪʴèð
ʧʦʜʨʘʟʫʤʝʚʘʶʪ ʩʢʦʨʦʩʪʴ (1/ʚʨʝʤʷ) ʧʨʠ ʬʠʢʩʠʨʦʚʘʥʥʦʡ ʘʙʩʦʣʶʪʥʦʡ ʪʦʯʥʦʩʪʠ
ʣʠʙʦ ʧʨʠ ʬʠʢʩʠʨʦʚʘʥʥʦʤ ʩʪʘʥʜʘʨʪʥʦʤ ʦʪʢʣʦʥʝʥʠʠ, ʯʪʦ ʪʦ ʞʝ ʩʘʤʦʝ).

ʋʩʪʦʡʯʠʚʦʩʪʴðʪʝʨʤʠʥ, ʪʘʢʞʝ ʩʚʷʟʘʥʥʳʡ ʩʦ ʩʢʦʨʦʩʪʴʶ. ɻʦʚʦʨʷʪ, ʯʪʦ ʤʝ-
ʪʦʜ ʥʝʫʩʪʦʡʯʠʚʳʡ, ʝʩʣʠ ʧʨʠ ʨʘʩʯʸʪʝ ʥʝʢʦʪʦʨʳʭ ʬʝʥʦʤʝʥʦʚ ʦʩʚʝʱʸʥʥʦʩʪʠ ʜʣʷ
ʜʦʩʪʠʞʝʥʠʷ ʥʝʢʦʪʦʨʦʛʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ ʫʨʦʚʥʷ ʦʰʠʙʢʠ ʚʨʝʤʷ ʨʘʩʯʸʪʘ ʤʦʞʝʪ
ʚʦʟʨʘʩʪʘʪʴ ʜʦ ʥʝʧʨʠʝʤʣʝʤʦ ʙʦʣʴʰʠʭ ʟʥʘʯʝʥʠʡ [3]. ɹʫʜʝʤ ʥʘʟʳʚʘʪʴ ʪʘʢʠʝ ʬʝ-
ʥʦʤʝʥʳ ʦʩʚʝʱʸʥʥʦʩʪʠ ʪʨʫʜʥʦʚʳʯʠʩʣʠʤʳʤʠ. ʆʪʤʝʪʠʤ, ʯʪʦ ʜʘʥʥʦʝ ʦʧʨʝʜʝʣʝ-
ʥʠʝ ʦʪʣʠʯʘʝʪʩʷ ʦʪ ʪʨʘʜʠʮʠʦʥʥʦʛʦ ʦʧʨʝʜʝʣʝʥʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʤʝʪʦʜʘ ʚ ʚʳʯʠʩʣʠ-
ʪʝʣʴʥʦʡ ʤʘʪʝʤʘʪʠʢʝ, ʢʦʛʜʘ ʨʝʯʴ ʠʜʸʪ ʦ ʪʦʤ, ʯʪʦ ʤʝʪʦʜ ʥʝ ʩʭʦʜʠʪʩʷ ʢ ʧʨʘʚʠʣʴʥʦ-
ʤʫ ʨʝʰʝʥʠʶ. ʅʝʫʩʪʦʡʯʠʚʳʝ ʤʝʪʦʜʳ ʄʦʥʪʝ-ʂʘʨʣʦ ʭʘʨʘʢʪʝʨʠʟʫʶʪʩʷ ʥʘʣʠʯʠʝʤ
ʚʳʙʨʦʩʦʚ ð ʚʳʙʦʨʦʢ ʩ ʙʦʣʴʰʠʤ ʟʥʘʯʝʥʠʝʤ ʮʝʣʝʚʦʡ ʬʫʥʢʮʠʠ ʦʩʚʝʱʸʥʥʦʩʪʠ ʠ
ʤʘʣʦʡ ʧʣʦʪʥʦʩʪʴʶ ʚʝʨʦʷʪʥʦʩʪʠ (ʪ. ʝ. ʨʝʜʢʦ ʚʩʪʨʝʯʘʶʱʠʭʩʷ). ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝ-
ʨʘ ʪʨʫʜʥʦʚʳʯʠʩʣʠʤʳʭ ʬʝʥʦʤʝʥʦʚ ʤʦʞʥʦ ʧʨʠʚʝʩʪʠ ʢʘʫʩʪʠʢʠ (caustics), ʚʪʦʨʠʯ-
ʥʦʝ ʦʩʚʝʱʝʥʠʝ ʦʪ ʷʨʢʦ ʦʩʚʝʱʸʥʥʳʭ ʠ ʫʟʢʠʭ ʫʯʘʩʪʢʦʚ, ʤʥʦʛʦʢʨʘʪʥʳʝ ʧʝʨʝʦʪʨʘ-
ʞʝʥʠʷ ʦʪ ʛʣʷʥʮʝʚʳʭ ʧʦʚʝʨʭʥʦʩʪʝʡ (glossy reflections), ʠʩʪʦʯʥʠʢʠ ʩʚʝʪʘ ʩʣʦʞʥʦʡ
ʬʦʨʤʳ ʠ ʨʘʩʧʨʝʜʝʣʝʥʠʷ, ʘ ʪʘʢʞʝ ʙʦʣʴʰʦʝ ʢʦʣʠʯʝʩʪʚʦ ʠʩʪʦʯʥʠʢʦʚ ʩʚʝʪʘ. ʊʘʢʠʝ
ʬʝʥʦʤʝʥʳ ʚʳʟʳʚʘʶʪ ʚʳʙʨʦʩʳð ʠʤʧʫʣʴʩʥʳʡ ʰʫʤ, ʢʦʪʦʨʳʡ ʤʦʞʝʪ ʥʝ ʫʭʦʜʠʪʴ
ʚ ʧʨʦʮʝʩʩʝ ʨʘʩʯʸʪʘ ʥʝʧʨʠʝʤʣʝʤʦ ʜʦʣʛʦ.

ʉʵʤʧʣ ð ʚʳʙʦʨʢʘ.
ʉʵʤʧʣʠʨʦʚʘʥʠʝ ð ʧʨʦʮʝʩʩ ʛʝʥʝʨʘʮʠʠ ʤʥʦʞʝʩʪʚʘ ʚʳʙʦʨʦʢ. ʉʪʨʘʪʝʛʠʷ

ʩʵʤʧʣʠʨʦʚʘʥʠʷðʥʝʢʦʪʦʨʳʡ ʩʧʦʩʦʙ ʛʝʥʝʨʘʮʠʠ ʚʳʙʦʨʦʢ ʩ ʦʧʨʝʜʝʣʸʥʥʦʡ ʧʣʦʪ-
ʥʦʩʪʴʶ ʚʝʨʦʷʪʥʦʩʪʠ ʜʣʷ ʢʘʞʜʦʡ ʚʳʙʦʨʢʠ.

Specular, Diffuse, Glossy ð ʥʝʧʝʨʝʚʦʜʠʤʳʝ ʚ ʮʝʣʷʭ ʩʦʚʤʝʩʪʠʤʦʩʪʠ ʩ ʦʙ-
ʱʝʧʨʠʥʷʪʳʤʠ ʩʦʢʨʘʱʝʥʠʷʤʠ ʪʝʨʤʠʥʳ (ʥʘʧʨʠʤʝʨ, SDS ʩʦʢʨʘʱʘʝʪ Specular-
Diffuse-Specular). ʆʙʦʟʥʘʯʘʶʪ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʟʝʨʢʘʣʴʥʳʝ, ʣʘʤʙʝʨʪʦʚʩʢʠʝ (ʠʣʠ
ʜʠʬʬʫʟʥʳʝ) ʠ ʛʣʷʥʮʝʚʳʝ ʦʪʨʘʞʝʥʠʷ.

ʎʝʣʝʚʘʷ ʬʫʥʢʮʠʷ ʦʩʚʝʱʝʥʠʷ ð ʥʝʢʦʪʦʨʘʷ ʬʫʥʢʮʠʷ, ʠʤʝʶʱʘʷ ʣʠʥʝʡ-
ʥʫʶ ʟʘʚʠʩʠʤʦʩʪʴ ʩ ʢʘʞʜʳʤ ʢʘʥʘʣʦʤ ʠʟʦʙʨʘʞʝʥʠʷ. ʅʘʧʨʠʤʝʨ, ʷʨʢʦʩʪʴ ʢʘʢ ʩʨʝʜ-
ʥʝʝ ʧʦ ʢʨʘʩʥʦʤʫ, ʟʝʣʸʥʦʤʫ ʠ ʩʠʥʝʤʫ ʢʘʥʘʣʘʤ. ɺ ʘʥʛʣʦʷʟʳʯʥʦʡ ʣʠʪʝʨʘʪʫʨʝ ʦʙʳʯ-
ʥʦ ʥʘʟʳʚʘʝʪʩʷ ʬʫʥʢʮʠʝʡ ʚʢʣʘʜʘ (ʩontribution function).

ʉʚʷʟʥʘʷ ʦʙʣʘʩʪʴ ʠʟʦʙʨʘʞʝʥʠʷðʩʚʷʟʥʦʝ ʤʥʦʞʝʩʪʚʦ (ʚ ʜʠʩʢʨʝʪʥʦʤ ʧʨʦ-
ʩʪʨʘʥʩʪʚʝ) ʧʠʢʩʝʣʝʡ ʠʟʦʙʨʘʞʝʥʠʷ, ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʦʜʥʦʤʫ ʠ ʪʦʤʫ ʞʝ ʦʙʲʝʢʪʫ
ʩ ʦʜʥʠʤ ʠ ʪʝʤ ʞʝ ʤʘʪʝʨʠʘʣʦʤ. ɼʘʥʥʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʥʝ ʷʚʣʷʝʪʩʷ ʦʙʱʝʧʨʠʥʷʪʳʤ.
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2. ʆʙʟʦʨ ʧʨʝʜʳʜʫʱʠʭ ʨʘʙʦʪ
2.1. ʄʝʪʦʜʳ ʥʘ ʦʩʥʦʚʝ OMC ʄʦʞʥʦ ʩʢʘʟʘʪʴ, ʯʪʦ ʦʙʨʘʪʥʘʷ ʪʨʘʩʩʠʨʦʚʢʘ ʧʫ-
ʪʝʡ (Path Tracing, PT [2]) ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʨʷʤʦʝ ʠ ʥʘʠʙʦʣʝʝ ʦʯʝʚʠʜʥʦʝ ʧʨʠ-
ʤʝʥʝʥʠʝ ʤʝʪʦʜʘ ʄʦʥʪʝ-ʂʘʨʣʦ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʠʥʪʝʛʨʘʣʘ ʦʩʚʝʱʸʥʥʦʩʪʠ (ʬʦʨ-
ʤʫʣʘ 1).

I(�r; �r) =

ZZ
�i�i

L(�i; �i)R(�i; �i; �r; �r)cos(n; l�i;�i
)d�id�i: (1)

ʉʝʨʴʸʟʥʦʡ ʧʨʦʙʣʝʤʦʡ ʪʨʘʩʩʠʨʦʚʢʠ ʧʫʪʝʡ ʷʚʣʷʝʪʩʷ ʝʸ ʥʠʟʢʘʷ ʫʩʪʦʡʯʠʚʦʩʪʴ.
ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʨʝʰʝʥʠʝ ʟʘ ʧʨʠʝʤʣʝʤʦʝ ʚʨʝʤʷ, ʚ PT ʚʩʝʛʜʘ ʠʩʧʦʣʴʟʫ-
ʝʪʩʷ ʚʳʙʦʨʢʘ ʧʦ ʟʥʘʯʠʤʦʩʪʠ: ʧʨʠ ʛʝʥʝʨʘʮʠʠ ʦʪʨʘʞʸʥʥʦʛʦ ʣʫʯʘ ʝʛʦ ʥʘʧʨʘʚʣʝ-
ʥʠʝ ʚʳʙʠʨʘʝʪʩʷ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʬʫʥʢʮʠʠL(�i; �i) ʠʣʠR(�i; �i; �r; �r). ʆʜʥʘʢʦ
ʥʘ ʧʨʘʢʪʠʢʝ ʵʪʦ ʥʝ ʚʩʝʛʜʘ ʤʦʞʥʦ ʩʜʝʣʘʪʴ, ʪ. ʢ. ʜʣʷ ʬʫʥʢʮʠʠ L(�i; �i) ʵʬʬʝʢʪʠʚ-
ʥʫʶ ʩʪʨʘʪʝʛʠʶ ʩʵʤʧʣʠʨʦʚʘʥʠʷ ʚ PT ʤʦʞʥʦ ʧʦʩʪʨʦʠʪʴ ʪʦʣʴʢʦ ʜʣʷ ʧʨʷʤʦʡ ʦʩʚʝ-
ʱʸʥʥʦʩʪʠ. ɼʣʷ ʥʝʧʨʷʤʦʡ ʦʩʚʝʱʸʥʥʦʩʪʠ ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ L(�i; �i) ʟʘʚʠʩʷʪ ʦʪ
ʥʝʠʟʚʝʩʪʥʦʛʦ ʟʥʘʯʝʥʠʷ ʩʘʤʦʛʦ ʠʥʪʝʛʨʘʣʘ I(�r; �r) ʚ ʜʨʫʛʦʡ ʪʦʯʢʝ ʩʮʝʥʳ.

ʉʣʝʜʫʶʱʠʤ ʚʘʞʥʳʤ ʵʪʘʧʦʤ ʚ ʩʦʟʜʘʥʠʠ ʫʩʪʦʡʯʠʚʳʭ ʥʝʩʤʝʱʸʥʥʳʭ ʤʝʪʦ-
ʜʦʚ ʄʦʥʪʝ-ʂʘʨʣʦ ʷʚʣʷʝʪʩʷ ʤʝʪʦʜ ʜʚʫʥʘʧʨʘʚʣʝʥʥʦʡ ʪʨʘʩʩʠʨʦʚʢʠ ʧʫʪʝʡ
(Bidirectional Path Tracing, BPT) [3]. ɼʚʫʥʘʧʨʘʚʣʝʥʥʘʷ ʪʨʘʩʩʠʨʦʚʢʘ ʧʫʪʝʡ ʢʦʤ-
ʙʠʥʠʨʫʝʪ ʚʢʣʘʜʳ ʦʪ ʧʨʷʤʦʡ ʠ ʦʙʨʘʪʥʦʡ ʪʨʘʩʩʠʨʦʚʢʠ ʧʨʠ ʧʦʤʦʱʠ ʤʥʦʛʦʢʨʘʪ-
ʥʦʡ ʚʳʙʦʨʢʠ ʧʦ ʟʥʘʯʠʤʦʩʪʠ (Multiple Importance Sampling, MIS), ʯʪʦ ʧʦʟʚʦ-
ʣʷʝʪ ʧʦʩʪʨʦʠʪʴ ʭʦʨʦʰʠʝ ʩʪʨʘʪʝʛʠʠ ʩʵʤʧʣʠʨʦʚʘʥʠʷ ʜʣʷ ʤʥʦʛʠʭ ʬʝʥʦʤʝʥʦʚ ʦʩʚʝ-
ʱʸʥʥʦʩʪʠ ʩ ʫʯʸʪʦʤ ʫʞʝ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʦʪʨʘʞʝʥʠʡ. ʋʧʨʦʱʸʥʥʦ, ʜʣʷ ʛʣʫʙʠʥʳ
ʧʝʨʝʦʪʨʘʞʝʥʠʡ ʚ N BPT ʩʯʠʪʘʝʪ N/2 ʦʪʩʢʦʢʦʚ ʠʟ ʠʩʪʦʯʥʠʢʘ ʠ ʢʘʤʝʨʳ, ʧʦʩʣʝ
ʯʝʛʦ ʩʪʨʦʠʪ N 2/4 ʩʦʝʜʠʥʝʥʠʡ ʤʝʞʜʫ ʚʝʨʰʠʥʘʤʠ ʧʫʪʠ ʠʟ ʢʘʤʝʨʳ ʠ ʠʟ ʠʩʪʦʯʥʠ-
ʢʘ. ɼʣʷ ʢʘʞʜʦʛʦ ʠʟ N 2/4 ʠʪʦʛʦʚʳʭ ʧʫʪʝʡ (ʜʣʠʥʥʦʡ ʚ N ʚʝʨʰʠʥ) ʧʨʠʤʝʥʷʝʪʩʷ
ʤʥʦʛʦʢʨʘʪʥʘʷ ʚʳʙʦʨʢʘ ʧʦ ʟʥʘʯʠʤʦʩʪʠ, ʢʦʪʦʨʘʷ ʚʟʚʝʰʠʚʘʝʪ ʝʛʦ ʧʦ ʦʪʥʦʰʝʥʠʶ ʢ
N + 1 ʜʨʫʛʠʤ ʚʦʟʤʦʞʥʳʤ ʩʧʦʩʦʙʘʤ ʧʦʩʪʨʦʝʥʠʷ ʪʦʛʦ ʞʝ ʩʘʤʦʛʦ ʧʫʪʠ. ʆʜʥʘʢʦ
ʤʝʪʦʜ ʜʚʫʥʘʧʨʘʚʣʝʥʥʦʡ ʪʨʘʩʩʠʨʦʚʢʠ ʧʫʪʝʡ ʠʤʝʝʪ ʥʝʩʢʦʣʴʢʦ ʥʝʜʦʩʪʘʪʢʦʚ:

1. ʅʠʟʢʘʷ ʵʬʬʝʢʪʠʚʥʦʩʪʴ ʤʥʦʛʦʢʨʘʪʥʦʡ ʚʳʙʦʨʢʠ ʧʦ ʟʥʘʯʠʤʦʩʪʠ ʧʨʠ ʙʦʣʴ-
ʰʦʡ ʛʣʫʙʠʥʝ. ʀʟ N +1 ʧʫʪʝʡ ʚ ʩʨʝʜʥʝʤ ʣʠʰʴ 1ï2 ʧʫʪʠ ʚʥʦʩʷʪ ʩʫʱʝʩʪʚʝʥ-
ʥʳʡ ʚʢʣʘʜ ʚ ʠʪʦʛʦʚʦʝ ʠʟʦʙʨʘʞʝʥʠʝ. ʆʩʪʘʣʴʥʳʝ ʟʘʥʫʣʷʶʪʩʷ MIS-ʚʝʩʦʤ
ʘʧʦʩʪʝʨʠʦʨʥʦ, ʪ. ʝ. ʫʞʝ ʧʦʩʣʝ ʪʦʛʦ, ʢʘʢ ʦʥʠ ʙʳʣʠ ʧʦʩʯʠʪʘʥʳ.

2. ʉʦʝʜʠʥʝʥʠʷ ʜʝʣʘʶʪʩʷ ʙʝʟ ʫʯʸʪʘ ʬʫʥʢʮʠʠ ʚʠʜʠʤʦʩʪʠ, ʪ. ʝ. ʦʛʨʦʤʥʦʝ ʢʦ-
ʣʠʯʝʩʪʚʦ ʣʫʯʝʡ (N 2/4) ʩʦʝʜʠʥʷʝʪʩʷ ʯʝʨʝʟ ʩʪʝʥʳ ʠ ʦʪʙʨʘʩʳʚʘʶʱʠʝ ʪʝʥʠ
ʦʙʲʝʢʪʳ, ʚʥʦʩʷ ʥʫʣʝʚʦʡ ʚʢʣʘʜ ʠ ʪʨʘʪʷ ʚʳʯʠʩʣʠʪʝʣʴʥʳʝ ʨʝʩʫʨʩʳ.

3. ʏʪʦʙʳ ʤʦʞʥʦ ʙʳʣʦ ʧʦʩʪʨʦʠʪʴ ʩʦʝʜʠʥʝʥʠʷ, ʚ BPT ʥʝʦʙʭʦʜʠʤʦ ʭʨʘʥʠʪʴ ʚ
ʧʘʤʷʪʠ N ʚʝʨʰʠʥ ʥʘ ʢʘʞʜʳʡ ʧʦʪʦʢ. ʕʪʦ ʷʚʣʷʝʪʩʷ ʧʨʦʙʣʝʤʦʡ ʜʣʷ GPU-
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ʨʝʘʣʠʟʘʮʠʡ, ʪ. ʢ. ʠʥʬʦʨʤʘʮʠʷ ʜʣʷ ʢʘʞʜʦʡ ʚʝʨʰʠʥʳ, ʢʘʢ ʧʨʘʚʠʣʦ, ʜʦʚʦʣʴ-
ʥʦ ʦʙʲʝʤʥʘʷ, ʠ ʧʨʠ ʪʠʧʠʯʥʦʤ ʢʦʣʠʯʝʩʪʚʝ ʧʦʪʦʢʦʚ ʚ 100ï500 ʪʳʩʷʯ BPT
ʨʘʩʭʦʜʫʝʪ ʩʣʠʰʢʦʤ ʤʥʦʛʦ ʧʘʤʷʪʠ (ʦʢʦʣʦ 100 � N ʙʘʡʪ ʥʘ ʧʦʪʦʢ => ʧʨʠ
ʛʣʫʙʠʥʝ ʚ 20 ʦʪʩʢʦʢʦʚ ʧʦʣʫʯʘʝʤ ʦʪ 200 MB ʜʦ 1 GB).

4. ʉʘʤ ʧʦ ʩʝʙʝ BPT ʧʦ-ʧʨʝʞʥʝʤʫ ʥʝ ʧʦʟʚʦʣʷʝʪ ʩʪʨʦʠʪʴ ʭʦʨʦʰʠʝ ʩʪʨʘʪʝʛʠʠ
ʩʵʤʧʣʠʨʦʚʘʥʠʷ ʜʣʷ ʥʝʢʦʪʦʨʳʭʬʝʥʦʤʝʥʦʚ ʦʩʚʝʱʸʥʥʦʩʪʠ (ʥʘʧʨʠʤʝʨ, Specular-
Diffuse-Specular-ʧʫʪʠ ʠ ʤʥʦʛʦʢʨʘʪʥʳʝ glossy-ʦʪʨʘʞʝʥʠʷ).

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, BPT ʜʦʩʪʠʛʘʝʪ ʫʩʪʦʡʯʠʚʦʩʪʠ ʟʘ ʩʯʸʪ ʧʦʥʠʞʝʥʠʷ ʩʢʦʨʦʩʪʠ
ʚ ʩʨʝʜʥʝʤ.

ʄʝʪʦʜ ʫʩʝʯʸʥʥʦʡ ʜʚʫʥʘʧʨʘʚʣʝʥʥʦʡ ʪʨʘʩʩʠʨʦʚʢʠ ʧʫʪʝʡ [4,5] (Instant Bi-
directional Path Tracing, IBPT) ʚ ʟʥʘʯʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ ʘʤʦʨʪʠʟʠʨʫʝʪ ʧʝʨʚʳʝ ʪʨʠ
ʥʝʜʦʩʪʘʪʢʘ BPT. IBPT ʷʚʣʷʝʪʩʷ ʯʘʩʪʥʳʤ ʩʣʫʯʘʝʤ BPT, ʢʦʤʙʠʥʠʨʫʷ ʜʣʷ ʣʶʙʦʡ
ʛʣʫʙʠʥʳ N ʪʦʣʴʢʦ ʪʨʠ ʩʪʨʘʪʝʛʠʠ (ʘ ʥʝ N + 1, ʢʘʢ ʚ BPT) ð ʷʚʥʫʶ (ʦʙʨʘʪʥʘʷ
ʪʨʘʩʩʠʨʦʚʢʘ + ʩʦʝʜʠʥʝʥʠʝ ʪʝʥʝʚʳʤ ʣʫʯʦʤ ʩ ʠʩʪʦʯʥʠʢʦʤ), ʥʝʷʚʥʫʶ (ʦʙʨʘʪʥʘʷ
ʪʨʘʩʩʠʨʦʚʢʘ) ʠ ʩʚʝʪʦʚʫʶ (ʧʨʷʤʘʷ ʪʨʘʩʩʠʨʦʚʢʘ + ʩʦʝʜʠʥʝʥʠʝ ʪʝʥʝʚʳʤ ʣʫʯʦʤ ʩ
ʢʘʤʝʨʦʡ) [4]. ʅʘ ʧʨʘʢʪʠʢʝ IBPT ʚ ʩʨʝʜʥʝʤ ʠʤʝʝʪ ʟʥʘʯʠʪʝʣʴʥʦ ʣʫʯʰʫʶ ʩʢʦʨʦʩʪʴ,
ʯʝʤ ʦʨʠʛʠʥʘʣʴʥʳʡ BPT, ʟʘ ʩʯʸʪ ʥʝʟʥʘʯʠʪʝʣʴʥʦʡ ʧʦʪʝʨʠ ʫʩʪʦʡʯʠʚʦʩʪʠ.

ɺ ʨʘʙʦʪʝ [6] ʩʜʝʣʘʥʘ ʧʦʧʳʪʢʘ ʫʤʝʥʴʰʠʪʴ ʦʙʱʝʝ ʯʠʩʣʦ ʩʦʝʜʠʥʝʥʠʡ, ʦʩʪʘ-
ʚʘʷʩʴ ʧʨʠ ʵʪʦʤ ʚ ʨʘʤʢʘʭ ʧʦʣʥʦʮʝʥʥʦʛʦ BPT. ʏʪʦʙʳ ʵʪʦ ʩʜʝʣʘʪʴ, ʘʚʪʦʨʳ ʧʨʝʜʣʘ-
ʛʘʶʪ ʩʪʨʦʠʪʴ ʩʦʝʜʠʥʝʥʠʷ ʩʪʦʭʘʩʪʠʯʝʩʢʠ (ʘ ʥʝ ʜʝʪʝʨʤʠʥʠʨʦʚʘʥʥʦ, ʢʘʢ ʚ ʦʨʠʛʠ-
ʥʘʣʴʥʦʤ BPT) ʥʘ ʦʩʥʦʚʝ ʚʳʙʦʨʢʠ ʧʦ ʟʥʘʯʠʤʦʩʪʠ ʠ ʧʨʠ ʧʦʤʦʱʠ ʦʮʝʥʢʠ ʬʫʥʢ-
ʮʠʠ ʧʦʪʝʥʮʠʘʣʴʥʦʡ ʟʥʘʯʠʤʦʩʪʠ ʩʦʝʜʠʥʝʥʠʡ, ʢʦʪʦʨʘʷ ʩʪʨʦʠʪʩʷ ʚʦ ʚʨʝʤʷ ʧʨʷʤʦʡ
ʪʨʘʩʩʠʨʦʚʢʠ ʠʟ ʠʩʪʦʯʥʠʢʘ ʩʚʝʪʘ. ɼʘʥʥʳʡ ʤʝʪʦʜ (PCBPT) ʫʣʫʯʰʘʝʪ ʩʢʦʨʦʩʪʴ ʚ
ʩʨʝʜʥʝʤ, ʦʜʥʘʢʦ ʜʝʣʘʝʪ ʰʫʤ ʦʪ ʤʥʦʛʦʢʨʘʪʥʳʭ glossy-ʦʪʨʘʞʝʥʠʡ ʙʦʣʝʝ ʥʝʨʘʚ-
ʥʦʤʝʨʥʳʤ, ʯʪʦ ʚʠʟʫʘʣʴʥʦ ʭʫʞʝ ʚʦʩʧʨʠʥʠʤʘʝʪʩʷ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʦʨʠʛʠʥʘʣʴʥʳʤ
BPT.

ɺ ʨʘʙʦʪʝ [7] ʧʨʝʜʣʘʛʘʝʪʩʷ ʨʘʩʰʠʨʝʥʠʝ ʠʟʚʝʩʪʥʦʛʦ ʤʝʪʦʜʘ ʬʠʣʴʪʨʘʮʠʠ ʪʝʢ-
ʩʪʫʨ ʥʘ ʦʩʥʦʚʝ ʜʠʬʬʝʨʝʥʮʠʘʣʦʚ ʣʫʯʝʡ [8] ʥʘ ʜʚʫʥʘʧʨʘʚʣʝʥʥʫʶ ʪʨʘʩʩʠʨʦʚʢʫ
ʧʫʪʝʡ ʠ ʬʠʣʴʪʨʘʮʠʶ BRDF ʚ ʮʝʣʦʤ. ɹʣʘʛʦʜʘʨʷ ʵʪʦʤʫ ʤʝʪʦʜʫ ʜʦʩʪʠʛʘʝʪʩʷ ʟʥʘ-
ʯʠʪʝʣʴʥʦʝ ʧʦʚʳʰʝʥʠʝ ʫʩʪʦʡʯʠʚʦʩʪʠ ʜʣʷ ʤʥʦʛʦʢʨʘʪʥʳʭ glossy-ʦʪʨʘʞʝʥʠʡ ʠ ʦʪ-
ʨʘʞʝʥʠʡ ʦʪ ʤʘʪʝʨʠʘʣʦʚ ʩ ʤʠʢʨʦʨʝʣʴʝʬʦʤ. ʊʝʤ ʥʝ ʤʝʥʝʝ ʜʘʥʥʳʡ ʤʝʪʦʜ (ʢʘʢ ʠ
ʨʘʩʩʤʦʪʨʝʥʥʳʝ ʨʘʥʝʝ IBPT ʠ PCBPT) ʚʩʸ ʝʱʸ ʥʝʣʴʟʷ ʥʘʟʚʘʪʴ ʵʬʬʝʢʪʠʚʥʳʤ ʜʣʷ
ʬʝʥʦʤʝʥʦʚ ʪʠʧʘ SDS-ʢʘʫʩʪʠʢ, ʦ ʢʦʪʦʨʳʭ ʨʝʯʴ ʧʦʡʜʸʪ ʜʘʣʝʝ.

ʄʝʪʦʜʳ ʥʘ ʦʩʥʦʚʝ ʬʦʪʦʥʥʳʭ ʢʘʨʪ ɼʣʷ ʨʝʰʝʥʠʷ ʦʩʪʘʚʰʠʭʩʷ ʚ BPT ʧʨʦʙʣʝʤ
ʚ ʧʦʩʣʝʜʥʝʝ ʚʨʝʤʷ ʙʳʣʦ ʨʘʟʨʘʙʦʪʘʥʦ ʦʛʨʦʤʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʤʝʪʦʜʦʚ ʥʘ ʦʩʥʦʚʝ
ʩʤʝʱʸʥʥʳʭ (biased) ʠ ʩʦʩʪʦʷʪʝʣʴʥʳʭ (consistent) ʦʮʝʥʦʢ ʨʝʰʝʥʠʷ ʧʨʠ ʧʦʤʦʱʠ
ʪʘʢ ʥʘʟʳʚʘʝʤʳʭ ʬʦʪʦʥʥʳʭ ʢʘʨʪ (Photon Mapping, PM) [10]. ʉʨʝʜʠ ʥʘʠʙʦʣʝʝ ʩʫ-
ʱʝʩʪʚʝʥʥʳʭ ʨʘʙʦʪ ʩʣʝʜʫʝʪ ʦʪʤʝʪʠʪʴ ʤʝʪʦʜ SPPM [11], ʧʦʟʚʦʣʷʶʱʠʡ ʧʦʣʫʯʘʪʴ
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ʩʦʩʪʦʷʪʝʣʴʥʫʶ ʦʮʝʥʢʫ, BDPM [12] ʜʣʷ ʢʦʤʙʠʥʘʮʠʠ PT + PM ʠ ʝʛʦ ʘʥʘʣʦʛʠ,
ʢʦʤʙʠʥʠʨʫʶʱʠʝ ʬʦʪʦʥʥʳʝ ʢʘʨʪʳ ʩ PT ʙʝʟ ʤʥʦʛʦʢʨʘʪʥʦʡ ʚʳʙʦʨʢʠ ʧʦ ʟʥʘʯʠ-
ʤʦʩʪʠ [15, 16]. ʅʘʢʦʥʝʮ, ʤʝʪʦʜʳ, ʢʦʪʦʨʳʝ ʧʦʣʥʦʮʝʥʥʦ ʠʥʪʝʛʨʠʨʫʶʪ ʬʦʪʦʥʥʳʝ
ʢʘʨʪʳ ʚ ʤʘʪʘʧʧʘʨʘʪ ʤʥʦʛʦʢʨʘʪʥʦʡ ʚʳʙʦʨʢʠ ʧʦ ʟʥʘʯʠʤʦʩʪʠ ʚ BPTðVCM [13] ʠ
PEA [14]. ʂ ʩʦʞʘʣʝʥʠʶ, ʚʩʝ ʨʘʩʩʤʦʪʨʝʥʥʳʝ ʚʳʰʝ ʤʝʪʦʜʳ ʥʘ ʦʩʥʦʚʝ ʬʦʪʦʥʥʳʭ
ʢʘʨʪ ʥʘ ʧʨʘʢʪʠʢʝ ʠʤʝʶʪ ʜʚʘ ʦʯʝʥʴ ʩʫʱʝʩʪʚʝʥʥʳʭ ʥʝʜʦʩʪʘʪʢʘ.

1. ʄʝʥʴʰʘʷ ʩʢʦʨʦʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩʤʝʪʦʜʘʤʠ, ʠʤʝʶʱʠʤʠʥʝʩʤʝ-
ʱʸʥʥʳʝ ʦʮʝʥʢʠ, ð O( 1

3
p

N
) ʧʨʦʪʠʚ O( 1p

N
) [26]. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʬʦʪʦʥ-

ʥʳʝ ʢʘʨʪʳ ʧʦʟʚʦʣʷʶʪ ʧʦʣʫʯʠʪʴ ʥʘʯʘʣʴʥʫʶ ʘʧʧʨʦʢʩʠʤʘʮʠʶʜʦʚʦʣʴʥʦ ʙʳʩʪ-
ʨʦ, ʥʦ ʜʣʷ ʜʦʩʪʠʞʝʥʠʷ ʚʳʩʦʢʦʡ ʪʦʯʥʦʩʪʠ ʤʦʞʝʪ ʧʦʪʨʝʙʦʚʘʪʴʩʷ ʛʦʨʘʟʜʦ
ʙʦʣʝʝ ʜʣʠʪʝʣʴʥʳʡ ʨʘʩʯʸʪ, ʯʝʤ ʧʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ, ʥʘʧʨʠʤʝʨ, BPT ʠʣʠ
IBPT.

2. ʅʘʣʠʯʠʝ ʩʛʫʩʪʢʦʚʬʦʪʦʥʦʚ ʠ ʜʦʨʦʛʘʷ ʦʧʝʨʘʮʠʷ ʩʙʦʨʘ ʦʩʚʝʱʸʥʥʦʩʪʠ (density
estimation).

ʕʪʠ ʜʚʝ ʧʨʦʙʣʝʤʳ ʚ ʩʫʤʤʝ ʤʦʛʫʪ ʫʤʝʥʴʰʠʪʴ ʩʢʦʨʦʩʪʴ ʥʘ 1ï2 ʧʦʨʷʜʢʘ ʠʟ-ʟʘ
ʥʝʦʙʭʦʜʠʤʦʩʪʠ ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ ʚʳʯʠʩʣʷʪʴ ʜʚʫʥʘʧʨʘʚʣʝʥʥʫʶ ʬʫʥʢʮʠʶ ʦʪʨʘʞʝ-
ʥʠʷ (ɼʌʆ, ʠʣʠ BRDF) ʜʣʷ ʢʘʞʜʦʛʦ ʬʦʪʦʥʘ (ʧʨʠʪʦʤ ʯʪʦ ʜʣʷ ʛʣʷʥʮʝʚʳʭ ʧʦʚʝʨʭ-
ʥʦʩʪʝʡ ʙʦʣʴʰʘʷ ʯʘʩʪʴ ʩʦʙʨʘʥʥʳʭ ʬʦʪʦʥʦʚ ʚʥʦʩʠʪ ʥʫʣʝʚʦʡ ʚʢʣʘʜ, ʪ. ʢ. ʬʦʪʦʥʳ
ʧʘʜʘʶʪ ʥʘ ʧʦʚʝʨʭʥʦʩʪʴ ʥʝ ʩ ʥʫʞʥʦʛʦ ʥʘʧʨʘʚʣʝʥʠʷ). ʄʥʦʛʦʢʨʘʪʥʘʷ ʚʳʙʦʨʢʘ ʧʦ
ʟʥʘʯʠʤʦʩʪʠ ʚ BDPM, VCM ʠ PEA ʥʝ ʨʝʰʘʝʪ ʵʪʫ ʧʨʦʙʣʝʤʫ, ʪ. ʢ. ʨʘʙʦʪʘʝʪ ʘʧʦ-
ʩʪʝʨʠʦʨʥʦ, ʪ. ʝ. ʫʞʝ ʧʦʩʣʝ ʪʦʛʦ, ʢʘʢ ʩʙʦʨ ʦʩʚʝʱʸʥʥʦʩʪʠ ʙʳʣ ʚʳʧʦʣʥʝʥ.

ʍʦʪʷ ʚʪʦʨʫʶ ʧʨʦʙʣʝʤʫ ʜʦʩʪʘʪʦʯʥʦ ʣʝʛʢʦ ʨʝʰʠʪʴ, ʠʩʧʦʣʴʟʫʷ ʩʙʦʨ ʪʦʣʴʢʦ
ʜʣʷ ʣʘʤʙʝʨʪʦʚʩʢʦʡ ʢʦʤʧʦʥʝʥʪʳ ʦʩʚʝʱʸʥʥʦʩʪʠ [16,17], ʧʝʨʚʳʡ ʥʝʜʦʩʪʘʪʦʢ ʠʤʝ-
ʝʪ ʨʝʰʘʶʱʠʡ ʚʝʩ. ʄʝʪʦʜʳ ʥʘ ʦʩʥʦʚʝ ʬʦʪʦʥʥʳʭ ʢʘʨʪ ʜʘʞʝ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʧʨʦʠʛ-
ʨʳʚʘʶʪ ʥʝʩʤʝʱʸʥʥʳʤ ʘʣʛʦʨʠʪʤʘʤ ʥʘ ʦʩʥʦʚʝ Metropolis Light Transport [18].

ʆʙʱʝʝ ʜʣʷ ʤʝʪʦʜʦʚ ʥʘ ʦʩʥʦʚʝ OMC ɺʦ ʚʩʝʭ ʨʘʩʩʤʦʪʨʝʥʥʳʭ ʚʳʰʝ ʤʝʪʦʜʘʭ
ʠʥʜʠʚʠʜʫʘʣʴʥʳʝ ʚʳʙʦʨʢʠ ʥʝʟʘʚʠʩʠʤʳ ʜʨʫʛ ʦʪ ʜʨʫʛʘ. ʕʪʦ ʦʙʣʝʛʯʘʝʪ ʧʘʨʘʣʣʝʣʴ-
ʥʫʶ ʨʝʘʣʠʟʘʮʠʶ ʘʣʛʦʨʠʪʤʦʚ, ʥʦ ʚ ʧʨʦʮʝʩʩʝ ʨʘʩʯʸʪʘ ʚʳʙʨʘʩʳʚʘʝʪ ʦʛʨʦʤʥʦʝ ʢʦ-
ʣʠʯʝʩʪʚʦ ʠʥʬʦʨʤʘʮʠʠ, ʢʦʪʦʨʫʶ ʤʦʞʥʦ ʙʳʣʦ ʙʳ ʠʩʧʦʣʴʟʦʚʘʪʴ. ʈʘʩʩʤʘʪʨʠʚʘʷ
ʦʜʠʥ ʧʦʪʦʢ, ʜʘʞʝ ʝʩʣʠ ʚ ʢʘʢʦʡ-ʪʦ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ ʥʝʢʦʪʦʨʘʷ ʚʳʙʦʨʢʘ ʧʦʧʘʣʘ
ʚ ʦʙʣʘʩʪʴ ʬʫʥʢʮʠʠ c ʚʳʩʦʢʦʡ ʟʥʘʯʠʤʦʩʪʴʶ, ʥʘ ʩʣʝʜʫʶʱʝʡ ʠʪʝʨʘʮʠʠ ʥʦʚʘʷ ʚʳ-
ʙʦʨʢʘ ʚ ʪʦʤ ʞʝ ʩʘʤʦʤ ʧʦʪʦʢʝ, ʩʢʦʨʝʝ ʚʩʝʛʦ, ʫʡʜʸʪ ʠʟ ʵʪʦʡ ʦʙʣʘʩʪʠ, ʥʠʢʘʢ ʥʝ
ʠʩʧʦʣʴʟʦʚʘʚ ʬʘʢʪ ʚʳʩʦʢʦʡ ʟʥʘʯʠʤʦʩʪʠ.

2.2. ʄʝʪʦʜʳ ʥʘ ʦʩʥʦʚʝ MCMC ɺ ʧʨʦʪʠʚʦʚʝʩ ʤʝʪʦʜʘʤ, ʦʩʥʦʚʘʥʥʳʤ ʥʘ ʤʥʦ-
ʛʦʢʨʘʪʥʦʡ ʚʳʙʦʨʢʝ ʧʦ ʟʥʘʯʠʤʦʩʪʠ, ʘʣʛʦʨʠʪʤ ʄʝʪʨʦʧʦʣʠʩʘ ʜʣʷ ʨʘʩʯʸʪʘ ʦʩʚʝ-
ʱʸʥʥʦʩʪʠ (Metropolis Light Transport, MLT) [19] ʛʝʥʝʨʠʨʫʝʪ ʚʳʙʦʨʢʠ ʥʝ ʧʨʦ-
ʧʦʨʮʠʦʥʘʣʴʥʦ ʢʘʢʦʡ-ʣʠʙʦ ʦʜʥʦʡ ʯʘʩʪʠ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢʮʠʠ (ʯʪʦ ʜʝʣʘʝʪ
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ʢʘʞʜʘʷ ʠʟ ʩʪʨʘʪʝʛʠʡ BPT), ʘ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦ ʚʩʝʤʫ ʠʥʪʝʛʨʘʣʫ ʦʩʚʝʱʸʥʥʦʩʪʠ
ʢʘʢ ʤʥʦʛʦʤʝʨʥʦʡ ʬʫʥʢʮʠʠ, ʩʧʨʦʝʮʠʨʦʚʘʥʥʦʡ ʥʘ ʤʥʦʞʝʩʪʚʦ ʧʠʢʩʝʣʝʡ ʠʟʦʙʨʘ-
ʞʝʥʠʷ: F (x; y; r0; r1; :::rn)

project����! F (x; y). MLT ʘʚʪʦʤʘʪʠʯʝʩʢʠ ʧʦʤʝʱʘʝʪ ʙʦʣʴ-
ʰʝ ʚʳʙʦʨʦʢ ʚ ʙʦʣʝʝ ʩʣʦʞʥʳʝ ʫʯʘʩʪʢʠ ʬʫʥʢʮʠʠ F , ʟʥʘʯʠʪʝʣʴʥʦ ʫʤʝʥʴʰʘʷ ʜʠʩ-
ʧʝʨʩʠʶ [21]. ɺʦʧʨʦʩ ʩʭʦʜʠʤʦʩʪʠ ʜʣʷ MLT ʙʦʣʝʝ ʩʣʦʞʥʳʡ. ɺ ʯʘʩʪʥʦʩʪʠ, ʚ [22]
ʧʨʠʚʦʜʠʪʩʷ ʦʮʝʥʢʘ O(
N), ʛʜʝ 
 2 (0; 1).

Cʣʝʜʫʝʪ, ʦʜʥʘʢʦ, ʦʪʤʝʪʠʪʴ, ʯʪʦ ʤʥʦʛʦʢʨʘʪʥʘʷ ʚʳʙʦʨʢʘ ʧʦ ʟʥʘʯʠʤʦʩʪʠ ʠ ʘʣ-
ʛʦʨʠʪʤ ʄʝʪʨʦʧʦʣʠʩʘ ʤʦʛʫʪ ʠ ʜʦʣʞʥʳ ʠʩʧʦʣʴʟʦʚʘʪʴʩʷ ʚʤʝʩʪʝ. ʀʤʝʥʥʦ ʪʘʢ ʠ
ʙʳʣʦ ʩʜʝʣʘʥʦ ʚ ʩʘʤʦʡ ʧʝʨʚʦʡ ʨʘʙʦʪʝ ʧʦ MLT [19], ʛʜʝ ʘʣʛʦʨʠʪʤ ʄʝʪʨʦʧʦʣʠ-
ʩʘ ʙʳʣ ʧʨʝʜʣʦʞʝʥ ʜʣʷ BPT ʠ ʠʩʧʦʣʴʟʦʚʘʥʳ ʧʝʨʝʭʦʜʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ
(path space) ʢʘʢ ʥʝʙʦʣʴʰʠʝ ʠʟʤʝʥʝʥʠʷ ʧʦʟʠʮʠʡ ʚʝʨʰʠʥ ʧʫʪʠ. ɺ ʜʘʣʴʥʝʡʰʝʤ ʚ
ʨʘʙʦʪʝ [23] ʘʣʛʦʨʠʪʤ ʄʝʪʨʦʧʦʣʠʩʘ ʙʳʣ ʧʨʠʤʝʥʸʥ ʠ ʢ ʦʜʥʦʥʘʧʨʘʚʣʝʥʥʦʡ, ʠ ʢ
ʜʚʫʥʘʧʨʘʚʣʝʥʥʦʡ ʪʨʘʩʩʠʨʦʚʢʝ ʧʫʪʝʡ ʩ ʤʥʦʛʦʢʨʘʪʥʦʡ ʚʳʙʦʨʢʦʡ ʧʦ ʟʥʘʯʠʤʦʩʪʠ.
ʇʨʠ ʵʪʦʤ ʫʞʝ ʙʳʣʠ ʠʩʧʦʣʴʟʦʚʘʥʳ ʧʝʨʝʭʦʜʳ ʚ ʪʘʢ ʥʘʟʳʚʘʝʤʦʤ ʧʝʨʚʠʯʥʦʤ ʧʨʦ-
ʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ (primary sample space, PSSMLT) ð ʤʥʦʛʦʤʝʨʥʦʤ ʝʜʠʥʠʯʥʦʤ
ʢʫʙʝ, ʚ ʢʦʪʦʨʦʤ ʛʝʥʝʨʠʨʦʚʘʣʠʩʴ ʩʣʫʯʘʡʥʳʝ ʯʠʩʣʘ. ʇʨʠʯʸʤ ʚ ʨʘʙʦʪʝ [23] ʜʦʧʦʣ-
ʥʠʪʝʣʴʥʦ ʧʨʝʜʣʘʛʘʝʪʩʷ ʩʤʝʰʠʚʘʪʴ ʨʝʟʫʣʴʪʘʪʳ ʨʘʙʦʪʳ ʘʣʛʦʨʠʪʤʘ ʄʝʪʨʦʧʦʣʠʩʘ
ʠ ʦʙʳʯʥʦʛʦ ʄʦʥʪʝ-ʂʘʨʣʦ ʧʨʠ ʧʦʤʦʱʠ ʪʦʛʦ ʞʝ ʩʘʤʦʛʦ ʤʝʭʘʥʠʟʤʘ ʤʥʦʛʦʢʨʘʪʥʦʡ
ʚʳʙʦʨʢʠ ʧʦ ʟʥʘʯʠʤʦʩʪʠ, ʯʪʦ ʫʣʫʯʰʘʝʪ ʩʚʦʡʩʪʚʘ ʘʣʛʦʨʠʪʤʘ ʚ ʪʸʤʥʳʭ ʫʯʘʩʪʢʘʭ
ʠʟʦʙʨʘʞʝʥʠʷ.

ʈʘʟʚʠʚʘʷ MLT ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ, ʨʘʙʦʪʘ [24] ʧʨʝʜʣʘʛʘʝʪ ʩʧʝʮʠʬʠʯʝ-
ʩʢʠʝ ʩʪʨʘʪʝʛʠʠ ʧʨʝʜʣʦʞʝʥʠʡ ʧʝʨʝʭʦʜʦʚ (ʥʘʟʳʚʘʝʤʳʭ ʧʝʨʪʫʨʙʘʮʠʷʤʠ) ʜʣʷ ʟʝʨ-
ʢʘʣʴʥʳʭ ʦʪʨʘʞʝʥʠʡ, ʘ ʨʘʙʦʪʘ [25]ð ʜʣʷ ʛʣʷʥʮʝʚʳʭ (glossy) ʧʦʚʝʨʭʥʦʩʪʝʡ. ʅʘʠ-
ʙʦʣʝʝ ʩʫʱʝʩʪʚʝʥʥʳʤ ʥʝʜʦʩʪʘʪʢʦʤ MLT ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ ʷʚʣʷʝʪʩʷ ʪʦ, ʯʪʦ
ʧʦʜ ʢʘʞʜʳʡ ʬʝʥʦʤʝʥ ʦʩʚʝʱʸʥʥʦʩʪʠ ʥʝʦʙʭʦʜʠʤʦ ʥʝ ʪʦʣʴʢʦ ʪʱʘʪʝʣʴʥʦ ʧʨʦʝʢʪʠ-
ʨʦʚʘʪʴ ʩʧʝʮʠʬʠʯʝʩʢʠʝ ʩʪʨʘʪʝʛʠʠ ʧʝʨʪʫʨʙʘʮʠʡ, ʥʦ ʠ ʫʤʝʪʴ ʚʳʯʠʩʣʷʪʴ ʧʣʦʪʥʦʩʪʠ
ʚʝʨʦʷʪʥʦʩʪʠ ʧʝʨʝʭʦʜʦʚð T (x! y); T (x y) ʜʣʷ ʧʨʘʚʠʣʘ ʄʝʪʨʦʧʦʣʠʩʘ (ʬʦʨ-
ʤʫʣʘ 2):

a(x! y) =
f(y)T (x y)

f(x)T (x! y)
: (2)

ʉʦʚʨʝʤʝʥʥʳʝ ʩʠʩʪʝʤʳ ʩʠʥʪʝʟʘ ʨʝʘʣʠʩʪʠʯʥʳʭ ʠʟʦʙʨʘʞʝʥʠʡ ʩʦʜʝʨʞʘʪ ʜʝ-
ʩʷʪʢʠ ʨʘʟʣʠʯʥʳʭ ʪʠʧʦʚ ʤʘʪʝʨʠʘʣʦʚ ʠ ʠʩʪʦʯʥʠʢʦʚ ʦʩʚʝʱʝʥʠʷ, ʯʪʦ ʧʨʠʚʦʜʠʪ ʢ
ʩʦʪʥʷʤ ʚʩʝʚʦʟʤʦʞʥʳʭ ʪʠʧʦʚ ʚʟʘʠʤʦʜʝʡʩʪʚʠʡ (ʬʝʥʦʤʝʥʘʤ ʦʩʚʝʱʸʥʥʦʩʪʠ). ʕʪʦ
ʯʨʝʟʚʳʯʘʡʥʦ ʫʩʣʦʞʥʷʝʪ ʧʨʦʮʝʩʩ ʨʘʟʨʘʙʦʪʢʠ ʚʳʰʝʫʧʦʤʷʥʫʪʳʭ ʩʪʨʘʪʝʛʠʡ ʠ ʧʨʦ-
ʮʝʩʩ ʚʳʯʠʩʣʝʥʠʷ ʧʣʦʪʥʦʩʪʝʡ ʚʝʨʦʷʪʥʦʩʪʠ T (x ! y) ʠ T (x  y), ʧʦʵʪʦʤʫ
MLT ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ ʧʨʘʢʪʠʯʝʩʢʠ ʥʝ ʧʨʠʤʝʥʷʝʪʩʷ ʥʘ ʧʨʘʢʪʠʢʝ, ʘ ʠʩʧʦʣʴ-
ʟʫʝʪʩʷ ʚ ʦʩʥʦʚʥʦʤ ʚ ʠʩʩʣʝʜʦʚʘʪʝʣʴʩʢʠʭ ʠ ʜʝʤʦʥʩʪʨʘʮʠʦʥʥʳʭ ʧʨʠʣʦʞʝʥʠʷʭ. ɺ
PSSMLT, ʩ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʧʨʷʤʘʷ ʠ ʦʙʨʘʪʥʘʷ ʚʝʨʦʷʪʥʦʩʪʠ (ʚʝʨʥʝʝ, ʧʣʦʪʥʦʩʪʠ
ʚʝʨʦʷʪʥʦʩʪʠ) ʦʜʠʥʘʢʦʚʳ. ʀʟ ʵʪʦʛʦ ʩʣʝʜʫʝʪ, ʯʪʦ T (x! y) ʠ T (x y) ʚ ʬʦʨʤʫʣʝ
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2 ʩʦʢʨʘʱʘʶʪʩʷ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʭ ʥʝ ʥʫʞʥʦ ʚʳʯʠʩʣʷʪʴ.
ɸʣʛʦʨʠʪʤMultiplexed Metropolis Light Transport (MMLT) [27] ʷʚʣʷʝʪʩʷ

ʩʣʝʜʫʶʱʠʤ ʰʘʛʦʤ ʥʘ ʧʫʪʠ ʨʘʟʚʠʪʠʷ MLT ʠʤʝʥʥʦ ʚ ʧʝʨʚʠʯʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ
ʧʫʪʝʡ (ʪ. ʝ. PSSMLT). ɺ ʨʘʙʦʪʝ [27] ʙʳʣʦ ʟʘʤʝʯʝʥʦ, ʯʪʦ ʤʥʦʛʦʢʨʘʪʥʘʷ ʚʳʙʦʨʢʘ
ʧʦ ʟʥʘʯʠʤʦʩʪʠ ʠ ʘʣʛʦʨʠʪʤ ʄʝʪʨʦʧʦʣʠʩʘ ʚ ʥʝʢʦʪʦʨʦʡ ʩʪʝʧʝʥʠ ʚʩʸ ʞʝ ʢʦʥʢʫʨʠ-
ʨʫʶʪ ʜʨʫʛ ʩ ʜʨʫʛʦʤ, ʦʩʦʙʝʥʥʦ ʝʩʣʠ ʠʩʧʦʣʴʟʫʝʪʩʷ ʜʚʫʥʘʧʨʘʚʣʝʥʥʘʷ ʪʨʘʩʩʠʨʦʚʢʘ:
MLT ʫʚʝʣʠʯʠʚʘʝʪ ʯʠʩʣʦ ʧʫʪʝʡ ʚ BPT, ʛʜʝ ʩʫʱʝʩʪʚʝʥʝʥ ʚʢʣʘʜ ʪʦʣʴʢʦ ʦʪ ʦʜʥʦʡ
ʩʪʨʘʪʝʛʠʠ, ʘ ʦʩʪʘʣʴʥʳʝ ʟʘʥʫʣʷʶʪʩʷ MIS-ʚʝʩʦʤ. ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʢʦʤʙʠʥʠʨʦʚʘʪʴ
ʘʣʛʦʨʠʪʤ ʄʝʪʨʦʧʦʣʠʩʘ ʠ ʤʥʦʛʦʢʨʘʪʥʫʶ ʚʳʙʦʨʢʫ ʧʦ ʟʥʘʯʠʤʦʩʪʠ ʙʦʣʝʝ ʵʬʬʝʢ-
ʪʠʚʥʦ, ʚ [27] ʙʳʣʦ ʧʨʝʜʣʦʞʝʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʤʘʨʢʦʚʩʢʫʶ ʮʝʧʴ ʚ ʪʦʤ ʯʠʩʣʝ ʠ ʜʣʷ
ʚʳʙʦʨʘ ʩʧʦʩʦʙʘ ʧʦʩʪʨʦʝʥʠʷ ʧʫʪʠ ʚ BPT. ɹʣʘʛʦʜʘʨʷ ʵʪʦʤʫ ʘʣʛʦʨʠʪʤʄʝʪʨʦʧʦʣʠ-
ʩʘ ʘʚʪʦʤʘʪʠʯʝʩʢʠ ʧʝʨʝʨʘʩʧʨʝʜʝʣʷʝʪ ʚʳʯʠʩʣʠʪʝʣʴʥʳʝ ʨʝʩʫʨʩʳ ʪʘʢʠʤ ʦʙʨʘʟʦʤ,
ʯʪʦ ʤʘʣʦʟʥʘʯʠʤʳʝ ʩʪʨʘʪʝʛʠʠ ʠ ʩʦʝʜʠʥʝʥʠʷ ʚ BPT ʩʯʠʪʘʶʪʩʷ ʨʝʜʢʦ. ʇʨʠʯʸʤ ʵʪʦ
ʧʨʦʠʩʭʦʜʠʪ ʚ ʪʦʤ ʯʠʩʣʝ ʠ ʩ ʫʯʸʪʦʤ ʬʫʥʢʮʠʠ ʚʠʜʠʤʦʩʪʠ, ʪ. ʢ. ʘʣʛʦʨʠʪʤ ʄʝʪ-
ʨʦʧʦʣʠʩʘ ʩʪʨʦʠʪ ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦ ʠʪʦʛʦʚʦʤʫ ʦʪʚʝʪʫ. ʅʘ ʩʝʛʦ-
ʜʥʷʰʥʠʡ ʜʝʥʴ MMLT ʤʦʞʥʦ ʩʯʠʪʘʪʴ ʦʜʥʠʤ ʠʟ ʥʘʠʙʦʣʝʝ ʵʬʬʝʢʪʠʚʥʳʭ ʠ ʧʨʦ-
ʛʨʝʩʩʠʚʥʳʭ ʘʣʛʦʨʠʪʤʦʚ ʜʣʷ ʨʘʩʯʸʪʘ ʦʩʚʝʱʸʥʥʦʩʪʠ ʥʘ ʦʩʥʦʚʝ ʮʝʧʝʡ ʄʘʨʢʦʚʘ. ɺ
ʦʪʣʠʯʠʝ ʦʪ ʙʦʣʝʝ ʥʦʚʳʭ ʘʣʛʦʨʠʪʤʦʚ, ʦ ʢʦʪʦʨʳʭ ʧʦʡʜʸʪ ʨʝʯʴ ʜʘʣʝʝ, MMLT (ʢʘʢ
ʠ PSSMLT) ʥʝ ʠʩʧʦʣʴʟʫʝʪ ʥʠʢʘʢʦʡ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʠʥʬʦʨʤʘʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ
ʬʫʥʢʮʠʠ ʦʩʚʝʱʝʥʠʷ (ʢʘʢ ʵʪʦ ʜʝʣʘʝʪ, ʥʘʧʨʠʤʝʨ, ʤʝʪʦʜ [28]) ʠ ʥʝ ʪʨʝʙʫʝʪ ʨʝʘʣʠʟʘ-
ʮʠʠ ʩʧʝʮʠʘʣʴʥʳʭ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʦʧʝʨʘʮʠʡ (ʢʘʢ ʵʪʦ ʜʝʣʘʶʪ ʤʝʪʦʜʳ [31ï33]).

ɸʣʛʦʨʠʪʤ ʠʟ ʨʘʙʦʪʳ [28] (ʥʘʟʳʚʘʝʤʳʡ Hessian-Hamiltonian Monte Carlo,
HHMC) ʧʨʝʜʣʘʛʘʝʪ ʠʩʧʦʣʴʟʦʚʘʥʠʝ MCMC ʩ ʛʘʤʠʣʴʪʦʥʦʚʦʡ ʤʝʭʘʥʠʢʦʡ (HMC)
[29] ʜʣʷ ʛʝʥʝʨʘʮʠʠ ʘʥʠʟʦʪʨʦʧʥʦʛʦ ʧʨʝʜʣʦʞʝʥʠʷ ʧʝʨʝʭʦʜʘ. ʇʦ ʩʨʘʚʥʝʥʠʶ ʩMMLT,
ʤʝʪʦʜ ʠʟ ʨʘʙʦʪʳ [28] ʧʨʦʠʟʚʦʜʠʪ ʙʦʣʝʝ ʨʘʚʥʦʤʝʨʥʳʡ ʰʫʤ ʠ ʜʘʸʪ ʙʦʣʴʰʫʶ ʪʦʯ-
ʥʦʩʪʴ ʟʘ ʩʯʸʪ ʘʥʠʟʦʪʨʦʧʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʜʣʷ ʧʨʝʜʣʦʞʝʥʠʷ ʧʝʨʝʭʦʜʘ. ʆʜʥʘʢʦ
HHMC ʪʨʝʙʫʝʪ ʚʳʯʠʩʣʝʥʠʷ ʣʦʢʘʣʴʥʦʡ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʮʝʣʝʚʦʡ ʬʫʥʢʮʠʠ ʦʩʚʝ-
ʱʸʥʥʦʩʪʠ (ʪ. ʢ. ʩʘʤʘ ʬʫʥʢʮʠʷ ʥʝʠʟʚʝʩʪʥʘ). ɼʣʷ ʵʪʦʛʦ ʚ ʨʘʙʦʪʝ [28] ʩʪʨʦʠʪʩʷ
ʢʚʘʜʨʘʪʠʯʥʘʷ ʘʧʧʨʦʢʩʠʤʘʮʠʷ ʮʝʣʝʚʦʡ ʬʫʥʢʮʠʠ ʦʩʚʝʱʸʥʥʦʩʪʠ ʥʘ ʦʩʥʦʚʝ ʧʝʨ-
ʚʳʭ ʠ ʚʪʦʨʳʭ ʧʨʦʠʟʚʦʜʥʳʭ, ʜʣʷ ʢʦʪʦʨʦʡ ʯʠʩʣʝʥʥʦʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʡ ɻʘʤʠʣʴ-
ʪʦʥʘ ʤʦʞʝʪ ʙʳʪʴ ʟʘʤʝʥʝʥʦ ʥʘ ʣʠʥʝʡʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʧʨʠ ʧʦʤʦʱʠ ʪ. ʥ. ɻʝʩ-
ʩʠʘʥʘ. ʇʨʠʯʸʤ ʜʣʷ ʵʬʬʝʢʪʠʚʥʦʛʦ ʚʳʯʠʩʣʝʥʠʷ ʧʨʦʠʟʚʦʜʥʳʭ ʙʳʣʘ ʠʩʧʦʣʴʟʦʚʘ-
ʥʘ ʘʚʪʦʤʘʪʠʯʝʩʢʘʷ ʛʝʥʝʨʘʮʠʷ ʢʦʜʘ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʧʨʦʠʟʚʦʜʥʳʭ [30]. ʇʦʩʣʝʜ-
ʥʠʡ ʤʦʤʝʥʪ ʦʛʨʘʥʠʯʠʚʘʝʪ ʧʨʠʤʝʥʝʥʠʝ ʜʘʥʥʦʛʦ ʤʝʪʦʜʘ ʥʘ ʧʨʘʢʪʠʢʝ, ʪ. ʢ. ʪʨʝ-
ʙʫʝʪ ʚʥʝʩʝʥʠʷ ʟʥʘʯʠʪʝʣʴʥʳʭ ʠʟʤʝʥʝʥʠʡ ʚ ʩʫʱʝʩʪʚʫʶʱʠʝ ʨʝʥʜʝʨ-ʩʠʩʪʝʤʳ ð
ʚʝʩʴ ʢʦʜ ʚʳʯʠʩʣʝʥʠʷ ʚʢʣʘʜʘ ʧʫʪʠ ʜʦʣʞʝʥ ʙʳʪʴ ʨʝʘʣʠʟʦʚʘʥ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ
ʩʧʝʮʠʘʣʴʥʦʛʦ ʪʠʧʘ ʜʘʥʥʳʭ, ʟʘʤʝʱʘʶʱʝʛʦ ʧʣʘʚʘʶʱʫʶ ʪʦʯʢʫ [30]. ɺ ʯʘʩʪʥʦʩʪʠ,
ʚ ʨʘʙʦʪʝ [28] ʦʪʤʝʯʘʶʪʩʷ ʩʣʫʯʘʠ, ʢʦʛʜʘ ʤʝʪʦʜʳ ʘʚʪʦʤʘʪʠʯʝʩʢʦʛʦ ʜʠʬʬʝʨʝʥʮʠ-
ʨʦʚʘʥʠʷ ʥʝ ʙʫʜʫʪ ʢʦʨʨʝʢʪʥʦ ʨʘʙʦʪʘʪʴ, ð ʧʨʠ ʥʘʣʠʯʠʠ ʚʳʩʦʢʦʯʘʩʪʦʪʥʳʭ ʢʘʨʪ
ʥʦʨʤʘʣʝʡ ʠʣʠ ʢʘʨʪ ʩʤʝʱʝʥʠʷ (ʠʤʠʪʘʮʠʷ ʤʠʢʨʦʨʝʣʴʝʬʘ ʧʦʚʝʨʭʥʦʩʪʠ). ɺ ʟʘʚʝʨ-
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ʰʝʥʠʝ ʦʙʟʦʨʘ ʨʘʙʦʪʳ [28] ʩʣʝʜʫʝʪ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʚ ʥʘʩʪʦʷʱʠʡ ʤʦʤʝʥʪ HHMC
ðʝʜʠʥʩʪʚʝʥʥʳʡ ʦʙʱʠʡ (ʪ. ʝ. ʥʝ ʠʩʧʦʣʴʟʫʶʱʠʡ ʩʧʝʮʠʘʣʠʟʠʨʦʚʘʥʥʳʝ ʩʪʨʘʪʝʛʠʠ
ʧʨʝʜʣʦʞʝʥʠʡ ʧʝʨʝʭʦʜʘ ʜʣʷ ʦʪʜʝʣʴʥʳʭ ʬʝʥʦʤʝʥʦʚ ʦʩʚʝʱʸʥʥʦʩʪʠ) ʤʝʪʦʜ ʠʥʪʝ-
ʛʨʠʨʦʚʘʥʠʷ ʦʩʚʝʱʸʥʥʦʩʪʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ (path space) ʧʦ ʩʭʝʤʝ ʤʘʨʢʦʚ-
ʩʢʠʭ ʮʝʧʝʡ.

ʈʘʙʦʪʳ [31ï33] ʧʦʩʚʷʱʝʥʳ ʧʦʩʪʨʦʝʥʠʶ ʛʠʙʨʠʜʥʦʛʦ ʧʦʜʭʦʜʘ, ʩʦʯʝʪʘʶʱʝ-
ʛʦ ʚ ʩʝʙʝ ʩʠʣʴʥʳʝ ʩʪʦʨʦʥʳMLT ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ (path sace) ʠ ʚ ʧʝʨʚʠʯʥʦʤ
ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ (Primary Sample Space, PSS). ʆʩʥʦʚʥʘʷ ʠʜʝʷ ʜʘʥʥʦʛʦ ʧʦʜ-
ʭʦʜʘ ʚ ʪʦʤ, ʯʪʦʙʳ ʩʜʝʣʘʪʴ ʧʝʨʝʭʦʜ ʤʝʞʜʫ ʫʧʦʤʷʥʫʪʳʤʠ ʧʨʦʩʪʨʘʥʩʪʚʘʤʠ ʦʙʨʘ-
ʪʠʤʳʤ. ʆʜʥʘʢʦ ʜʣʷ ʵʪʦʛʦ ʥʝʦʙʭʦʜʠʤʦ ʫʤʝʪʴ ʥʝ ʪʦʣʴʢʦ ʛʝʥʝʨʠʨʦʚʘʪʴ ʧʦ ʚʝʢʪʦʨʫ
ʩʣʫʯʘʡʥʳʭ ʯʠʩʝʣ ʥʝʢʦʪʦʨʳʡ ʩʚʝʪʦʚʦʡ ʧʫʪʴ, ʥʦ ʪʘʢʞʝ ʚʳʧʦʣʥʷʪʴ ʠ ʦʙʨʘʪʥʫʶ
ʦʧʝʨʘʮʠʶ ð ʧʦ ʟʘʜʘʥʥʦʤʫ ʧʫʪʠ ʚ ʩʮʝʥʝ ʧʦʣʫʯʘʪʴ ʚʝʢʪʦʨʳ ʩʣʫʯʘʡʥʳʭ ʯʠʩʝʣ,
ʢʦʪʦʨʳʤʠ ʜʘʥʥʳʡ ʧʫʪʴ ʤʦʛ ʙʳʪʴ ʩʛʝʥʝʨʠʨʦʚʘʥ (ʥʘ ʩʘʤʦʤ ʜʝʣʝ ʪʘʢʠʭ ʚʝʢʪʦʨʦʚ
ʥʝʩʢʦʣʴʢʦð ʨʦʚʥʦ ʩʪʦʣʴʢʦ, ʩʢʦʣʴʢʦ ʩʫʱʝʩʪʚʫʝʪ ʩʪʨʘʪʝʛʠʡ ʩʵʤʧʣʠʨʦʚʘʥʠʷ ʜʘʥ-
ʥʦʛʦ ʧʫʪʠ ʚ BPT). ʇʦʩʣʝʜʥʝʝ ʷʚʣʷʝʪʩʷ ʥʝʜʦʩʪʘʪʢʦʤ ʜʘʥʥʳʭ ʤʝʪʦʜʦʚ, ʪ. ʢ. ʩʠʣʴʥʦ
ʦʛʨʘʥʠʯʠʚʘʝʪ ʠ ʫʩʣʦʞʥʷʝʪ ʨʝʘʣʠʟʘʮʠʶ ʨʝʥʜʝʨ-ʩʠʩʪʝʤʳ, ʧʦʩʢʦʣʴʢʫ ʜʣʷ ʢʘʞʜʦʛʦ
ʩʣʫʯʘʡʥʦʛʦ ʩʦʙʳʪʠʷ ʚ ʩʠʩʪʝʤʝ ʪʝʧʝʨʴ ʜʦʣʞʝʥ ʙʳʪʴ ʧʦʩʪʨʦʝʥ ʥʝ ʪʦʣʴʢʦ ʧʨʷʤʦʡ,
ʥʦ ʠ ʦʙʨʘʪʥʳʡ ʧʝʨʝʭʦʜ. ʇʨʠ ʵʪʦʤ ʠʪʦʛʦʚʦʝ ʫʣʫʯʰʝʥʠʝ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʘʣʛʦʨʠʪ-
ʤʦʤMMLT ʚʦ ʚʩʝʭ ʪʨʸʭ ʨʘʙʦʪʘʭ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʙʦʣʴʰʦʝðʠ ʚ ʙʦʣʴʰʝʡ ʩʪʝʧʝ-
ʥʠ ʢʘʩʘʝʪʩʷ ʫʣʫʯʰʝʥʠʷ ʚʠʟʫʘʣʴʥʦʛʦ ʚʦʩʧʨʠʷʪʠʷ ʠʟʦʙʨʘʞʝʥʠʷ ʟʘ ʩʯʸʪ ʥʝʩʢʦʣʴʢʦ
ʙʦʣʝʝ ʨʘʚʥʦʤʝʨʥʦʛʦ ʰʫʤʘ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ MMLT.

Metropolis Light Transport ʦʙʳʯʥʦ ʩʪʨʦʠʪ ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʧʨʦʧʦʨʮʠʦʥʘʣʴ-
ʥʦ ʥʝʢʦʪʦʨʦʡ ʮʝʣʝʚʦʡ ʬʫʥʢʮʠʠ ʦʩʚʝʱʝʥʠʷ, ʢʦʪʦʨʘʷ ʠʤʝʝʪ ʣʠʥʝʡʥʫʶ ʟʘʚʠʩʠ-
ʤʦʩʪʴ ʩ ʠʟʦʙʨʘʞʝʥʠʝʤ. ʅʘʧʨʠʤʝʨ, ʵʪʦ ʤʦʞʝʪ ʙʳʪʴ ʷʨʢʦʩʪʴ ʢʘʢ ʚʟʚʝʰʝʥʥʦʝ ʩʨʝʜ-
ʥʝʝ ʧʦ ʢʨʘʩʥʦʤʫ, ʟʝʣʸʥʦʤʫ ʠ ʩʠʥʝʤʫ ʢʘʥʘʣʘʤ. ɺ ʨʘʙʦʪʘʭ [34, 35] ʵʪʘ ʠʜʝʷ ʙʳʣʘ
ʨʘʩʰʠʨʝʥʘ ʥʘ ʥʝʣʠʥʝʡʥʫʶ ʟʘʚʠʩʠʤʦʩʪʴ ʤʝʞʜʫ ʠʟʦʙʨʘʞʝʥʠʝʤ ʠ ʮʝʣʝʚʦʡ ʬʫʥʢ-
ʮʠʝʡ. ʊʘʢ, ʚ [34] (Gradient Domain MLT, GDMLT) ʩʵʤʧʣʠʨʦʚʘʥʠʝ ʧʨʦʠʟʚʦʜʠ-
ʣʦʩʴ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦ ʛʨʘʜʠʝʥʪʘʤ ʠʟʦʙʨʘʞʝʥʠʷ, ʘ ʩʘʤʦ ʠʟʦʙʨʘʞʝʥʠʝ ʨʝʢʦʥ-
ʩʪʨʫʠʨʦʚʘʣʦʩʴ ʧʨʠ ʧʦʤʦʱʠ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ ʇʫʘʩʩʦʥʘ, ʘ ʚ ʨʘʙʦʪʝ [35] ʠʩ-
ʧʦʣʴʟʦʚʘʣʦʩʴ ʥʝʩʢʦʣʴʢʦ ʨʘʟʣʠʯʥʳʭ ʮʝʣʝʚʳʭ ʬʫʥʢʮʠʡ. ɺ ʪʦʤ ʯʠʩʣʝ ʚ [35] ʠʩʩʣʝ-
ʜʦʚʘʣʘʩʴ ʚʦʟʤʦʞʥʦʩʪʴ ʩʵʤʧʣʠʨʦʚʘʥʠʷ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦ ʰʫʤʫ ʚ ʠʟʦʙʨʘʞʝʥʠʠ
(Noise Aware MLT). ɼʣʷ ʵʪʦʛʦ ʚ [35] ʧʨʝʜʣʘʛʘʝʪʩʷ ʩʧʝʮʠʘʣʴʥʳʡ ʤʝʪʦʜ ʦʮʝʥʢʠ
ʜʠʩʧʝʨʩʠʠ ʠʥʪʝʛʨʘʣʘ ʦʩʚʝʱʸʥʥʦʩʪʠ ʜʣʷMCMC ʠ ʩʪʨʦʠʪʩʷ ʧʦʧʠʢʩʝʣʴʥʘʷ ʬʫʥʢ-
ʮʠʷ ʰʫʤʘ, ʢʦʪʦʨʘʷ ʟʘʪʝʤ ʠʩʧʦʣʴʟʫʝʪʩʷ ʢʘʢ ʜʦʧʦʣʥʠʪʝʣʴʥʘʷ ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦ-
ʩʪʠ. ʄʝʪʦʜ ʠʟ ʨʘʙʦʪʳ [35] ʫʣʫʯʰʘʝʪ ʚʠʟʫʘʣʴʥʦʝ ʚʦʩʧʨʠʷʪʠʝ, ʥʦ ʩʥʠʞʘʝʪ ʪʦʯ-
ʥʦʩʪʴ, ʯʪʦ ʷʚʣʷʝʪʩʷ ʝʛʦ ʦʩʥʦʚʥʳʤ ʥʝʜʦʩʪʘʪʢʦʤ. ʏʪʦ ʢʘʩʘʝʪʩʷ ʨʘʙʦʪʳ [34], ʪʦ ʝʸ
ʦʩʥʦʚʥʦʡ ʥʝʜʦʩʪʘʪʦʢ ʚ ʪʦʤ, ʯʪʦ ʜʣʷ ʭʨʘʥʝʥʠʷ ʛʨʘʜʠʝʥʪʦʚ ʪʨʝʙʫʶʪʩʷ ʜʚʘ ʚʩʧʦ-
ʤʦʛʘʪʝʣʴʥʳʭ ʠʟʦʙʨʘʞʝʥʠʷ, ʯʪʦ ʧʨʠ ʙʦʣʴʰʠʭ ʨʘʟʨʝʰʝʥʠʷʭ (ʚ ʠʥʜʫʩʪʨʠʠ ʥʦʨʤʦʡ
ʷʚʣʷʶʪʩʷ ʠʟʦʙʨʘʞʝʥʠʷ ʨʘʟʤʝʨʦʤ 4000 x 2000 ʪʦʯʝʢ) ʪʨʝʙʫʝʪ ʩʫʱʝʩʪʚʝʥʥʦʛʦ ʜʦ-
ʧʦʣʥʠʪʝʣʴʥʦʛʦ ʦʙʲʝʤʘ ʧʘʤʷʪʠ. ʂʨʦʤʝ ʪʦʛʦ, ʚ [27] ʦʪʤʝʯʘʝʪʩʷ, ʯʪʦ ʧʨʠ ʩʦʚʤʝʱʝ-
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ʥʠʠ GDMLT ʠ MMLT ʧʨʦʠʟʚʦʜʠʪʝʣʴʥʦʩʪʴ ʪʘʢʦʛʦ ʨʝʰʝʥʠʷ ʙʫʜʝʪ ʥʝʦʧʪʠʤʘʣʴ-
ʥʦʡ, ʭʦʪʷ ʢʦʥʢʨʝʪʥʳʝ ʦʮʝʥʢʠ ʥʝ ʧʨʠʚʦʜʷʪʩʷ.

ʇʦʤʠʤʦ ʨʘʩʩʤʦʪʨʝʥʥʳʭ ʤʝʪʦʜʦʚ ʥʘ ʦʩʥʦʚʝ ʘʣʛʦʨʠʪʤʦʚ ʄʝʪʨʦʧʦʣʠʩʘ,
ʄʝʪʨʦʧʦʣʠʩʘïɻʘʩʪʠʥʛʩʘ ʠ ʄʦʥʪʝ-ʂʘʨʣʦ ʩ ʛʘʤʠʣʴʪʦʥʦʚʦʡ ʤʝʭʘʥʠʢʦʡ (HMC),
ʩʫʱʝʩʪʚʫʝʪ ʢʘʢ ʤʠʥʠʤʫʤ ʝʱʸ ʦʜʠʥ ʧʦʧʫʣʷʨʥʳʡ ʢʣʘʩʩ MCMC ʤʝʪʦʜʦʚ ʜʣʷ ʨʝʥ-
ʜʝʨʠʥʛʘðʤʝʪʦʜʳ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʨʘʩʧʨʝʜʝʣʝʥʠʠ ʵʥʝʨʛʠʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʟʦʙ-
ʨʘʞʝʥʠʷ ʧʨʠ ʧʦʤʦʱʠ ʢʦʨʦʪʢʠʭ ʮʝʧʝʡ ʠ ʬʠʣʴʪʨʘʮʠʠ [36,37]. ʀʭ ʧʨʝʠʤʫʱʝʩʪʚʦ
ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʙʦʣʴʰʝʡ ʠʥʪʝʨʘʢʪʠʚʥʦʩʪʠ (ʪ. ʝ. ʚ ʥʘʯʘʣʝ ʨʘʩʯʸʪʘ ʠʟʦʙʨʘʞʝʥʠʝ
ʚʳʛʣʷʜʠʪ ʙʦʣʝʝ ʧʨʘʚʠʣʴʥʦ) ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʨʘʩʩʤʦʪʨʝʥʥʳʤʠ ʚʳʰʝ ʘʣʛʦʨʠʪʤʘ-
ʤʠ, ʦʜʥʘʢʦ ʩʨʝʜʠ ʥʝʜʦʩʪʘʪʢʦʚ, ʢʘʢ ʧʨʘʚʠʣʦ, ʤʝʥʴʰʘʷ ʪʦʯʥʦʩʪʴ ʚ ʧʨʝʜʝʣʝ.

ɺ ʨʘʙʦʪʝ [38] ʠʩʩʣʝʜʦʚʘʣʘʩʴ ʚʦʟʤʦʞʥʦʩʪʴ ʦʙʲʝʜʠʥʝʥʠʷ ʘʣʛʦʨʠʪʤʦʚMLT ʠ
SPMM ʧʨʠ ʧʦʤʦʱʠ ʚʝʩʦʚʦʡ ʬʫʥʢʮʠʠ, ʧʦʩʪʨʦʝʥʥʦʡ ʥʘ ʦʩʥʦʚʝ ʤʘʰʠʥʥʦʛʦ ʦʙʫ-
ʯʝʥʠʷ. ɸʣʛʦʨʠʪʤʳ ʤʘʰʠʥʥʦʛʦ ʦʙʫʯʝʥʠʷ ʪʨʝʥʠʨʦʚʘʣʠʩʴ ʦʧʨʝʜʝʣʷʪʴ ʧʦ ʛʨʘʤ-
ʤʘʪʠʢʝ ʧʫʪʝʡ, ʢʘʢʠʝ ʬʝʥʦʤʝʥʳ ʦʩʚʝʱʸʥʥʦʩʪʠ ʣʫʯʰʝ ʩʯʠʪʘʶʪʩʷ ʧʨʠ ʧʦʤʦʱʠ
SPPM, ʘ ʢʘʢʠʝ ʧʨʠ ʧʦʤʦʱʠ MLT. ʆʜʥʘʢʦ ʢʘʨʜʠʥʘʣʴʥʦʛʦ ʫʣʫʯʰʝʥʠʷ ʚ ʪʦʯʥʦʩʪʠ
ʠʣʠ ʚʠʟʫʘʣʴʥʦʤ ʚʦʩʧʨʠʷʪʠʠ ʥʝ ʙʳʣʦ ʜʦʩʪʠʛʥʫʪʦ, ʧʨʠʪʦʤ ʯʪʦ ʚʳʙʦʨ ʘʣʛʦʨʠʪʤʦʚ
ʜʣʷ ʦʙʲʝʜʠʥʝʥʠʷ ʙʳʣ ʩʜʝʣʘʥ ʥʝʤʥʦʛʦ ʩʪʨʘʥʥʳʡ: ʠ SPPM ʠ MLT ʭʦʨʦʰʦ ʩʯʠʪʘ-
ʶʪ ʦʜʥʠ ʠ ʪʝ ʞʝ ʬʝʥʦʤʝʥʳ ʦʩʚʝʱʸʥʥʦʩʪʠ. ʆʩʥʦʚʥʦʡ ʞʝ ʥʝʜʦʩʪʘʪʦʢ ʨʘʙʦʪʳ ʟʘ-
ʢʣʶʯʘʝʪʩʷ ʚ ʦʪʩʫʪʩʪʚʠʠ ʛʘʨʘʥʪʠʠ ʪʦʛʦ, ʯʪʦ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʮʝʥʳ ʦʙʫʯʝʥʥʳʡ
ʘʣʛʦʨʠʪʤ ʚʳʜʘʩʪ ʙʣʠʟʢʠʝ ʢ ʦʧʪʠʤʘʣʴʥʳʤ ʚʝʩʘ ʩʤʝʰʝʥʠʷ.

2.3. ɸʥʘʣʠʟ ʠʟʦʙʨʘʞʝʥʠʡʠʰʫʤʦʧʦʜʘʚʣʝʥʠʝ ʚ ʨʝʥʜʝʨʠʥʛʝ ɺʧʦʩʣʝʜʥʝʝ ʚʨʝ-
ʤʷ ʦʛʨʦʤʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʨʘʙʦʪ ʙʳʣʦ ʥʘʧʨʘʚʣʝʥʦ ʥʘ ʫʩʪʨʘʥʝʥʠʝ ʰʫʤʘ ʜʣʷ ʠʟʦʙ-
ʨʘʞʝʥʠʡ, ʧʦʣʫʯʘʝʤʳʭ ʄʦʥʪʝ-ʂʘʨʣʦ-ʪʨʘʩʩʠʨʦʚʢʦʡ, ʧʦʨʦʜʠʚ ʮʝʣʫʶ ʦʙʣʘʩʪʴ ʠʩ-
ʩʣʝʜʦʚʘʥʠʡ, ʥʘʟʳʚʘʝʤʫʶ Sampling and Reconstruction. ʅʘʠʙʦʣʝʝ ʧʦʣʥʳʡ ʦʙʟʦʨ
ʤʦʞʥʦ ʥʘʡʪʠ ʚ [39]. ʆʩʪʘʥʦʚʠʤʩʷ ʥʘ ʥʝʢʦʪʦʨʳʭ ʨʘʙʦʪʘʭ, ʠʜʝʠ ʢʦʪʦʨʳʭ ʚ ʪʦʡ
ʠʣʠ ʠʥʦʡ ʤʝʨʝ ʢʦʨʨʝʣʠʨʫʶʪ ʩ ʜʘʥʥʦʡ ʩʪʘʪʴʸʡ. ʉʣʝʜʫʷ ʢʣʘʩʩʠʬʠʢʘʮʠʠ ʠʟ [39],
ʚʩʝ ʤʝʪʦʜʳ ʦʙʣʘʩʪʠ Sampling and Reconstruction ʜʝʣʷʪʩʷ ʥʘ ʘʧʨʠʦʨʥʳʝ ʠ ʘʧʦ-
ʩʪʝʨʠʦʨʥʳʝ. ɸʧʨʠʦʨʥʳʝ ʤʝʪʦʜʳ ʩʪʨʦʷʪ ʘʜʘʧʪʠʚʥʳʝ ʩʪʨʘʪʝʛʠʠ ʩʵʤʧʣʠʨʦʚʘʥʠʷ,
ʧʦʤʝʱʘʷ ʙʦʣʴʰʝ ʩʵʤʧʣʦʚ ʚ ʙʦʣʝʝ ʩʣʦʞʥʳʝ ʦʙʣʘʩʪʠ ʠʟʦʙʨʘʞʝʥʠʷ. ɸʧʦʩʪʝʨʠʦʨ-
ʥʳʝ ʞʝ ʤʝʪʦʜʳ ʫʜʘʣʷʶʪ ʰʫʤ, ʨʘʙʦʪʘʷ ʥʘ ʚʳʭʦʜʝ ʨʝʥʜʝʨ-ʩʠʩʪʝʤʳ, ʠ ʥʝ ʚʣʠʷʶʪ
ʥʘ ʩʘʤ ʧʨʦʮʝʩʩ ʧʦʩʪʨʦʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʷ (ʨʝʥʜʝʨʠʥʛ).

ɸʧʨʠʦʨʥʳʝ ʤʝʪʦʜʳ. ʉʣʝʜʫʝʪ ʩʢʘʟʘʪʴ, ʯʪʦ, ʥʝʩʤʦʪʨʷ ʥʘ ʜʦʩʪʘʪʦʯʥʦ ʚʳʩʦʢʫʶ
ʩʪʝʧʝʥʴ ʨʘʟʚʠʪʦʩʪʠ, ʙʦʣʴʰʠʥʩʪʚʦ ʘʧʨʠʦʨʥʳʭ ʤʝʪʦʜʦʚ, ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʭ ʚ [39],
ʥʝ ʤʦʛʫʪ ʙʳʪʴ ʠʩʧʦʣʴʟʦʚʘʥʳ ʜʣʷ ʧʦʩʪʨʦʝʥʠʷ ʵʬʬʝʢʪʠʚʥʳʭ ʘʣʛʦʨʠʪʤʦʚ ʨʝʥʜʝ-
ʨʠʥʛʘ. ʇʨʠʯʠʥʘ ʵʪʦʛʦ ʠʩʭʦʜʠʪ ʠʟ ʪʦʛʦ ʬʘʢʪʘ, ʯʪʦ ʦʥʠ ʠʩʧʦʣʴʟʫʶʪ ʦʜʠʥ ʙʘʟʦʚʳʡ
ʘʣʛʦʨʠʪʤ ʨʘʩʯʸʪʘ. ɽʩʣʠ ʵʪʦʪ ʙʘʟʦʚʳʡ ʤʝʪʦʜ ʥʝʵʬʬʝʢʪʠʚʝʥ ʚ ʥʝʢʦʪʦʨʦʡ ʦʙʣʘ-
ʩʪʠ ʠʟʦʙʨʘʞʝʥʠʷ, ʘʧʨʠʦʨʥʳʝ ʤʝʪʦʜʳ ʩʪʘʨʘʶʪʩʷ ʧʦʤʝʱʘʪʴ ʙʦʣʴʰʝ ʚʳʙʦʨʦʢ ʚ
ʵʪʫ ʦʙʣʘʩʪʴ, ʯʪʦʙʳ çʟʘʜʘʚʠʪʴè ʰʫʤ ʢʦʣʠʯʝʩʪʚʦʤ. ʊʘʢʦʡ ʧʦʜʭʦʜ, ʦʯʝʚʠʜʥʦ, ʠʤʝ-
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ʝʪ ʦʧʨʝʜʝʣʸʥʥʳʡ ʥʝʜʦʩʪʘʪʦʢ ð ʧʨʠ ʥʘʣʠʯʠʠ ʪʨʫʜʥʦʚʳʯʠʩʣʠʤʳʭ ʬʝʥʦʤʝʥʦʚ
ʦʩʚʝʱʸʥʥʦʩʪʠ ʘʜʘʧʪʠʚʥʦʝ ʩʵʤʧʣʠʨʦʚʘʥʠʝ ʥʘʯʠʥʘʝʪ ʩʦʩʨʝʜʦʪʘʯʠʚʘʪʴ ʙʦʣʴʰʫʶ
ʯʘʩʪʴ ʚʳʯʠʩʣʠʪʝʣʴʥʳʭ ʨʝʩʫʨʩʦʚ ʚ ʦʙʣʘʩʪʷʭ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʛʜʝ ʨʘʩʯʸʪ ʥʝʵʬʬʝʢ-
ʪʠʚʝʥ. ʇʨʠ ʵʪʦʤ ʩʪʨʘʜʘʝʪ ʢʘʯʝʩʪʚʦ ʚ ʦʩʪʘʣʴʥʳʭ ʫʯʘʩʪʢʘʭ ʠʟʦʙʨʘʞʝʥʠʷ, ʘ ʪʨʫʜ-
ʥʦʚʳʯʠʩʣʠʤʳʝ ʦʙʣʘʩʪʠ ʧʦ-ʧʨʝʞʥʝʤʫ ʦʩʪʘʶʪʩʷ ʰʫʤʥʳʤʠ.

ɽʜʠʥʩʪʚʝʥʥʳʤ ʠʩʢʣʶʯʝʥʠʝʤ (ʩʨʝʜʠ ʘʧʨʠʦʨʥʳʭ ʤʝʪʦʜʦʚ) ʷʚʣʷʝʪʩʷ ʨʘʙʦ-
ʪʘ [41], ʚ ʢʦʪʦʨʦʡ ʘʜʘʧʪʠʚʥʦʝ ʩʵʤʧʣʠʨʦʚʘʥʠʝ ʧʨʦʠʟʚʦʜʠʣʦʩʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ
ʚʳʩʦʢʦʡ ʨʘʟʤʝʨʥʦʩʪʠ, ʯʪʦ ʧʦʟʚʦʣʷʝʪ ʘʜʘʧʪʠʚʥʦ ʩʵʤʧʣʠʨʦʚʘʪʴ ʪʘʢʠʝ ʵʬʬʝʢʪʳ,
ʢʘʢ ʛʣʫʙʠʥʘ ʨʝʟʢʦʩʪʠ, ʨʘʟʤʳʪʠʝ ʚ ʜʚʠʞʝʥʠʠ, ʤʷʛʢʠʝ ʪʝʥʠ, ʦʪʨʘʞʝʥʠʷ ʠ ʜʨ. ʊʝʤ
ʥʝ ʤʝʥʝʝ ʨʘʟʤʝʨʥʦʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ ʚ [41] ʚʩʸ ʞʝ ʦʛʨʘʥʠʯʝʥʘ ʥʝʙʦʣʴʰʦʡ ʚʝ-
ʣʠʯʠʥʦʡ (4Dï5D). ɺ [41] ʦʪʤʝʯʘʝʪʩʷ, ʯʪʦ ʜʣʷ ʙʦʣʝʝ ʚʳʩʦʢʦʡ ʨʘʟʤʝʨʥʦʩʪʠ ʚʦʟ-
ʥʠʢʥʫʪ ʧʨʦʙʣʝʤʳ, ʢʦʪʦʨʳʝ ʝʱʸ ʪʦʣʴʢʦ ʧʨʝʜʩʪʦʠʪ ʨʝʰʠʪʴ. ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ,
ʚ [39] ʛʦʚʦʨʠʪʩʷ, ʯʪʦ ʤʥʦʛʦʤʝʨʥʳʡ ʘʜʘʧʪʠʚʥʳʡ ʧʦʜʭʦʜ ʠʟ ʨʘʙʦʪʳ [41] ʦʙʣʘʜʘʝʪ
ʦʛʨʘʥʠʯʝʥʥʦʡ ʵʬʬʝʢʪʠʚʥʦʩʪʴʶ, ʪ. ʢ. ʦʥ ʘʛʥʦʩʪʠʯʝʩʢʠʡ, ʪ. ʝ. ʥʠʢʘʢ ʥʝ ʧʨʠʚʷ-
ʟʘʥ ʢ ʢʦʥʢʨʝʪʥʳʤ ʵʬʬʝʢʪʘʤ ʠ ʬʝʥʦʤʝʥʘʤ ʦʩʚʝʱʸʥʥʦʩʪʠ. ʏʪʦʙʳ ʧʦʜʚʝʩʪʠ ʠʪʦʛ
ʧʦ ʤʝʪʦʜʘʤ ʘʜʘʧʪʠʚʥʦʛʦ ʩʵʤʧʣʠʨʦʚʘʥʠʷ, ʩʣʝʜʫʝʪ ʩʢʘʟʘʪʴ, ʯʪʦ ʚʩʝ ʫʧʦʤʷʥʫʪʳʝ
ʨʘʥʝʝ MCMC ʤʝʪʦʜʳ ʨʝʰʘʶʪ ʟʘʜʘʯʫ ʘʜʘʧʪʠʚʥʦʛʦ ʩʵʤʧʣʠʨʦʚʘʥʠʷ ʘʚʪʦʤʘʪʠʯʝ-
ʩʢʠ. ʇʨʠʯʸʤ ʜʝʣʘʶʪ ʵʪʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʚʳʩʦʢʦʡ ʨʘʟʤʝʨʥʦʩʪʠ. ɼʘʣʝʝ ʨʘʩʩʤʦʪ-
ʨʠʤ ʘʧʦʩʪʝʨʠʦʨʥʳʝ ʤʝʪʦʜʳ ʬʠʣʴʪʨʘʮʠʠ ʠ ʘʥʘʣʠʟʘ ʰʫʤʘ ʚ ʠʟʦʙʨʘʞʝʥʠʷʭ.

ɸʧʦʩʪʝʨʠʦʨʥʳʝ ʤʝʪʦʜʳ. ɺ ʨʘʙʦʪʝ [40] ʦʩʫʱʝʩʪʚʣʷʣʩʷ ʘʥʘʣʠʟ ʰʫʤʘ ʥʘ ʠʟʦʙ-
ʨʘʞʝʥʠʠ ʥʘ ʦʩʥʦʚʝ ʦʮʝʥʢʠ ʜʠʩʧʝʨʩʠʠ. ɺ ʵʪʫ ʦʮʝʥʢʫ ʜʦʙʘʚʣʷʣʘʩʴ ʦʮʝʥʢʘ ʩʤʝ-
ʱʝʥʠʷ (bias), ʧʦʣʫʯʘʝʤʦʛʦ ʧʨʠ ʧʨʠʤʝʥʝʥʠʠ ʬʠʣʴʪʨʘ ɻʘʫʩʩʘ ʩ ʥʝʢʦʪʦʨʳʤ ʨʘʜʠ-
ʫʩʦʤ, ʧʦʩʣʝ ʯʝʛʦ ʚʳʙʠʨʘʣʩʷ ʦʧʪʠʤʘʣʴʥʳʡ ʨʘʜʠʫʩ ʬʠʣʴʪʨʘ ʜʣʷ ʢʘʞʜʦʛʦ ʧʠʢʩʝ-
ʣʷ ʠʟʦʙʨʘʞʝʥʠʷ. ɸʥʘʣʠʟ ʜʠʩʧʝʨʩʠʠ ʧʨʠʤʝʥʷʣʩʷ ʪʘʢʞʝ ʚʦ ʤʥʦʛʠʭ ʜʨʫʛʠʭ ʨʘʙʦ-
ʪʘʭ [47, 50, 51, 55].

ɹʦʣʴʰʫʶ ʛʨʫʧʧʫʤʝʪʦʜʦʚ ʩʦʩʪʘʚʣʷʶʪ ʪʘʢ ʥʘʟʳʚʘʝʤʳʝ çʥʝʣʦʢʘʣʴʥʳʝè (Non
Local Means, NLM) ʤʝʪʦʜʳ ʬʠʣʴʪʨʘʮʠʠ, ʢʦʪʦʨʳʝ ʦʩʥʦʚʳʚʘʶʪʩʷ ʥʘ ʪʦʤ, ʯʪʦ
ʤʦʞʥʦ ʬʠʣʴʪʨʦʚʘʪʴ ʧʦʭʦʞʠʝ ʙʣʦʢʠ ʚ ʠʟʦʙʨʘʞʝʥʠʠ. ʈʘʙʦʪʳ [43ï49] ʨʘʟʚʠʚʘʶʪ
NLM ʧʨʠ ʧʦʤʦʱʠ ʚʥʝʩʝʥʠʷ ʚ ʘʣʛʦʨʠʪʤ ʚʳʯʠʩʣʝʥʠʷ NLM-ʚʝʩʦʚ ʜʦʧʦʣʥʠʪʝʣʴ-
ʥʦʡ ʠʥʬʦʨʤʘʮʠʠ ʠʟ G-ʙʫʬʝʨʘ [42]ð ʛʣʫʙʠʥʘ, ʥʦʨʤʘʣʠ, ʮʚʝʪ ʤʘʪʝʨʠʘʣʘ ʦʙʲʝʢʪʘ
ʠ ʜʨ. ʉ ʚʳʯʠʩʣʠʪʝʣʴʥʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ ʪʘʢʫʶ ʜʦʧʦʣʥʠʪʝʣʴʥʫʶ ʠʥʬʦʨʤʘʮʠʶ ʧʦ-
ʣʫʯʠʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ ʣʝʛʢʦ. ʇʨʠ ʵʪʦʤ ʦʥʘ ʷʚʣʷʝʪʩʷ ʤʦʱʥʳʤ ʠʥʩʪʨʫʤʝʥʪʦʤ ʚ
ʘʥʘʣʠʟʝ ʠ ʬʠʣʴʪʨʘʮʠʠ ʰʫʤʘ, ʧʨʦʠʟʚʦʜʠʤʦʛʦ ʄʦʥʪʝ-ʂʘʨʣʦ-ʨʝʥʜʝʨʘʤʠ, ʯʪʦ ʠʩ-
ʧʦʣʴʟʫʝʪʩʷ ʚ ʜʘʥʥʦʡ ʨʘʙʦʪʝ.

ɺ ʨʘʙʦʪʘʭ [53] ʙʳʣʘ ʧʨʝʜʩʪʘʚʣʝʥʘ ʤʦʜʝʣʴ, ʘʥʘʣʠʟʠʨʫʶʱʘʷ ʰʫʤ ʚ ʠʟʦʙ-
ʨʘʞʝʥʠʷʭ, ʧʦʣʫʯʝʥʥʳʭ ʤʝʪʦʜʘʤʠ ʄʦʥʪʝ-ʂʘʨʣʦ ʥʘ ʦʩʥʦʚʝ ʚʠʟʫʘʣʴʥʦʛʦ ʚʦʩʧʨʠ-
ʷʪʠʷ ʯʝʣʦʚʝʢʘ ʧʨʠ ʧʦʤʦʱʠ ʤʘʰʠʥʥʦʛʦ ʦʙʫʯʝʥʠʷ. ɼʘʥʥʘʷ ʤʦʜʝʣʴ ʠʩʧʦʣʴʟʦʚʘ-
ʣʘʩʴ ʜʣʷ ʚʳʨʘʙʦʪʢʠ ʢʨʠʪʝʨʠʷ ʦʩʪʘʥʦʚʢʠ ʨʘʩʯʸʪʘ. ʆʩʥʦʚʥʘʷ ʧʨʠʯʠʥʘ ʠʩʧʦʣʴʟʦ-
ʚʘʥʠʷ ʤʘʰʠʥʥʦʛʦ ʦʙʫʯʝʥʠʷ (ʢʘʢ ʠ ʚ ʘʥʘʣʦʛʠʯʥʦʡ ʨʘʙʦʪʝ [54]) ʚ ʪʦʤ, ʯʪʦ ʰʫʤ
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ʚ ʠʟʦʙʨʘʞʝʥʠʷʭ, ʧʦʣʫʯʝʥʥʳʭ ʄʦʥʪʝ-ʂʘʨʣʦ-ʪʨʘʩʩʠʨʦʚʢʦʡ ʣʫʯʝʡ, ʚʦʟʥʠʢʘʝʪ ʠʟ
ʥʝʠʟʚʝʩʪʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ. ʇʦʵʪʦʤʫ ʟʘʜʘʯʘ ʪʦʯʥʦʛʦ ʦʪʜʝʣʝʥʠʷ ʩʠʛʥʘʣʘ ʦʪ ʰʫ-
ʤʘ ʚ ʄʦʥʪʝ-ʂʘʨʣʦ-ʨʝʥʜʝʨʠʥʛʝ ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ ð ʪʨʫʜʥʘʷ. ʅʝʜʦʩʪʘʪʢʦʤ ʨʘʙʦʪ
[53, 54] ʷʚʣʷʝʪʩʷ ʪʦ, ʯʪʦ ʘʥʘʣʠʟʠʨʦʚʘʣʠʩʴ ʩʮʝʥʳ ʪʦʣʴʢʦ ʩ ʣʘʤʙʝʨʪʦʚʩʢʠʤʠ ʤʘ-
ʪʝʨʠʘʣʘʤʠ ʠ ʧʨʦʩʪʳʤ ʦʩʚʝʱʝʥʠʝʤ. ʕʪʦ ʩʠʣʴʥʦ ʦʪʣʠʯʘʝʪʩʷ ʦʪ ʩʮʝʥ ʩ ʪʨʫʜʥʦʚʳ-
ʯʠʩʣʠʤʳʤʠ ʬʝʥʦʤʝʥʘʤʠ ʦʩʚʝʱʸʥʥʦʩʪʠ, ʧʦʵʪʦʤʫ ʚ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʘʥʘʣʦʛʠʯʥʳʡ
ʧʦʜʭʦʜ ʥʝ ʙʳʣ ʠʩʧʦʣʴʟʦʚʘʥ.

3. ʄʦʪʠʚʘʮʠʷ ʧʦʩʪʨʦʝʥʠʷ ʥʦʚʦʛʦ ʤʝʪʦʜʘ
1. ʅʘ ʧʨʘʢʪʠʢʝ ʦʩʚʝʱʝʥʠʝ ʚ ʪʨʸʭʤʝʨʥʳʭ ʩʮʝʥʘʭ ʥʝ ʩʦʩʪʦʠʪ ʮʝʣʠʢʦʤ ʠʟ ʪʨʫʜ-

ʥʦʚʳʯʠʩʣʠʤʳʭ ʬʝʥʦʤʝʥʦʚ ʦʩʚʝʱʸʥʥʦʩʪʠ. ʆʛʨʦʤʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʧʠʢʩʝ-
ʣʝʡ ʠʟʦʙʨʘʞʝʥʠʷ ʟʘʥʠʤʘʶʪ ʫʩʣʦʚʥʦ ʧʨʦʩʪʳʝ ʵʬʬʝʢʪʳ, ʢʦʪʦʨʳʝ ʚʠʟʫʘʣʴ-
ʥʦ ʣʫʯʰʝ ʩʯʠʪʘʶʪʩʷ ʦʙʳʯʥʳʤ ʄʦʥʪʝ-ʂʘʨʣʦ: PT, BPT, IBPT.

2. ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ MLT ʧʨʷʤʦʝ ʦʩʚʝʱʝʥʠʝ ʚʩʸ ʨʘʚʥʦ ʚʳʯʠʩʣʷʝʪʩʷ ʚ ʦʪ-
ʜʝʣʴʥʦʤ ʧʨʦʭʦʜʝ ʧʨʠ ʧʦʤʦʱʠ ʦʙʳʯʥʦʛʦ ʄʦʥʪʝ-ʂʘʨʣʦ, ʪ. ʢ. ʠʥʘʯʝ ʤʘʨ-
ʢʦʚʩʢʘʷ ʮʝʧʴ ʙʫʜʝʪ ʚʳʯʠʩʣʷʪʴ ʧʨʘʢʪʠʯʝʩʢʠ ʪʦʣʴʢʦ ʧʝʨʚʠʯʥʦʝ ʦʩʚʝʱʝʥʠʝ
ʠʟ-ʟʘ ʙʦʣʴʰʦʡ ʨʘʟʥʠʮʳ ʚ ʷʨʢʦʩʪʠ ʤʝʞʜʫ ʧʝʨʚʠʯʥʳʤ ʠ ʚʪʦʨʠʯʥʳʤ ʦʩʚʝ-
ʱʝʥʠʝʤ.

3. ʇʨʠ ʙʦʣʴʰʦʤ ʢʦʣʠʯʝʩʪʚʝ ʠʩʪʦʯʥʠʢʦʚ ʩʚʝʪʘ ʜʣʷ ʨʘʩʯʸʪʘ ʧʝʨʚʠʯʥʦʛʦ ʦʩʚʝ-
ʱʝʥʠʷ ʥʘʠʙʦʣʝʝ ʵʬʬʝʢʪʠʚʥʳʤ ʩʣʝʜʫʝʪ ʧʨʠʟʥʘʪʴ ʤʝʪʦʜ IBPT, ʪ. ʢ. ʠʪʦʛʦ-
ʚʘʷ ʧʣʦʪʥʦʩʪʴ ʚʝʨʦʷʪʥʦʩʪʠ ʜʣʷ ʩʚʝʪʦʚʦʡ ʠ ʥʝʷʚʥʦʡ ʩʪʨʘʪʝʛʠʡ ʚʦʟʨʘʩʪʘʝʪ
ʧʨʠ ʫʚʝʣʠʯʝʥʠʠ ʯʠʩʣʘ ʠʩʪʦʯʥʠʢʦʚ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩʦ ʚʩʝʤʠ ʦʩʪʘʣʴʥʳʤʠ
ʩʪʨʘʪʝʛʠʷʤʠ (ʚ ʪʦʤ ʯʠʩʣʝ ʠ ʩʪʨʘʪʝʛʠʷʤʠ ʠʟ BPT): ʜʣʷ ʧʣʦʱʘʜʥʳʭ ʠʩʪʦʯ-
ʥʠʢʦʚ ʫʚʝʣʠʯʠʚʘʝʪʩʷ ʠʭ ʩʫʤʤʘʨʥʘʷ ʧʣʦʱʘʜʴ (ʧʦʵʪʦʤʫ ʨʘʩʪʸʪ ʚʝʨʦʷʪʥʦʩʪʴ
ʧʦʧʘʩʪʴ ʚ ʠʩʪʦʯʥʠʢ ʩʚʝʪʘ ʧʨʠ ʧʦʤʦʱʠ ʥʝʷʚʥʦʡ ʩʪʨʘʪʝʛʠʠ), ð ʘ ʯʪʦ ʢʘʩʘ-
ʝʪʩʷ ʩʚʝʪʦʚʦʡ, ʪʦ ʦʥʘ ʨʘʙʦʪʘʝʪ ʦʜʠʥʘʢʦʚʦ ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʯʠʩʣʘ ʠʩʪʦʯʥʠʢʦʚ
ʩʚʝʪʘ.

4. BPT ʠ IBPT ʭʦʨʦʰʦ ʨʘʙʦʪʘʶʪ ʥʘ ʜʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʦʤ ʢʣʘʩʩʝ ʬʝʥʦʤʝ-
ʥʦʚ ʦʩʚʝʱʸʥʥʦʩʪʠ, ʚ ʪʦʤ ʯʠʩʣʝ ʠ ʥʝʢʦʪʦʨʳʭ ʪʨʫʜʥʦʚʳʯʠʩʣʠʤʳʭ. ʅʘʧʨʠ-
ʤʝʨ, ʧʨʘʢʪʠʯʝʩʢʠ ʚʩʝ ʧʫʪʠ ʚʠʜʘ ED(*)L ʫʩʧʝʰʥʦ ʤʦʛʫʪ ʙʳʪʴ ʧʦʩʯʠʪʘʥʳ
ʧʨʠ ʧʦʤʦʱʠ IBPT, ʛʜʝ (*) ð ʣʶʙʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʧʝʨʝʦʪʨʘʞʝʥʠʡ.
ʆʩʪʘʚʰʠʝʩʷ ʧʫʪʠ ʚʠʜʘ E(S|G)(*)L ʫʞʝ ʥʝ ʤʦʛʫʪ ʙʳʪʴ ʵʬʬʝʢʪʠʚʥʦ ʚʳʯʠʩ-
ʣʝʥʳ ʧʨʠ ʧʦʤʦʱʠ IBPT ʠʣʠ BPT.

5. ʅʝʩʤʦʪʨʷ ʥʘ ʟʥʘʯʠʪʝʣʴʥʳʝ ʧʨʝʠʤʫʱʝʩʪʚʘ MCMC ʤʝʪʦʜʦʚ (ʚ ʯʘʩʪʥʦʩʪʠ,
MMLT [27]) ʜʣʷ ʪʨʫʜʥʦʚʳʯʠʩʣʠʤʳʭ ʬʝʥʦʤʝʥʦʚ ʦʩʚʝʱʸʥʥʦʩʪʠ, ʚʠʟʫʘʣʴ-
ʥʦʝ ʚʦʩʧʨʠʷʪʠʝ ʠʟʦʙʨʘʞʝʥʠʡ, ʧʦʣʫʯʝʥʥʳʭ ʜʘʥʥʳʤ ʢʣʘʩʩʦʤ ʤʝʪʦʜʦʚ, ʥʝ
ʠʜʝʘʣʴʥʦ. ʆʩʥʦʚʥʳʝ ʧʨʦʙʣʝʤʳ ʩʣʝʜʫʶʱʠʝ:
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(a) ʚʠʜʠʤʘʷ ʯʝʣʦʚʝʯʝʩʢʠʤ ʛʣʘʟʦʤ ʩʪʨʫʢʪʫʨʘ ʰʫʤʘ ʚ ʚʠʜʝ ʪʨʘʝʢʪʦʨʠʡ
ʜʚʠʞʝʥʠʷ, ʢʦʪʦʨʘʷ ʧʨʦʷʚʣʷʝʪʩʷ, ʪ. ʢ. ʩʵʤʧʣʳ ʢʦʨʨʝʣʠʨʦʚʘʥʳ;

(b) ʘʨʪʝʬʘʢʪʳ ʚ ʚʠʜʝ ʥʝʙʦʣʴʰʠʭ (ʨʘʟʤʝʨʦʤ ʦʪ 1 ʜʦ 5 ʧʠʢʩʝʣʝʡ) ʚʳʩʚʝʪ-
ʣʝʥʥʳʭ ʦʙʣʘʩʪʝʡ, ʢʦʪʦʨʳʝ ʧʨʦʷʚʣʷʶʪʩʷ ʠʟ-ʟʘ ʪʦʛʦ, ʯʪʦ ʜʚʠʞʝʥʠʝʤʘʨ-
ʢʦʚʩʢʦʡ ʮʝʧʠ ʚʤʥʦʛʦʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʥʝʢʦʥʪʨʦʣʠʨʫʝʤʦʝ ʠ ʥʝʨʘʚ-
ʥʦʤʝʨʥʦʝ (ʠʟ-ʟʘ ʚʩʪʨʝʯʘʶʱʝʛʦʩʷ ʪʘʢ ʥʘʟʳʚʘʝʤʦʛʦ ʟʘʩʪʨʝʚʘʥʠʷ ʮʝ-
ʧʠ, ʢʦʛʜʘ ʘʣʛʦʨʠʪʤ ʜʦʣʛʦ ʥʝ ʤʦʞʝʪ ʫʡʪʠ ʠʟ ʦʙʣʘʩʪʠ ʬʫʥʢʮʠʠ ʩ ʚʳʩʦ-
ʢʦʡ ʟʥʘʯʠʤʦʩʪʴʶ [31]).

ʈʘʙʦʪʳ [28,31ï33] ʥʘʧʨʘʚʣʝʥʳ ʥʘ ʪʦ, ʯʪʦʙʳ ʩʜʝʣʘʪʴ ʰʫʤ ʙʦʣʝʝ ʨʘʚʥʦʤʝʨ-
ʥʳʤ. ʆʜʥʘʢʦ, ʢʘʢ ʦʙʩʫʞʜʘʣʦʩʴ ʨʘʥʝʝ, ʜʘʥʥʳʝ ʤʝʪʦʜʳ ʩʫʱʝʩʪʚʝʥʥʦ ʦʛʨʘ-
ʥʠʯʠʚʘʶʪ ʛʠʙʢʦʩʪʴ ʨʝʥʜʝʨ-ʩʠʩʪʝʤʳ ʠ ʫʩʣʦʞʥʷʶʪ ʝʸ ʧʦʜʜʝʨʞʢʫ.

6. ɹʦʣʴʰʠʥʩʪʚʦ MCMC ʤʝʪʦʜʦʚ ʥʝ ʧʦʟʚʦʣʷʶʪ ʧʦʣʫʯʠʪʴ ʧʨʠʙʣʠʟʠʪʝʣʴʥʫʶ
ʦʮʝʥʢʫ ʠʟʦʙʨʘʞʝʥʠʷ ʥʘ ʨʘʥʥʝʤ ʵʪʘʧʝ ʨʘʩʯʸʪʘ, ʧʦʩʢʦʣʴʢʫ ʧʨʠ ʥʝʜʦʩʪʘʪʦʯ-
ʥʦʤ ʚʨʝʤʝʥʠ ʨʘʩʯʸʪʘ ʦʪʜʝʣʴʥʳʝ ʦʙʣʘʩʪʠ ʥʘ ʠʟʦʙʨʘʞʝʥʠʠ ʙʫʜʫʪ ʚʳʛʣʷʜʝʪʴ
ʧʨʦʩʪʦ ʥʝʧʨʘʚʠʣʴʥʦ ʠʟ-ʟʘ ʧʨʦʙʣʝʤʳ ʥʘʯʘʣʴʥʦʛʦ ʩʤʝʱʝʥʠʷ [3].
ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʧʨʘʢʪʠʯʝʩʢʠʭ ʟʘʜʘʯʘʭ ʨʘʩʯʸʪʘ ʦʩʚʝʱʸʥʥʦʩʪʠ ʥʝʦʙʭʦʜʠ-

ʤʦ ʪʘʢ ʠʣʠ ʠʥʘʯʝ ʢʦʤʙʠʥʠʨʦʚʘʪʴ OMC ʠ MCMC. ʅʘʠʙʦʣʝʝ ʨʘʩʧʨʦʩʪʨʘʥʸʥʥʳʤ
ʤʝʪʦʜʦʤ ʢʦʤʙʠʥʠʨʦʚʘʥʠʷ ʷʚʣʷʝʪʩʷ ʨʘʩʩʤʦʪʨʝʥʥʘʷ ʨʘʥʝʝ ʤʥʦʛʦʢʨʘʪʥʘʷ ʚʳʙʦʨʢʘ
ʧʦ ʟʥʘʯʠʤʦʩʪʠ. ʊʘʢʦʡ ʩʧʦʩʦʙ ʚʧʝʨʚʳʝ ʙʳʣ ʧʨʠʤʝʥʸʥ ʚ ʨʘʙʦʪʝ [23]. ɺʝʩʘ ʚʳʯʠʩ-
ʣʷʣʠʩʴ ʠʩʭʦʜʷ ʠʟ ʩʣʝʜʫʶʱʠʭ ʦʮʝʥʦʢ ʧʣʦʪʥʦʩʪʝʡ ʚʝʨʦʷʪʥʦʩʪʝʡ ʩʵʤʧʣʠʨʦʚʘʥʠʷ
ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʟʦʙʨʘʞʝʥʠʷ: pomc = 1, pmcmc = I/b, ʛʜʝ I ð ʟʥʘʯʝʥʠʝ ʮʝʣʝ-
ʚʦʡ ʬʫʥʢʮʠʠ ʦʩʚʝʱʸʥʥʦʩʪʠ ʦʪʜʝʣʴʥʦ ʚʟʷʪʦʡ ʚʳʙʦʨʢʠ, ʘ b ð ʩʨʝʜʥʷʷ ʷʨʢʦʩʪʴ
ʧʦ ʚʩʝʤʫ ʠʟʦʙʨʘʞʝʥʠʶ. ʆʜʥʘʢʦ ʫ ʵʪʦʛʦ ʤʝʪʦʜʘ ʝʩʪʴ ʥʝʜʦʩʪʘʪʢʠ.

3.1. ʅʝʜʦʩʪʘʪʢʠ ʤʥʦʛʦʢʨʘʪʥʦʡ ʚʳʙʦʨʢʠ ʧʦ ʟʥʘʯʠʤʦʩʪʠ
1. ɸʧʦʩʪʝʨʠʦʨʥʘʷʧʨʠʨʦʜʘ. ʈʝʟʫʣʴʪʘʪ ʨʘʟʣʠʯʥʳʭʤʝʪʦʜʦʚʤʦʞʝʪ ʙʳʪʴ ʩʢʦʤ-

ʙʠʥʠʨʦʚʘʥ ʪʦʣʴʢʦ ʧʦʩʣʝ ʪʦʛʦ, ʢʘʢ ʦʥ ʫʞʝ ʚʳʯʠʩʣʝʥ. ɽʩʣʠ ʥʘ ʠʟʦʙʨʘʞʝʥʠʠ
(ʠʣʠ ʚ ʤʥʦʛʦʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʫʪʝʡ) ʝʩʪʴ ʢʘʢʠʝ-ʪʦ ʦʙʣʘʩʪʠ, ʢʦʪʦʨʳʝ
ʤʦʛʫʪ ʙʳʪʴ ʵʬʬʝʢʪʠʚʥʦ ʚʳʯʠʩʣʝʥʳ ʧʨʠ ʧʦʤʦʱʠ OMC, ʭʦʪʝʣʦʩʴ ʙʳ, ʯʪʦ-
ʙʳ MCMC ʚʦʦʙʱʝ ʥʝ ʪʨʘʪʠʣ ʥʘ ʵʪʠ ʦʙʣʘʩʪʠ ʚʳʯʠʩʣʠʪʝʣʴʥʳʝ ʨʝʩʫʨʩʳ
(ʠʣʠ ʪʨʘʪʠʣ ʤʘʣʦ), ʘ ʩʦʩʨʝʜʦʪʦʯʠʣʩʷ ʪʦʣʴʢʦ ʥʘ ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʪʨʫʜʥʦʚʳ-
ʯʠʩʣʠʤʳʭʬʝʥʦʤʝʥʘʭ. ʉʘʤʘ ʧʦ ʩʝʙʝ ʤʥʦʛʦʢʨʘʪʥʘʷ ʚʳʙʦʨʢʘ ʧʦ ʟʥʘʯʠʤʦʩʪʠ
ʥʝ ʧʦʟʚʦʣʷʝʪ ʵʪʦ ʩʜʝʣʘʪʴ.

2. ʆʪʩʫʪʩʪʚʠʝ ʫʯʸʪʘ ʚʠʟʫʘʣʴʥʳʭ ʘʨʪʝʬʘʢʪʦʚ. ʄʥʦʛʦʢʨʘʪʥʘʷ ʚʳʙʦʨʢʘ ʧʦ
ʟʥʘʯʠʤʦʩʪʠ ʚʟʚʝʰʠʚʘʝʪ ʨʝʟʫʣʴʪʘʪʳ ʪʦʣʴʢʦ ʥʘ ʦʩʥʦʚʘʥʠʠ ʧʣʦʪʥʦʩʪʝʡ ʚʝ-
ʨʦʷʪʥʦʩʪʠ ʦʪʜʝʣʴʥʳʭ ʚʳʙʦʨʦʢ (pomc ʠ pmcmc). ʆʜʥʘʢʦ ʦʥʘ ʥʝ ʧʦʟʚʦʣʷʝʪ
ʧʦʥʠʞʘʪʴ ʚʢʣʘʜ ʦʪ MCMC ʚ ʤʝʩʪʘʭ, ʛʜʝ ʦʥ ʩʪʨʦʠʪ ʠʟʦʙʨʘʞʝʥʠʝ ʚʠʟʫʘʣʴ-
ʥʦ ʭʫʞʝ, ʯʝʤ OMC.
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4. ʇʨʝʜʣʦʞʝʥʥʳʡ ʤʝʪʦʜ
ɼʣʷ ʢʦʤʙʠʥʘʮʠʠ OMC ʠ MCMC ʧʨʝʜʣʘʛʘʝʪʩʷ ʠʩʧʦʣʴʟʦʚʘʪʴ ʜʦʧʦʣʥʠʪʝʣʴ-

ʥʫʶ ʧʦʧʠʢʩʝʣʴʥʫʶ ʬʫʥʢʮʠʶ ʟʥʘʯʠʤʦʩʪʠ �(x; y), ʢʦʪʦʨʘʷ ʙʫʜʝʪ ʫʯʠʪʳʚʘʪʴ ʚʠ-
ʟʫʘʣʴʥʫʶ ʩʦʩʪʘʚʣʷʶʱʫʶʠʟʦʙʨʘʞʝʥʠʷ, ʘʥʘʣʦʛʠʯʥʦ ʨʘʙʦʪʝ [35]. ʆʪʣʠʯʠʝ ʦʪ ʫʧʦ-
ʤʷʥʫʪʦʡ ʨʘʙʦʪʳ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʩʧʦʩʦʙʝ ʧʦʩʪʨʦʝʥʠʷ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ. ɽʩʣʠ ʚ
[35] ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ ʩʪʨʦʠʣʘʩʴ ʙʣʘʛʦʜʘʨʷ ʘʥʘʣʠʟʫ ʰʫʤʘ ʚ ʠʟʦʙʨʘʞʝʥʠʠ,
ʧʦʩʯʠʪʘʥʥʦʤ ʧʨʠ ʧʦʤʦʱʠ MCMC, ʚ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʠʩʧʦʣʴʟʫʝʪʩʷ ʜʨʫʛʦʡ ʧʦʜ-
ʭʦʜ: ʙʫʜʝʤ ʘʥʘʣʠʟʠʨʦʚʘʪʴ ʰʫʤ, ʧʦʣʫʯʘʝʤʳʡ ʚ ʠʟʦʙʨʘʞʝʥʠʠ, ʧʦʩʯʠʪʘʥʥʦʤ ʧʨʠ
ʧʦʤʦʱʠ OMC. ɼʘʥʥʘʷ ʠʜʝʷ ʧʨʦʠʩʪʝʢʘʝʪ ʠʟ ʩʣʝʜʫʶʱʠʭ ʩʦʦʙʨʘʞʝʥʠʡ:

1. ɽʩʣʠ ʚ ʥʝʢʦʪʦʨʦʡ ʩʚʷʟʥʦʡ ʦʙʣʘʩʪʠ 
 ʧʨʦʩʪʨʘʥʩʪʚʘ ʠʟʦʙʨʘʞʝʥʠʷ ʟʥʘʯʝʥʠʝ
ʰʫʤʘ ʚ OMC ʥʠʟʢʦʝ, ʤʦʞʥʦ ʫʪʚʝʨʞʜʘʪʴ, ʯʪʦ ʜʣʷ ʵʪʦʡ ʦʙʣʘʩʪʠ ʩʣʝʜʫʝʪ
ʠʩʧʦʣʴʟʦʚʘʪʴ ʠʤʝʥʥʦ OMC, ʧʦʩʢʦʣʴʢʫ ʦʥ ʧʦ ʫʤʦʣʯʘʥʠʶ ʜʘʸʪ ʚʠʟʫʘʣʴʥʦ
ʣʫʯʰʝʝ ʠʟʦʙʨʘʞʝʥʠʝ, ʯʝʤMCMC. ɺ ʵʪʦʤ ʩʣʫʯʘʝ �(
) ʜʦʣʞʥʘ ʩʪʨʝʤʠʪʴʩʷ
ʢ ʥʫʣʶ, ʯʪʦʙʳ ʠʩʢʣʶʯʠʪʴ ʵʪʫ ʦʙʣʘʩʪʴ ʠʟ ʨʘʩʯʸʪʦʚ ʚ MCMC.

2. ɽʩʣʠ ʞʝ ʟʥʘʯʝʥʠʝ ʰʫʤʘ ʜʣʷ ʟʘʜʘʥʥʦʡ ʦʙʣʘʩʪʠ 
 ʚʳʩʦʢʦʝ, OMC ʥʝ cʤʦʞʝʪ
ʧʦʣʫʯʠʪʴ ʚ ʵʪʦʡ ʦʙʣʘʩʪʠ ʪʦʯʥʦʝ ʨʝʰʝʥʠʝ. ʊʦʛʜʘ ʥʫʞʥʦ ʧʨʠʤʝʥʷʪʴMCMC,
ʠ �(
) ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʙʫʜʝʪ ʩʪʨʝʤʠʪʴʩʷ ʢ 1.
ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʢʦʤʙʠʥʠʨʦʚʘʥʠʝ ʦʩʫʱʝʩʪʚʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ 3:

Color(x; y) = DBP T (x; y) + IBP T (x; y) � (1� �(x; y)) + IMLT�(x; y): (3)

ɿʜʝʩʴ DBP T (x; y) ð ʧʨʷʤʦʡ ʩʚʝʪ, ʧʦʩʯʠʪʘʥʥʳʡ ʥʘʤʠ ʧʨʠ ʧʦʤʦʱʠ IBPT.
IBP T (x; y) ð ʥʝʧʨʷʤʦʡ ʩʚʝʪ, ʧʦʩʯʠʪʘʥʥʳʡ ʥʘʤʠ ʪʘʢʞʝ ʧʨʠ ʧʦʤʦʱʠ IBPT.
IMLT�(x; y) ð ʥʝʧʨʷʤʦʡ ʩʚʝʪ, ʧʦʩʯʠʪʘʥʥʳʡ ʥʘʤʠ ʧʨʠ ʧʦʤʦʱʠ MMLT ʫʞʝ ʩ
ʫʯʸʪʦʤ ʚʝʩʦʚʦʡ ʬʫʥʢʮʠʠ �(x; y). ɺʘʞʥʦ ʧʦʜʯʝʨʢʥʫʪʴ, ʯʪʦ ʚʝʩʦʚʘʷ ʬʫʥʢʮʠʷ
(ʠʣʠ ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ) �(x; y) ʜʦʣʞʥʘ ʧʨʠʤʝʥʷʪʴʩʷ ʢ ʠʟʦʙʨʘʞʝʥʠʶ, ʢʦʪʦ-
ʨʦʝ ʩʪʨʦʠʪʩʷ ʘʣʛʦʨʠʪʤʦʤ ʄʝʪʨʦʧʦʣʠʩʘ ʘʧʨʠʦʨʥʦ, ʘ ʥʝ ʘʧʦʩʪʝʨʠʦʨʥʦ. ʊʦ ʝʩʪʴ
MLT ʜʦʣʞʝʥ ʩʪʨʦʠʪʴ ʠʟʦʙʨʘʞʝʥʠʝ ʫʞʝ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦ I(x; y) � �(x; y). ɹʣʘ-
ʛʦʜʘʨʷ ʵʪʦʤʫ ʚ ʬʦʨʤʫʣʝ 3 ʠʟʦʙʨʘʞʝʥʠʝ IMLT �(x; y) ʥʝ ʫʤʥʦʞʘʝʪʩʷ ʥʘ ʢʦʵʬʬʠ-
ʮʠʝʥʪ �(x; y) ʝʱʸ ʨʘʟ. ʊʘʢʞʝ ʦʪʤʝʪʠʤ, ʯʪʦ ʥʠʢʘʢʠʭ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʜʝʡʩʪʚʠʡ
ʜʣʷ ʘʜʘʧʪʠʚʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʚʳʯʠʩʣʠʪʝʣʴʥʳʭ ʨʝʩʫʨʩʦʚ ʥʝ ʪʨʝʙʫʝʪʩʷ, ʧʦ-
ʩʢʦʣʴʢʫ ʘʣʛʦʨʠʪʤ ʄʝʪʨʦʧʦʣʠʩʘ ʜʝʣʘʝʪ ʵʪʦ ʩʘʤ ð ʜʦʩʪʘʪʦʯʥʦ ʣʠʰʴ ʚʚʝʩʪʠ ʚʝʩ
�(x; y) ʚ ʮʝʣʝʚʫʶ ʬʫʥʢʮʠʶ ʦʩʚʝʱʸʥʥʦʩʪʠ.

ʆʙʳʯʥʦ ʧʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ MLT ʪʨʝʙʫʝʪʩʷ ʭʨʘʥʠʪʴ ʚ ʧʘʤʷʪʠ ʜʚʘ ʠʟʦʙʨʘ-
ʞʝʥʠʷ ð ʦʜʥʦ ʜʣʷ ʧʨʷʤʦʛʦ ʩʚʝʪʘ ʠ ʦʜʥʦ ʜʣʷ ʥʝʧʨʷʤʦʛʦ. ɼʘʣʝʝ ʚ ʨʘʟʜʝʣʝ 4.2 ʙʫ-
ʜʝʪ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʚ ʧʨʝʜʣʦʞʝʥʥʦʤʤʝʪʦʜʝ ʪʘʢʞʝ ʜʦʩʪʘʪʦʯʥʦ ʪʦʣʴʢʦ ʜʚʫʭ ʠʟʦʙʨʘ-
ʞʝʥʠʡ. ʆʜʥʦ ʠʟ ʥʠʭ ʙʫʜʝʪ ʭʨʘʥʠʪʴ ʩʫʤʤʫ DBP T (x; y)+IBP T (x; y)�(1��(x; y)),
ʘ ʚʪʦʨʦʝ ð IMLT �(x; y).
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4.1. ʇʦʩʪʨʦʝʥʠʝ ʬʫʥʢʮʠʠ ʟʥʘʯʠʤʦʩʪʠ
1. ʅʘ ʧʝʨʚʦʤ ʰʘʛʝ ʟʘʧʫʩʢʘʝʪʩʷ ʨʘʩʯʸʪ ʧʨʠ ʧʦʤʦʱʠ OMC ʩ ʥʝʙʦʣʴʰʠʤ ʯʠʩ-

ʣʦʤ ʩʵʤʧʣʦʚ ʥʘ ʧʠʢʩʝʣ (16ï64).
2. ʅʘ ʧʦʣʫʯʝʥʥʦʤ ʠʟʦʙʨʘʞʝʥʠʠ ʜʝʪʝʢʪʠʨʫʝʪʩʷ ʠʤʧʫʣʴʩʥʳʡ ʰʫʤ ʧʨʠ ʧʦʤʦ-

ʱʠ ʚʳʯʠʩʣʝʥʠʷ ʨʘʟʥʠʮʳ ʤʝʞʜʫ ʜʘʥʥʳʤ ʧʠʢʩʝʣʦʤ ʠ ʤʝʜʠʘʥʦʡ ʚ ʥʝʢʦʪʦ-
ʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ (3 x 3 ʠʣʠ 5 x 5 ʧʠʢʩʝʣʝʡ) ʦʪʜʝʣʴʥʦ ʧʦ ʢʘʞʜʦʤʫ ʢʘʥʘʣʫ
ʠʟʦʙʨʘʞʝʥʠʷ.

3. ʇʦʩʣʝ ʵʪʦʛʦ ʠʪʦʛʦʚʦʝ ʠʟʦʙʨʘʞʝʥʠʝ ʰʫʤʘ ʚʳʯʠʩʣʷʝʪʩʷ ʜʣʷ ʢʘʞʜʦʛʦ ʧʠʢ-
ʩʝʣʘ ʢʘʢ ʤʘʢʩʠʤʫʤ ʧʦ ʢʘʞʜʦʤʫ ʢʘʥʘʣʫ.

4. ʀʟʦʙʨʘʞʝʥʠʝ ʰʫʤʘ ʥʦʨʤʘʣʠʟʫʝʪʩʷ ʪʘʢ, ʯʪʦʙʳ ʤʘʢʩʠʤʘʣʴʥʦʝ ʟʥʘʯʝʥʠʝ (ʧʦ
ʚʩʝʤʫ ʠʟʦʙʨʘʞʝʥʠʶ) ʩʦʦʪʚʝʪʩʪʚʦʚʘʣʦ ʝʜʠʥʠʮʝ. ʇʨʠʤʝʨ ʧʦʣʫʯʝʥʥʦʛʦ ʠʟʦʙ-
ʨʘʞʝʥʠʷ ʰʫʤʘ ʧʦʩʣʝ ʪʨʸʭ ʰʘʛʦʚ ʧʦʢʘʟʘʥ ʥʘ ʨʠʩ. 3 ʚ ʮʝʥʪʨʝ.

5. ʂ ʠʟʦʙʨʘʞʝʥʠʶ ʰʫʤʘ ʧʨʠʤʝʥʷʝʪʩʷ ʧʦʨʦʛʦʚʘʷ ʬʫʥʢʮʠʷ (ʬʦʨʤʫʣʘ 4). ʉʣʝ-
ʜʫʝʪ ʦʙʨʘʪʠʪʴ ʚʥʠʤʘʥʠʝ ʥʘ ʥʝʥʫʣʝʚʦʝ ʤʠʥʠʤʘʣʴʥʦʝ ʟʥʘʯʝʥʠʝ ʜʣʷ ʧʨʝʜ-
ʣʘʛʘʝʤʦʡ ʬʫʥʢʮʠʠ ʟʥʘʯʠʤʦʩʪʠ ð � (ʨʘʚʥʦʝ 0.1, ʧʦʨʦʛ T ʨʘʚʝʥ 0.5). ʆʥʦ
ʥʝʦʙʭʦʜʠʤʦ, ʯʪʦʙʳ ʦʙʝʩʧʝʯʠʪʴ ʩʦʛʣʘʩʦʚʘʥʥʦʩʪʴ ʚʳʩʦʢʦʟʥʘʯʠʤʳʭ ʦʙʣʘ-
ʩʪʝʡ ʩ ʦʩʪʘʣʴʥʦʡ ʯʘʩʪʴʶ ʠʟʦʙʨʘʞʝʥʠʷ. ʇʦʩʢʦʣʴʢʫ MLT ʩʯʠʪʘʝʪ ʚʩʸ ʠʟʦʙ-
ʨʘʞʝʥʠʝ ʮʝʣʠʢʦʤ, ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ ʥʝ ʜʦʣʞʥʘ ʙʳʪʴ ʥʫʣʝʚʦʡ ʚʝʟʜʝ,
ʛʜʝ ʮʝʣʝʚʘʷ ʬʫʥʢʮʠʷ ʦʩʚʝʱʸʥʥʦʩʪʠ ʪʘʢʞʝ ʥʝ ʥʦʣʴ. ɺ ʧʨʦʪʠʚʥʦʤ ʩʣʫʯʘʝ
ʧʦʩʯʠʪʘʥʥʳʝ ʨʘʟʥʳʤʠ ʤʝʪʦʜʘʤʠ ʫʯʘʩʪʢʠ ʩʦʩʪʳʢʫʶʪʩʷ ʥʝʧʨʘʚʠʣʴʥʦ (ʨʠʩ.
4).

6. ʅʘ ʦʩʥʦʚʝ ʘʥʘʣʠʟʘ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʠʥʬʦʨʤʘʮʠʠ ʧʦ ʛʝʦʤʝʪʨʠʠ ʠ ʤʘʪʝʨʠ-
ʘʣʘʤ ʠʟ G-ʙʫʬʝʨʘ [42] (ʨʠʩ 2) ʧʨʦʠʟʚʦʜʠʪʩʷ ʚʳʜʝʣʝʥʠʝ ʩʚʷʟʥʳʭ ʦʙʣʘʩʪʝʡ
ʥʘ ʠʟʦʙʨʘʞʝʥʠʠ. ʉʚʷʟʥʦʡ ʦʙʣʘʩʪʴʶ ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʥʘʟʳʚʘʝʪʩʷ ʩʚʷʟʥʦʝ
ʤʥʦʞʝʩʪʚʦ (ʚ ʜʠʩʢʨʝʪʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ) ʧʠʢʩʝʣʝʡ ʠʟʦʙʨʘʞʝʥʠʷ, ʧʨʠʥʘʜ-
ʣʝʞʘʱʠʭ ʦʜʥʦʤʫ ʠ ʪʦʤʫ ʞʝ ʦʙʲʝʢʪʫ ʩ ʦʜʥʠʤ ʠ ʪʝʤ ʞʝ ʤʘʪʝʨʠʘʣʦʤ.

7. ʆʩʫʱʝʩʪʚʣʷʝʪʩʷ ʘʛʨʝʛʘʮʠʷ ʰʫʤʘ ʧʦ ʚʩʝʤ ʩʚʷʟʥʳʤ ʦʙʣʘʩʪʷʤ. ɼʣʷ ʢʘʞʜʦʡ
ʪʘʢʦʡ ʦʙʣʘʩʪʠ ʥʘʭʦʜʠʪʩʷ ʩʨʝʜʥʝʝ (avg) ʠ ʤʘʢʩʠʤʫʤ (max) ʚʩʝʭ ʟʥʘʯʝʥʠʡ
ʙʦʣʴʰʝ ʥʝʢʦʪʦʨʦʛʦ ʧʦʨʦʛʘ T .

8. ʂʘʞʜʘʷ ʩʚʷʟʥʘʷ ʦʙʣʘʩʪʴ ʮʝʣʠʢʦʤ ʟʘʣʠʚʘʝʪʩʷ ʘʛʨʝʛʠʨʦʚʘʥʥʳʤ ʟʥʘʯʝʥʠʝʤ,
ʚʳʯʠʩʣʷʝʤʳʤ ʢʘʢ 1

2 � (avg + max). ʀʪʦʛʦʚʘʷ ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ ʠʟʦʙ-
ʨʘʞʝʥʘ ʥʘ ʨʠʩ. 2 ʩʧʨʘʚʘ.

S(x) =

(
�; ʝʩʣʠ x < T ;
1; ʝʩʣʠ x > T .

(4)
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ɻʣʫʙʠʥʘ ʄʘʪʝʨʠʘʣ ɻʨʘʥʠʮʳ
ʈʠʩ. 2. ʀʟʦʙʨʘʞʝʥʠʝ ʥʝʢʦʪʦʨʳʭ ʩʣʦʸʚ G-ʙʫʬʝʨʘ, ʠʩʧʦʣʴʟʫʝʤʳʭ ʜʣʷ ʚʳʜʝʣʝʥʠʷ
ʩʚʷʟʥʳʭ ʦʙʣʘʩʪʝʡ. ʉʣʦʡ çʤʘʪʝʨʠʘʣè ʚ ʜʝʡʩʪʚʠʪʝʣʴʥʦʩʪʠ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ
ʠʥʜʝʢʩ ʤʘʪʝʨʠʘʣʘ, ʥʦ ʜʣʷ ʫʜʦʙʩʪʚʘ ʚʦʩʧʨʠʷʪʠʷ ʦʪʦʙʨʘʞʘʝʪʩʷ ʮʚʝʪʦʤ. ɺ ʮʝʣʷʭ
ʧʦʚʳʰʝʥʠʷ ʥʘʛʣʷʜʥʦʩʪʠ ʜʣʷ ʛʨʘʥʠʮ ʠʩʢʫʩʩʪʚʝʥʥʦ ʫʚʝʣʠʯʝʥʘ ʪʦʣʱʠʥʘ.

ʅʝʧʨʷʤʦʝ ʦʩʚʝʱʝʥʠʝ ɺʳʜʝʣʝʥʥʳʡ ʰʫʤ ʌʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ

ʅʝʧʨʷʤʦʝ ʦʩʚʝʱʝʥʠʝ ɺʳʜʝʣʝʥʥʳʡ ʰʫʤ ʌʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ
(ʫʚʝʣʠʯʝʥʥʳʡ ʬʨʘʛʤʝʥʪ) (ʫʚʝʣʠʯʝʥʥʳʡ ʬʨʘʛʤʝʥʪ) (ʫʚʝʣʠʯʝʥʥʳʡ ʬʨʘʛʤʝʥʪ)
ʈʠʩ. 3. ʀʟʦʙʨʘʞʝʥʠʝ ʧʦʩʯʠʪʘʥʥʦʝ ʧʨʠ ʧʦʤʦʱʠ OMC-ʤʝʪʦʜʘ (IBPT, ʩʣʝʚʘ), ʚʳ-
ʜʝʣʝʥʥʳʡ ʰʫʤ (ʧʦ ʮʝʥʪʨʫ), ʠ ʧʦʩʪʨʦʝʥʥʘʷ ʥʘ ʝʛʦ ʦʩʥʦʚʝ ʬʫʥʢʮʠʠ ʟʥʘʯʠʤʦʩʪʠ
(ʩʧʨʘʚʘ).
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ʅʝʪʨʫʜʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʠʩʧʦʣʴʟʫʝʤʳʡ ʜʝʪʝʢʪʦʨ ʰʫʤʘ ʦʩʥʦʚʘʥ ʥʘ ʧʨʠʥʮʠ-
ʧʝ ʨʘʙʦʪʳ ʠʟʚʝʩʪʥʦʛʦ ʤʝʜʠʘʥʥʦʛʦ ʬʠʣʴʪʨʘ. ʍʦʪʷ ʚ ʥʘʩʪʦʷʱʠʡ ʤʦʤʝʥʪ ʜʦʩʪʫʧ-
ʥʳ ʙʦʣʝʝ ʩʦʚʨʝʤʝʥʥʳʝ ʤʝʪʦʜʳ ʜʝʪʝʢʮʠʠ ʰʫʤʘ (ʥʘʧʨʠʤʝʨ, [50ï54]), ʙʳʣʦ ʦʙʥʘ-
ʨʫʞʝʥʦ, ʯʪʦ ʜʣʷ ʩʠʥʪʝʟʠʨʫʝʤʳʭ ʧʨʠ ʧʦʤʦʱʠ ʥʝʙʦʣʴʰʦʛʦ ʯʠʩʣʘ OMC ʩʵʤʧʣʦʚ
ʠʟʦʙʨʘʞʝʥʠʡ ʰʠʨʦʢʦʛʦ ʜʠʥʘʤʠʯʝʩʢʦʛʦ ʜʠʘʧʘʟʦʥʘ ʦʧʠʩʘʥʥʳʡ ʤʝʪʦʜ ʜʝʪʝʢʮʠʠ
ʜʘʸʪ ʧʨʠʝʤʣʝʤʫʶ ʯʠʩʣʦʚʫʶ ʦʮʝʥʢʫ ʰʫʤʘ ʚ ʠʥʪʝʨʚʘʣʝ ʦʪ 0 ʜʦ 1. ɹʦʣʝʝ ʪʦʯʥʘʷ
ʦʮʝʥʢʘ ʥʝ ʪʨʝʙʫʝʪʩʷ (ʘ ʟʘʯʘʩʪʫʶ ʦʥʘ ʠ ʥʝʚʦʟʤʦʞʥʘ, ʧʦʩʢʦʣʴʢʫ, ʢʘʢ ʦʙʩʫʞʜʘʣʦʩʴ
ʚ ʦʙʟʦʨʝ ʧʨʝʜʳʜʫʱʠʭ ʨʘʙʦʪ, ʰʫʤ ʝʩʪʴ ʨʝʟʫʣʴʪʘʪ ʥʝʠʟʚʝʩʪʥʦʛʦ ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ
ʨʘʩʧʨʝʜʝʣʝʥʠʷ), ʪ. ʢ. ʜʘʣʝʝ ʧʨʦʠʩʭʦʜʠʪ ʘʛʨʝʛʘʮʠʷ ʰʫʤʘ ʧʦ ʦʙʣʘʩʪʠ. ɸʛʨʝʛʘʮʠʷ
ʧʦ ʦʙʣʘʩʪʠ ʠʩʧʦʣʴʟʦʚʘʣʘʩʴ ʧʦ ʪʦʡ ʧʨʠʯʠʥʝ, ʯʪʦ ʢʘʢ ʦʮʝʥʢʘ ʰʫʤʘ, ʪʘʢ ʠ ʩʘʤʦ
ʠʟʦʙʨʘʞʝʥʠʝ, ʧʦʩʪʨʦʝʥʥʦʝ ʧʨʠ ʧʦʤʦʱʠ OMC ʩ ʥʝʙʦʣʴʰʠʤ ʯʠʩʣʦʤ ʩʵʤʧʣʦʚ, ð
ʥʝʪʦʯʥʳʝ ʧʦ ʩʚʦʝʡ ʧʨʠʨʦʜʝ. ʇʨʠʯʸʤ ʝʩʣʠ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʥʝʢʦʪʦʨʳʡ ʟʝʨʢʘʣʴʥʳʡ
ʠʣʠ ʛʣʷʥʮʝʚʳʡ ʦʙʲʝʢʪ, ʪʦʛʜʘ ʜʘʞʝ ʝʜʠʥʠʯʥʳʡ ʚʳʙʨʦʩ ʚ OMC ʚ ʜʝʡʩʪʚʠʪʝʣʴʥʦ-
ʩʪʠ ʩʚʠʜʝʪʝʣʴʩʪʚʫʝʪ ʦ ʥʘʣʠʯʠʠ ʜʣʷ ʵʪʦʛʦ ʦʙʲʝʢʪʘ ʪʨʫʜʥʦʚʳʯʠʩʣʠʤʳʭ ʬʝʥʦʤʝ-
ʥʦʚ ʦʩʚʝʱʸʥʥʦʩʪʠ. ʇʦʵʪʦʤʫ ʘʛʨʝʛʠʨʦʚʘʣʦʩʴ ʥʝ ʪʦʣʴʢʦ ʩʨʝʜʥʝʝ, ʥʦ ʠ ʤʘʢʩʠʤʫʤ.

� = 0:05 � = 0 ʕʪʘʣʦʥ
ʈʠʩ. 4. ʈʘʩʩʦʛʣʘʩʦʚʘʥʠʝ IBPT ʠ MMLT ʚ ʧʨʝʜʣʦʞʝʥʥʦʤ ʤʝʪʦʜʝ ʧʨʠ ʧʨʠʤʝʥʝ-
ʥʠʠ ʬʫʥʢʮʠʠ ʟʥʘʯʠʤʦʩʪʠ ʢ MMLT. ʇʨʠ ʩʪʨʝʤʣʝʥʠʠ � ʢ ʥʫʣʶ ʚʦʜʘ ʧʨʠʦʙʨʝʪʘʝʪ
ʟʝʣʝʥʦʚʘʪʳʡ ʦʪʪʝʥʦʢ ʠʟ-ʟʘ ʧʦʪʝʨʠ ʩʚʷʟʠ ʩ ʦʩʪʘʣʴʥʳʤ ʠʟʦʙʨʘʞʝʥʠʝʤ.

ʈʫʯʥʘʷ ʠʣʠ ʵʚʨʠʩʪʠʯʝʩʢʘʷ ʨʘʟʤʝʪʢʘ. ʉʣʝʜʫʝʪ ʩʢʘʟʘʪʴ, ʯʪʦ ʚʩʝʛʜʘ ʤʦʞʥʦ
ʥʘʡʪʠ ʩʮʝʥʫ, ʜʣʷ ʢʦʪʦʨʦʡ ʥʝʢʦʪʦʨʦʛʦ ʥʝʙʦʣʴʰʦʛʦ ʥʘʧʝʨʸʜ ʟʘʜʘʥʥʦʛʦ ʯʠʩʣʘʄʦʥʪʝ-
ʂʘʨʣʦ-ʩʵʤʧʣʦʚ ʥʘ ʧʠʢʩʝʣ ʙʫʜʝʪ ʥʝʜʦʩʪʘʪʦʯʥʦ ʜʣʷ ʘʜʝʢʚʘʪʥʦʡ ʦʮʝʥʢʠʰʫʤʘ ʚ ʦʙ-
ʣʘʩʪʷʭ ʠʟʦʙʨʘʞʝʥʠʷ, ʛʜʝ ʚʳʙʨʦʩ ʧʨʦʩʪʦ ʝʱʸ ʥʝ ʫʩʧʝʣ ʚʩʪʨʝʪʠʪʴʩʷ. ʉ ʜʨʫʛʦʡ ʩʪʦ-
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ʨʦʥʳ, ʙʳʣʦ ʦʙʥʘʨʫʞʝʥʦ, ʯʪʦ ʜʣʷ ʥʝʢʦʪʦʨʳʭ ʪʠʧʦʚ ʢʦʤʙʠʥʘʮʠʡ OMC ʠ MCMC
ʤʦʞʥʦ ʧʨʠʜʫʤʘʪʴ ʵʬʬʝʢʪʠʚʥʫʶ ʵʚʨʠʩʪʠʯʝʩʢʫʶ ʧʦʜʩʢʘʟʢʫ. ʅʘʧʨʠʤʝʨ, ʧʨʠ ʠʩ-
ʧʦʣʴʟʦʚʘʥʠʠ ʧʨʷʤʦʡ ʄʦʥʪʝ-ʂʘʨʣʦ-ʪʨʘʩʩʠʨʦʚʢʠ (Light Tracing) ʥʘ ʤʥʦʛʠʭ ʩʮʝ-
ʥʘʭ ʜʣʷ ʚʩʝʭ ʣʘʤʙʝʨʪʦʚʩʢʠʭ ʤʘʪʝʨʠʘʣʦʚ ʤʦʞʥʦ ʚʳʩʪʘʚʣʷʪʴ ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ
ʚ ʤʠʥʠʤʫʤ ð �. ʇʦʵʪʦʤʫ ʧʦʤʠʤʦ ʧʨʝʜʣʦʞʝʥʥʦʛʦ ʘʚʪʦʤʘʪʠʯʝʩʢʦʛʦ ʧʦʩʪʨʦʝʥʠʷ
ʬʫʥʢʮʠʠ ʟʥʘʯʠʤʦʩʪʠ ʚ ʨʘʟʨʘʙʦʪʘʥʥʦʤ ʤʝʪʦʜʝ ʦʩʪʘʸʪʩʷ çʩʪʨʘʭʦʚʦʯʥʳʡ ʪʨʦʩè
ʚ ʚʠʜʝ ʨʫʯʥʦʡ ʟʘʣʠʚʢʠ ʦʙʣʘʩʪʠ. ʇʦʣʴʟʦʚʘʪʝʣʴ ʠʤʝʝʪ ʚʦʟʤʦʞʥʦʩʪʴ ʚʳʧʦʣʥʠʪʴ
ʟʘʣʠʚʢʫ ʚʳʙʨʘʥʥʳʤ ʟʥʘʯʝʥʠʝʤ (� ʠʣʠ 1) ʜʣʷ ʣʶʙʦʡ ʩʚʷʟʥʦʡ ʦʙʣʘʩʪʠ (ʢʦʪʦʨʘʷ
ʟʘʯʘʩʪʫʶ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʦʜʥʦʤʫ ʪʨʸʭʤʝʨʥʦʤʫ ʦʙʲʝʢʪʫ) ʥʘ ʠʟʦʙʨʘʞʝʥʠʠ ʚ ʦʜʠʥ
ʢʣʠʢ, ʯʪʦʙʳ ʷʚʥʦ ʫʢʘʟʘʪʴ, ʢʘʢʠʤ ʘʣʛʦʨʠʪʤʦʤ ʦʥ ʭʦʪʝʣ ʙʳ ʩʯʠʪʘʪʴ ʜʘʥʥʫʶ ʦʙ-
ʣʘʩʪʴ.

ɹʠʥʘʨʥʘʷ ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ. ʇʦʩʪʨʦʝʥʥʘʷ ʘʚʪʦʤʘʪʠʯʝʩʢʠ (ʠʣʠ ʧʦʣʫʘʚ-
ʪʦʤʘʪʠʯʝʩʢʠ) ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ ʧʦ ʩʫʪʠ ʷʚʣʷʝʪʩʷ ʙʠʥʘʨʥʦʡ, ʪ. ʢ. ʦʥʘ ʤʦʞʝʪ
ʧʨʠʥʠʤʘʪʴ ʪʦʣʴʢʦ ʜʚʘ ʟʥʘʯʝʥʠʷ: � ʠ 1. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʦʞʥʦ ʩʢʘʟʘʪʴ, ʯʪʦ ʨʘʩʯʸʪ
ʧʨʠ ʧʦʤʦʱʠMCMC ʜʣʷ ʧʨʝʜʣʦʞʝʥʥʦʛʦ ʤʝʪʦʜʘ ʩʪʘʥʦʚʠʪʩʷ ʠʟʙʠʨʘʪʝʣʴʥʳʤ ʧʦ
ʟʘʨʘʥʝʝ ʧʨʝʜʦʧʨʝʜʝʣʸʥʥʳʤ ʦʙʣʘʩʪʷʤ ʠʟʦʙʨʘʞʝʥʠʷ. ɹʳʣʦ ʦʙʥʘʨʫʞʝʥʦ, ʯʪʦ ʧʨʦ-
ʤʝʞʫʪʦʯʥʳʝ ʟʥʘʯʝʥʠʷ, ʭʦʪʷ ʠ ʤʦʛʫʪ ʥʝʤʥʦʛʦ ʫʚʝʣʠʯʠʪʴ ʪʦʯʥʦʩʪʴ, ʧʨʠʚʦʜʷʪ ʢ
ʚʠʟʫʘʣʴʥʦ ʭʫʜʰʝʤʫ ʨʝʟʫʣʴʪʘʪʫ ʧʨʠ ʩʤʝʰʠʚʘʥʠʠ ʦʩʚʝʱʝʥʠʷ ʦʪ ʜʚʫʭ ʤʝʪʦʜʦʚ. ʇʦ
ʵʪʦʡ ʧʨʠʯʠʥʝ ʥʝʦʙʭʦʜʠʤʦ ʦʙʨʘʙʘʪʳʚʘʪʴ ʛʨʘʥʠʮʳ ʦʙʲʝʢʪʦʚ ʩʧʝʮʠʘʣʴʥʳʤ ʦʙʨʘ-
ʟʦʤ.

ʆʙʨʘʙʦʪʢʘ ʛʨʘʥʠʮ. ʇʦʩʢʦʣʴʢʫ ʠʩʧʦʣʴʟʫʝʤʘʷ ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ ʙʠʥʘʨʥʘʷ,
ʧʨʠ ʩʤʝʰʠʚʘʥʠʠ ʠʟʦʙʨʘʞʝʥʠʡ ʩ ʝʸ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʤʦʛʫʪ ʚʦʟʥʠʢʥʫʪʴ ʘʨʪʝʬʘʢ-
ʪʳ ʩʪʫʧʝʥʯʘʪʦʩʪʠ ð ʪʘʢ ʥʘʟʳʚʘʝʤʳʡ ʘʣʠʘʩʠʥʛ. ʏʪʦʙʳ ʫʩʪʨʘʥʠʪʴ ʵʪʫ ʧʨʦʙʣʝʤʫ,
ʧʨʠʤʝʥʷʣʩʷ ʧʦʣʥʦʵʢʨʘʥʥʳʡ ʘʣʛʦʨʠʪʤ ʫʩʪʨʘʥʝʥʠʷ ʩʪʫʧʝʥʯʘʪʦʩʪʠ [56] ʢ ʠʪʦʛʦ-
ʚʦʤʫ ʠʟʦʙʨʘʞʝʥʠʶ ʫʟʢʦʛʦ ʜʠʥʘʤʠʯʝʩʢʦʛʦ ʜʠʘʧʘʟʦʥʘ (ʪ. ʝ. ʫʞʝ ʧʦʩʣʝ ʧʨʠʤʝʥʝ-
ʥʠʷ ʪʦʥʠʨʫʶʱʠʭ ʦʧʝʨʘʪʦʨʦʚ ʠ ʛʘʤʤʘ-ʢʦʨʨʝʢʮʠʠ) ʩ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʧʦʜʩʢʘʟʢʦʡ
ð ʠʟʦʙʨʘʞʝʥʠʝʤ ʛʨʘʥʠʮ, ʧʦʣʫʯʝʥʥʳʤ ʠʟ G-ʙʫʬʝʨʘ (ʨʠʩ. 2, ʩʧʨʘʚʘ).

ɹʠʥʘʨʥʳʡ ʚʳʙʦʨ ʤʝʪʦʜʘ. ɺ ʢʘʯʝʩʪʚʝ ʦʧʮʠʠ ʤʦʞʥʦ ʥʝ ʩʤʝʰʠʚʘʪʴ ʨʝʟʫʣʴʪʘʪʳ
ʜʚʫʭ ʘʣʛʦʨʠʪʤʦʚ ʩ ʚʝʩʘʤʠ, ʘ ʜʝʣʘʪʴ ʚʳʙʦʨ ʘʣʛʦʨʠʪʤʘ ʥʘʧʨʷʤʫʶ. ɿʥʘʷ ʧʦʨʦʛ �,
ʵʪʦ ʤʦʞʥʦ ʩʜʝʣʘʪʴ ʧʨʠ ʧʦʤʦʱʠ ʚʳʨʘʞʝʥʠʡ 5 ʠ 6 (ʧʨʠʤʝʥʷʝʤʳʭ ʢ ʨʝʟʫʣʴʪʘʪʘʤ
ʪʨʘʩʩʠʨʦʚʱʠʢʘ ʚ ʤʦʤʝʥʪ ʩʦʭʨʘʥʝʥʠʷ ʚ ʠʟʦʙʨʘʞʝʥʠʝ).

IBP T (x; y) :=

8<:
IBP T (x; y)

1� �(x; y)
; ʝʩʣʠ �(x; y) = �;

0; ʠʥʘʯʝ (� = 1):
(5)
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IMLT (x; y) :=

8<:0; ʝʩʣʠ �(x; y) = �;
IMLT (x; y)

�(x; y)
; ʠʥʘʯʝ (� = 1):

(6)

4.2. ʀʪʦʛʦʚʳʡ ʘʣʛʦʨʠʪʤ ʅʠʞʝ ʧʨʝʜʩʪʘʚʣʝʥ ʘʣʛʦʨʠʪʤ, ʧʦʟʚʦʣʷʶʱʠʡ ʦʙʦʡ-
ʪʠʩʴ ʜʚʫʤʷ ʠʟʦʙʨʘʞʝʥʠʷʤʠ. ʇʦʩʢʦʣʴʢʫ ʬʫʥʢʮʠʷ ʟʥʘʯʠʤʦʩʪʠ ʙʠʥʘʨʥʘʷ, ʙʳʣ ʠʩ-
ʧʦʣʴʟʦʚʘʥ ʟʥʘʢʦʚʳʡ ʙʠʪ 32-ʙʠʪʥʦʡ ʧʣʘʚʘʶʱʝʡ ʪʦʯʢʠ ʚ ʢʨʘʩʥʦʤ ʢʘʥʘʣʝ HDR
ʠʟʦʙʨʘʞʝʥʠʷ image1 ʜʣʷ ʝʸ ʭʨʘʥʝʥʠʷ. ʆʜʥʘʢʦ, ʯʪʦʙʳ ʫʧʨʦʩʪʠʪʴ ʠʟʣʦʞʝʥʠʝ, ʚ
ʘʣʛʦʨʠʪʤʝ, ʦʧʠʩʘʥʥʦʤ ʥʠʞʝ, imageN ʚʳʜʝʣʝʥʘ ʚ ʦʪʜʝʣʴʥʦʝ ʠʟʦʙʨʘʞʝʥʠʝ.

ʀʩʭʦʜʥʳʝ ʧʘʨʘʤʝʪʨʳ: RunBPT, RunMLT.
ʈʝʟʫʣʴʪʘʪ: image1+image2.
RunBPT(direct => image1, indirect => image2, spp => 16);
imageN := EstimateNoise(image2);
imageN := AggregateAndSpread(image2);
image1 := image1 + image2*(1-imageN) ;
clear(image2);
while true do

RunBPT(direct + indirect*(1-imageN) => image1);
RunMLT(indirect => image2, importance => imageN(x,y));

end
ɸʣʛʦʨʠʪʤ 1: ʂʦʤʙʠʥʠʨʦʚʘʥʠʝ BPT ʠ MLT ʧʦ ʧʨʝʜʣʦʞʝʥʥʦʤʫ ʤʝ-
ʪʦʜʫ. ʀʟʦʙʨʘʞʝʥʠʝ imageN ʧʝʨʝʜ ʥʘʯʘʣʦʤ ʮʠʢʣʘ while ʩʦʜʝʨʞʠʪ ʧʦ-
ʩʪʨʦʝʥʥʫʶ ʬʫʥʢʮʠʶ ʟʥʘʯʠʤʦʩʪʠ, ʢʦʪʦʨʘʷ ʧʝʨʝʜʘʸʪʩʷ ʚʥʫʪʨʴ MLT ʯʝ-
ʨʝʟ ʘʨʛʫʤʝʥʪ importance. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʬʫʥʢʮʠʡ EstimateNoise ʠ
AggregateAndSpread ʦʩʫʱʝʩʪʚʣʷʝʪ ʧʦʩʪʨʦʝʥʠʝ ʦʧʠʩʘʥʥʦʡ ʬʫʥʢʮʠʠ ʟʥʘʯʠ-
ʤʦʩʪʠ ʧʦ ʘʣʛʦʨʠʪʤʫ, ʦʧʠʩʘʥʥʦʤʫ ʚ ʨʘʟʜʝʣʝ 4.1.

4.3. ɼʝʪʘʣʠʨʝʘʣʠʟʘʮʠʠ ʇʨʝʜʣʦʞʝʥʥʳʡʤʝʪʦʜ ʙʳʣ ʧʨʦʪʝʩʪʠʨʦʚʘʥ ʚ ʜʚʫʭ ʢʦʤ-
ʙʠʥʘʮʠʷʭ. ɺ ʧʝʨʚʦʡ ʢʦʤʙʠʥʘʮʠʠ (ʨʠʩ. 7ï10) ʚ ʢʘʯʝʩʪʚʝ ʙʘʟʦʚʦʛʦ ʤʝʪʦʜʘ ʜʣʷ
OMC ʙʳʣ ʠʤʧʦʣʴʟʦʚʘʥ ʤʝʪʦʜ IBPT (ʫʩʝʯʸʥʥʘʷ ʜʚʫʥʘʧʨʘʚʣʝʥʥʘʷ ʪʨʘʩʩʠʨʦʚʢʘ
ʧʫʪʝʡ), ʘ ʜʣʷ MCMC ð Multiplexed MLT (MMLT) ʢʘʢ ʦʜʥʠ ʠʟ ʥʘʠʙʦʣʝʝ ʩʦʚʨʝ-
ʤʝʥʥʳʭ ʠ ʧʨʘʢʪʠʯʥʳʭ ʘʣʛʦʨʠʪʤʦʚ. IBPT ʙʳʣ ʤʦʜʠʬʠʮʠʨʦʚʘʥ ʪʘʢʠʤ ʦʙʨʘʟʦʤ,
ʯʪʦʙʳ ʝʛʦ ʨʝʟʫʣʴʪʘʪ ʨʘʩʢʣʘʜʳʚʘʣʩʷ ʥʘ ʜʚʝ ʢʦʤʧʦʥʝʥʪʳ ð ʧʨʷʤʦʡ ʠ ʥʝʧʨʷʤʦʡ
ʩʚʝʪ, ʪ. ʝ. ʚ ʥʘʰʝʤ ʩʣʫʯʘʝ IBPT ʩʯʠʪʘʝʪ ʦʜʥʦʚʨʝʤʝʥʥʦ ʧʨʷʤʦʡ ʠ ʥʝʧʨʷʤʦʡ ʩʚʝʪ,
ʥʦ ʚʳʜʘʸʪ ʠʭ ʨʘʟʜʝʣʴʥʦ. MMLT ʩʯʠʪʘʝʪ ʪʦʣʴʢʦ ʥʝʧʨʷʤʦʡ ʩʚʝʪ. ɺʦ ʚʪʦʨʦʡ ʢʦʤ-
ʙʠʥʘʮʠʠ (ʨʠʩ. 11ï16) ʚ ʢʘʯʝʩʪʚʝ ʙʘʟʦʚʦʛʦ ʤʝʪʦʜʘ ʜʣʷ OMC ʙʘʣʳ ʠʩʧʦʣʴʟʦʚʘʥʘ
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ʧʨʷʤʘʷ ʄʦʥʪʝ-ʂʘʨʣʦ-ʪʨʘʩʩʠʨʦʚʢʘ (Light Tracing) ʚʤʝʩʪʦ IBPT, ʘ ʚ ʢʘʯʝʩʪʚʝ
MCMC ð ʧʦ ʧʨʝʞʥʝʤʫ MMLT. ʈʘʟʨʘʙʦʪʘʥʥʳʡ ʤʝʪʦʜ ʥʝ ʦʛʨʘʥʠʯʝʥ ʧʨʠʤʝʥʝ-
ʥʠʝʤ ʫʢʘʟʘʥʥʳʭ ʢʦʤʙʠʥʘʮʠʡ ʙʘʟʦʚʳʭ ʤʝʪʦʜʦʚ ʠ ʤʦʞʝʪ ʙʳʪʴ ʠʩʧʦʣʴʟʦʚʘʥ ʧʨʘʢ-
ʪʠʯʝʩʢʠ ʚ ʣʶʙʳʭ ʧʘʨʘʭ OMC ʠ MCMC, ʥʘʧʨʠʤʝʨ PT + path space MLT, BPT
+ HHMC ʠ ʪ. ʜ. ʈʝʘʣʠʟʘʮʠʷ ʚʳʧʦʣʥʝʥʘ ʥʘ ʷʟʳʢʝ ʧʨʦʛʨʘʤʤʠʨʦʚʘʥʠʷ ʉ++ ʩ ʠʩ-
ʧʦʣʴʟʦʚʘʥʠʝʤ ʙʠʙʣʠʦʪʝʢʠ ʪʨʘʩʩʠʨʦʚʢʠ ʣʫʯʝʡ Embree [58] ʚ ʚʠʜʝ ʵʢʩʧʝʨʠʤʝʥ-
ʪʘʣʴʥʦʛʦ ʠʥʪʝʛʨʘʪʦʨʘ ʦʩʚʝʱʸʥʥʦʩʪʠ ʚ ʨʝʥʜʝʨ-ʩʠʩʪʝʤʝ Hydra Renderer [1].

ɺʳʙʦʨ IBPT ʠMMLT ʢʘʢ ʦʩʥʦʚʥʳʭ ʙʘʟʦʚʳʭʤʝʪʦʜʦʚ ʦʙʫʩʣʦʚʣʝʥ ʜʦʧʦʣʥʠ-
ʪʝʣʴʥʦ ʪʝʤ, ʯʪʦ ʵʪʦ ʦʜʥʠ ʠʟ ʥʝʤʥʦʛʠʭ ʩʦʚʨʝʤʝʥʥʳʭ ʥʝʩʤʝʱʸʥʥʳʭ ʘʣʛʦʨʠʪʤʦʚ
ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʦʩʚʝʱʸʥʥʦʩʪʠ, ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʙʳʪʴ ʵʬʬʝʢʪʠʚʥʦ ʨʝʘʣʠʟʦʚʘʥʳ
ʥʘ GPU [5, 57]. ɼʘʥʥʘʷ ʨʘʙʦʪʘ ʧʦʟʚʦʣʷʝʪ ʫʙʝʜʠʪʴʩʷ ʚ ʵʬʬʝʢʪʠʚʥʦʩʪʠ ʧʦʜʦʙʥʦʡ
ʢʦʤʙʠʥʘʮʠʠ ʜʣʷ ʧʦʩʣʝʜʫʶʱʝʡ ʝʸ ʨʝʘʣʠʟʘʮʠʠ ʥʘ ʤʘʩʩʠʚʥʦ-ʧʘʨʘʣʣʝʣʴʥʳʭ ʚʳ-
ʯʠʩʣʠʪʝʣʴʥʳʭ ʩʠʩʪʝʤʘʭ.

4.4. ʈʝʟʫʣʴʪʘʪʳ ʇʨʝʜʣʦʞʝʥʥʳʡ ʤʝʪʦʜ ʜʘʸʪ ʚʠʟʫʘʣʴʥʦ ʣʫʯʰʝʝ ʠʟʦʙʨʘʞʝʥʠʝ,
ʯʝʤ MMLT, ʟʘ ʩʯʸʪ ʙʦʣʝʝ ʨʘʚʥʦʤʝʨʥʦʛʦ ʰʫʤʘ, ʧʨʦʠʟʚʦʜʠʤʦʛʦ OMC (ʨʠʩ. 6ï
16). ʇʨʠ ʵʪʦʤ ʤʝʪʦʜ ʜʘʸʪ ʙʦʣʝʝ ʪʦʯʥʦʝ ʨʝʰʝʥʠʝ, ʯʝʤ IBPT ʟʘ ʪʦ ʞʝ ʩʘʤʦʝ ʚʨʝʤʷ
(ʪʘʙʣ. 1, 2). ɼʣʷ ʧʦʜʩʯʸʪʘ ʦʰʠʙʢʠ ʙʳʣʘ ʠʩʧʦʣʴʟʦʚʘʥʘ ʧʨʦʛʨʘʤʤʘ Theʉompresso-
nator [59]). ʄʦʞʥʦ ʩʢʘʟʘʪʴ, ʯʪʦ ʧʨʝʜʣʦʞʝʥʥʳʡ ʤʝʪʦʜ ʫʩʪʦʡʯʠʚʳʡ, ʪ. ʢ. ʦʥ ʦʙʣʘ-
ʜʘʝʪ ʪʘʢʦʡ ʞʝ ʫʩʪʦʡʯʠʚʦʩʪʴʶ, ʢʘʢ ʠ ʙʘʟʦʚʳʡ MCMC-ʤʝʪʦʜ ð MMLT.

ʉʮʝʥʘ/ʄʝʪʦʜ IBPT MMLT ʇʨʝʜʣʦʞʝʥʥʳʡ ʤʝʪʦʜ ʂʦʤʙʠʥʘʮʠʷ
ʊʦʨ 15.4 7.28 12.5 IBPT + MMLT
ɺʦʜʘ 40.1 17.6 20.0 IBPT + MMLT

ʊʦʨʰʝʨʳ 33.5 15.6 28.1 LT + MMLT
ɺʘʥʥʘʷ 58.8 32.7 45.4 LT + MMLT

ʊʘʙʣʠʮʘ 1.ʉʨʘʚʥʝʥʠʝ ʢʚʘʜʨʘʪʠʯʥʦʡ ʦʰʠʙʢʠ (MSE,Mean Square Error) ʜʣʷ ʠʟʦʙ-
ʨʘʞʝʥʠʡ ʫʟʢʦʛʦ ʜʠʥʘʤʠʯʝʩʢʦʛʦ ʜʠʘʧʘʟʦʥʘ (LDR ʠʟʦʙʨʘʞʝʥʠʡ).

ʉʮʝʥʘ/ʄʝʪʦʜ IBPT MMLT ʇʨʝʜʣʦʞʝʥʥʳʡ ʤʝʪʦʜ ʂʦʤʙʠʥʘʮʠʷ
ʊʦʨ 428 25.2 76.0 IBPT + MMLT
ɺʦʜʘ 642 139 381 IBPT + MMLT

ʊʦʨʰʝʨʳ 472 114 302 LT + MMLT
ɺʘʥʥʘʷ 740 279 654 LT + MMLT

ʊʘʙʣʠʮʘ 2.ʉʨʘʚʥʝʥʠʝ ʢʚʘʜʨʘʪʠʯʥʦʡ ʦʰʠʙʢʠ (MSE,Mean Square Error) ʜʣʷ ʠʟʦʙ-
ʨʘʞʝʥʠʡ ʰʠʨʦʢʦʛʦ ʜʠʥʘʤʠʯʝʩʢʦʛʦ ʜʠʘʧʘʟʦʥʘ (HDR ʠʟʦʙʨʘʞʝʥʠʡ).
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