
http://keldysh.ru/
http://keldysh.ru/
http://library.keldysh.ru/
http://library.keldysh.ru/preprints/
http://library.keldysh.ru/preprint.asp?id=2017-88
http://library.keldysh.ru/author_page.asp?aid=3178
http://doi.org/10.20948/prepr-2017-88
http://library.keldysh.ru/preprint.asp?id=2017-88


ʆʨʜ ʝ ʥ ʘʃ ʝʥʠʥ ʘ

ʀʅʉʊʀʊʋʊ ʇʈʀʂʃɸɼʅʆʁʄɸʊɽʄɸʊʀʂʀ

ʠʤʝʥʠ ʄ.ɺ.ʂɽʃɼʓʐɸ

ʈʦ ʩ ʩ ʠ ʡ ʩ ʢ ʦ ʡ ʘ ʢ ʘ ʜ ʝʤʠʠ ʥ ʘ ʫ ʢ

ɸ.ɹ. ɹʘʪʭʠʥ

ɺʳʯʠʩʣʝʥʠʝ ʦʙʦʙʱʸʥʥʦʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪʘ
ʚʝʱʝʩʪʚʝʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ

ʄʦʩʢʚʘ ð 2017



ʋɼʂ 512.62+004.421.6

ɸʣʝʢʩʘʥʜʨ ɹʦʨʠʩʦʚʠʯ ɹʘʪʭʠʥ

ɺʳʯʠʩʣʝʥʠʝ ʦʙʦʙʱʸʥʥʦʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʚʝʱʝʩʪʚʝʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ʇʨʝ-

ʧʨʠʥʪ ʀʇʄ ʠʤ. ʄ.ɺ. ʂʝʣʜʳʰʘ, ʄʦʩʢʚʘ, 2017.

ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʦʙʦʙʱʝʥʠʝ ʢʣʘʩʩʠʯʝʩʢʦʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʚʝʱʝʩʪʚʝʥʥʦʛʦ

ʤʥʦʛʦʯʣʝʥʘ, ʢʦʪʦʨʦʝ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩ ʧʦʤʦʱʴʶ ʣʠʥʝʡʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ʍʘʥʘ, ʧʦʥʠ-

ʞʘʶʱʝʛʦ ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʝʜʠʥʠʮʫ. ʀʩʩʣʝʜʫʝʪʩʷ ʩʪʨʫʢʪʫʨʘ ʦʙʦʙʱʸʥʥʦʛʦ

ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʚʝʱʝʩʪʚʝʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ, ʪ. ʝ. ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ

ʟʥʘʯʝʥʠʡ ʧʨʦʩʪʨʘʥʩʪʚʘ ʢʦʵʬʬʠʮʠʝʥʪʦʚ, ʧʨʠ ʢʦʪʦʨʳʭ ʤʥʦʛʦʯʣʝʥ ʠ ʨʝʟʫʣʴʪʘʪ ʧʨʠ-

ʤʝʥʝʥʠʷ ʢ ʥʝʤʫ ʦʧʝʨʘʪʦʨʘ ʍʘʥʘ ʠʤʝʶʪ ʦʙʱʠʡ ʢʦʨʝʥʴ. ʉʪʨʫʢʪʫʨʘ ʦʙʦʙʱʸʥʥʦʛʦ

ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʤʥʦʛʦʯʣʝʥʘ ʩʪʝʧʝʥʠ n ʦʧʠʩʳʚʘʝʪʩʷ ʚ ʪʝʨʤʠʥʘʭ
ʨʘʟʙʠʝʥʠʷ ʯʠʩʣʘ n. ʇʨʝʜʣʘʛʘʶʪʩʷ ʥʝʢʦʪʦʨʳʝ ʘʣʛʦʨʠʪʤʳ ʧʦʩʪʨʦʝʥʠʷ ʧʦʣʠʥʦ-
ʤʠʘʣʴʥʦʡ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʦʙʦʙʱʸʥʥʦʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʚ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʤʥʦʛʦʯʣʝʥʘ. ʆʩʥʦʚʥʳʝ ʰʘʛʠ ʘʣʛʦʨʠʪʤʦʚ, ʦʧʠʩʘʥʥʳʝ ʚ

ʨʘʙʦʪʝ, ʨʝʘʣʠʟʦʚʘʥʳ ʚ ʚʠʜʝ ʙʠʙʣʠʦʪʝʢʠ ʚ ʩʠʩʪʝʤʝ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ .

ʇʨʠʚʝʜʝʥʳ ʧʨʠʤʝʨʳ ʚʳʯʠʩʣʝʥʠʷ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ.

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʪʝʦʨʠʷ ʠʩʢʣʶʯʝʥʠʷ, ʦʧʝʨʘʪʦʨ ʍʘʥʘ, ʦʙʦʙʱʸʥʥʳʡ ʜʠʩ-

ʢʨʠʤʠʥʘʥʪ, ʨʘʟʙʠʝʥʠʝ, ʢʦʤʧʴʶʪʝʨʥʘʷ ʘʣʛʝʙʨʘ.

Alexander Borisovich Batkhin

Computation of generalized discriminant of a real polynomial

We consider a certain generalization of discriminant of a real polynomial, defined

by the linear Hahn operator decreasing degree of the polynomial by one. We study

the structure of the generalized discriminant set of the real polynomial i. e. the set of

all the values of the polynomial coefficients at which the polynomial and its image

of Hahn operator have common root. The structure of the generalized discriminant

set of the polynomial of degree n is described by means of partitions of integer
number n. Some algorithms of computation of polynomial parametrization of the
generalized discriminant set in the coefficient space are proposed. Main steps of

described algorithms are implemented as a software library in the computer algebra

system . Some examples of computations are proposed.

Key words: elimination theory, Hahn operator, generalized discriminant, parti-

tion, computer algebra.

ʈʘʙʦʪʘ ʧʦʜʜʝʨʞʘʥʘ ʧʨʦʛʨʘʤʤʦʡ IV.1.1 ʆʄʅ ʈɸʅ.
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1. ɺʚʝʜʝʥʠʝ

ʇʫʩʪʴ g : R ! R : x 7! g(x) ʥʝʢʦʪʦʨʦʝ ʟʘʜʘʥʥʦʝ ʛʣʘʜʢʦʝ ʚʟʘʠʤʥʦ-ʦʜʥʦ-
ʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʚʝʱʝʩʪʚʝʥʥʦʡ ʦʩʠ ð ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ʚʝʱʝʩʪʚʝʥʥʦʛʦ

ʤʥʦʛʦʯʣʝʥʘ f(x) ʩ ʧʨʦʠʟʚʦʣʴʥʳʤʠ ʚʝʱʝʩʪʚʝʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ʉʪʘʚʠʪʩʷ
ʟʘʜʘʯʘ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʫʩʣʦʚʠʷ ʥʘ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʘ, ʧʨʠ ʚʳʧʦʣʥʝʥʠʠ

ʢʦʪʦʨʳʭ ʦʥ ʠʤʝʝʪ ʢʦʨʥʠ ti;tj , ʩʚʷʟʘʥʥʳʝ ʩʦʦʪʥʦʰʝʥʠʝʤ g(ti) = tj , ʘ ʪʘʢʞʝ ʠʩʩʣʝ-

ʜʦʚʘʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʤʥʦʛʦʯʣʝʥʘ ʩʪʨʫʢʪʫʨʫ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ

ʤʥʦʛʦʦʙʨʘʟʠʷ, ʥʘ ʢʦʪʦʨʦʤ ʤʥʦʛʦʯʣʝʥ f(x) ʠʤʝʝʪ ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ ʧʘʨʫ ʪʘʢʠʭ
ʢʦʨʥʝʡ.

ʊʘʢʦʛʦ ʨʦʜʘ ʟʘʜʘʯʠ ʚʦʟʥʠʢʘʶʪ ʧʨʠ ʨʝʰʝʥʠʠ ʤʥʦʛʠʭ ʧʨʠʢʣʘʜʥʳʭ ʧʨʦʙʣʝʤ.

ʅʘʧʨʠʤʝʨ, ʫʩʣʦʚʠʝ ʮʝʣʦʯʠʩʣʝʥʥʦʡ ʩʦʠʟʤʝʨʠʤʦʩʪʠ (ʢʨʘʪʥʦʩʪʠ) ʢʦʨʥʝʡ ʭʘʨʘʢʪʝ-

ʨʠʩʪʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʤʘʪʨʠʮʳ ʣʠʥʝʡʥʦʡ ʯʘʩʪʠ ʫʨʘʚʥʝʥʠʡ ʜʚʠʞʝʥʠʷ ʚʙʣʠʟʠ

ʧʦʣʦʞʝʥʠʷ ʨʘʚʥʦʚʝʩʠʷ ʚʳʜʝʣʷʝʪ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʤʥʦʛʦʯʣʝʥʘ

(ʠʣʠ ʧʘʨʘʤʝʪʨʦʚ ʫʨʘʚʥʝʥʠʡ ʜʚʠʞʝʥʠʷ) ʤʥʦʛʦʦʙʨʘʟʠʷ, ʥʘ ʢʦʪʦʨʳʭ ʠʤʝʝʪʩʷ ʨʝ-

ʟʦʥʘʥʩ ʤʝʞʜʫ ʩʦʙʩʪʚʝʥʥʳʤʠ ʯʘʩʪʦʪʘʤʠ ʢʦʣʝʙʘʥʠʡ. ɼʣʷ ʤʥʦʛʠʭ ʩʠʩʪʝʤ ʦʨʪʦʛʦ-

ʥʘʣʴʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ ʚʘʞʥʳʤ ʷʚʣʷʝʪʩʷ ʫʩʣʦʚʠʝ ʥʘ ʚʟʘʠʤʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ ʠʭ

ʢʦʨʥʝʡ. ʏʘʩʪʥʳʤ ʩʣʫʯʘʝʤ ʪʘʢʦʡ ʩʠʪʫʘʮʠʠ ʷʚʣʷʝʪʩʷ ʩʣʫʯʘʡ ʢʨʘʪʥʦʩʪʠ ʢʦʨʥʝʡ.

ɺʳʧʦʣʥʷʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʧʦʣʦʞʝʥʠʷ ʨʘʚʥʦʚʝʩʠʷ ʤʥʦʛʦʧʘʨʘ-

ʤʝʪʨʠʯʝʩʢʠʭ ʩʠʩʪʝʤ ɻʘʤʠʣʴʪʦʥʘ [1; 2], ʘʚʪʦʨ ʦʙʨʘʪʠʣ ʚʥʠʤʘʥʠʝ, ʯʪʦ ʤʥʦʞʝʩʪʚʘ

ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʚʝʱʝʩʪʚʝʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ, ʥʘ ʢʦʪʦʨʳʭ ʢʦʨʥʠ

ʧʦʩʣʝʜʥʝʛʦ ʣʠʙʦ ʢʨʘʪʥʳʝ (ʪ. ʥ. ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ), ʣʠʙʦ ʩʦʠʟʤʝʨʠʤʳʝ

(ʪ. ʥ. ʨʝʟʦʥʘʥʩʥʦʝ ʤʥʦʞʝʩʪʚʦ), ʦʙʣʘʜʘʶʪ ʦʧʨʝʜʝʣʸʥʥʦʡ ʠʝʨʘʨʭʠʯʝʩʢʦʡ ʩʪʨʫʢʪʫ-

ʨʦʡ. ʉ ʦʜʥʦʡ ʩʪʦʨʦʥʳ, ʵʪʘ ʠʝʨʘʨʭʠʷ ʦʢʘʟʘʣʘʩʴ ʪʝʩʥʦ ʩʚʷʟʘʥʥʦʡ ʩʦ ʩʪʨʫʢʪʫʨʦʡ

ʨʘʟʙʠʝʥʠʷ ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ n = deg f(x), ʩ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʢʦʤʧʦʥʝʥʪʳ
ʨʘʟʣʠʯʥʳʭ ʨʘʟʤʝʨʥʦʩʪʝʡ ʪʘʢʠʭ ʤʥʦʞʝʩʪʚ ʤʦʛʣʠ ʙʳʪʴ ʦʧʠʩʘʥʳ ʩ ʧʦʤʦʱʴʶ ʥʘ-

ʛʣʷʜʥʦʡ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʢʦʥʩʪʨʫʢʮʠʠ, ʘ ʠʤʝʥʥʦ, ʢʘʞʜʘʷ ʢʦʤʧʦʥʝʥʪʘ ʩʣʝʜʫʶʱʝʡ

ʨʘʟʤʝʨʥʦʩʪʠ ʧʦʣʫʯʘʣʘʩʴ ʢʘʢ ʥʝʢʦʪʦʨʘʷ ʣʠʥʝʡʯʘʪʘʷ ʧʦʚʝʨʭʥʦʩʪʴ, ʛʜʝ ʨʦʣʴ ʥʘʧʨʘʚ-

ʣʷʶʱʝʡ ʠʛʨʘʣʘ ʦʜʥʘ ʠʟ ʢʦʤʧʦʥʝʥʪ ʤʝʥʴʰʝʡ ʨʘʟʤʝʨʥʦʩʪʠ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʘʚʪʦʨ

ʧʦʧʳʪʘʣʩʷ ʥʝʩʢʦʣʴʢʦ ʨʘʩʰʠʨʠʪʴ ʧʦʣʫʯʝʥʥʳʝ ʢʦʥʩʪʨʫʢʮʠʠ, ʠ ʝʸ ʨʝʟʫʣʴʪʘʪʦʤ

ʩʪʘʣʦ ʦʧʨʝʜʝʣʸʥʥʦʝ ʦʙʦʙʱʝʥʠʝ ʢʣʘʩʩʠʯʝʩʢʦʛʦ ʦʙʲʝʢʪʘ ð ʜʠʩʢʨʠʤʠʥʘʥʪʘ D(f)
ʤʥʦʛʦʯʣʝʥʘ f(x). ʕʪʦ ʦʙʦʙʱʝʥʠʝ ʝʩʪʝʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ ʚʢʣʶʯʠʣʦ ʚ ʩʝʙʷ ʢʘʢ
ʢʣʘʩʩʠʯʝʩʢʠʡ ʜʠʩʢʨʠʤʠʥʘʥʪ, ʪʘʢ ʠ ʝʛʦ ʘʥʘʣʦʛʠ, ʚʦʟʥʠʢʘʶʱʠʝ ʧʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ

q-ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʠ ʨʘʟʥʦʩʪʥʦʛʦ ʦʧʝʨʘʪʦʨʦʚ, ʠʤʝʶʱʠʭ ʠ ʨʘʟʨʘʙʦʪʘʥʥʦʝ ʠʩ-
ʯʠʩʣʝʥʠʝ [3ð6], ʠ ʚʘʞʥʳʝ ʧʨʠʣʦʞʝʥʠʷ [7; 8]. ʆʢʘʟʘʣʦʩʴ ʚʦʟʤʦʞʥʳʤ ʧʝʨʝʥʝʩʪʠ

ʢʦʥʩʪʨʫʢʮʠʠ, ʧʦʣʫʯʝʥʥʳʝ ʨʘʥʝʝ ʜʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ [9ð11] ʠ

ʨʝʟʦʥʘʥʩʥʦʛʦ [12ð14] ʤʥʦʞʝʩʪʚ, ʥʘ ʙʦʣʝʝ ʦʙʱʠʡ ʩʣʫʯʘʡ.

ʎʝʣʴ ʜʘʥʥʦʡ ʨʘʙʦʪʳð ʧʨʝʜʣʦʞʠʪʴ ʢʦʥʩʪʨʫʢʪʠʚʥʳʡ ʘʣʛʦʨʠʪʤ ʚʳʯʠʩʣʝʥʠʷ

ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʚʩʝʭ ʢʦʤʧʦʥʝʥʪ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝ-
ʩʪʚʘ Dg(f) ʧʨʠʚʝʜʸʥʥʦʛʦ ʚʝʱʝʩʪʚʝʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ f(x).

ʇʨʝʧʨʠʥʪ ʩʦʩʪʦʠʪ ʠʟ ʚʚʝʜʝʥʠʷ, ʯʝʪʳʨʸʭ ʨʘʟʜʝʣʦʚ, ʟʘʢʣʶʯʝʥʠʷ ʠ ʪʨʸʭ ʩʧʠʩ-



ï 4 ï

ʢʦʚ: ʣʠʪʝʨʘʪʫʨʳ, ʨʠʩʫʥʢʦʚ ʠ ʥʝʢʦʪʦʨʳʭ ʫʩʣʦʚʥʳʭ ʦʙʦʟʥʘʯʝʥʠʡ. ɺ ʨʘʟʜʝʣʝ 2

ʜʘʶʪʩʷ ʦʩʥʦʚʥʳʝ ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʧʨʠʚʦʜʷʪʩʷ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʝ ʫʪʚʝʨʞʜʝʥʠʷ.

ɺ ʨʘʟʜʝʣʝ 3 ʚʚʦʜʠʪʩʷ ʧʦʥʷʪʠʝ ʦʙʦʙʱʸʥʥʦʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪʘ Dg(f) ʤʥʦʛʦʯʣʝ-
ʥʘ ʠ ʦʙʩʫʞʜʘʶʪʩʷ ʤʝʪʦʜʳ ʝʛʦ ʚʳʯʠʩʣʝʥʠʷ. ʎʝʥʪʨʘʣʴʥʘʷ ʯʘʩʪʴ ʨʘʙʦʪʳ ð ʵʪʦ

ʨʘʟʜʝʣ 4, ʛʜʝ ʜʘʥʦ ʦʧʠʩʘʥʠʝ ʠʝʨʘʨʭʠʯʝʩʢʦʡ ʩʪʨʫʢʪʫʨʳ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦ-
ʞʝʩʪʚʘ Dg(f), ʫʢʘʟʘʥʘ ʩʚʷʟʴ ʵʪʦʡ ʩʪʨʫʢʪʫʨʳ ʩ ʨʘʟʙʠʝʥʠʝʤ ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ
n, ʦʧʠʩʘʥ ʘʣʛʦʨʠʪʤ ʧʦʩʪʨʦʝʥʠʷ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʢʦʤʧʦʥʝʥʪ
ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ ʠ ʧʨʝʜʣʦʞʝʥʦ ʦʧʠʩʘʥʠʝ ʧʨʦʛʨʘʤʤʥʦʡ ʙʠʙʣʠʦʪʝʢʠ ʜʣʷ ʩʠʩʪʝʤʳ

ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ . ʅʘʢʦʥʝʮ, ʚ ʨʘʟʜʝʣʝ 5 ʧʦʢʘʟʘʥʦ, ʢʘʢ ʤʦʞʥʦ ʦʨʛʘ-

ʥʠʟʦʚʘʪʴ ʚʳʯʠʩʣʝʥʠʝ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ, ʢʦʛʜʘ ʥʘ
ʢʦʵʬʬʠʮʠʝʥʪʳ ʠʩʭʦʜʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʥʘʣʦʞʝʥʳ ʦʛʨʘʥʠʯʝʥʠʷ ʚ ʚʠʜʝ ʥʝʢʦʪʦʨʳʭ

ʧʦʣʠʥʦʤʠʘʣʴʥʳʭ ʩʦʦʪʥʦʰʝʥʠʡ. ʇʨʠʚʝʜʝʥʳ ʧʨʠʤʝʨʳ ʨʘʙʦʪʳ ʘʣʛʦʨʠʪʤʘ.

ʅʝʢʦʪʦʨʳʝ ʧʨʝʜʚʘʨʠʪʝʣʴʥʳʝ ʨʝʟʫʣʴʪʘʪʳ ʨʘʙʦʪʳ ʜʦʢʣʘʜʳʚʘʣʠʩʴ ʥʘ ʤʝʞʜʫ-

ʥʘʨʦʜʥʳʭ ʢʦʥʬʝʨʝʥʮʠʷʭ Polynomial Computer Algebra 2016, ʛ. ʉʘʥʢʪ-ʇʝʪʝʨʙʫʨʛ,

18ï23 ʘʧʨʝʣʷ 2016 ʛ. [15], çɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʘʥʘʣʠʟ ʠ ʝʛʦ ʧʨʠʣʦʞʝʥʠʷè, ɺʦʣʛʦ-

ʛʨʘʜ, 30 ʤʘʷ ï 3 ʠʶʥʷ 2016 ʛ., óóComputer Algebraôô, ʄʦʩʢʚʘ, ʈʦʩʩʠʷ, 29 ʠʶʥʷ ï 2

ʠʶʣʷ 2016 ʛ., çɸʢʪʫʘʣʴʥʳʝ ʧʨʦʙʣʝʤʳ ʧʨʠʢʣʘʜʥʦʡ ʤʘʪʝʤʘʪʠʢʠ ʠ ʠʥʬʦʨʤʘʮʠʦʥ-

ʥʳʭ ʪʝʭʥʦʣʦʛʠʡ ð ɸʣʴ-ʍʦʨʝʟʤʠ 2016è, ɹʫʭʘʨʘ, ʋʟʙʝʢʠʩʪʘʥ, 9ï10 ʥʦʷʙʨʷ 2016 ʛ.,

óóAlgebraic and geometric methods of analysisôô, ʆʜʝʩʩʘ, 31 ʤʘʷ ï 5 ʠʶʥʷ 2017 ʛ.

2. ʆʧʨʝʜʝʣʝʥʠʷ ʠ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʝ ʫʪʚʝʨʞʜʝʥʠʷ

ɿʜʝʩʴ ʠ ʜʘʣʝʝ fn(x)ð ʵʪʦ ʧʨʠʚʝʜʸʥʥʳʡ ʤʥʦʛʦʯʣʝʥ n-ʡ ʩʪʝʧʝʥʠ ʩ ʚʝʱʝ-
ʩʪʚʝʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ:

fn(x)
def
= xn + a1x

n�1 + a2x
n�2 + � � � + an: (2.1)

ɺʝʱʝʩʪʚʝʥʥʦʝ n-ʤʝʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ � � Rn ʝʛʦ ʢʦʵʬʬʠʮʠʝʥʪʦʚ a1;a2; : : : an

ʥʘʟʦʚʸʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʤʥʦʛʦʯʣʝʥʘ (2.1).

ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʫʶ ʢʦʥʩʪʨʫʢʮʠʶ, ʧʦʟʚʦʣʷʶʱʫʶ ʥʝʢʦʪʦʨʳʤ ʝʩʪʝ-

ʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ ʦʙʦʙʱʠʪʴ ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ fn(x).
ʇʫʩʪʴ Pð ʧʨʦʩʪʨʘʥʩʪʚʦ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ R ʠ ʧʫʩʪʴ ʥʘ R ʦʧʨʝʜʝʣʸʥ ʜʠʬ-

ʬʝʦʤʦʨʬʠʟʤ (ʛʣʘʜʢʦʝ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ)

g : R ! R : x 7! g(x);

ʢʦʪʦʨʳʡ ʠʥʜʫʮʠʨʫʝʪ ʦʧʝʨʘʪʦʨ

Eg : P ! P : f 7! f(g(x)):

ʈʘʩʩʤʦʪʨʠʤ ʥʝʢʦʪʦʨʳʡ ʣʠʥʝʡʥʳʡ ʦʧʝʨʘʪʦʨA ʥʘ P, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʡ ʜʚʫʤ
ʫʩʣʦʚʠʷʤ.
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ʋʩʣʦʚʠʝ 1: ʧʦʥʠʞʝʥʠʷ ʧʦʨʷʜʢʘ

deg(Afn)(x) = n � 1:

ɺ ʯʘʩʪʥʦʩʪʠ, Ax = 1.
ʋʩʣʦʚʠʝ 2: ʘʥʘʣʦʛ ʧʨʘʚʠʣʘ ʃʝʡʙʥʠʮʘ

(A xfn)(x) = fn(x) + g(x)(Afn)(x):

ʂʘʢ ʧʦʢʘʟʘʥʦ ʚ [16] ʜʣʷ ʩʣʫʯʘʷ ʦʙʦʙʱʸʥʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ʨʘʟʜʝʣʸʥʥʦʡ ʨʘʟ-

ʥʦʩʪʠ, ʫʩʣʦʚʠʝ 1 ʚʳʧʦʣʥʷʝʪʩʷ, ʝʩʣʠ ʜʣʷ ʜʠʬʬʝʦʤʦʨʬʠʟʤʘ g(x) ʠʤʝʶʪ ʤʝʩʪʦ
ʩʣʝʜʫʶʱʠʝ ʨʘʚʝʥʩʪʚʘ:

deg(g(x) + x) = 1 ʠ deg(g2(x) + xg(x) + x2) = 2:

ɿʜʝʩʴ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʩʣʫʯʘʡ, ʢʦʛʜʘ ʜʠʬʬʝʦʤʦʨʬʠʟʤ g ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʳʤ
ʦʪʦʙʨʘʞʝʥʠʝʤ ʚʠʜʘ:

g(x) � qx + !; q;! 2 R; q 62 f�1;0g: (2.2)

ʏʝʨʝʟ gk ʦʙʦʟʥʘʯʠʤ k-ʶ ʠʪʝʨʘʮʠʶʜʠʬʬʝʦʤʦʨʬʠʟʤʘ g, k 2 Z. ʊʦʛʜʘ ʩ ʫʯʸʪʦʤ (2.2)
ʬʦʨʤʫʣʘ k-ʡ ʠʪʝʨʘʮʠʠ ʜʠʬʬʝʦʤʦʨʬʠʟʤʘ g ʠʤʝʝʪ ʚʠʜ

gk(x) =qkx + [k]q!; ʧʨʠ k > 0;

gk(x) =q�k(x � [k]q!); ʧʨʠ k 6 0;

ʛʜʝ [k]q ð ʪʘʢ ʥʘʟʳʚʘʝʤʳʝ q-ʘʥʘʣʦʛ ʯʠʩʣʘ k (ʩʤ. ʜʘʣʝʝ ʦʧʨʝʜʝʣʝʥʠʝ 1).
ɼʠʬʬʝʦʤʦʨʬʠʟʤ g ʠʤʝʝʪ ʥʝʧʦʜʚʠʞʥʫʶ ʪʦʯʢʫ !0 = !/(1 � q).
ʆʧʝʨʘʪʦʨ A, ʠʥʜʫʮʠʨʦʚʘʥʥʳʡ ʵʪʠʤ ʜʠʬʬʝʦʤʦʨʬʠʟʤʦʤ, ʥʘʟʦʚʸʤ ʦʧʝʨʘʪʦ-

ʨʦʤ ʍʘʥʘ ʠ ʦʙʦʟʥʘʯʠʤ ʩʠʤʚʦʣʦʤ Aq;! [8] (ʚ ʜʠʩʩʝʨʪʘʮʠʷʭ [5; 6] ʦʥ ʦʙʦʟʥʘʯʝʥ

Dq;!). ɽʛʦ ʯʘʩʪʥʳʡ ʩʣʫʯʘʡ ʧʨʠ ! = 1 ʨʘʩʩʤʦʪʨʝʥ ʚ [4, Ch. 5], ʛʜʝ ʦʥ ʦʙʦʟʥʘʯʝʥ
�H;q.

ʆʧʝʨʘʪʦʨ Aq;! ʙʳʣ ʚʚʝʜʸʥ ɺʦʣʴʬʛʘʥʛʦʤ ʍʘʥʦʤ (Wolfgang Hahn) [17] ʚ

ʨʘʙʦʪʝ 1949 ʛʦʜʘ. ʊʘʤ ʞʝ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʦʧʝʨʘʪʦʨAq;!, ʦʧʨʝʜʝʣʸʥʥʳʡ ʥʘ P, ʠʤʝʝʪ
ʚʠʜ

(Aq;!f)(x)
def
=

8<:
f(qx + !) � f(x)

(q � 1)x + !
; x 6= !0;

f 0(!0); x = !0;

(2.3)

ʜʣʷ ʚʩʝʭ ʟʥʘʯʝʥʠʡ ʧʘʨʘʤʝʪʨʦʚ q 2 Rnf�1;0g, ! 2 R ʠ (q;!) 6= (1;0).
ʇʦʩʢʦʣʴʢʫ ʩʫʱʝʩʪʚʝʥʥʳʤ ʩʚʦʡʩʪʚʦʤ ʦʧʝʨʘʪʦʨʘ Aq;! ʷʚʣʷʝʪʩʷ ʧʦʥʠʞʝʥʠʝ

ʩʪʝʧʝʥʠ ʤʥʦʛʦʯʣʝʥʘ f(x) ʥʘ ʝʜʠʥʠʮʫ (ʫʩʣʦʚʠʝ 2), ʪʦ ʟʥʘʯʝʥʠʝ q = �1 ʠʩʢʣʶʯʝʥʦ.
ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ f ʟʘʚʠʩʠʪ ʦʪ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ, ʪʦ ʘʨʛʫʤʝʥʪ ʚ ʣʝʚʦʡ
ʯʘʩʪʠ (2.3) ʫʢʘʟʳʚʘʝʪ, ʦʪʥʦʩʠʪʝʣʴʥʦ ʢʘʢʦʡ ʧʝʨʝʤʝʥʥʦʡ ʜʝʡʩʪʚʫʝʪ ʦʧʝʨʘʪʦʨ ʍʘʥʘ.
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ʋʪʚʝʨʞʜʝʥʠʝ 1 ([5]). ʇʫʩʪʴ f ʠ hð ʜʚʘ ʤʥʦʛʦʯʣʝʥʘ, ʪʦʛʜʘ
1. (Aq;!f)(x) � 0 () f(x) � const;
2. (Aq;!(f + h))(x) = (Aq;!f)(x) + (Aq;!h)(x);
3. (Aq;!(fh))(x) = (Aq;!f)(x)h(x) + f(g(x))(Aq;!h)(x);

4.

�
Aq;!

f

h

�
(x) =

(Aq;!f)(x)h(x) � f(x)(Aq;!h)(x)

h(x)h(g(x))
;

5. f(qx + !) = f(x) + ((q � 1)x + !)(Aq;!f)(x).

ɺ ʩʠʣʫ ʵʪʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ ʨʝʟʫʣʴʪʘʪ ʧʨʠʤʝʥʝʥʠʷ ʦʧʝʨʘʪʦʨʘ Aq;! ʢ ʤʥʦʛʦ-

ʯʣʝʥʫ f(x) ʥʘʟʦʚʸʤ ʝʛʦ g-ʧʨʦʠʟʚʦʜʥʦʡ.
ʆʯʝʚʠʜʥʦ, ʯʪʦ ʦʧʝʨʘʪʦʨ ʍʘʥʘ Aq;! ʤʦʞʝʪ ʨʘʩʩʤʘʪʨʠʚʘʪʴʩʷ ʢʘʢ ʦʙʦʙʱʝʥʠʝ

ʩʣʝʜʫʶʱʠʭ ʦʧʝʨʘʪʦʨʦʚ:

Å q-ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ɼʞʝʢʩʦʥʘ

(Aqf)(x) =
f(qx) � f(x)

(q � 1)x
; (2.4)

ʧʨʠ ! = 0 ʠ q 6= 1;

Å ʨʘʟʥʦʩʪʥʦʛʦ ʦʧʝʨʘʪʦʨʘ (�!f)(x) =
f(x + !) � f(x)

!
ʧʨʠ q = 1;

Å ʢʣʘʩʩʠʯʝʩʢʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʦʧʝʨʘʪʦʨʘ d/dx ʚ ʧʨʝʜʝʣʝ ʧʨʠ q ! 1 ʠ
! = 0.
q-ʘʥʘʣʦʛʠ ʤʥʦʛʠʭ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʦʙʲʝʢʪʦʚ ʧʦʷʚʠʣʠʩʴ ʫʞʝ ʚ ʨʘʙʦʪʘʭ ʃʝʦ-

ʥʘʨʜʘ ʕʡʣʝʨʘ, ʘ ʟʘʪʝʤ ʧʦʣʫʯʠʣʠ ʩʚʦʝ ʨʘʟʚʠʪʠʝ ʚ ʪʨʫʜʘʭ ʤʥʦʛʠʭ ʤʘʪʝʤʘʪʠʢʦʚ

(ʩʤ. ʠʩʪʦʨʠʯʝʩʢʠʡ ʦʙʟʦʨ ʚ [4]). ʈʘʟʨʘʙʦʪʘʥʥʦʝ q-ʠʩʯʠʩʣʝʥʠʝ ʧʦʩʣʝʜʥʝʝ ʚʨʝʤʷ
ʩʪʘʣʦ ʯʘʩʪʴʶ ʙʦʣʝʝ ʦʙʱʝʡ ʢʦʥʩʪʨʫʢʮʠʠ, ʧʦʣʫʯʠʚʰʝʡ ʥʘʟʚʘʥʠʝ çʢʚʘʥʪʦʚʦʝ ʠʩ-

ʯʠʩʣʝʥʠʝè (ʩʤ., ʥʘʧʨʠʤʝʨ, [3ð6]). ʆʥʦ ʥʘʭʦʜʠʪ ʤʥʦʛʦʯʠʩʣʝʥʥʳʝ ʧʨʠʣʦʞʝʥʠʷ ʚ

ʨʘʟʣʠʯʥʳʭ ʨʘʟʜʝʣʘʭ ʩʦʚʨʝʤʝʥʥʦʡ ʤʘʪʝʤʘʪʠʢʠ ʠ ʪʝʦʨʝʪʠʯʝʩʢʦʡ ʬʠʟʠʢʠ [3; 4; 7;

18].

ʅʠʞʝ ʧʨʠʚʝʜʸʤ ʥʝʢʦʪʦʨʳʝ ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʦʙʦʟʥʘʯʝʥʠʷ, ʩʪʘʚʰʠʝ ʩʪʘʥʜʘʨʪ-

ʥʳʤʠ ʜʣʷ q-ʠʩʯʠʩʣʝʥʠʷ.

ʆʧʨʝʜʝʣʝʥʠʝ 1. ʆʧʨʝʜʝʣʠʤ q-ʩʢʦʙʢʫ [a]q ʯʠʩʣʘ a, ʩʜʚʠʥʫʪʳʡ q-ʬʘʢʪʦʨʠʘʣ (q-
ʩʠʤʚʦʣ ʇʦʭʛʘʤʤʝʨʘ) (a; q)n, q-ʬʘʢʪʦʨʠʘʣ [n]q!, q-ʙʠʥʦʤʠʘʣʴʥʳʝ (ʛʘʫʩʩʦʚʳ)
ʢʦʵʬʬʠʮʠʝʥʪʳ

�
n
k

�
q
ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ:

[a]q =
qa � 1

q � 1
; a 2 Rnf0g;0
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(a; q)n =
n�1Y
k=0

�
1 � aqk

�
; (a; q)0 = 1;

[n]q! =
nY

k=1

[k]q =
(q; q)n

(1 � q)n
; q 6= 1;

�
n

k

�
q

=
[n]q!

[n � k]q! [k]q!
=

kY
i=1

qn�i+1 � 1

qi � 1
:

ʇʨʠ q ! 1 ʚʩʝ ʦʧʨʝʜʝʣʸʥʥʳʝ ʚʳʰʝ ʦʙʲʝʢʪʳ ʩʪʘʥʦʚʷʪʩʷ ʢʣʘʩʩʠʯʝʩʢʠʤʠ.

q-ʩʢʦʙʢʘ [a]q ʦʙʣʘʜʘʝʪ ʩʣʝʜʫʶʱʠʤʠ ʦʯʝʚʠʜʥʳʤʠ ʩʚʦʡʩʪʚʘʤʠ:

[n + k]q � [k]q = qk[n]q; [n + k]q � [n]q = qn[k]q: (2.5)

ɼʣʷ ʩʪʘʥʜʘʨʪʥʦʛʦ ʙʠʥʦʤʘ (x � a)n ʝʛʦ q-ʘʥʘʣʦʛʦʤ ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝ

fx; agn;q
def
=

n�1Y
i=0

�
x � aqi

�
; fx; tg0;q = 1; (2.6)

ʢʦʪʦʨʦʝ ʥʘʟʦʚʸʤ q-ʙʠʥʦʤʦʤ. ɺʚʝʜʸʤ ʚ ʨʘʩʩʤʦʪʨʝʥʠʝ ʝʛʦ g-ʘʥʘʣʦʛ

fx; tgn;g
def
=

n�1Y
i=0

(x � gi(t)); fx; tg0;g = 1: (2.7)

ɼʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʦʩʥʦʚʥʳʭ ʨʝʟʫʣʴʪʘʪʦʚ ʨʘʙʦʪʳ ʥʘʤ ʧʦʥʘʜʦʙʷʪʩʷ ʥʝʩʢʦʣʴ-

ʢʦ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʭ ʫʪʚʝʨʞʜʝʥʠʡ.

ʃʝʤʤʘ 1. g-ʧʨʦʠʟʚʦʜʥʳʝ g-ʙʠʥʦʤʘ (2.7) ʧʦ ʧʝʨʝʤʝʥʥʦʡ x ʠ ʧʘʨʘʤʝʪʨʫ t ʩʫʪʴ

(Aq;!fx; tgn;g)(x) =[n]qfx; tg(n�1);g; (2.8)

(Aq;!fx; tgn;g)(t) = � [n]qfx; g(t)g(n�1);g: (2.9)

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɼʦʢʘʞʝʤ ʬʦʨʤʫʣʳ (2.8) ʠ (2.9) ʧʦ ʠʥʜʫʢʮʠʠ. ʇʨʠ n = 1 ʠʤʝ-
ʝʤ (Aq;!fx; tg1;g)(x) = 1, (Aq;!fx; tg1;g)(t) = �1. ʊʝʧʝʨʴ ʧʨʝʜʩʪʘʚʠʤ g-ʙʠʥʦʤ
fx; tg(n+1);g ʚ ʚʠʜʝ (x � gn(t))fx; tgn;g. ʊʦʛʜʘ, ʚ ʩʠʣʫ ʫʩʣʦʚʠʷ 2 ʥʘ ʩʪʨʘʥʠʮʝ 5 ʠʣʠ

ʩʚʦʡʩʪʚʘ 3 ʫʪʚʝʨʞʜʝʥʠʷ 1, ʠʤʝʝʤ

(Aq;!fx; tg(n+1);g)(x) = fx; tgn;g + g(x � gn(t))(Aq;!fx; tgn;g)(x) =

=
�
x � gn�1t + [n]q(qx + ! � gn(t)

�
fx; tg(n�1);g:
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ʉ ʫʯʸʪʦʤ (2.5) ʤʥʦʞʠʪʝʣʴ, ʩʪʦʷʱʠʡ ʧʝʨʝʜ fx; tg(n�1);g ʚ ʧʦʩʣʝʜʥʝʡ ʬʦʨʤʫʣʝ, ʤʦ-

ʞʝʪ ʙʳʪʴ ʧʨʝʦʙʨʘʟʦʚʘʥ ʢ ʚʠʜʫ [n+1]q(x�gn�1(t)), ʯʪʦ ʟʘʚʝʨʰʘʝʪ ʜʦʢʘʟʘʪʝʣʴʩʪʚʦ
ʬʦʨʤʫʣʳ (2.8).

ʌʦʨʤʫʣʘ (2.9) ʜʦʢʘʟʳʚʘʝʪʩʷ ʘʥʘʣʦʛʠʯʥʦ ʩ ʪʦʡ ʣʠʰʴ ʨʘʟʥʠʮʝʡ, ʯʪʦ g-ʙʠʥʦʤ
fx; tg(n+1);g ʩʣʝʜʫʝʪ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ (x � t)fx; g(t)gn;g, ʘ ʜʠʬʬʝʦʤʦʨʬʠʟʤ g
ʚ ʬʦʨʤʫʣʝ ʫʩʣʦʚʠʷ 2 ʧʨʠʤʝʥʷʪʴ ʜʣʷ ʧʘʨʘʤʝʪʨʘ t.

ʃʝʤʤʘ 2. k-ʷ g-ʧʨʦʠʟʚʦʜʥʘʷ g-ʙʠʥʦʤʘ fx; tgn;g ʧʦ ʧʝʨʝʤʝʥʥʦʡ x ʨʘʚʥʘ

(Ak
q;!fx; tgn;g)(x) =

[n]q!

[n � k]q!
fx; tg(n�k);g:

k-ʷ g-ʧʨʦʠʟʚʦʜʥʘʷ g-ʙʠʥʦʤʘ fx; tgn;g ʧʦ ʧʘʨʘʤʝʪʨʫ t ʨʘʚʥʘ

(Ak
q;!fx; tgn;g)(t) = (�1)kq(k

2)
[n]q!

[n � k]q!
fx; gk(t)g(n�k);g:

ʉʣʝʜʩʪʚʠʝ 1. ɼʣʷ g-ʙʠʥʦʤʘ (2.7) ʝʛʦ k-ʝ g-ʧʨʦʠʟʚʦʜʥʳʝ ʧʦ ʧʘʨʘʤʝʪʨʫ t ʠ ʧʝʨʝ-
ʤʝʥʥʦʡ x ʩʚʷʟʘʥʳ ʜʣʷ k 6 n ʩʦʦʪʥʦʰʝʥʠʝʤ

(Ak
q;!fx; tgn;g)(t) = (�1)kq(k

2) (Aq;!fx; tgn;g)(x)jt=g�k(t) :

ʉ ʧʦʤʦʱʴʶ g-ʘʥʘʣʦʛʘ ʦʜʥʦʛʦ ʠʟ ʪʦʞʜʝʩʪʚ ʂʦʰʠ ʜʣʷ ʢʦʥʝʯʥʳʭ ʧʨʦʠʟʚʝʜʝ-
ʥʠʡ [19, ʧ. 2.6.12] ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ ʩʣʝʜʫʶʱʝʝ ʪʦʞʜʝʩʪʚʦ.

ʃʝʤʤʘ 3. ɼʣʷ ʣʶʙʦʛʦm, 0 < m 6 n ʠʤʝʝʪ ʤʝʩʪʦ ʨʘʚʝʥʩʪʚʦ

mX
k=0

(�1)iq(i
2)
�

m

i

�
q

ft2; t1gk;gfx; gk(t1)g(n�k);g = fx; t2gm;gfx; gm(t1)g(n�m);g:

3. ʆʙʦʙʱʸʥʥʳʡ ʜʠʩʢʨʠʤʠʥʘʥʪ ʠ ʝʛʦ ʚʳʯʠʩʣʝʥʠʝ

ɼʣʷ ʤʥʦʛʠʭ ʧʨʠʣʦʞʝʥʠʡ, ʩʚʷʟʘʥʥʳʭ ʩ ʪʝʦʨʠʝʡ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ

ʠ ʠʭ ʨʘʟʣʠʯʥʳʭ ʦʙʦʙʱʝʥʠʡ, ʚʘʞʥʦ ʫʤʝʪʴ ʦʧʨʝʜʝʣʷʪʴ, ʧʨʠ ʢʘʢʠʭ ʫʩʣʦʚʠʷʭ ʥʘ

ʢʦʵʬʬʠʮʠʝʥʪʳ ai, i = 1; : : : ;n, ʤʥʦʛʦʯʣʝʥʘ fn(x) ʧʦʩʣʝʜʥʠʡ ʠʤʝʝʪ ʢʦʨʥʠ, ʩʚʷ-
ʟʘʥʥʳʝ ʜʨʫʛ ʩ ʜʨʫʛʦʤ ʩʦʦʪʥʦʰʝʥʠʝʤ g(ti) = tj, ʛʜʝ gð ʜʠʬʬʝʦʤʦʨʬʠʟʤ (2.2).

ʆʧʨʝʜʝʣʝʥʠʝ 2. ʇʘʨʫ ʢʦʨʥʝʡ ti, tj, i;j = 1; : : : ;n, i 6= j, ʤʥʦʛʦʯʣʝʥʘ fn(x) ʥʘʟʦ-
ʚʝʤ g-ʩʚʷʟʘʥʥʦʡ, ʝʩʣʠ g(ti) = tj ʜʣʷ g(x) ʚʠʜʘ (2.2).

ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʫʶ ʟʘʜʘʯʫ:

ʆʧʠʩʘʪʴ ʠ ʠʩʩʣʝʜʦʚʘʪʴ ʤʥʦʞʝʩʪʚʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ � �
Rn ʤʥʦʛʦʯʣʝʥʘ fn(x), ʥʘ ʢʦʪʦʨʦʤ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ ʧʘʨʫ
g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ.
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ʆʧʨʝʜʝʣʝʥʠʝ 3. ʄʥʦʞʝʩʪʚʦ ʚ �, ʥʘ ʢʦʪʦʨʦʤ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʧʦ ʢʨʘʡ-
ʥʝʡ ʤʝʨʝ ʧʘʨʫ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ, ʥʘʟʦʚʸʤ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʳʤ ʤʥʦʞʝʩʪʚʦʤ
ʤʥʦʛʦʯʣʝʥʘ fn(x) ʠ ʦʙʦʟʥʘʯʠʤ Dg(fn).

ʏʘʩʪʥʳʝ ʩʣʫʯʘʠ ʵʪʦʡ ʟʘʜʘʯʠ ʜʣʷ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ D(fn) (ʧʨʠ
g(x) � x) [9ð11] ʠ ʨʝʟʦʥʘʥʩʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Rp:q(fn) (ʧʨʠ g(x) � qx) [12ð
14] ʤʥʦʛʦʯʣʝʥʘ fn(x) ʙʳʣʠ ʨʝʰʝʥʳ ʢʦʤʙʠʥʘʮʠʝʡ ʤʝʪʦʜʦʚ ʢʣʘʩʩʠʯʝʩʢʦʡ ʪʝʦʨʠʠ
ʠʩʢʣʶʯʝʥʠʡ ʠ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ. ʅʠʞʝ ʧʨʠʚʝʜʸʤ ʙʦʣʝʝ ʦʙʱʫʶ ʢʦʥʩʪʨʫʢ-

ʮʠʶ. ʇʦ ʘʥʘʣʦʛʠʠ ʩ ʢʣʘʩʩʠʯʝʩʢʠʤ ʜʠʩʢʨʠʤʠʥʘʥʪʦʤ ʦʧʨʝʜʝʣʠʤ ʦʙʦʙʱʸʥʥʳʡ

ʜʠʩʢʨʠʤʠʥʘʥʪ D(f;A), ʠʥʜʫʮʠʨʦʚʘʥʥʳʡ ʣʠʥʝʡʥʳʤ ʦʧʝʨʘʪʦʨʦʤ A.

ɿʘʤʝʯʘʥʠʝ 1. ʇʫʩʪʴ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʧʨʦʩʪʦʡ ʢʦʨʝʥʴ t�, ʨʘʚʥʳʡ ʟʥʘʯʝ-
ʥʠʶ !0. ʇʦʩʢʦʣʴʢʫ ʵʪʦʪ ʢʦʨʝʥʴ ʝʩʪʴ ʥʝʧʦʜʚʠʞʥʘʷ ʪʦʯʢʘ ʜʠʬʬʝʦʤʦʨʬʠʟʤʘ g,
ʪʦ ʦʥ ʷʚʣʷʝʪʩʷ g-ʩʚʷʟʘʥʥʳʤ ʩ ʩʘʤʠʤ ʩʦʙʦʡ. ʉʪʨʦʛʦ ʛʦʚʦʨʷ, ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʧʘʨʳ
g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʥʝʪ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʢʦʨʝʥʴ t� ʜʦʣʞʝʥ ʠʤʝʪʴ ʢʨʘʪʥʦʩʪʴ ʥʝ
ʤʝʥʝʝ ʜʚʫʭ. ʆʪʤʝʪʠʤ, ʯʪʦ ʘʥʘʣʦʛʠʯʥʦʝ ʪʨʝʙʦʚʘʥʠʝ ʬʦʨʤʫʣʠʨʦʚʘʣʦʩʴ ʘʚʪʦʨʦʤ

ʚ [20] ʜʣʷ ʩʣʫʯʘʷ ʩʦʠʟʤʝʨʠʤʳʭ ʢʦʨʥʝʡ, ʯʪʦʙʳ ʠʩʢʣʶʯʠʪʴ ʥʘʣʠʯʠʝ ʫ ʤʥʦʛʦʯʣʝʥʘ

fn(x) ʧʨʦʩʪʦʛʦ ʥʫʣʝʚʦʛʦ ʢʦʨʥʷ.

ʆʧʨʝʜʝʣʝʥʠʝ 4. ʆʧʨʝʜʝʣʠʤ ʦʙʦʙʱʸʥʥʳʡ ʜʠʩʢʨʠʤʠʥʘʥʪD(f ; A) ʤʥʦʛʦʯʣʝʥʘ
f(x), ʧʦʨʦʞʜʸʥʥʳʡ ʣʠʥʝʡʥʳʤ ʦʧʝʨʘʪʦʨʦʤ A, ʢʘʢ ʨʝʟʫʣʴʪʘʥʪ ʧʘʨʳ ʤʥʦʛʦʯʣʝʥʦʚ
f(x) ʠ (Af)(x):

D(f ; A) = (�1)n(n�1)/2 Resx(f(x);(Af)(x)):

ɼʣʷ ʦʧʝʨʘʪʦʨʘ Aq;! ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʦʙʦʙʱʸʥʥʳʡ ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ

f(x) ʙʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ ʜʣʷ ʢʨʘʪʢʦʩʪʠ Dg(f).

ʇʫʩʪʴ ti, i = 1; : : : ;n, ð ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ fn(x). ʊʦʛʜʘ, ʧʦ ʘʥʘʣʦʛʠʠ ʩ
ʠʟʚʝʩʪʥʦʡ ʬʦʨʤʫʣʦʡ ʨʝʟʫʣʴʪʘʥʪʘ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ [21ð23], ʦʙʦʙʱʸʥʥʳʡ ʜʠʩ-

ʢʨʠʤʠʥʘʥʪ Dg(fn) ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʩʣʝʜʫʶʱʝʡ ʬʦʨʤʫʣʝ:

Dg(fn) = (�1)n(n�1)/2
nY

i=1

(Aq;!fn)(ti) =
nY

i;j=1
i6=j

(g(ti) � tj):

ɿʘʤʝʯʘʥʠʝ 2. ɺ ʨʘʙʦʪʘʭ [18; 24] ʧʨʠʚʝʜʸʥ q-ʘʥʘʣʦʛ ʜʠʩʢʨʠʤʠʥʘʥʪʘ D(fn) ʚ
ʩʠʤʤʝʪʨʠʯʥʦʡ ʬʦʨʤʝ

D(fn(x); Aq;0) = q(n
2)

Y
16i<j6n

�
q�1/2ti � q1/2tj

��
q1/2ti � q�1/2tj

�
;

ʢʦʪʦʨʳʡ ʷʚʥʦ ʥʝ ʦʙʦʙʱʘʝʪʩʷ ʥʘ ʩʣʫʯʘʡ ʜʠʬʬʝʦʤʦʨʬʠʟʤʘ (2.2).
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ʆʧʨʝʜʝʣʝʥʠʝ 5. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴʶ Seq(k)
g (t1) g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ

k ʥʘʟʦʚʸʤ ʢʦʥʝʯʥʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ftig, i = 1; : : : ;k, ʢʘʞʜʳʡ ʯʣʝʥ ʢʦʪʦʨʦʡ
ʥʘʯʠʥʘʷ ʩʦ ʚʪʦʨʦʛʦ ʷʚʣʷʝʪʩʷ g-ʩʚʷʟʘʥʥʳʤ ʢʦʨʥʝʤ ʧʨʝʜʳʜʫʱʝʛʦ ʯʣʝʥʘ ʧʦʩʣʝʜʦ-
ʚʘʪʝʣʴʥʦʩʪʠ: g(ti) = ti+1. ʅʘʯʘʣʴʥʳʡ ʢʦʨʝʥʴ t1 ʥʘʟʦʚʸʤ ʧʦʨʦʞʜʘʶʱʠʤ ʢʦʨʥʝʤ

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ.

g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ Dg(fn) ʜʣʷ ʢʘʞʜʦʛʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ ʥʘʙʦ-
ʨʘ ʧʘʨʘʤʝʪʨʦʚ (q;!) ʩʦʩʪʦʠʪ ʠʟ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʤʥʦʛʦʦʙʨʘʟʠʡ Vk, ʥʘ ʢʘʞʜʦʤ

ʠʟ ʢʦʪʦʨʳʭ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ k ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ
Seq(li)

g (ti) ʜʣʠʥʳ li ʩ ʨʘʟʣʠʯʥʳʤʠ ʧʦʨʦʞʜʘʶʱʠʤʠ ʢʦʨʥʷʤʠ ti, i = 1; : : : ;k. ʉʫʤ-
ʤʘʨʥʘʷ ʜʣʠʥʘ ʵʪʠʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʨʘʚʥʘ ʩʪʝʧʝʥʠ n
ʤʥʦʛʦʯʣʝʥʘ fn(x).

ɼʣʷ ʦʧʠʩʘʥʠʷ ʢʘʞʜʦʛʦ ʠʟ ʤʥʦʛʦʦʙʨʘʟʠʡ Vk ʥʫʞʥʦ ʟʥʘʪʴ ʩʪʨʫʢʪʫʨʫ ʢʦʨʥʝʡ

ʥʘʠʙʦʣʴʰʝʛʦ ʦʙʱʝʛʦ ʜʝʣʠʪʝʣʷ ʤʥʦʛʦʯʣʝʥʦʚ fn(x) ʠ fn(g(x)), ʪ. ʝ. ʤʥʦʛʦʯʣʝʥʘ

~fg(x)
def
= gcd(fn(x);fn(g(x))): (3.1)

ʇʫʩʪʴ d = deg ~fg > 0, ʪʦʛʜʘ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ~fg(x) ʜʘʶʪ ʠʥʬʦʨʤʘʮʠʶ ʦ g-ʩʚʷ-
ʟʘʥʥʳʭ ʢʦʨʥʷʭ ʠʩʭʦʜʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ fn(x): ʢʘʞʜʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʜʣʠʥʳ
k g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ Seq(k)

g (ti) ʤʥʦʛʦʯʣʝʥʘ ~fg(x) ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʴ ʜʣʠʥʳ k + 1 g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ Seq(k+1)
g (ti) ʤʥʦʛʦʯʣʝʥʘ fn(x). ʉʪʨʫʢʪʫʨʫ

ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ ʫʜʦʙʥʦ ʦʧʨʝʜʝʣʠʪʴ ʩ ʧʦʤʦʱʴʶ ʩʫʙʨʝʟʫʣʴʪʘʥʪʦʚ ʧʘʨʳ ʤʥʦ-

ʛʦʯʣʝʥʦʚ fn(x) ʠ (Aq;!fn)(x), ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʙʳʪʴ ʦʧʨʝʜʝʣʝʥʳ ʧʦ ʘʥʘʣʦʛʠʠ ʩ
ʢʣʘʩʩʠʯʝʩʢʠʤʠ ʩʫʙʨʝʟʫʣʴʪʘʥʪʘʤʠ (ʧʦʜʨʦʙʥʝʝ ʩʤ. [10; 23; 25ð27]).

ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʚʳʨʘʞʝʥʠʝ ʦʙʦʙʱʸʥʥʦʛʦ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʘ ʤʥʦ-

ʛʦʯʣʝʥʘ fn(x) ʯʝʨʝʟ ʝʛʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʦʞʥʦ ʧʨʠʤʝʥʠʪʴ ʣʶʙʦʡ ʠʟ ʤʝʪʦʜʦʚ
ʢʣʘʩʩʠʯʝʩʢʦʡ ʪʝʦʨʠʠ ʠʩʢʣʶʯʝʥʠʡ. ɽʩʣʠ ʟʘʤʝʥʠʪʴ ʧʨʦʠʟʚʦʜʥʫʶ f 0

n(x) ʤʥʦʛʦʯʣʝ-
ʥʦʤ (Aq;!fn)(x), ʪʦ ʣʶʙʦʡ ʠʟ ʤʘʪʨʠʯʥʳʭ ʤʝʪʦʜʦʚ (ʩʤ. [11; 22; 23; 28]) ʚʳʯʠʩʣʝ-
ʥʠʷ ʨʝʟʫʣʴʪʘʥʪʘ ʧʘʨʳ ʤʥʦʛʦʯʣʝʥʦʚ ʧʦʟʚʦʣʠʪ ʧʦʣʫʯʠʪʴ ʚʳʨʘʞʝʥʠʝ ʦʙʦʙʱʸʥʥʦʛʦ

ʜʠʩʢʨʠʤʠʥʘʥʪʘ. ʇʦʢʘʞʝʤ ʵʪʦ ʥʘ ʧʨʠʤʝʨʝ ʤʝʪʦʜʘ ʉʠʣʴʚʝʩʪʨʘ.

ʇʫʩʪʴ tð ʪʘʢʦʡ ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ fn(x), ʯʪʦ fn(t) = fn(g(t)) = 0. ʊʦʛʜʘ
ʟʘʧʠʰʝʤ ʩʠʩʪʝʤʫ, ʩʦʩʪʦʷʱʫʶ ʠʟ ʜʚʫʭ ʛʨʫʧʧ ʫʨʘʚʥʝʥʠʡ: n ʫʨʘʚʥʝʥʠʡ tkfn(t) = 0,
k = 0; : : : ;n � 1, ʠ n ʫʨʘʚʥʝʥʠʡ tkfn(g(t)) = 0, k = 0; : : : ;n � 1. ɿʘʤʝʥʠʤ ʢʘʞʜʦʝ
ʠʟ ʫʨʘʚʥʝʥʠʡ tkfn(g(t)) = 0 ʚʪʦʨʦʡ ʛʨʫʧʧʳ ʝʤʫ ʨʘʚʥʦʩʠʣʴʥʳʤ tk(fn(g(t)) �
fn(t))/(g(t) � t) � tk(Aq;!fn)(t) = 0. ɺ ʩʠʣʫ ʫʩʣʦʚʠʷ 1 ʜʣʷ ʦʧʝʨʘʪʦʨʘ Aq;!

ʤʥʦʛʦʯʣʝʥ (Aq;!fn)(t) ʠʤʝʝʪ ʩʪʝʧʝʥʴ n � 1, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʚ ʙʘʟʠʩʝ ʤʦʥʦʤʦʚ
ft2n�2; : : : ;t;1g ʩʠʩʪʝʤʘ, ʩʦʩʪʦʷʱʘʷ ʠʟ (2n � 1)-ʛʦ ʫʨʘʚʥʝʥʠʷ tkfn(t) = 0, k =
0; : : : ;n � 2, tk(Aq;!fn)(t) = 0, k = n � 1; : : : ;0, ʠʤʝʝʪ ʥʝʪʨʠʚʠʘʣʴʥʦʝ ʨʝʰʝʥʠʝ,
ʝʩʣʠ ʦʧʨʝʜʝʣʠʪʝʣʴ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ (2n � 1) � (2n � 1) ʤʘʪʨʠʮʳM2n�1 ʨʘʚʝʥ

ʥʫʣʶ.ʄʘʪʨʠʮʫM2n�1 ʥʘʟʦʚʸʤ ʦʙʦʙʱʸʥʥʦʡʤʘʪʨʠʮʝʡʉʠʣʴʚʝʩʪʨʘ ʤʥʦʛʦʯʣʝʥʘ

fn(x) ʠ ʦʙʦʟʥʘʯʠʤ ʝʸ Sylvg(fn).
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ʆʧʨʝʜʝʣʝʥʠʝ 6. ʇʫʩʪʴMnð ʢʚʘʜʨʘʪʥʘʷ ʤʘʪʨʠʮʘ ʨʘʟʤʝʨʘ n � n. ʊʦʛʜʘ ʤʘʪʨʠʮʘ
Mn�k, k < [n/2], ʧʦʣʫʯʝʥʥʘʷ ʚʳʯʸʨʢʠʚʘʥʠʝʤ ʧʦ k ʢʨʘʡʥʠʭ ʩʪʨʦʢ ʠ ʩʪʦʣʙʮʦʚ ʩ
ʦʙʝʠʭ ʩʪʦʨʦʥ ʠʩʭʦʜʥʦʡ ʤʘʪʨʠʮʳMn, ʥʘʟʳʚʘʝʪʩʷ ʝʸ k-ʤ ʠʥʥʦʨʦʤ [26, ʛʣ. 1]. k-ʤ
ʩʫʙʨʝʟʫʣʴʪʘʥʪʦʤ Res(k)

x (f;h) ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ h(x) ʥʘʟʳʚʘʝʪʩʷ ʦʧʨʝʜʝʣʠʪʝʣʴ
k-ʛʦ ʠʥʥʦʨʘ ʤʘʪʨʠʮʳ ʉʠʣʴʚʝʩʪʨʘ Sylv(f;h) [25]. ʉʦʦʪʚʝʪʩʪʚʝʥʥʦ k-ʤ ʦʙʦʙʱʸʥ-

ʥʳʤ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʦʤ D
(k)
g (fn) ʤʥʦʛʦʯʣʝʥʘ fn(x) ʥʘʟʦʚʸʤ ʦʧʨʝʜʝʣʠʪʝʣʴ k-

ʛʦ ʠʥʥʦʨʘ ʦʙʦʙʱʸʥʥʦʡ ʤʘʪʨʠʮʳ ʉʠʣʴʚʝʩʪʨʘ Sylvg(fn).

ʇʦʩʢʦʣʴʢʫ ʤʘʪʨʠʮʘ ʉʠʣʴʚʝʩʪʨʘ Sylvg(fn) ʥʝʯʸʪʥʦʛʦ ʨʘʟʤʝʨʘ (2n � 1) �
�(2n � 1), ʪʦ ʦʥʘ ʠʤʝʝʪ n � 2 ʥʝʪʨʠʚʠʘʣʴʥʳʭ ʦʙʦʙʱʸʥʥʳʭ ʜʠʩʢʨʠʤʠʥʘʥʪʘ, ʘ ʝʸ
(n�1)-ʡ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪ ʨʘʚʝʥ ʢʦʵʬʬʠʮʠʝʥʪʫ ʧʨʠ ʩʪʘʨʰʝʤ ʤʦʥʦʤʝ ʤʥʦʛʦʯʣʝʥʘ
(Aq;!fn)(x), ʪ. ʝ. [n]q.

ʇʨʠʤʝʨ 1. ʉʫʙʜʠʩʢʨʠʤʠʥʘʥʪʳ ʢʫʙʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ f3(x).

ʈʘʩʩʤʦʪʨʠʤ ʧʨʠʚʝʜʸʥʥʳʡ ʢʫʙʠʯʝʩʢʠʡ ʤʥʦʛʦʯʣʝʥ

f3 = x3 + a1x
2 + a2x + a3: (3.2)

ɽʛʦ g-ʧʨʦʠʟʚʦʜʥʘʷ ʠʤʝʝʪ ʚʠʜ

(Aq;!f3)(x) = [3]qx
2 + ([2]qa1 + (2q + 1)!)x + !2 + !a1 + a2;

ʘ ʝʸ ʢʦʵʬʬʠʮʠʝʥʪʳ ʧʨʠ xi ʦʙʦʟʥʘʯʠʤ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ a0
i, i = 0;1;2. ʊʦʛʜʘ ʦʙʦʙ-

ʱʸʥʥʘʷ ʤʘʪʨʠʮʘ ʉʠʣʴʚʝʩʪʨʘ Sylvg(f3) ʝʩʪʴ

1 a1 a2 a3 0

0 1 a1 a2 a3

0 0 a0
0 a0

1 a0
2

0 a0
0 a0

1 a0
2 0

a0
0 a0

1 a0
2 0 0

1CCCCCCCCCCCCCCCA

0BBBBBBBBBBBBBBB@
(3.3)

ɽʸ 1-ʡ ʠ 2-ʡ ʠʥʥʦʨʳ ʧʦʣʫʯʘʶʪʩʷ ʧʫʪʸʤ ʚʳʯʸʨʢʠʚʘʥʠʷ ʩʪʨʦʢ ʠ ʩʪʦʣʙʮʦʚ ʤʘʪʨʠʮʳ

ʧʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʧʫʥʢʪʠʨʥʳʤ ʣʠʥʠʷʤ.
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ʂʫʙʠʢʘ (3.2) ʠʤʝʝʪ ʪʨʠ ʦʙʦʙʱʸʥʥʳʭ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʘ

D(1)
g (f3) = [3]q;

D(1)
g (f3) = qa2

1 + 2!(q � 1)a1 � [3]qa2 � 3!2; (3.4)

D(0)
g (f3) = �!2q2a4

1 + !q2(q � 1)a3
1a2 � q2[2]2qa

3
1a3 � 2!3q(q � 1)a3

1+

+ q3a2
1a

2
2 + 3!2q(q2 + 1)a2

1a2 � !q(q � 1)(2q + 1)(q + 2)a2
1a3�

� !4(q2 � 4q + 1)a2
1 � !q(q � 1)[3]qa1a

2
2+

+ q[3]q(q
2 + 4q + 1)a1a2a3 + !3(q � 1)(2q2 + q + 2)a1a2�

� !2(q + 2)(2q + 1)(q � 1)2a1a3 + 2!5(q � 1)a1 � q2[2]2qa
3
2�

� !2[3]2qa
2
2 + !(q � 1)(2q + 1)(q + 2)[3]qa2a3 � 2!4[3]qa2�

� [3]3qa
2
3 + !3(q � 1)(2q + 1)(q + 2)a3 � !6:

ʇʨʠʚʝʜʸʥʥʳʝ ʬʦʨʤʫʣʳ ʩʦʜʝʨʞʘʪ ʪʦʣʴʢʦ ʧʨʠʤʠʪʠʚʥʫʶ ʯʘʩʪʴ ʚʳʨʘʞʝʥʠʷ ʩʫʙ-

ʜʠʩʢʨʠʤʠʥʘʥʪʦʚ, ʪ. ʝ. ʦʥʠ ʩʦʢʨʘʱʝʥʳ ʥʘ ʥʘʠʙʦʣʴʰʠʡ ʦʙʱʠʡ ʜʝʣʠʪʝʣʴ ʚʩʝʭ

ʤʦʥʦʤʦʚ. ʕʪʠ ʚʳʨʘʞʝʥʠʷ ʩʫʱʝʩʪʚʝʥʥʦ ʩʣʦʞʥʝʝ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʚʳʨʘʞʝʥʠʡ

ʜʣʷ ʢʣʘʩʩʠʯʝʩʢʠʭ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʦʚ (ʩʤ [10; 11, ʧ. 4]). �

ʇʫʩʪʴ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ
ʜʣʠʥʳ k ʩ ʧʦʨʦʞʜʘʶʱʠʤ ʢʦʨʥʝʤ t: fn(x) = u(x)fx; tgk;q. ɿʜʝʩʴ ʤʥʦʛʦʯʣʝʥ u(x)
ʩʪʝʧʝʥʠ n � k ʥʝ ʠʤʝʝʪ ʥʠ ʦʜʥʦʛʦ ʢʦʨʥʷ, g-ʩʚʷʟʘʥʥʦʛʦ ʩ t. ʊʦʛʜʘ ʩ ʫʯʸʪʦʤ (2.5)
ʧʦʣʫʯʠʤ

fn(g(x)) = u(g(x))
k�1Y
i=0

�
g(x) � gi(t)

�
= u(g(x))(g(x) � t)qk�1fx; tg(k�1);q:

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʤʥʦʛʦʯʣʝʥ ~fg ʚ ʬʦʨʤʫʣʝ (3.1) ʠʤʝʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ g-ʩʚʷ-
ʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ k � 1 ʩ ʧʦʨʦʞʜʘʶʱʠʤ ʢʦʨʥʝʤ t.

ɺ ʩʠʣʫ ʧʨʠʚʝʜʸʥʥʳʭ ʚʳʰʝ ʨʘʩʩʫʞʜʝʥʠʡ, ʘ ʪʘʢʞʝ ʧʫʥʢʪʘ ʘ) ʪʝʦʨʝʤʳ 3.3

ʠʟ [23] ʠʤʝʝʪ ʤʝʩʪʦ ʩʣʝʜʫʶʱʘʷ

ʊʝʦʨʝʤʘ 1. ʄʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʨʦʚʥʦ n�d ʨʘʟʣʠʯʥʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ
g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ, ʪ. ʝ. deg ~fg(x) = d, ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚ ʧʦʩʣʝʜʦ-

ʚʘʪʝʣʴʥʦʩʪʠ i-ʭ ʦʙʦʙʱʸʥʥʳʭ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʦʚ D
(i)
g (fn) ʧʝʨʚʳʤ ʦʪʣʠʯʥʳʤ

ʦʪ ʥʫʣʷ ʷʚʣʷʝʪʩʷ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪ D
(d)
g (fn) ʩ ʥʦʤʝʨʦʤ d.

ɺ ʪʝʨʤʠʥʘʭ ʠʥʥʦʨʦʚ ʤʘʪʨʠʮʳ ʉʠʣʴʚʝʩʪʨʘ Sylvg(fn) ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʚʳ-
ʨʘʞʝʥʠʝ ʜʣʷ ʥʘʠʙʦʣʴʰʝʛʦ ʦʙʱʝʛʦ ʜʝʣʠʪʝʣʷ ʤʥʦʛʦʯʣʝʥʦʚ fn(x) ʠ (Aq;!fn)(x).
ʇʫʩʪʴ ʚ ʫʩʣʦʚʠʷʭ ʪʝʦʨʝʤʳ 1 ʧʝʨʚʳʡ ʦʪʣʠʯʥʳʡ ʦʪ ʥʫʣʷ ʦʙʦʙʱʸʥʥʳʡ ʜʠʩʢʨʠ-

ʤʠʥʘʥʪ ʠʤʝʝʪ ʥʦʤʝʨ d, 0 < d < n � 1. ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟM
(i)
d , i = 1; : : : ;d, d-ʡ
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ʠʥʥʦʨ ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʦʡ ʦʙʦʙʱʸʥʥʦʡ ʤʘʪʨʠʮʳ ʉʠʣʴʚʝʩʪʨʘ Sylvg(fn), ʚ ʢʦʪʦ-
ʨʦʡ ʩʪʦʣʙʝʮ ʩ ʥʦʤʝʨʦʤ 2n � 1 � d ʟʘʤʝʥʸʥ ʝʸ ʩʪʦʣʙʮʦʤ ʩ ʥʦʤʝʨʦʤ 2n � 1 � d + i,

ʘ ʯʝʨʝʟ M
(i)
d ð ʦʧʨʝʜʝʣʠʪʝʣʴ ʵʪʦʛʦ ʠʥʥʦʨʘ. ʊʦʛʜʘ ʧʦ ʘʥʘʣʦʛʠʠ ʩ ʧʫʥʢʪʦʤ ʙ)

ʪʝʦʨʝʤʳ 3.3 [23] ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ ʩʣʝʜʫʶʱʝʝ ʫʪʚʝʨʞʜʝʥʠʝ.

ʋʪʚʝʨʞʜʝʥʠʝ 2. ɽʩʣʠ ʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʦʙʦʙʱʸʥʥʳʭ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʦʚ

D
(i)
g (fn), i = 0; : : : ;n � 1, ʧʝʨʚʳʤ ʦʪʣʠʯʥʳʤ ʦʪ ʥʫʣʷ ʷʚʣʷʝʪʩʷ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪ
ʩ ʥʦʤʝʨʦʤ d, ʪʦ

gcd (fn(x);(Aq;!fn)(x)) = D(d)
g xd + M

(1)
d xd�1 + � � � + M

(i)
d : (3.5)

ʇʨʠʤʝʨ 2 (ʧʨʦʜʦʣʞʝʥʠʝ ʧʨʠʤʝʨʘ 1). ɺʳʯʠʩʣʝʥʠʝ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʢʫʙʠʯʝ-
ʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ f3(x).

ʇʫʩʪʴ ʧʝʨʚʳʡ ʦʪʣʠʯʥʳʡ ʦʪ ʥʫʣʷ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪ ʢʫʙʠʢʠ (3.2) ʠʤʝʝʪ ʥʦʤʝʨ

1: D
(1)
g (f3) 6= 0. ʊʦʛʜʘ ʩʦʛʣʘʩʥʦ ʫʪʚʝʨʞʜʝʥʠʶ 2 g-ʩʚʷʟʘʥʥʳʡ ʢʦʨʝʥʴ t1 ʷʚʣʷʝʪʩʷ

ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ
~f3 � D(1)

g (f3)x + M
(1)
1 (f3); (3.6)

ʛʜʝM
(1)
1 (f3)ð ʦʧʨʝʜʝʣʠʪʝʣʴ 1-ʛʦ ʠʥʥʦʨʘ ʤʘʪʨʠʮʳ (3.3), ʚ ʢʦʪʦʨʦʡ ʯʝʪʚʸʨʪʳʡ

ʩʪʦʣʙʝʮ ʟʘʤʝʥʸʥ ʝʸ ʧʷʪʳʤ ʩʪʦʣʙʮʦʤ:

M
(1)
1 (f3) = !q2a2

1+q2a1a2+!2
�
q2 � 2q � 1

�
a1�!(2q+1)a2�[3]2qa3�!3(2q+1):

(3.7)

ʇʦʩʢʦʣʴʢʫ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʤʥʦʛʦʯʣʝʥ f3(x) ʜʝʣʠʪʩʷ ʙʝʟ ʦʩʪʘʪʢʘ ʥʘ g-ʙʠʥʦʤ
fx;t1g2;g, ʪʦ ʝʛʦ ʧʨʦʩʪʦʡ ʢʦʨʝʥʴ t2 ʥʘʭʦʜʠʪʩʷ ʠʟ ʯʘʩʪʥʦʛʦ f3(x)/fx;t1g2;g.

ɽʩʣʠD
(0)
g (f3) = D

(1)
g (f3) = 0, ʪʦ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʅʆɼ ʤʥʦʛʦʯʣʝʥʘ f3(x) ʠ ʝʛʦ

g-ʧʨʦʠʟʚʦʜʥʦʡ ʷʚʣʷʝʪʩʷ ʢʚʘʜʨʘʪʥʳʤ ʪʨʸʭʯʣʝʥʦʤ ʩ ʧʘʨʦʡ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ:

~f3 � gcd(f3;(Aq;!f3)) = [3]qx
2 + ((q + 1)a1 + (2q + 1)!)x + !2 + !a1 + a2:

ʆʯʝʚʠʜʥʦ, ʯʪʦ ʝʛʦ g-ʜʠʩʢʨʠʤʠʥʘʥʪ D
(0)
g ( ~f3) ʨʘʚʝʥ ʥʫʣʶ, ʘ ʪʦʛʜʘ ʠʟ ʫʪʚʝʨʞʜʝ-

ʥʠʷ (2) ʠ ʬʦʨʤʫʣʳ (3.5) ʥʘʭʦʜʠʤ ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʢʦʨʥʷ t1:

t1 = �qa1 + (q + 2)!

[3]q!
:

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʢʫʙʠʢʘ (3.2) ʝʩʪʴ g-ʙʠʥʦʤ fx;t1g3;g. �

ɿʘʤʝʯʘʥʠʝ 3. ɼʣʷ ʧʦʩʪʘʚʣʝʥʥʦʡ ʚʳʰʝ ʟʘʜʘʯʠ (ʪʦʯʥʝʝ, ʜʘʞʝ ʜʣʷ ʙʦʣʝʝ ʦʙʱʝʡ

ʟʘʜʘʯʠ, ʢʦʛʜʘ ʜʠʬʬʝʦʤʦʨʬʠʟʤ g ʝʩʪʴ ʥʝʢʦʪʦʨʳʡ ʤʥʦʛʦʯʣʝʥ) ʤʦʞʥʦ ʧʨʝʜʣʦ-
ʞʠʪʴ ʨʝʰʝʥʠʝ, ʦʩʥʦʚʘʥʥʦʝ ʥʘ ʧʨʝʦʙʨʘʟʦʚʘʥʠʠ ʏʠʨʥʛʘʫʟʘ [21, Ä 136] . ʇʫʩʪʴ
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ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʢʦʨʥʠ ti, i = 1; : : : ;n. ʊʦʛʜʘ ʩʫʱʝʩʪʚʫʝʪ ʤʥʦʛʦʯʣʝʥ F (x),
ʢʦʨʥʠ ʢʦʪʦʨʦʛʦ ʠʤʝʶʪ ʚʠʜ g(ti), i = 1; : : : ;n. ʕʪʦʪ ʤʥʦʛʦʯʣʝʥ ʷʚʣʷʝʪʩʷ ʨʝ-
ʟʫʣʴʪʘʥʪʦʤ ʠʩʭʦʜʥʦʛʦ fn(z) ʠ ʤʥʦʛʦʯʣʝʥʘ x � g(z) ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʝʨʝʤʝʥʥʦʡ
z: F (x) = Resz(fn(z);x � g(z)). ʊʦʛʜʘ ʨʘʚʝʥʩʪʚʦ ʥʫʣʶ ʨʝʟʫʣʴʪʘʥʪʘ ʧʘʨʳ ʤʥʦ-
ʛʦʯʣʝʥʦʚ fn(x) ʠ F (x) ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʝʨʝʤʝʥʥʦʡ x ʦʙʝʩʧʝʯʠʚʘʝʪ ʚʳʧʦʣʥʝʥʠʝ
ʫʩʣʦʚʠʷ, ʯʪʦ ʜʣʷ ʭʦʪʷ ʙʳ ʦʜʥʦʛʦ ʢʦʨʥʷ ti ʝʩʪʴ g-ʩʚʷʟʘʥʥʳʡ ʩ ʥʠʤ ʢʦʨʝʥʴ g(ti).

ʋ ʪʘʢʦʛʦ ʧʦʜʭʦʜʘ ʝʩʪʴ ʜʚʘ ʥʝʜʦʩʪʘʪʢʘ. ɺʦ-ʧʝʨʚʳʭ, ʜʣʷ ʤʥʦʛʦʦʙʨʘʟʠʷ,

ʦʧʨʝʜʝʣʷʝʤʦʛʦ ʫʨʘʚʥʝʥʠʝʤ Resx(fn(x);F (x)) = 0, ʧʦʣʫʯʠʪʴ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʦ ʝʛʦ
ʩʪʨʫʢʪʫʨʝ ʚʳʛʣʷʜʠʪ ʜʦʚʦʣʴʥʦ ʩʣʦʞʥʦʡ ʟʘʜʘʯʝʡ. ɺʦ-ʚʪʦʨʳʭ, ʫʢʘʟʘʥʥʳʡ ʚʳʰʝ

ʨʝʟʫʣʴʪʘʥʪ ʙʫʜʝʪ ʨʘʚʝʥ ʥʫʣʶ, ʝʩʣʠ ʫ ʤʥʦʛʦʯʣʝʥʘ fn(x) ʦʜʠʥ ʠʟ ʧʨʦʩʪʳʭ ʢʦʨʥʝʡ
ʨʘʚʝʥ !0, ʪ. ʝ., ʢʘʢ ʩʣʝʜʫʝʪ ʠʟ ʟʘʤʝʯʘʥʠʷ 1, ʧʘʨʳ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʚ ʵʪʦʤ
ʩʣʫʯʘʝ ʤʦʞʝʪ ʠ ʥʝ ʙʳʪʴ ʚʦʚʩʝ.

4. ʇʘʨʘʤʝʪʨʠʟʘʮʠʷ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dg(fn)

4.1. ʂʦʤʧʦʥʝʥʪʳ ʤʥʦʞʝʩʪʚʘ Dg(fn). ʄʥʦʞʝʩʪʚʦ Dg(fn) ʩʦʩʪʦʠʪ ʠʟ ʘʣʛʝʙʨʘ-
ʠʯʝʩʢʠʭ ʤʥʦʛʦʦʙʨʘʟʠʡ Vl ʨʘʟʤʝʨʥʦʩʪʝʡ l, 1 6 l 6 n � 1. ʆʙʱʝʝ ʯʠʩʣʦ ʵʪʠʭ
ʤʥʦʛʦʦʙʨʘʟʠʡ, ʘ ʪʘʢʞʝ ʯʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʤʥʦʛʦʦʙʨʘʟʠʡ Vl, ʠʤʝʶʱʠʭ ʬʠʢʩʠʨʦʚʘʥ-

ʥʫʶ ʨʘʟʤʝʨʥʦʩʪʴ l, ʟʘʚʠʩʠʪ ʦʪ ʯʠʩʣʘ ʨʘʟʣʠʯʥʳʭ ʨʘʟʙʠʝʥʠʡ ʩʪʝʧʝʥʠ n ʤʥʦʛʦʯʣʝʥʘ
fn(x).

ʆʧʨʝʜʝʣʝʥʠʝ 7. ʈʘʟʙʠʝʥʠʝʤ � ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ n ʥʘʟʳʚʘʝʪʩʷ ʚʩʷʢʘʷ ʢʦʥʝʯʥʘʷ
ʥʝʫʙʳʚʘʶʱʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ �1 6 �2 6 � � � 6 �k, ʜʣʷ

ʢʦʪʦʨʦʡ
kX

i=1

�i = n:

ʂʘʞʜʦʝ ʠʟ ʨʘʟʙʠʝʥʠʡ ʟʘʧʠʰʝʤ ʚ ʚʠʜʝ � = [1n12n23n3 : : : ], ʛʜʝ nið ʯʠʩʣʦ ʧʦʚʪʦ-

ʨʝʥʠʡ ʩʣʘʛʘʝʤʦʛʦ i ʚ ʨʘʟʙʠʝʥʠʠ, ʪ. ʝ.
Pk

i=1 ini = n.

ʆʩʥʦʚʥʳʤʠ ʯʠʩʣʦʚʳʤʠ ʬʫʥʢʮʠʷʤʠ, ʩʚʷʟʘʥʥʳʤʠ ʩ ʨʘʟʙʠʝʥʠʷʤʠ ʯʠʩʣʘ n,
ʷʚʣʷʶʪʩʷ (ʩʤ. [29; 30]):

Å ʬʫʥʢʮʠʷ p(n)ð ʦʧʨʝʜʝʣʷʝʪ ʯʠʩʣʦ ʚʩʝʭ ʨʘʟʙʠʝʥʠʡ ʯʠʩʣʘ n,
Å ʬʫʥʢʮʠʷ pk(n)ðʦʧʨʝʜʝʣʷʝʪ ʯʠʩʣʦ ʚʩʝʭ ʨʘʟʙʠʝʥʠʡ n ʥʘ ʩʫʤʤʫ k ʩʣʘʛʘʝʤʳʭ,
Å ʬʫʥʢʮʠʷ q(n)ð ʦʧʨʝʜʝʣʷʝʪ ʯʠʩʣʦ ʚʩʝʭ ʨʘʟʙʠʝʥʠʡ n ʥʘ ʨʘʟʣʠʯʥʳʝ ʩʣʘʛʘʝ-
ʤʳʝ,

Å ʬʫʥʢʮʠʷ qk(n)ðʦʧʨʝʜʝʣʷʝʪ ʯʠʩʣʦ ʚʩʝʭ ʨʘʟʙʠʝʥʠʡ n ʥʘ ʩʫʤʤʫ k ʨʘʟʣʠʯʥʳʭ
ʩʣʘʛʘʝʤʳʭ.

ʆʯʝʚʠʜʥʦ, ʯʪʦ p(n) =
nP

k=1

pk(n) ʠ q(n) =
nP

k=1

qk(n).

ʈʘʩʩʤʦʪʨʠʤ ʨʘʟʙʠʝʥʠʝ � = [1n12n2 : : : ini : : : ] ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ n. ɺʝʣʠ-
ʯʠʥʘ i ʚ ʨʘʟʙʠʝʥʠʠ � ʟʘʜʘʸʪ ʜʣʠʥʫ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʷ
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ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʧʦʨʦʞʜʘʶʱʝʛʦ ʢʦʨʥʷ ti, ʘ nið ʯʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʧʦʨʦʞʜʘ-

ʶʱʠʭ ʢʦʨʥʝʡ, ʟʘʜʘʶʱʠʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʨʥʝʡ ʜʣʠʥʳ i. ʊʦʛʜʘ l =
P

i ni

ʝʩʪʴ ʯʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʧʦʨʦʞʜʘʶʱʠʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ fn(x) ʜʣʷ ʬʠʢʩʠʨʦ-
ʚʘʥʥʦʛʦ ʥʘʙʦʨʘ ʧʘʨʘʤʝʪʨʦʚ (q;!) ʠ

P
i ini = n. ʃʶʙʦʝ ʨʘʟʙʠʝʥʠʝ � ʯʠʩʣʘ n

ʦʧʨʝʜʝʣʷʝʪ ʥʝʢʦʪʦʨʫʶ ʩʪʨʫʢʪʫʨʫ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ, ʠ ʵʪʦʡ ʩʪʨʫʢ-
ʪʫʨʝ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ � ʥʝʢʦʪʦʨʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ
ʤʥʦʛʦʦʙʨʘʟʠʝ V i

l , i = 1; : : : ;pl(n), ʨʘʟʤʝʨʥʦʩʪʠ l ʧʦ ʯʠʩʣʫ ʨʘʟʣʠʯʥʳʭ ʧʦʨʦʞʜʘʶ-
ʱʠʭ ʢʦʨʥʝʡ ti. ʏʠʩʣʦ ʪʘʢʠʭ ʤʥʦʛʦʦʙʨʘʟʠʡ ʨʘʟʤʝʨʥʦʩʪʠ l ʨʘʚʥʦ pl(n), ʘ ʦʙʱʝʝ
ʯʠʩʣʦ ʤʥʦʛʦʦʙʨʘʟʠʡ ʚʩʝʭ ʚʦʟʤʦʞʥʳʭ ʨʘʟʤʝʨʥʦʩʪʝʡ ʨʘʚʥʦ p(n) � 1, ʧʦʩʢʦʣʴʢʫ
ʨʘʟʙʠʝʥʠʶ [1n] ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʩʠʪʫʘʮʠʷ, ʢʦʛʜʘ ʚʩʝ ʧʦʨʦʞʜʘʶʱʠʝ ʢʦʨʥʠ ʤʥʦʛʦ-
ʯʣʝʥʘ fn(x) ʟʘʜʘʶʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʢʦʨʥʝʡ ʜʣʠʥʳ 1, ʪ. ʝ. ʩʨʝʜʠ ʚʩʝʭ ʢʦʨʥʝʡ
ʤʥʦʛʦʯʣʝʥʘ fn(x) ʥʝʪ ʥʠ ʦʜʥʦʡ ʧʘʨʳ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ.

ɿʘʤʝʯʘʥʠʝ 4. ɺ ʩʠʣʫ ʪʦʛʦ ʯʪʦ ʠʩʭʦʜʥʳʡ ʤʥʦʛʦʯʣʝʥ fn(x) ʚʝʱʝʩʪʚʝʥʥʳʡ, ʢʦʤ-
ʧʣʝʢʩʥʳʝ ʢʦʨʥʠ ʝʛʦ ʦʙʨʘʟʫʶʪ ʧʘʨʳ ð ʩʘʤ ʢʦʤʧʣʝʢʩʥʳʡ ʢʦʨʝʥʴ ti ʠ ʝʤʫ ʢʦʤ-

ʧʣʝʢʩʥʦ ʩʦʧʨʷʞʝʥʥʳʡ �ti. ɽʩʣʠ ʧʦʨʦʞʜʘʶʱʠʡ ʢʦʤʧʣʝʢʩʥʳʡ ʢʦʨʝʥʴ ti ʟʘʜʘʝʪ

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʨʥʝʡ ʜʣʠʥʳ k, ʪʦ ʠ ʩʦʧʨʷʞʸʥʥʳʡ ʝʤʫ ʢʦʨʝʥʴ �ti ʟʘʜʘʝʪ

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʨʥʝʡ ʪʘʢʦʡ ʞʝ ʜʣʠʥʳ, ʚ ʢʦʪʦʨʦʡ ʢʘʞʜʳʡ ʢʦʨʝʥʴ ʷʚʣʷʝʪ-

ʩʷ ʢʦʤʧʣʝʢʩʥʦ ʩʦʧʨʷʞʸʥʥʳʤ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʤʫ ʢʦʨʥʶ ʠʟ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ

ʢʦʨʥʝʡ, ʟʘʜʘʚʘʝʤʳʭ ʢʦʨʥʝʤ ti. ɿʥʘʯʠʪ, ʚ ʨʘʟʙʠʝʥʠʠ �, ʢʦʪʦʨʦʝ ʩʦʦʪʚʝʪʩʪʚʫ-
ʝʪ ʪʘʢʦʡ ʩʪʨʫʢʪʫʨʝ ʢʦʨʥʝʡ, ʙʫʜʝʪ ʜʚʘ ʨʘʚʥʳʭ ʩʣʘʛʘʝʤʳʭ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʘ

ʘʣʛʝʙʨʘʠʯʝʩʢʦʤ ʤʥʦʛʦʦʙʨʘʟʠʠ Vl ʨʘʟʤʝʨʥʦʩʪʠ l ʚ ˙� ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ
ʪʦʣʴʢʦ ʚʝʱʝʩʪʚʝʥʥʳʝ ʢʦʨʥʠ, ʝʩʣʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʨʘʟʙʠʝʥʠʝ ʯʠʩʣʘ n
ʝʩʪʴ ʨʘʟʙʠʝʥʠʝ, ʩʦʩʪʦʷʱʝʝ ʠʟ l ʨʘʟʣʠʯʥʳʭ ʩʣʘʛʘʝʤʳʭ. ʏʠʩʣʦ ʪʘʢʠʭ ʨʘʟʙʠʝʥʠʡ
ʜʣʷ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ l ʝʩʪʴ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ql(n), ʘ ʦʙʱʝʝ ʯʠʩʣʦ ʢʦʤʧʦʥʝʥʪ
g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dg(fn), ʥʘ ʢʦʪʦʨʳʭ ʚʩʝ ʢʦʨʥʠ ʚʝʱʝʩʪʚʝʥʥʳ,

ʟʘʜʘʸʪʩʷ ʬʫʥʢʮʠʝʡ q(n) =
nP

k=1

qk(n).

4.2. ʀʝʨʘʨʭʠʯʝʩʢʘʷ ʩʪʨʫʢʪʫʨʘ ʤʥʦʞʝʩʪʚʘ Dg(fn). ʈʘʩʩʤʦʪʨʠʤ ʥʘʯʘʣʴʥʦʝ

ʨʘʟʙʠʝʥʠʝ
�
n1
�
, ʢʦʪʦʨʦʝ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʩʣʫʯʘʶ, ʢʦʛʜʘ ʠʤʝʝʪʩʷ ʝʜʠʥʩʪʚʝʥʥʘʷ

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ n, ʟʘʜʘʚʘʝʤʘʷ ʧʦʨʦʞʜʘʶʱʠʤ
ʢʦʨʥʝʤ t1. ʊʦʛʜʘ ʤʥʦʛʦʯʣʝʥ fn(x; t1) � fx; t1gn;g ʠ ʝʛʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ai ʚʳʨʘʞʘ-

ʶʪʩʷ ʯʝʨʝʟ ʵʣʝʤʝʥʪʘʨʥʳʝ ʩʠʤʤʝʪʨʠʯʝʩʢʠʝ ʤʥʦʛʦʯʣʝʥʳ �i(x1;x2; : : : ;xn) [30; 31],
ʚʳʯʠʩʣʝʥʥʳʝ ʥʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ gj(t1), j = 0; : : : ;n�1,

ai = (�1)i�i

�
t1;g(t1); : : : ;gn�1(t1)

�
; i = 1; : : : ;n: (4.1)

ɺ ʩʠʣʫ ʦʜʥʦʨʦʜʥʦʩʪʠ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ �i ʢʦʵʬʬʠʮʠʝʥʪʳ ai ʷʚʣʷ-

ʶʪʩʷ ʤʥʦʛʦʯʣʝʥʘʤʠ ʩʪʝʧʝʥʠ i ʧʘʨʘʤʝʪʨʘ t1. ɺ ʦʙʱʝʤ ʩʣʫʯʘʝ ʚʳʨʘʞʝʥʠʷ ʜʣʷ
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ʢʦʵʬʬʠʮʠʝʥʪʦʚ ai, i = 1; : : : ;n, ʠʟ ʬʦʨʤʫʣʳ (4.1) ʥʘʭʦʜʷʪʩʷ ʩ ʧʦʤʦʱʴʶ ʧʨʦʠʟʚʦ-
ʜʷʱʝʡ ʬʫʥʢʮʠʠ

n�1Y
i=0

�
x � gi(t1)

�
=

nX
i=0

aix
i:

ʂʦʵʬʬʠʮʠʝʥʪʳ ai ʷʚʣʷʶʪʩʷ ʬʫʥʢʮʠʷʤʠ ʧʘʨʘʤʝʪʨʦʚ q;! ʠ ʢʦʨʥʷ t1. ʀʭ ʤʦʞʥʦ

ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʚʘʨʠʘʥʪ ʦʙʦʙʱʸʥʥʳʭ ʯʠʩʝʣ ʉʪʠʨʣʠʥʛʘ ʧʝʨʚʦʛʦ ʨʦʜʘ (ʩʤ. [32,

ʧ. 3.5]).

ʆʧʨʝʜʝʣʝʥʠʝ 8. ʇʫʩʪʴ ʦʧʨʝʜʝʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʠʩʝʣ b = (b0;b1; : : : ) ʠ
ʥʝʢʦʪʦʨʳʡ ʦʙʦʙʱʸʥʥʳʡ ʙʠʥʦʤ ʩʪʝʧʝʥʠ n ʚʠʜʘ:

fxgn;b =
n�1Y
i=0

(x � bi); fxg0;b = 1:

ʈʘʩʢʨʳʚʘʷ ʩʢʦʙʢʠ ʠ ʛʨʫʧʧʠʨʫʷ ʚʳʨʘʞʝʥʠʷ ʧʦ ʚʦʟʨʘʩʪʘʶʱʠʤ ʩʪʝʧʝʥʷʤ x, ʧʦʣʫ-
ʯʠʤ

fxgn;b =
nX

k=0

s(n;k;b)xk; n = 0;1; : : :

ʆʯʝʚʠʜʥʦ, ʯʪʦ s(0;0;b) = s(n;k;b) = 0 ʜʣʷ k > n. ʂʦʵʬʬʠʮʠʝʥʪʳ s(n;k;b)
ʥʘʟʦʚʸʤ ʦʙʦʙʱʸʥʥʳʤʠ ʯʠʩʣʘʤʠ ʉʪʠʨʣʠʥʛʘ ʧʝʨʚʦʛʦ ʨʦʜʘ.

ʉʦʛʣʘʩʥʦ ʪʝʦʨʝʤʝ 3.8 ʠʟ [32] ʤʦʜʫʣʠ js(n;k;b)j ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʩ ʧʦʤʦ-
ʱʴʶ ʨʝʢʫʨʨʝʥʪʥʦʛʦ ʩʦʦʪʥʦʰʝʥʠʷ

js(n;k;b)j = js(n � 1;k � 1;b)j + bn�1js(n � 1;k;b)j; k = 1; : : : ;n; (4.2)

ʩ ʥʘʯʘʣʴʥʳʤʠ ʫʩʣʦʚʠʷʤʠ

js(0;0;b)j = 1; js(n;0;b)j =
n�1Y
i=0

bi: (4.3)

ʅʘʢʦʥʝʮ, ʦʪʤʝʪʠʤ, ʯʪʦ

js(n;k;b)j = s(n;k; �b) = (�1)n�ks(n;k;b):

ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ai ʩ ʧʦʤʦʱʴʶ ʦʙʦʙʱʸʥʥʳʭ ʯʠʩʝʣ ʉʪʠʨ-

ʣʠʥʛʘ ʧʝʨʚʦʛʦ ʨʦʜʘ ʨʘʩʩʤʦʪʨʠʤ ʚ ʢʘʯʝʩʪʚʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ b ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʴ i-ʭ ʠʪʝʨʘʮʠʡ ʧʘʨʘʤʝʪʨʘ t1: b =
�
t1;g(t1); : : : ;gn�1(t1)

�
. ɼʣʷ ʧʨʠʤʝʥʝʥʠʷ

ʨʝʢʫʨʨʝʥʪʥʦʛʦ ʩʦʦʪʥʦʰʝʥʠʷ (4.2) ʥʫʞʥʦ ʚʳʯʠʩʣʠʪʴ ʚʪʦʨʦʝ ʠʟ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦ-

ʚʠʡ (4.3), ʢʦʪʦʨʦʝ ʜʣʷ ʜʠʬʬʝʦʤʦʨʬʠʟʤʘ g ʚ ʩʠʣʫ (2.2) ʠʤʝʝʪ ʚʠʜ

js(n;0;b)j =
n�1Y
i=0

gi(t1) =
n�1Y
i=0

�
qit1 + [i]q!

�
� (�1)nf0;t1gn;g:
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ʇʦʢʘʞʝʤ, ʯʪʦ ʧʦʩʣʝʜʥʝʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʷʚʣʷʝʪʩʷ ʦʜʥʦʨʦʜʥʳʤ ʧʦʣʠʥʦʤʦʤ ʩʪʝʧʝʥʠ

n ʦʪ ʧʘʨʘʤʝʪʨʦʚ t1; !, ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ ʚʳʨʘʞʘʶʪʩʷ ʯʝʨʝʟ ʪʘʢ ʥʘʟʳʚʘ-
ʝʤʳʝ q-ʯʠʩʣʘ ʉʪʠʨʣʠʥʛʘ ʧʝʨʚʦʛʦ ʨʦʜʘ s(n;k)q [33], [4, ʧ. 5.2] (ʠʣʠ s(n;k; q) ʚ
ʦʙʦʟʥʘʯʝʥʠʷʭ [32, ʧ. 3.5]), ʢʦʪʦʨʳʝ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʩʫʪʴ ʢʦʵʬʬʠʮʠʝʥʪʳ g-ʙʠʥʦ-
ʤʘ fx;0gn;g ʧʨʠ k-ʭ ʩʪʝʧʝʥʷʭ ʧʝʨʝʤʝʥʥʦʡ x. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʠʩʧʦʣʴʟʫʷ ʚʪʦʨʦʝ ʠʟ
ʩʦʦʪʥʦʰʝʥʠʡ (2.5) ʧʨʠ k = �n, ʠʤʝʝʤ [n]q/qn = �[�n]q. ʊʦʛʜʘ

n�1Y
i=0

�
qit1 + [i]q!

�
= q(n

2)!n
n�1Y
i=0

�
t1

!
� [�i]q

�
=

nX
i=0

~s(n;i)qt
i
1!

n�i;

ʛʜʝ ~s(n;i)q � q(n
2)s(n;i)1/q. ʅʝʢʦʪʦʨʳʝ ʟʥʘʯʝʥʠʷ ʜʣʷ q-ʯʠʩʝʣ ʉʪʠʨʣʠʥʛʘ s(n;k)q,

n = 0; : : : ;5, ʧʨʠʚʝʜʝʥʳ ʚ [4].
ɼʣʷ ʯʘʩʪʥʳʭ ʩʣʫʯʘʝʚ ʦʧʝʨʘʪʦʨʘ ʍʘʥʘ (2.3) ʚʳʨʘʞʝʥʠʝ ʜʣʷ ai ʤʦʞʝʪ ʙʳʪʴ

ʧʦʣʫʯʝʥʦ ʩ ʧʦʤʦʱʴʶ ʪʦʛʦ ʠʣʠ ʠʥʦʛʦ ʦʙʦʙʱʝʥʠʷ ʙʠʥʦʤʠʘʣʴʥʦʡ ʪʝʦʨʝʤʳ. ʊʘʢ,

ʧʨʠ (q;!) ! (1;0) ʢʦʵʬʬʠʮʠʝʥʪʳ ai ʚʳʨʘʞʘʶʪʩʷ ʯʝʨʝʟ ʢʣʘʩʩʠʯʝʩʢʠʝ ʙʠʥʦʤʠ-

ʘʣʴʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ, ʧʨʠ q = 1ð ʯʝʨʝʟ ʯʠʩʣʘ ʉʪʠʨʣʠʥʛʘ ʧʝʨʚʦʛʦ ʨʦʜʘ s(n;k),

ʧʨʠ ! = 0ð ʯʝʨʝʟ q-ʙʠʥʦʤʠʘʣʴʥʳʝ (ʛʘʫʩʩʦʚʳ) ʢʦʵʬʬʠʮʠʝʥʪʳ

�
n

i

�
q

.

ʉʦʛʣʘʩʥʦ ʪʝʦʨʝʤʝ 1 ʚ ʵʪʦʤ ʩʣʫʯʘʝ deg ~fg(x) = n � 1, ʪ. ʝ. ʚ ʧʦʩʣʝʜʦʚʘ-

ʪʝʣʴʥʦʩʪʠ ʦʙʦʙʱʸʥʥʳʭ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʦʚ D
(i)
g (fn), i = 0; : : : ;n � 1, ʧʝʨʚʳʡ

ʦʪʣʠʯʥʳʡ ʦʪ ʥʫʣʷ ʦʙʦʙʱʸʥʥʳʡ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪ ʝʩʪʴ D
(n�1)
g (fn). ʇʝʨʚʳʝ n � 1

ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʳ ʟʘʜʘʶʪ ʠʜʝʘʣ, ʥʫʣʠ ʢʦʪʦʨʦʛʦ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʦʜʥʦʤʝʨ-

ʥʦʝ ʤʥʦʛʦʦʙʨʘʟʠʝ (ʢʨʠʚʫʶ) V1 ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ �. ʕʪʘ ʢʨʠʚʘʷ ʥʝ
ʠʤʝʝʪ ʦʩʦʙʳʭ ʪʦʯʝʢ, ʧʦʩʢʦʣʴʢʫ ʚ ʩʠʣʫ ʝʸ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠʷ (4.1)

ai � ti
1 ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʦʠʟʚʦʜʥʳʝ dai/dt1 ʦʜʥʦʚʨʝʤʝʥʥʦ ʚ ʥʫʣʴ ʥʝ ʦʙʨʘʱʘ-

ʶʪʩʷ.

ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʫʶ ʢʦʥʩʪʨʫʢʮʠʶ. ɺʳʙʝʨʝʤ ʥʘ ʢʨʠʚʦʡ V1 ʧʘʨʫ ʪʦʯʝʢ,

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʟʥʘʯʝʥʠʷʤ ʧʘʨʘʤʝʪʨʘ t1 ʠ g(t1), ʠ ʧʨʦʚʝʜʸʤ ʯʝʨʝʟ ʥʠʭ ʧʨʷʤʫʶ.
ʇʦʢʘʞʝʤ, ʯʪʦ ʥʘ ʵʪʦʡ ʧʨʷʤʦʡ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʦʜʥʫ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ
g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ n � 1 ʠ ʦʜʥʫ ʮʝʧʦʯʢʫ ʢʦʨʥʝʡ ʜʣʠʥʳ 1, ʪ. ʝ. ʧʨʦʩʪʦʡ
ʢʦʨʝʥʴ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʨʘʩʩʤʦʪʨʠʤ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ

h(x; t1;v)
def
= fn(x; t1) + v

fn(x; g(t1)) � fn (x; t1)

g(t1) � t1
: (4.4)

ʊʦʛʜʘ ʩ ʫʯʝʪʦʤ ʣʝʤʤʳ 1 ʧʦʣʫʯʠʤ, ʯʪʦ

h(x; t1;v) = (x � t1 � v[n]q)
n�1Y
j=1

�
x � gj(t1)

�
:
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ɺʳʙʠʨʘʷ v = (t1�t2)/[n]q, ʧʦʣʫʯʠʤ, ʯʪʦ h(x; t1;t2) = (x�t2)
n�1Q
j=1

�
x � gj(t1)

�
, ʪ. ʝ.

ʤʥʦʛʦʯʣʝʥ h(x; t1;t2) ʠʤʝʝʪ ʦʜʠʥ ʧʨʦʩʪʦʡ ʢʦʨʝʥʴ t2 ʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʨʥʝʡ

Seq(n�1)
g (g(t1)). ʆʯʝʚʠʜʥʦ, ʯʪʦ ʩʪʨʫʢʪʫʨʘ ʢʦʨʥʝʡ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʩʦʦʪʚʝʪʩʪʚʫʝʪ

ʨʘʟʙʠʝʥʠʶ
�
11(n � 1)1

�
.

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʢʦʵʬʬʠʮʠʝʥʪʳ ʚʩʧʦʤʦʛʘʪʝʣʴʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ (4.4) ʟʘʜʘʶʪ

ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ � ʜʚʫʤʝʨʥʦʝ ʤʥʦʛʦʦʙʨʘʟʠʝ V2, ʧʨʝʜʩʪʘʚʣʷʶʱʝʝ ʩʦʙʦʡ ʣʠʥʝʡʯʘ-

ʪʫʶ ʧʦʚʝʨʭʥʦʩʪʴ. ʆʥʦ ʦʙʨʘʟʦʚʘʥʦ ʩʝʢʫʱʠʤʠ, ʢʦʪʦʨʳʝ ʧʝʨʝʩʝʢʘʶʪ ʢʨʠʚʫʶ V1 ʚ

ʪʦʯʢʘʭ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʪʘʢʠʤ ʟʥʘʯʝʥʠʷʤ t0
1 ʠ t00

1 ʧʘʨʘʤʝʪʨʘ t1, ʯʪʦ t00
1 = g (t0

1),
ʛʜʝ t0

1 6= !0. ɼʣʷ t0
1 = !0 ʩʝʢʫʱʘʷ ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ ʢʘʩʘʪʝʣʴʥʫʶ ʢ ʢʨʠʚʦʡ Vl.

ʇʨʠ (q;!) ! (1;0) ʵʪʘ ʣʠʥʝʡʯʘʪʘʷ ʧʦʚʝʨʭʥʦʩʪʴ ʩʪʘʥʦʚʠʪʩʷ ʢʘʩʘʪʝʣʴʥʦʡ ʨʘʟʚʸʨ-
ʪʳʚʘʶʱʝʡʩʷ ʧʦʚʝʨʭʥʦʩʪʴʶ, ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ ʢʦʪʦʨʦʡ ʟʘʜʘʸʪʩʷ ʬʦʨʤʫʣʦʡ (20)

ʠʟ [11].

ʆʧʠʩʘʥʥʫʶ ʚʳʰʝ ʧʨʦʮʝʜʫʨʫ ʪʝʧʝʨʴ ʤʦʞʥʦ ʧʦʚʪʦʨʠʪʴ ʜʣʷ ʤʥʦʛʦʦʙʨʘʟʠʷ

V2 ʠ ʧʦʣʫʯʠʪʴ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʯʘʩʪʠ ʤʥʦʛʦʦʙʨʘʟʠʷ V3, ʥʘ ʢʦʪʦ-

ʨʦʤ ʠʤʝʝʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʨʥʝʡ ʜʣʠʥʳ n � 2 ʠ ʧʘʨʘ ʧʨʦʩʪʳʭ ʢʦʨʥʝʡ,
ʪ. ʝ. ʝʤʫ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʨʘʟʙʠʝʥʠʝ

�
12(n � 2)1

�
. ʇʨʦʜʦʣʞʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʵʪʫ

ʧʨʦʮʝʜʫʨʫ, ʚ ʠʪʦʛʝ ʧʨʠʜʸʤ ʢ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʤʫ ʧʨʝʜʩʪʘʚʣʝʥʠʶ ʤʥʦʛʦʦʙʨʘʟʠʷ

Vn�1 ʥʘʠʙʦʣʴʰʝʡ ʨʘʟʤʝʨʥʦʩʪʠ. ʅʘ ʥʝʤ ʠʤʝʝʪʩʷ ʦʜʥʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ g-ʩʚʷ-
ʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ 2, ʘ ʦʩʪʘʣʴʥʳʝ ʢʦʨʥʠ ʧʨʦʩʪʳʝ, ʪ. ʝ. ʝʤʫ ʩʦʦʪʚʝʪʩʪʚʫʝʪ

ʨʘʟʙʠʝʥʠʝ
�
1n�221

�
. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʚ ʩʠʣʫ ʟʘʤʝʯʘʥʠʷ 4 ʧʦʣʫʯʝʥʥʘʷ ʧʘʨʘʤʝʪʨʠʟʘ-

ʮʠʷ ʦʧʠʩʳʚʘʝʪ ʪʦʣʴʢʦ ʪʫ ʯʘʩʪʴ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl, 3 6 l < n, ʥʘ ʢʦʪʦʨʦʡ ʚʩʝ ʢʦʨʥʠ
ʤʥʦʛʦʯʣʝʥʘ fn(x) ʚʝʱʝʩʪʚʝʥʥʳʝ.

ʇʨʠʚʝʜʸʥʥʳʝ ʚʳʰʝ ʨʘʩʩʫʞʜʝʥʠʷ ʧʦʟʚʦʣʷʶʪ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʦʩʥʦʚʥʦʡ

ʨʝʟʫʣʴʪʘʪ.

ʊʝʦʨʝʤʘ 2. ʇʫʩʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ � ʠʤʝʝʪʩʷ ʤʥʦʛʦʦʙʨʘʟʠʝ Vl, dimVl = l, ʥʘ
ʢʦʪʦʨʦʤ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ l ʨʘʟʣʠʯʥʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ g-ʩʚʷʟʘʥʥʳʭ
ʢʦʨʥʝʡ, ʧʨʠʯʝʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʨʥʝʡ Seq(m)

g (t1) ʠʤʝʝʪ ʜʣʠʥʫ m > 1.
ɼʨʫʛʠʝ ʢʦʨʥʠ (l � 1)-ʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʥʝ ʷʚʣʷʶʪʩʷ g-ʩʚʷʟʘʥʥʳʤʠ ʩʦ ʚʩʝʤʠ
ʢʦʨʥʷʤʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ Seq(m)

g (t1).
ʇʫʩʪʴ rl(t1; : : : ;tl)ð ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl, ʪʦʛʜʘ ʬʦʨʤʫʣʘ

rl(t1; : : : ;tl;tl+1) = rl(t1; : : : ;tl) +
tl+1 � t1

[m]q
(Aq;!rl)(t1) (4.5)

ʟʘʜʘʸʪ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʯʘʩʪʠ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl+1, ʥʘ ʢʦʪʦʨʦʤ ʠʤʝʝʪʩʷ ʧʦ-

ʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʨʥʝʡ Seq(m�1)
g (g(t1)), ʧʨʦʩʪʦʡ ʢʦʨʝʥʴ tl+1, ʘ ʦʩʪʘʣʴʥʳʝ

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʢʦʨʥʝʡ ʪʘʢʠʝ ʞʝ, ʢʘʢ ʥʘ ʠʩʭʦʜʥʦʤ ʤʥʦʛʦʦʙʨʘʟʠʠ Vl.

ʇʫʩʪʴ ʦʜʠʥ ʠʟ ʢʦʨʥʝʡ, ʥʘʧʨʠʤʝʨ u1, ʤʥʦʛʦʯʣʝʥʘ u(x) ʚ ʫʩʣʦʚʠʠ ʪʝʦʨʝʤʳ 2
ʧʨʦʩʪʦʡ, ʪ. ʝ. u(x) = (x � u1)~u(x). ʊʦʛʜʘ ʥʘ ʯʘʩʪʠ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl+1 ʠʩʭʦʜʥʳʡ
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ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʧʘʨʫ ʢʦʤʧʣʝʢʩʥʦ-ʩʦʧʨʷʞʸʥʥʳʭ ʢʦʨʥʝʡ. ʏʪʦʙʳ ʧʦʣʫʯʠʪʴ ʧʘ-

ʨʘʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʵʪʦʡ ʯʘʩʪʠ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl+1, ʩʣʝʜʫʝʪ ʩʜʝʣʘʪʴ

ʪʘʢʫʶ ʟʘʤʝʥʫ ʧʘʨʘʤʝʪʨʦʚ:

tl+1 ! v1 + iv2; u1 ! v1 � iv2:

ʕʪʘ ʟʘʤʝʥʘ ʧʘʨʘʤʝʪʨʦʚ ʧʨʠʚʝʜʸʪ ʢ ʪʦʤʫ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ fn(x) ʥʘ ʯʘʩʪʠ ʤʥʦ-
ʛʦʦʙʨʘʟʠʷ Vl+1, ʛʜʝ ʝʩʪʴ ʧʘʨʘ ʢʦʤʧʣʝʢʩʥʦ-ʩʦʧʨʷʞʸʥʥʳʭ ʢʦʨʥʝʡ, ʤʦʞʥʦ ʙʫʜʝʪ

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ

fn(x) = ~u(x)
�
(x � v1)

2 + v2
2

�
fx;tg(m�1);g: (4.6)

ɽʩʣʠ ʧʦʤʝʥʷʪʴ ʟʥʘʢ ʧʝʨʝʜ ʩʣʘʛʘʝʤʳʤ v2
2 ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʬʦʨʤʫʣʳ (4.6), ʪʦ ʧʦ-

ʣʫʯʠʤ ʬʘʢʪʦʨʠʟʘʮʠʶ ʤʥʦʛʦʯʣʝʥʘ fn(x) ʥʘ ʪʦʡ ʯʘʩʪʠ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl+1, ʛʜʝ

ʠʤʝʝʪʩʷ ʧʘʨʘ ʧʨʦʩʪʳʭ ʚʝʱʝʩʪʚʝʥʥʳʭ ʢʦʨʥʝʡ v1 � v2. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʧʦʣʫʯʝ-

ʥʠʷ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʚʩʝʛʦ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl+1 ʩʣʝʜʫʝʪ ʠʩʧʦʣʴʟʦʚʘʪʴ ʧʦʜʩʪʘʥʦʚʢʫ

tl+1 ! v1 +
p

v2; u1 ! v1 �
p

v2; (4.7)

ʢʦʪʦʨʘʷ, ʚ ʠʪʦʛʝ, ʧʦʟʚʦʣʠʪ ʟʘʧʠʩʘʪʴ ʤʥʦʛʦʯʣʝʥ fn(x) ʥʘ ʚʩʝʤ ʤʥʦʛʦʦʙʨʘʟʠʠ Vl+1

ʚ ʚʠʜʝ

fn(x) =
�
(x � v1)

2 + v2

�
~u(x)

�
x;gj(t1)

	
(m�1);g

:

ʀʪʘʢ, ʜʣʷ ʚʩʝʭ ʤʥʦʛʦʦʙʨʘʟʠʡ Vl � Dg(fn) ʨʘʟʤʝʨʥʦʩʪʠ l, l > 2, ʩʦʦʪʚʝʪʩʪʚʫ-
ʶʱʠʭ ʨʘʟʙʠʝʥʠʷʤ ʚʠʜʘ

�
1l�1(n � l + 1)1

�
, ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ ʩʪʨʦʠʪʩʷ ʩ ʧʦʤʦʱʴʶ

ʩʣʝʜʫʶʱʝʛʦ ʩʣʝʜʩʪʚʠʷ.

ʉʣʝʜʩʪʚʠʝ 2. ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʤʥʦ-

ʛʦʦʙʨʘʟʠʷ Vl � Dg(fn) ʨʘʟʤʝʨʥʦʩʪʠ l, l > 2, ʥʘ ʢʦʪʦʨʦʤ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ
ʜʚʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʨʘʚʥʦʡ ʜʣʠʥʳ, ʥʝʦʙʭʦʜʠʤʦ l � 1
ʨʘʟ ʧʨʠʤʝʥʠʪʴ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ (4.5) ʢ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ (4.1), ʘ ʟʘʪʝʤ ʢ ʢʘʞʜʦʡ

ʠʟ ʨʘʟʣʠʯʥʳʭ [(l � 1)/2] ʧʘʨ ʧʘʨʘʤʝʪʨʦʚ ti, i = 2; : : : ;l, ʧʨʠʤʝʥʠʪʴ ʧʨʝʦʙʨʘʟʦʚʘ-
ʥʠʝ (4.7). ɿʜʝʩʴ [x]ð ʮʝʣʘʷ ʯʘʩʪʴ ʯʠʩʣʘ x.

ʆʩʪʘʣʦʩʴ ʨʘʩʩʤʦʪʨʝʪʴ ʧʨʦʮʝʜʫʨʫ ʧʦʣʫʯʝʥʠʷ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʪʝʭ ʤʥʦʛʦʦʙ-

ʨʘʟʠʡ Vl, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʨʘʟʙʠʝʥʠʷ ʢʦʪʦʨʳʭ ʥʝ ʦʭʚʘʪʳʚʘʶʪʩʷ ʦʧʠʩʘʥʥʳʤʠ

ʚʳʰʝ. ʇʫʩʪʴ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ ʜʚʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ g-
ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ ki ʠ kj. ʂʘʞʜʘʷ ʠʟ ʵʪʠʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʟʘʜʘʸʪʩʷ

ʧʦʨʦʞʜʘʶʱʠʤ ʢʦʨʥʝʤ ti ʠ tj ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ɽʩʣʠ ʧʦʣʦʞʠʪʴ tj = gi(ti), ʪʦ ʧʦʣʫ-
ʯʠʤ ʦʜʥʫ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ ti + tj ʩ ʧʦʨʦʞʜʘʶʱʠʤ

ʢʦʨʥʝʤ ti. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʢʦʤʙʠʥʠʨʫʷ ʜʚʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʩʚʷʟʘʥʥʳʭ ʢʦʨ-

ʥʝʡ, ʧʦʣʫʯʠʤ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʤʥʦʛʦʦʙʨʘʟʠʷ, ʨʘʟʤʝʨʥʦʩʪʴ ʢʦʪʦʨʦʛʦ ʥʘ ʝʜʠʥʠʮʫ

ʤʝʥʴʰʝ ʨʘʟʤʝʨʥʦʩʪʠ ʠʩʭʦʜʥʦʛʦ.
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ɺ [11; 13] ʧʦʢʘʟʘʥʦ, ʯʪʦ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʨʠʤʝʥʷʷ ʦʧʠʩʘʥʥʳʝ ʚʳʰʝ ʧʨʝ-

ʦʙʨʘʟʦʚʘʥʠʷ ʢ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʤʫ ʧʨʝʜʩʪʘʚʣʝʥʠʶ ʦʜʥʦʤʝʨʥʦʛʦ ʤʥʦʛʦʦʙʨʘʟʠʷ

V1, ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʣʶʙʦʡ ʢʦʤʧʦʥʝʥʪʳ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ

D(fn) ʠ ʨʝʟʦʥʘʥʩʥʦʛʦRq(fn) ʤʥʦʞʝʩʪʚ ʤʥʦʛʦʯʣʝʥʘ fn(x). ʊʘʢʦʡ ʥʘʙʦʨ ʜʝʡʩʪʚʠʡ
ʚʳʛʣʷʜʠʪ ʜʦʩʪʘʪʦʯʥʦ ʪʨʫʜʦʸʤʢʠʤ, ʧʦʩʢʦʣʴʢʫ ʜʣʷ ʙʦʣʴʰʠʥʩʪʚʘ ʤʥʦʛʦʦʙʨʘʟʠʡ Vl,

l = 1; : : : ;n � 1, ʪʨʝʙʫʝʪ ʤʥʦʛʦʢʨʘʪʥʦʛʦ ʧʨʠʤʝʥʝʥʠʷ ʫʢʘʟʘʥʥʳʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ.
ɿʜʝʩʴ ʧʦʢʘʞʝʤ, ʯʪʦ ʤʦʞʥʦ ʩʫʱʝʩʪʚʝʥʥʦ ʩʦʢʨʘʪʠʪʴ ʢʦʣʠʯʝʩʪʚʦ ʚʳʧʦʣʥʷʝʤʳʭ

ʜʝʡʩʪʚʠʡ.

ɺʥʦʚʴ ʨʘʩʩʤʦʪʨʠʤ ʤʥʦʛʦʯʣʝʥ ʚʠʜʘ fn(x; t1) � fx; t1gn;q, ʩʪʨʫʢʪʫʨʘ ʢʦʨʥʝʡ

ʢʦʪʦʨʦʛʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʨʘʟʙʠʝʥʠʶ
�
n1
�
. ʇʨʠʤʝʥʷʷ ʣʝʤʤʳ 2 ʠ 3, ʧʦʣʫʯʠʤ, ʯʪʦ

ʜʣʷ ʣʶʙʦʛʦ k, 0 < k 6 n, ʠʤʝʝʪ ʤʝʩʪʦ ʪʦʞʜʝʩʪʚʦ

kX
i=0

�
n

i

�
q

[n � i]q!

[n]q!

�
Ai

q;!fn

�
(t1)ft2; t1gi;g = fk(x; t2) � fn�k(x; gk(t1)); (4.8)

ʛʜʝ (A0
q;!f)(x) � f(x). ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʬʦʨʤʫʣʘ (4.8) ʧʦʟʚʦʣʷʝʪ ʧʝʨʝʡʪʠ ʦʪ ʤʥʦ-

ʛʦʯʣʝʥʘ ʩʦ ʩʪʨʫʢʪʫʨʦʡ ʢʦʨʥʝʡ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʨʘʟʙʠʝʥʠʶ
�
n1
�
, ʢ ʤʥʦʛʦʯʣʝʥʫ,

ʩʪʨʫʢʪʫʨʘ ʢʦʨʥʝʡ ʢʦʪʦʨʦʛʦ ʟʘʜʘʸʪʩʷ ʨʘʟʙʠʝʥʠʷʤʠ
�
k1(n � k)1

�
ʠʣʠ

�
(n/2)2

�
, ʝʩʣʠ

k = n/2. ɺ ʧʦʩʣʝʜʥʝʤ ʩʣʫʯʘʝ ʪʨʝʙʫʝʪʩʷ ʧʨʠʤʝʥʝʥʠʝ ʜʦʧʦʣʥʠʪʝʣʴʥʦʛʦ ʧʨʝʦʙʨʘ-
ʟʦʚʘʥʠʷ ʠʟ ʩʣʝʜʩʪʚʠʷ 2.

ʆʯʝʚʠʜʥʦ, ʯʪʦ ʬʦʨʤʫʣʘ (4.8) ʧʦʟʚʦʣʷʝʪ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʙʦʣʝʝ ʦʙʱʠʡ ʚʘʨʠ-

ʘʥʪ ʪʝʦʨʝʤʳ 2.

ʊʝʦʨʝʤʘ 3. ʇʫʩʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ � ʠʤʝʝʪʩʷ ʤʥʦʛʦʦʙʨʘʟʠʝ Vl, dimVl = l, ʥʘ
ʢʦʪʦʨʦʤ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ l ʨʘʟʣʠʯʥʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ g-ʩʚʷʟʘʥʥʳʭ
ʢʦʨʥʝʡ, ʧʨʠʯʸʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʨʥʝʡ Seq(m)

g (t1) ʠʤʝʝʪ ʜʣʠʥʫ m > 1.
ɼʨʫʛʠʝ ʢʦʨʥʠ (l � 1)-ʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʥʝ ʷʚʣʷʶʪʩʷ g-ʩʚʷʟʘʥʥʳʤʠ ʩʦ ʚʩʝʤʠ
ʢʦʨʥʷʤʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ Seq(m)

g (t1).
ʇʫʩʪʴ rl(t1; : : : ;tl)ð ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl, ʪʦʛʜʘ ʜʣʷ 0 < k <

m ʬʦʨʤʫʣʘ

rl(t1; : : : ;tl;tl+1) = rl(t1; : : : ;tl)+

+
kX

i=1

�
k

i

�
q

[m � i]q!

[m]q!

�
Ai

q;!rl
�

(t1)ftl+1; t1gi;g (4.9)

ʟʘʜʘʝʪ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʯʘʩʪʠ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl+1, ʥʘ ʢʦʪʦʨʦʤ ʠʤʝʝʪʩʷ ʜʚʝ

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʢʦʨʥʝʡ Seq(m�k)
g (gk(t1)) ʠ Seq

(k)
g (g(tl+1)), ʘ ʦʩʪʘʣʴʥʳʝ ʧʦ-

ʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʢʦʨʥʝʡ ʪʘʢʠʝ ʞʝ, ʢʘʢ ʥʘ ʠʩʭʦʜʥʦʤ ʤʥʦʛʦʦʙʨʘʟʠʠ Vl.
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4.3. ɸʣʛʦʨʠʪʤʚʳʯʠʩʣʝʥʠʷʧʘʨʘʤʝʪʨʠʟʘʮʠʠʤʥʦʞʝʩʪʚʘDg(fn). ɺʚʝʜʸʤ ʜʚʝ
ʦʩʥʦʚʥʳʝ ʦʧʝʨʘʮʠʠ, ʢʦʪʦʨʳʝ ʧʦʟʚʦʣʷʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʝʨʝʡʪʠ ʦʪ ʧʘʨʘʤʝʪʨʠ-

ʯʝʩʢʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʦʜʥʦʤʝʨʥʦʛʦ ʤʥʦʛʦʦʙʨʘʟʠʷ V1 ʢ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʚʩʝʭ

ʜʨʫʛʠʭ ʢʦʤʧʦʥʝʥʪʦʚ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dg(fn).
1. ʅʘʟʦʚʸʤ ʦʧʝʨʘʮʠʶ ʧʝʨʝʭʦʜʘ ʦʪ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl ʢ ʤʥʦʛʦʦʙʨʘʟʠʶ Vl+1 ʚ

ʪʝʦʨʝʤʝ 3 çʇʆɼʒɪʄè ʧʦʨʷʜʢʘ k. ʕʪʘ ʦʧʝʨʘʮʠʷ ʧʦʟʚʦʣʷʝʪ ʧʦʣʫʯʠʪʴ ʧʘ-
ʨʘʤʝʪʨʠʟʘʮʠʶ ʤʥʦʛʦʦʙʨʘʟʠʷ, ʨʘʟʤʝʨʥʦʩʪʴ ʢʦʪʦʨʦʛʦ ʥʘ ʝʜʠʥʠʮʫ ʙʦʣʴʰʝ

ʨʘʟʤʝʨʥʦʩʪʠ ʠʩʭʦʜʥʦʛʦ. ɽʩʣʠ ʥʘ ʥʝʤ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʪʦʣʴʢʦ ʚʝʱʝ-
ʩʪʚʝʥʥʳʝ ʢʦʨʥʠ, ʪʦ ʧʦʣʫʯʠʤ ʧʦʣʥʫʶ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʵʪʦʛʦ ʤʥʦʛʦʦʙʨʘʟʠʷ,

ʝʩʣʠ ʠʤʝʶʪʩʷ ʢʦʤʧʣʝʢʩʥʳʝ ʢʦʨʥʠ, ʪʦ ʧʨʠʤʝʥʠʤ ʩʣʝʜʫʶʱʫʶ ʦʧʝʨʘʮʠʶ.

2. ʆʧʝʨʘʮʠʶ, ʦʩʥʦʚʘʥʥʫʶ ʥʘ ʟʘʤʝʥʝ (4.7), ʥʘʟʦʚʝʤ çʇʈʆɼʆʃɾɽʅʀɽè. ʕʪʘ

ʦʧʝʨʘʮʠʷ ʧʦʟʚʦʣʷʝʪ ʧʦʣʫʯʠʪʴ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʚʩʝʛʦ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl+1, ʧʦ-

ʣʫʯʝʥʥʦʛʦ ʚ ʨʝʟʫʣʴʪʘʪʝ ʦʧʝʨʘʮʠʠ çʇʆɼʒɪʄè, ʚ ʩʣʫʯʘʝ, ʢʦʛʜʘ ʥʘ ʧʦʩʣʝʜʥʝʤ

ʠʤʝʶʪʩʷ ʢʦʤʧʣʝʢʩʥʦ-ʩʦʧʨʷʞʸʥʥʳʝ ʢʦʨʥʠ.

ʆʧʠʰʝʤ ʘʣʛʦʨʠʪʤ ʧʦʣʫʯʝʥʠʷ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʘʣʛʝʙʨʘ-

ʠʯʝʩʢʠʭ ʤʥʦʛʦʦʙʨʘʟʠʡ Vk
l , l = 1; : : : ;n � 1, k = 1; : : : ;pl(n), ʩʦʩʪʘʚʣʷʶʱʠʭ g-

ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ Dg(fn).
ʐʘʛ I. ɺʥʘʯʘʣʝ ʩʪʨʦʠʤ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʦʜʥʦʤʝʨʥʦʛʦ ʤʥʦ-

ʛʦʦʙʨʘʟʠʷ V1 ʧʦ ʬʦʨʤʫʣʘʤ (4.1).

ʐʘʛ II. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʨʠʤʝʥʷʝʤ ʢ ʥʝʤʫ ʦʧʝʨʘʮʠʶ çʇʆɼʒɪʄè ʧʦ-

ʨʷʜʢʘ k, k = 1; : : : ;[n/2], ʧʦʣʫʯʘʝʤ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʤʥʦʛʦʦʙʨʘʟʠʡ Vk
2 , ʩʦʦʪʚʝʪ-

ʩʪʚʫʶʱʠʭ ʨʘʟʙʠʝʥʠʷʤ
�
k1(n � k)1

�
.

ʐʘʛ III. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʠʩʧʦʣʴʟʫʝʤ ʦʧʝʨʘʮʠʶ çʇʆɼʒɪʄè ʩʦʦʪʚʝʪʩʪʚʫ-

ʶʱʝʛʦ ʧʦʨʷʜʢʘ ʜʦ ʪʝʭ ʧʦʨ, ʧʦʢʘ ʥʝ ʧʦʣʫʯʠʤ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ

ʚʩʝʭ ʢʦʤʧʦʥʝʥʪ Vl, l = 1; : : : ;n � 1, g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dg(fn).
ʐʘʛ IV. ʇʨʠʤʝʥʷʝʤ ʦʧʝʨʘʮʠʶ çʇʈʆɼʆʃɾɽʅʀɽè ʢ ʧʘʨʘʤʝʪʨʠʟʘʮʠʷʤ

ʪʝʭ ʢʦʤʧʦʥʝʥʪ, ʥʘ ʢʦʪʦʨʳʭ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʢʦʤʧʣʝʢʩʥʦ-ʩʦʧʨʷʞʸʥʥʳʝ
ʢʦʨʥʠ.

ʇʦʩʢʦʣʴʢʫ ʥʘ ʢʘʞʜʦʤ ʰʘʛʝ ʘʣʛʦʨʠʪʤʘ ʤʳ ʦʩʪʘʸʤʩʷ ʚ ʨʘʤʢʘʭ ʧʦʣʠʥʦʤʠʘʣʴ-

ʥʳʭ ʧʘʨʘʤʝʪʨʠʟʘʮʠʡ, ʪʦ ʠʤʝʝʪ ʤʝʩʪʦ ʩʣʝʜʫʶʱʝʝ

ʋʪʚʝʨʞʜʝʥʠʝ 3. g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ Dg(fn) ʚʝʱʝʩʪʚʝʥʥʦʛʦ ʤʥʦʛʦ-
ʯʣʝʥʘ fn(x) ʜʣʷ ʬʠʢʩʠʨʦʚʘʥʥʳʭ ʟʥʘʯʝʥʠʡ ʧʘʨʘʤʝʪʨʦʚ (q;!) ʦʧʝʨʘʪʦʨʘ ʍʘʥʘ (2.3)
ʜʦʧʫʩʢʘʝʪ ʧʦʣʠʥʦʤʠʘʣʴʥʫʶ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʢʘʞʜʦʛʦ ʠʟ ʩʦʩʪʘʚʣʷʶʱʠʭ ʝʛʦ

ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʤʥʦʛʦʦʙʨʘʟʠʡ Vk
l , l = 1; : : : ;n � 1, k = 1; : : : ;pl(n).

4.4. ʇʨʦʛʨʘʤʤʥʘʷ ʨʝʘʣʠʟʘʮʠʷ. ɼʣʷ ʦʨʛʘʥʠʟʘʮʠʠ ʚʳʯʠʩʣʝʥʠʷ g-ʜʠʩʢʨʠʤʠ-
ʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dg(fn) ʙʳʣ ʨʝʘʣʠʟʦʚʘʥ ʥʘʙʦʨ ʧʨʦʮʝʜʫʨ ʜʣʷ ʩʠʩʪʝʤʳ ʢʦʤ-
ʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ . ʕʪʦʪ ʥʘʙʦʨ ʧʨʦʮʝʜʫʨ ʩʦʙʨʘʥ ʚ ʚʠʜʝ ʧʨʦʛʨʘʤʤʥʦʡ

ʙʠʙʣʠʦʪʝʢʠ , ʚ ʢʦʪʦʨʫʶ ʚʦʰʣʠ ʩʣʝʜʫʶʱʠʝ ʧʨʦʮʝʜʫʨʳ.
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Å ʇʨʦʮʝʜʫʨʘ ʧʦʟʚʦʣʷʝʪ ʚʳʯʠʩʣʠʪʴ ʦʜʥʠʤ ʠʟ ʪʨʝʭ ʤʘʪʨʠʯ-

ʥʳʭ ʤʝʪʦʜʦʚ ʚʳʨʘʞʝʥʠʝ k-ʛʦ ʦʙʦʙʱʸʥʥʦʛʦ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʘ Dg(fn) ʤʥʦʛʦʯʣʝ-
ʥʘ fn(x) ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʝʨʝʤʝʥʥʦʡ x. ʄʝʪʦʜʦʤ, ʠʩʧʦʣʴʟʫʝʤʳʤ ʧʦ ʫʤʦʣʯʘʥʠʶ,
ʷʚʣʷʝʪʩʷ ʤʝʪʦʜ ʉʠʣʴʚʝʩʪʨʘ, ʦʧʠʩʘʥʥʳʡ ʚʳʰʝ. ʇʦʤʠʤʦ ʵʪʦʛʦ ʤʝʪʦʜʘ, ʤʦʞʥʦ

ʠʩʧʦʣʴʟʦʚʘʪʴ ʤʝʪʦʜ ɹʝʟʫ, ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʧʦʩʪʨʦʝʥʠʠ ʤʘʪʨʠʮʳ ɹʝʟʫ ʚ ʩʠʤʤʝʪʨʠʯ-

ʥʦʡ ʬʦʨʤʝ ʠ ʚʳʯʠʩʣʝʥʠʠ ʝʸ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʛʣʘʚʥʳʭ ʤʠʥʦʨʦʚ, ʘ ʪʘʢʞʝ ʤʝʪʦʜ

ʂʨʦʥʝʢʝʨʘ, ʚ ʨʝʘʣʠʟʘʮʠʠ ʢʦʪʦʨʦʛʦ ʠʩʧʦʣʴʟʫʝʪʩʷ ʛʘʥʢʝʣʝʚʘ ʤʘʪʨʠʮʘ, ʧʦʩʪʨʦʝʥ-

ʥʘʷ ʠʟ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʨʘʟʣʦʞʝʥʠʷ ʨʘʮʠʦʥʘʣʴʥʦʡ ʬʫʥʢʮʠʠ (Aq;!fn)(x)/fn(x)
ʥʘ ʙʝʩʢʦʥʝʯʥʦʩʪʠ. ʇʦʜʨʦʙʥʝʝ ʦ ʤʘʪʨʠʯʥʳʭ ʤʝʪʦʜʘʭ ʚʳʯʠʩʣʝʥʠʷ ʨʝʟʫʣʴʪʘʥʪʘ

ʧʘʨʳ ʤʥʦʛʦʯʣʝʥʦʚ ʩʤ. [11; 23; 28]. ɺʭʦʜʥʳʤʠ ʘʨʛʫʤʝʥʪʘʤʠ ʧʨʦʮʝʜʫʨʳ ʷʚʣʷʶʪʩʷ:

ʤʥʦʛʦʯʣʝʥ fn(x), ʠʤʷ ʧʝʨʝʤʝʥʥʦʡ x, ʦʪʥʦʩʠʪʝʣʴʥʦ ʢʦʪʦʨʦʡ ʚʳʯʠʩʣʷʝʪʩʷ ʩʫʙ-
ʜʠʩʢʨʠʤʠʥʘʥʪ, ʧʦʨʷʜʦʢ ʩʫʙʜʠʩʢʨʠʤʠʥʘʥʪʘ k ʠ, ʦʧʮʠʦʥʘʣʴʥʦ, ʥʘʟʚʘʥʠʝ ʤʝʪʦʜʘ.
ʇʨʦʮʝʜʫʨʘ ʠʩʧʦʣʴʟʫʝʪ ʧʘʢʝʪ .

Å ʇʨʦʮʝʜʫʨʘ ʚʳʯʠʩʣʷʝʪ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʤʥʦʛʦ-

ʦʙʨʘʟʠʷ V1 ʧʦ ʬʦʨʤʫʣʝ (4.1). ʇʨʠ ʵʪʦʤ ʜʣʷ ʯʘʩʪʥʳʭ ʩʣʫʯʘʝʚ ʦʧʝʨʘʪʦʨʘ ʍʘʥʘ (2.3)

ʠʩʧʦʣʴʟʫʝʪʩʷ ʧʨʦʮʝʜʫʨʘ ʚʳʯʠʩʣʝʥʠʷ q-ʙʠʥʦʤʠʘʣʴʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʠʟ ʧʘʢʝʪʘ
. ɺʭʦʜʥʳʤʠ ʘʨʛʫʤʝʥʪʘʤʠ ʧʨʦʮʝʜʫʨʳ ʷʚʣʷʶʪʩʷ ʩʪʝʧʝʥʴ

ʤʥʦʛʦʯʣʝʥʘ n, ʠʤʷ ʧʘʨʘʤʝʪʨʘ (ʧʦ ʫʤʦʣʯʘʥʠʶ t1), ʠʤʷ ʣʝʚʳʭ ʯʘʩʪʝʡ ʚ ʬʦʨʤʫ-

ʣʝ (4.1) (ʧʦ ʫʤʦʣʯʘʥʠʶ a).
Å ʇʨʦʮʝʜʫʨʘ ʨʝʘʣʠʟʫʝʪ ʦʧʝʨʘʮʠʶ çʇʆɼʒɽʄè k-ʛʦ ʧʦʨʷʜʢʘ ʩ ʧʦ-

ʤʦʱʴʶ ʬʦʨʤʫʣʳ (4.9) ʜʣʷ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl, ʥʘ

ʢʦʪʦʨʦʤ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ
m, 1 < m 6 n. ɽʸ ʚʭʦʜʥʳʤʠ ʧʘʨʘʤʝʪʨʘʤʠ ʷʚʣʷʶʪʩʷ ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ ʤʥʦʛʦʦʙʨʘ-
ʟʠʷ Vl, ʜʣʠʥʘm ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ, ʧʦʨʷʜʦʢ k ʦʧʝʨʘʮʠʠ.

Å ʇʨʦʮʝʜʫʨʘ ʦʩʫʱʝʩʪʚʣʷʝʪ ʧʨʦʜʦʣʞʝʥʠʝ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʤʥʦʛʦ-

ʦʙʨʘʟʠʷ Vl+1, ʧʦʣʫʯʝʥʥʦʡ ʩ ʧʦʤʦʱʴʶ ʧʨʦʮʝʜʫʨʳ , ʚ ʩʣʫʯʘʝ, ʢʦʛʜʘ ʥʘ ʵʪʦʤ

ʤʥʦʛʦʦʙʨʘʟʠʠ ʠʤʝʶʪʩʷ ʢʦʤʧʣʝʢʩʥʦ-ʩʦʧʨʷʞʸʥʥʳʝ ʢʦʨʥʠ. ɺʭʦʜʥʳʤʠ ʧʘʨʘʤʝʪʨʘ-

ʤʠ ʧʨʦʮʝʜʫʨʳ ʷʚʣʷʶʪʩʷ ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ, ʧʦʣʫʯʝʥʥʘʷ ʚ ʨʝʟʫʣʴʪʘʪʝ ʧʨʠʤʝʥʝʥʠʷ

ʧʨʦʮʝʜʫʨʳ , ʜʣʠʥʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ g-ʩʚʷʟʘʥʥʳʭ ʢʦʤʧʣʝʢʩʥʦ-ʩʦʧʨʷ-
ʞʸʥʥʳʭ ʢʦʨʥʝʡ, ʥʦʤʝʨʘ ʧʘʨʘʤʝʪʨʦʚ, ʢʦʪʦʨʳʝ ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʵʪʠʤ ʢʦʨʥʷʤ.

ʊʘʢʞʝ ʚ ʙʠʙʣʠʦʪʝʢʫ ʚʢʣʶʯʝʥʳ ʥʝʢʦʪʦʨʳʝ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʝ ʧʨʦʮʝʜʫʨʳ,

ʦʙʝʩʧʝʯʠʚʘʶʱʠʝ ʚʳʯʠʩʣʝʥʠʝ ʜʠʬʬʝʦʤʦʨʬʠʟʤʘ g, ʦʧʝʨʘʪʦʨʘ ʍʘʥʘ Aq;! ʠ ʠʭ

ʠʪʝʨʘʮʠʡ.

ʇʨʠʤʝʨ 3 (ʧʨʦʜʦʣʞʝʥʠʝ ʧʨʠʤʝʨʦʚ 1 ʠ 2). g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ ʢʫʙʠ-
ʢʠ (3.2).

ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ ʨʘʙʦʪʳ ʘʣʛʦʨʠʪʤʘ ʨʘʩʩʤʦʪʨʠʤ ʩʪʨʫʢʪʫʨʫ g-ʜʠʩʢʨʠ-
ʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dg(f3) ʢʫʙʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ (3.2). ɺʩʝ ʚʳʯʠʩʣʝʥʠʷ
ʧʨʦʚʦʜʠʣʠʩʴ ʚ ʩ ʧʦʤʦʱʴʶ ʙʠʙʣʠʦʪʝʢʠ , ʦʧʠʩʘʥʥʦʡ ʚ ʧʦʜʧʫʥʢ-

ʪʝ 4.4.
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ʇʦʩʢʦʣʴʢʫ p(3) � 1 = 2, ʪʦ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ Dg(f3) ʩʦ-
ʩʪʦʠʪ ʠʟ ʜʚʫʭ ʢʦʤʧʦʥʝʥʪ V1(f3) ʠ V2(f3), ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʨʘʟʙʠʝʥʠʷʤ

�
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. ʀʭ ʧʨʘʤʝʪʨʠʟʘʮʠʠ ʧʦʣʫʯʘʶʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʤ ʧʨʠʤʝʥʝʥʠʝʤ ʧʨʦʮʝ-

ʜʫʨ ʠ ʙʠʙʣʠʦʪʝʢʠ .

V1(f3) : fa1 = �[3]qt1 � !(q + 2); a2x = q[3]qt
2
1 + 2![3]qt1 + ![2]q;

a3 = �t1

�
q3t2

1 + !(2q + 1)t1 + !2[2]q
�
g;

(4.10)

V2(f3) : fa1 = �[2]qt1 � t2 � !; a2 = qt2
1 + [2]qt1t2 + !(t1 + t2);

a3 = �t1t2 (qt1 + !)g:
(4.11)

ɺ ʩʠʣʫ ʪʦʛʦ ʯʪʦ ʥʘ ʤʥʦʛʦʦʙʨʘʟʠʠ V1(f3) ʥʝʪ ʢʦʤʧʣʝʢʩʥʳʭ ʢʦʨʥʝʡ, ʠʤʝʝʤ
V1(f3) � V2(f3). ʇʨʠ ʵʪʦʤ ʥʘ ʤʥʦʛʦʦʙʨʘʟʠʠ V1 ʤʥʦʛʦʯʣʝʥ f3(x) � fx; t1g3;q, ʘ ʥʘ

ʤʥʦʛʦʦʙʨʘʟʠʠ V2ð f3(x) � fx; t1g2;q � fx; t2g1;q. ʄʥʦʛʦʦʙʨʘʟʠʷ V2(f3) ʠ V1(f3)
ʧʦʢʘʟʘʥʳ ʥʘ ʨʠʩ. 1.

ʈʠʩ. 1. g-ɼʠʩʢʨʠʤʠʥʘʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ Dg(f3) ʜʣʷ ʟʥʘʯʝʥʠʡ q = 0:8 ʠ ! = 1.
ʂʨʘʩʥʳʤ ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʘ ʢʨʠʚʘʷ ʩʘʤʦʧʝʨʝʩʝʯʝʥʠʷ V1(f3).
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ʀʩʧʦʣʴʟʫʷ ʫʪʚʝʨʞʜʝʥʠʝ 2 ʠ ʧʨʠʤʝʨ 2, ʧʦʢʘʞʝʤ, ʯʪʦ ʤʥʦʛʦʦʙʨʘʟʠʝ V2(f3)
ʙʠʨʘʮʠʦʥʘʣʴʥʦ ʵʢʚʠʚʘʣʝʥʪʥʦ ʧʣʦʩʢʦʩʪʠ R2. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʠʟ ʬʦʨʤʫʣʳ (3.6) g-
ʩʚʷʟʘʥʥʳʡ ʢʦʨʝʥʴ t1 ʝʩʪʴ

t1 = �M
(1)
1 (f3)

D
(1)
g (f3)

;

ʛʜʝM
(1)
1 (f3) ʠ D

(1)
g (f3) ʩʦʛʣʘʩʥʦ (3.7) ʠ (3.4) ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʩʫʪʴ ʧʦʣʠʥʦʤʳ ʦʪ

ʢʦʵʬʬʠʮʠʝʥʪʦʚ a1;a2;a3. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, t1 ʝʩʪʴ ʨʘʮʠʦʥʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʦʪ ʢʦʵʬ-

ʬʠʮʠʝʥʪʦʚ, ʘ ʧʨʦʩʪʦʡ ʢʦʨʝʥʴ t2 ʥʘʭʦʜʠʪʩʷ ʧʦʩʣʝ ʵʪʦʛʦ ʠʟ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ (4.11):

t2 = �[2]qt1 � !.
ɼʣʷ ʢʘʞʜʦʛʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ ʟʥʘʯʝʥʠʷ t1 � z1 ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ (4.11) ʦʧʨʝ-

ʜʝʣʷʝʪ ʧʨʷʤʫʶ, ʧʝʨʝʩʝʢʘʶʱʫʶ ʢʨʠʚʫʶ V1(f3) ʚ ʜʚʫʭ ʪʦʯʢʘʭ, ʟʘʜʘʚʘʝʤʳʭ ʟʥʘ-
ʯʝʥʠʷʤʠ ʧʘʨʘʤʝʪʨʘ t1 = z1 ʠ t1 = g�1(z1). ɿʥʘʯʠʪ, ʤʥʦʛʦʦʙʨʘʟʠʝ V2(f3) ʧʨʝʜ-
ʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʣʠʥʝʡʯʘʪʫʶ ʨʘʟʚʸʨʪʳʚʘʶʱʫʶʩʷ ʧʦʚʝʨʭʥʦʩʪʴ [34] ʩʦ ʩʢʨʫʯʝʥʥʦʡ

ʢʫʙʠʢʦʡ (4.10) ʚ ʢʘʯʝʩʪʚʝ ʥʘʧʨʘʚʣʷʶʱʝʡ. ʕʪʘ ʧʦʚʝʨʭʥʦʩʪʴ ʩʘʤʦʧʝʨʝʩʝʢʘʝʪʩʷ

ʧʦ ʩʚʦʝʡ ʥʘʧʨʘʚʣʷʶʱʝʡ V1(f3), ʢʦʪʦʨʘʷ, ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ, ʷʚʣʷʝʪʩʷ ʤʥʦʞʝʩʪʚʦʤ
ʦʩʦʙʳʭ ʪʦʯʝʢ ʧʦʚʝʨʭʥʦʩʪʠ V2(f3). ʅʘ ʧʣʦʩʢʦʩʪʠ (t1;t2) ʢʨʠʚʦʡ V1(f3) ʩʦʦʪʚʝʪ-
ʩʪʚʫʝʪ ʧʘʨʘ ʧʨʷʤʳʭ g(t2) � t1 = 0 ʠ t2 � g2(t1) = 0, ʧʝʨʝʩʝʢʘʶʱʠʭʩʷ ʚ ʪʦʯʢʝ
P = (!0;!0), ʛʜʝ !0ð ʥʝʧʦʜʚʠʞʥʘʷ ʪʦʯʢʘ ʦʪʦʙʨʘʞʝʥʠʷ (2.2) (ʩʤ. ʨʠʩ. 2).

ɿʘʬʠʢʩʠʨʫʝʤ ʦʜʠʥ ʠʟ ʜʚʫʭ ʧʘʨʘʤʝʪʨʦʚ q ʠʣʠ ! ʠ ʨʘʩʩʤʦʪʨʠʤ V2(f3) ʢʘʢ
ʦʜʥʦʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʩʝʤʝʡʩʪʚʦ ʧʦʚʝʨʭʥʦʩʪʝʡ ʚ R3. ɺ ʢʘʞʜʦʤ ʠʟ ʜʚʫʭ ʩʣʫʯʘʝʚ

ʚʳʷʩʥʠʤ, ʠʤʝʝʪ ʣʠ ʪʘʢʦʝ ʦʜʥʦʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʩʝʤʝʡʩʪʚʦ ʦʛʠʙʘʶʱʫʶ ʧʦʚʝʨʭ-

ʥʦʩʪʴ ʠ, ʝʩʣʠ ʠʤʝʝʪ, ʪʦ ʢʘʢʦʚ ʝʸ ʚʠʜ.

ʅʝʦʙʭʦʜʠʤʳʤʠ ʫʩʣʦʚʠʷʤʠ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʦʛʠʙʘʶʱʝʡ [35, ʧ. 6.9] ʷʚʣʷʶʪ-

ʩʷ ʧʨʠʥʘʜʣʝʞʥʦʩʪʴ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʢʣʘʩʩʫ C1 ʠ ʨʘʚʝʥʩʪʚʦ ʥʫʣʶ ʩʤʝʰʘʥʥʦʛʦ

ʧʨʦʠʟʚʝʜʝʥʠʷ ʪʨʸʭ ʢʘʩʘʪʝʣʴʥʳʭ ʚʝʢʪʦʨʦʚ, ʧʦʣʫʯʝʥʥʳʭ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝʤ

ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʧʦʚʝʨʭʥʦʩʪʠ r(t1;t2;�) ʧʦ ʢʘʞʜʦʤʫ ʠʟ ʧʘʨʘʤʝʪʨʦʚ t1;t2;�, ʛʜʝ �
ʝʩʪʴ ʣʠʙʦ q, ʣʠʙʦ !:

h(r)
def
= (rt1

;rt2
;r�) = 0: (4.12)

ɿʜʝʩʴ (�; � ;�) ð ʩʤʝʰʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ, ʘ ʯʘʩʪʥʦʝ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʧʦ
ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʧʝʨʝʤʝʥʥʦʡ ʦʙʦʟʥʘʯʝʥʦ ʝʸ ʥʠʞʥʠʤ ʠʥʜʝʢʩʦʤ.

ɼʦʩʪʘʪʦʯʥʳʤʠ ʫʩʣʦʚʠʷʤʠ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʦʛʠʙʘʶʱʝʡ [35, ʧ. 6.11] ʠ ʝʸ

ʛʣʘʜʢʦʛʦ ʢʘʩʘʥʠʷ ʩʝʤʝʡʩʪʚʦʤ ʷʚʣʷʶʪʩʷ ʩʣʝʜʫʶʱʠʝ:

1. ʛʣʘʜʢʦʩʪʴ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʢʣʘʩʩʘ C2;

2. ʚʳʧʦʣʥʝʥʠʝ ʫʩʣʦʚʠʷ (4.12);

3. [rt1
;rt2

] 6= 0 ʚ ʪʦʯʢʝ ʢʘʩʘʥʠʷ ʦʛʠʙʘʶʱʝʡ, ʛʜʝ [�;�]ðʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ;
4. jht1

(r)j + jht2
(r)j 6= 0 ʚ ʪʦʯʢʝ ʢʘʩʘʥʠʷ ʦʛʠʙʘʶʱʝʡ;
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L2(f3)

L1(f3)

V1(f3)

P

−1

1

3

5

7

−1 1 3 5 7

t2

t1

ʈʠʩ. 2. ʇʣʦʩʢʦʩʪʴ (t1;t2), ʙʠʨʘʮʠʦʥʘʣʴʥʦ ʵʢʚʠʚʘʣʝʥʪʥʘʷ ʦʙʦʙʱʸʥʥʦʡ ʜʠʩʢʨʠʤʠ-
ʥʘʥʪʥʦʡ ʧʦʚʝʨʭʥʦʩʪʠ V2(f3). ʀʟʦʙʨʘʞʝʥʠʝ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʟʥʘʯʝʥʠʷʤ ʧʘʨʘʤʝʪʨʦʚ
q = 0:8 ʠ ! = 1. ʂʨʘʩʥʳʤ ʧʨʷʤʳʤ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʢʨʠʚʘʷ ʩʘʤʦʧʝʨʝʩʝʯʝʥʠʷ V1(f3).
ʉʠʥʠʤ ʧʨʷʤʳʤ L1;2ð ʢʨʠʚʳʝ ʢʘʩʘʥʠʷ ʧʦʚʝʨʭʥʦʩʪʝʡ V2(f3) ʠ D(f3).

5. ʠ, ʥʘʢʦʥʝʮ, ʥʝʚʳʨʦʞʜʝʥʥʦʩʪʴ ʤʘʪʨʠʮʳ

H(r) =

0@ ht1
(r) ht2

(r) h�(r)
(rt1

;rt1
) (rt1

;rt2
) (rt1

;r�)
(rt2

;rt1
) (rt2

;rt2
) (rt2

;r�)

1A
ʚ ʪʦʯʢʝ ʢʘʩʘʥʠʷ ʦʛʠʙʘʶʱʝʡ, ʛʜʝ (�;�)ð ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ.
ʈʘʩʩʤʦʪʨʠʤ ʚʳʧʦʣʥʝʥʠʝ ʫʢʘʟʘʥʥʳʭ ʚʳʰʝ ʫʩʣʦʚʠʡ ʜʣʷ ʜʚʫʭ ʩʣʫʯʘʝʚ ʦʜʥʦ-

ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʭ ʩʝʤʝʡʩʪʚ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʳʭ ʧʦʚʝʨʭʥʦʩʪʝʡ.
ʉʣʫʯʘʡ q = const, q 6= �1;0. ʊʦʛʜʘ

h(r) = (t1 � t2)(g(t1) � t1)(g(t1) � t2):

ʋʩʣʦʚʠʷ t1 = t2 ʠ g(t1) = t2 ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʩʠʪʫʘʮʠʠ, ʢʦʛʜʘ ʢʫʙʠʯʝʩʢʠʡ ʤʥʦʛʦ-

ʯʣʝʥ ʠʤʝʝʪ ʧʘʨʫ ʢʨʘʪʥʳʭ ʢʦʨʥʝʡ, ʪ. ʝ. ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʦʛʠʙʘʶʱʘʷ ʩʝʤʝʡʩʪʚʘ V2(f3)
ʧʨʠ ʬʠʢʩʠʨʦʚʘʥʥʦʤ ʧʘʨʘʤʝʪʨʝ q ʷʚʣʷʝʪʩʷ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʡ ʧʦʚʝʨʭʥʦʩʪʴʶ. ʇʨʠ
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ʫʩʣʦʚʠʠ g(t1) = t1 ʠʤʝʝʤ ʩʠʪʫʘʮʠʶ, ʢʦʛʜʘ ʩʝʢʫʱʘʷ ʧʨʷʤʘʷ, ʧʨʦʚʝʜʸʥʥʘʷ ʢ

ʢʨʠʚʦʡ V1(f3), ʩʪʘʥʦʚʠʪʩʷ ʢʘʩʘʪʝʣʴʥʦʡ, ʥʦ ʧʨʠ ʵʪʦʤ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ 3 ʥʝ
ʚʳʧʦʣʥʝʥʦ.

ʉʣʫʯʘʡ ! = const. ʊʦʛʜʘ

h(r) = t1(t1 � t2)(g(t1) � t1)(g(t1) � t2):

ʋʩʣʦʚʠʷ t1 = t2, g(t1) = t2 ʠ g(t1) = t1 ʘʥʘʣʦʛʠʯʥʳ ʧʨʝʜʳʜʫʱʝʤʫ ʩʣʫʯʘʶ, ʘ ʧʨʠ

t1 = 0 ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ 3 ʥʝ ʚʳʧʦʣʥʝʥʦ.
ʀʪʘʢ, ʚ ʢʘʞʜʦʤ ʠʟ ʜʚʫʭ ʩʣʫʯʘʝʚ ʦʛʠʙʘʶʱʝʡ ʩʝʤʝʡʩʪʚʘ ʦʜʥʦʧʘʨʘʤʝʪʨʠʯʝ-

ʩʢʠʭ ʧʦʚʝʨʭʥʦʩʪʝʡ ʷʚʣʷʝʪʩʷ ʜʠʩʢʨʠʤʠʥʘʥʪʥʘʷ ʧʦʚʝʨʭʥʦʩʪʴD(f3) (ʩʤ. ʨʠʩ. 3). ɽʸ
ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ ʧʦʣʫʯʘʝʪʩʷ ʠʟ (4.11) ʧʨʠ (q;!) ! (1;0). ʅʝʧʦʩʨʝʜʩʪʚʝʥʥʳʤ ʚʳ-
ʯʠʩʣʝʥʠʝʤ ʤʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʜʠʩʢʨʠʤʠʥʘʥʪʥʘʷ ʧʦʚʝʨʭʥʦʩʪʴ, ʢʘʢ ʦʛʠʙʘʶʱʘʷ

ʩʝʤʝʡʩʪʚʘ, ʠʤʝʝʪ ʨʝʙʨʦ ʚʦʟʚʨʘʪʘ (ʢʘʩʧ) ʧʨʠ ʫʩʣʦʚʠʠ t1 = t2. ʇʘʨʘʤʝʪʨʠʟʘʮʠʷ

ʢʘʩʧʘ ʧʦʣʫʯʘʝʪʩʷ ʠʟ (4.10) ʧʨʠ (q;!) ! (1;0).

ʈʠʩ. 3. ɼʠʩʢʨʠʤʠʥʘʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ D(f3) ʢʫʙʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ɿʝʣʸʥʳʤ
ʮʚʝʪʦʤ ʚʳʜʝʣʝʥʦ ʨʝʙʨʦ ʚʦʟʚʨʘʪʘ (ʢʘʩʧ) V1(f3).

ɼʠʩʢʨʠʤʠʥʘʥʪʥʘʷ ʧʦʚʝʨʭʥʦʩʪʴ D(f3) ʜʝʣʠʪ ʧʨʦʩʪʨʘʥʩʪʚʦ ʢʦʵʬʬʠʮʠʝʥʪʦʚ
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� ʥʘ ʜʚʝ ʦʙʣʘʩʪʠ ʩ ʨʘʟʥʳʤ ʯʠʩʣʦʤ ʚʝʱʝʩʪʚʝʥʥʳʭ ʢʦʨʥʝʡ: ʚ ʦʙʣʘʩʪʠ �1 ʤʥʦʛʦ-

ʯʣʝʥ f3(x) ʠʤʝʝʪ ʪʨʠ ʚʝʱʝʩʪʚʝʥʥʳʭ ʢʦʨʥʷ, ʚ ʦʙʣʘʩʪʠ �2ð ʦʜʠʥ ʚʝʱʝʩʪʚʝʥʥʳʡ

ʠ ʧʘʨʫ ʢʦʤʧʣʝʢʩʥʦ-ʩʦʧʨʷʞʸʥʥʳʭ ʢʦʨʥʝʡ. ʇʦʩʢʦʣʴʢʫ ʥʘ ʤʥʦʛʦʦʙʨʘʟʠʠ V2(f3)
ʢʫʙʠʢʘ (3.2) ʠʤʝʝʪ ʪʦʣʴʢʦ ʚʝʱʝʩʪʚʝʥʥʳʝ ʢʦʨʥʠ, ʪʦ ʤʥʦʞʝʩʪʚʦ Dg(f3) ʜʣʷ ʣʶʙʳʭ
ʟʥʘʯʝʥʠʡ ʧʘʨʘʤʝʪʨʦʚ (q;!) ʮʝʣʠʢʦʤ ʩʦʜʝʨʞʠʪʩʷ ʚ ʦʙʣʘʩʪʠ �1 ʠ ʪʦʣʴʢʦ ʤʦʞʝʪ

ʢʘʩʘʪʴʩʷ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ D(f3). ʅʝʪʨʫʜʥʦ ʚʠʜʝʪʴ, ʯʪʦ ʧʦʚʝʨʭʥʦ-
ʩʪʠ V2(f3) ʠ D(f3) ʢʘʩʘʶʪʩʷ ʜʨʫʛ ʜʨʫʛʘ ʚʜʦʣʴ ʧʘʨʳ ʢʨʠʚʳʭ, ʥʘ ʢʦʪʦʨʳʭ ʪʨʝʪʠʡ
ʢʦʨʝʥʴ, ʥʝ ʩʦʠʟʤʝʨʠʤʳʡ ʥʠ ʩ ʦʜʥʠʤ ʩ ʜʚʫʭ ʜʨʫʛʠʭ ʢʦʨʥʝʡ, ʩʦʚʧʘʜʘʝʪ ʩ ʦʜʥʠʤ

ʠʟ ʢʦʨʥʝʡ ʵʪʦʡ ʧʘʨʳ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʘ ʧʣʦʩʢʦʩʪʠ (t1;t2) ʢʨʠʚʳʝ ʢʘʩʘʥʠʷ ʩʦʦʪ-
ʚʝʪʩʪʚʫʶʪ ʧʨʷʤʳʤ t2 = t1 ʠ t2 = g(t1), ʢʦʪʦʨʳʝ ʧʝʨʝʩʝʢʘʶʪʩʷ ʚ ʪʦʯʢʝ (!0;!0)
(ʩʤ. ʨʠʩ. 2). ɺ ʩʠʣʫ ʚʳʰʝʠʟʣʦʞʝʥʥʦʛʦ, ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʢʨʠʚʳʭ

L1;2, ʧʦ ʢʦʪʦʨʳʤ ʜʠʩʢʨʠʤʠʥʘʥʪʥʘʷ ʧʦʚʝʨʭʥʦʩʪʴ D(f3) ʢʘʩʘʝʪʩʷ ʨʝʟʦʥʘʥʩʥʦʡ
ʧʦʚʝʨʭʥʦʩʪʠ V2(f3), ʧʦʣʫʯʘʝʪʩʷ ʠʟ (4.11) ʧʦʜʩʪʘʥʦʚʢʘʤʠ t2 = t1 ʠ t2 = g(t1)
ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ:

L1 : fa1 = �2t1 � g(t1); a2 = t1(2g(t1) + t1); a3 = �t2
1g(t1)g;

L2 : fa1 = �t1 � 2g(t1); a2 = (2t1 + g(t1))g(t1); a3 = �t1[g(t1)]
2g:

ɺʟʘʠʤʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʡ D(f3) ʠ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʡ
Dg(f3) ʧʦʚʝʨʭʥʦʩʪʝʡ ʚʤʝʩʪʝ ʩ ʢʨʠʚʳʤʠ ʦʩʦʙʳʭ ʪʦʯʝʢ ʠ ʢʨʠʚʳʤʠ ʢʘʩʘʥʠʷ ʧʦʢʘ-
ʟʘʥʦ ʥʘ ʨʠʩ. 4. �

5. ʇʘʨʘʤʝʪʨʠʟʘʮʠʷ ʧʨʠ ʦʛʨʘʥʠʯʝʥʠʷʭ ʥʘ ʢʦʵʬʬʠʮʠʝʥʪʳ

ɺ ʧʨʠʢʣʘʜʥʳʭ ʟʘʜʘʯʘʭ, ʚ ʢʦʪʦʨʳʭ ʚʦʟʥʠʢʘʝʪ ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʠʩʩʣʝʜʦʚʘʪʴ

ʦʙʦʙʱʸʥʥʳʡ ʜʠʩʢʨʠʤʠʥʘʥʪ Dg(fn), ʯʘʩʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ ʧʘʨʘʤʝʪʨʦʚ ʤʥʦʛʦʯʣʝ-
ʥʘ fn(x) ʥʝ ʩʦʚʧʘʜʘʝʪ ʩ ʧʨʦʩʪʨʘʥʩʪʚʦʤ ʝʛʦ ʢʦʵʬʬʠʮʠʝʥʪʦʚ. ɼʘʣʝʝ ʨʘʩʩʤʦʪʨʠʤ
ʜʚʘ ʩʧʦʩʦʙʘ ʧʦʣʫʯʝʥʠʷ ʦʧʠʩʘʥʠʷ ʤʥʦʞʝʩʪʚʘ Dg(fn) ʚ ʵʪʦʤ ʩʣʫʯʘʝ. ɼʣʷ ʦʧʨʝ-
ʜʝʣʸʥʥʦʩʪʠ ʙʫʜʝʤ ʩʯʠʪʘʪʴ, ʯʪʦ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ai, i = 1; : : : ;n, ʧʨʠʚʝʜʸʥʥʦ-
ʛʦ ʤʥʦʛʦʯʣʝʥʘ fn(x) ʷʚʣʷʶʪʩʷ ʧʦʣʠʥʦʤʘʤʠ ʦʪ ʥʝʢʦʪʦʨʦʛʦ ʥʘʙʦʨʘ ʧʘʨʘʤʝʪʨʦʚ
s = (s1; : : : ;sk) 2 Rk, 0 < k < n, ʢʦʪʦʨʳʝ ʥʘʟʦʚʸʤ ʧʘʨʘʤʝʪʨʘʤʠ ʟʘʜʘʯʠ. ʇʝʨʝ-
ʭʦʜ ʦʪ ʧʘʨʘʤʝʪʨʦʚ ʟʘʜʘʯʠ s ʢ ʧʨʦʩʪʨʘʥʩʪʚʫ ʢʦʵʬʬʠʮʠʝʥʪʦʚ � ʤʥʦʛʦʯʣʝʥʘ fn(x)
ʟʘʜʘʸʪʩʷ ʦʪʦʙʨʘʞʝʥʠʝʤ

S : Rk ! � : s 7! a(s);

ʤʘʪʨʠʮʘ ʗʢʦʙʠ ʢʦʪʦʨʦʛʦ JS =

�
@ai

@sj

�
, i = 1; : : : ;n, j = 1; : : : ;k, ʤʦʞʝʪ ʠʤʝʪʴ ʨʘʥʛ

m, 0 6 m 6 k. ɼʘʣʝʝ ʩʯʠʪʘʝʤ, ʯʪʦ ʨʘʥʛm ʤʘʪʨʠʮʳ JS ʧʨʠʥʠʤʘʝʪ ʥʘʠʙʦʣʴʰʝʝ

ʟʥʘʯʝʥʠʝ, ʯʪʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʫʩʣʦʚʠʶ ʥʝʚʳʨʦʞʜʝʥʥʦʩʪʠ ʦʪʦʙʨʘʞʝʥʠʷ S.
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ʈʠʩ. 4. ɺʟʘʠʤʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʡ D(f3) ʠ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʡ
Dg(f3) ʧʦʚʝʨʭʥʦʩʪʝʡ ʜʣʷ ʟʥʘʯʝʥʠʡ q = 0:8 ʠ ! = 1. ɿʝʣʸʥʳʤ ʮʚʝʪʦʤ ʚʳʜʝʣʝʥʦ
ʨʝʙʨʦ ʚʦʟʚʨʘʪʘ (ʢʘʩʧ), ʢʨʘʩʥʳʤ ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʘ ʢʨʠʚʘʷ ʩʘʤʦʧʝʨʝʩʝʯʝʥʠʷ V1(f3),
ʩʠʥʠʤ ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʳ ʢʨʠʚʳʝ ʢʘʩʘʥʠʷ L1;2.

5.1. ɺʳʯʠʩʣʝʥʠʝ ʩ ʧʦʤʦʱʴʶ ʵʣʠʤʠʥʘʮʠʦʥʥʦʛʦ ʠʜʝʘʣʘ. ɺʳʙʝʨʝʤ ʥʝʢʦʪʦ-

ʨʫʶ ʢʦʤʧʦʥʝʥʪʫ Vl ʨʘʟʤʝʨʥʦʩʪʠ l g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dg(fn). ʊʦʛʜʘ
ʩ ʧʦʤʦʱʴʶ ʘʣʛʦʨʠʪʤʘ, ʦʧʠʩʘʥʥʦʛʦ ʚ ʧʦʜʧʫʥʢʪʝ 4.3, ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʧʘʨʘʤʝʪ-

ʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʵʪʦʛʦ ʤʥʦʛʦʦʙʨʘʟʠʷ ʚ ʚʠʜʝ

ai = ri(t1; : : : ;tl); i = 1; : : : ;n:

ʉʦʩʪʘʚʣʷʝʤ ʧʦʣʠʥʦʤʠʘʣʴʥʳʡ ʠʜʝʘʣ

Jl = fai(s1; : : : ;sk) � ri(t1; : : : ;tl); i = 1; : : : ;ng;

ʩʦʩʪʦʷʱʠʡ ʠʟ n ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ k + l ʧʝʨʝʤʝʥʥʳʭ. ʕʪʦʪ ʠʜʝʘʣ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ
s ʧʘʨʘʤʝʪʨʦʚ ʟʘʜʘʸʪ ʥʝʢʦʪʦʨʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ ʤʥʦʛʦʦʙʨʘʟʠʝ, ʢʦʤʧʦʥʝʥʪʳ ʢʦ-

ʪʦʨʦʛʦ ʤʦʛʫʪ ʠʤʝʪʴ ʨʘʟʤʝʨʥʦʩʪʠ ʦʪ 0 ʜʦ l � (n � k), ʝʩʣʠ ʧʦʩʣʝʜʥʷʷ ʚʝʣʠʯʠʥʘ
ʥʝʦʪʨʠʮʘʪʝʣʴʥʘ. ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʝʛʦ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ,

ʥʫʞʥʦ ʚʳʯʠʩʣʠʪʴ ʵʣʠʤʠʥʘʮʠʦʥʥʳʡ ʠʜʝʘʣ [36, Ch. 3, Ä 1]. ʕʪʘ ʟʘʜʘʯʘ ʨʝʰʘ-

ʝʪʩʷ ʩ ʧʦʤʦʱʴʶ ʚʳʯʠʩʣʝʥʠʷ ʙʘʟʠʩʘ ɻʨʸʙʥʝʨʘ, ʝʩʣʠ ʫʢʘʟʘʪʴ ʧʨʠ ʵʪʦʤ ʪʘʢʦʡ
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ʣʝʢʩʠʢʦʛʨʘʬʠʯʝʩʢʠʡ ʧʦʨʷʜʦʢ, ʯʪʦʙʳ ʚ ʧʝʨʚʫʶ ʦʯʝʨʝʜʴ ʙʳʣʠ ʠʩʢʣʶʯʝʥʳ ʧʝ-

ʨʝʤʝʥʥʳʝ s1; : : : ;sk. ɺ ʙʦʣʴʰʠʥʩʪʚʝ ʩʠʩʪʝʤ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ ʵʪʦ ʤʦʞʝʪ

ʙʳʪʴ ʜʦʩʪʘʪʦʯʥʦ ʣʝʛʢʦ ʚʳʧʦʣʥʝʥʦ. ʅʘʧʨʠʤʝʨ, ʚ ʩʠʩʪʝʤʝ Maple ʧʨʠ ʠʩʧʦʣʴ-

ʟʦʚʘʥʠʠ ʢʦʤʘʥʜʳ ʠʟ ʧʘʢʝʪʘ ʩʣʝʜʫʝʪ ʫʢʘʟʘʪʴ ʣʝʢʩʠʢʦʛʨʘʬʠʯʝ-

ʩʢʠʡ ʧʦʨʷʜʦʢ s1; : : : ;sk t1; : : : ;tl . ɺ ʩʠʩʪʝʤʝ Mathematica ʧʨʠ ʠʩ-

ʧʦʣʴʟʦʚʘʥʠʠ ʧʨʦʮʝʜʫʨʳ ð ʫʢʘʟʘʪʴ ʦʧʮʠʶ

. ɽʩʣʠ ʵʣʠʤʠʥʘʮʠʦʥʥʳʡ ʠʜʝʘʣ ʚʳʯʠʩʣʝʥ, ʪʦ ʝʛʦ ʧʝʨʚʳʝ ʤʥʦ-

ʛʦʯʣʝʥʳ ʟʘʚʠʩʷʪ ʪʦʣʴʢʦ ʦʪ ʧʘʨʘʤʝʪʨʦʚ ti, i = 1; : : : ;l, ʘ ʧʘʨʘʤʝʪʨʳ si, i = 1; : : : ;k,
ʚʭʦʜʷʪ ʚ ʦʩʪʘʣʴʥʳʝ ʤʥʦʛʦʯʣʝʥʳ ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʪʦ ʧʦʟʚʦʣʷʝʪ ʚʳʨʘʟʠʪʴ ʠʭ ʚ

ʚʠʜʝ ʨʘʮʠʦʥʘʣʴʥʳʭ ʬʫʥʢʮʠʡ ʦʪ ti. ʏʠʩʣʦ ʥʝʟʘʚʠʩʠʤʳʭ ʧʘʨʘʤʝʪʨʦʚ ti ʨʘʚʥʦ ʛʠʣʴ-

ʙʝʨʪʦʚʦʡ ʨʘʟʤʝʨʥʦʩʪʠ ʠʜʝʘʣʘ, ʠ ʧʦʵʪʦʤʫ ʥʫʞʥʦ ʩʨʝʜʠ l ʧʘʨʘʤʝʪʨʦʚ ti ʚʳʙʨʘʪʴ

l � (n � k) ʥʝʟʘʚʠʩʠʤʳʭ, ʘ ʦʩʪʘʣʴʥʳʝ ʚʳʨʘʟʠʪʴ ʯʝʨʝʟ ʥʠʭ. ʆʙʦʟʥʘʯʠʤ ʵʪʠ ʥʝʟʘ-
ʚʠʩʠʤʳʝ ʧʘʨʘʤʝʪʨʳ ʯʝʨʝʟ ~ti, i = 1; : : : ;l � (n � k). ɺ ʠʪʦʛʝ ʧʦʣʫʯʠʤ ʚʳʨʘʞʝʥʠʝ
ʠʩʭʦʜʥʳʭ ʧʘʨʘʤʝʪʨʦʚ si, i = 1; : : : ;k ʦʪ l � (n � k) ʥʝʟʘʚʠʩʠʤʳʭ ʧʘʨʘʤʝʪʨʦʚ ~ti,

ʘ ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠ ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ai, i = 1; : : : ;n, ʯʝʨʝʟ ʥʠʭ.

5.2. ɺʳʯʠʩʣʝʥʠʝ ʩ ʧʦʤʦʱʴʶ g-ʧʨʦʠʟʚʦʜʥʳʭ. ɼʘʥʥʳʡ ʩʧʦʩʦʙ ʦʩʥʦʚʘʥ ʥʘ ʪʝʦ-
ʨʝʤʝ 2 ʠ ʩʣʝʜʩʪʚʠʠ 2. ʇʫʩʪʴ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ g-ʩʚʷ-
ʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ m > 1. ʊʦʛʜʘ, ʩʦʛʣʘʩʥʦ ʫʢʘʟʘʥʥʳʤ ʚʳʰʝ ʪʝʦʨʝʤʝ 2 ʠ
ʩʣʝʜʩʪʚʠʶ 2, ʝʛʦ g-ʧʨʦʠʟʚʦʜʥʘʷ ʧʦ ʧʝʨʝʤʝʥʥʦʡ x ʠʤʝʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ
g-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ m � 1. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʣʷ ʪʦʛʦ ʯʪʦʙʳ ʥʘʡʪʠ ʧʘ-
ʨʘʤʝʪʨʠʟʘʮʠʶ ʤʥʦʛʦʦʙʨʘʟʠʷ Vl, ʢʦʪʦʨʦʝ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʨʘʟʙʠʝʥʠʶ

�
m11(n�m)

�
,

ʥʝʦʙʭʦʜʠʤʦ ʨʝʰʠʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ai, i = 1; : : : ;n, ʩʠʩʪʝʤʫ ʫʨʘʚ-
ʥʝʥʠʡ ��

Ai
q;!fn

�
(x) = 0; i = 0; : : : ;m � 1

	
: (5.1)

ɼʣʷ ʵʪʦʛʦ ʤʦʞʥʦ ʦʧʷʪʴ ʠʩʧʦʣʴʟʦʚʘʪʴ ʪʝʭʥʠʢʫ ʚʳʯʠʩʣʝʥʠʷ ʵʣʠʤʠʥʘʮʠʦʥʥʦʛʦ

ʙʘʟʠʩʘ, ʦʧʠʩʘʥʥʫʶ ʚ ʧʨʝʜʳʜʫʱʝʤ ʧʦʜʧʫʥʢʪʝ 5.1.

ʅʘʠʙʦʣʝʝ ʵʬʬʝʢʪʠʚʥʦ ʵʪʦʪ ʩʧʦʩʦʙ ʨʘʙʦʪʘʝʪ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ ʥʝʢʦʪʦʨʳʝ

ʠʟ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ai ʤʥʦʛʦʯʣʝʥʘ fn(x) ʧʨʠʥʠʤʘʶʪ ʧʦʩʪʦʷʥʥʳʝ ʟʥʘʯʝʥʠʷ. ɺ ʵʪʦʤ
ʩʣʫʯʘʝ ʩʠʩʪʝʤʘ (5.1) ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʠʩʪʝʤʫ ʣʠʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ

ʫʨʘʚʥʝʥʠʡ ʦʪʥʦʩʠʪʝʣʴʥʦ ʪʝʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ai, ʟʥʘʯʝʥʠʷ ʢʦʪʦʨʳʭ ʥʝ ʬʠʢʩʠʨʦʚʘ-

ʥʳ. ɽʸ ʨʝʰʝʥʠʝ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ ʨʘʮʠʦʥʘʣʴʥʳʭ ʚʳʨʘʞʝʥʠʡ ʦʪ ʧʘʨʘʤʝʪʨʘ

t. ʕʪʦʪ ʧʘʨʘʤʝʪʨ ʷʚʣʷʝʪʩʷ ʧʦʨʦʞʜʘʶʱʠʤ ʜʣʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ g-ʩʚʷʟʘʥʥʳʭ
ʢʦʨʥʝʡ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʜʣʠʥʳ, ʘ ʧʦʣʫʯʝʥʥʦʝ ʨʝʰʝʥʠʝ ʧʦʟʚʦʣʷʝʪ ʟʘʜʘʚʘʪʴ

ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʤʥʦʛʦʦʙʨʘʟʠʷ, ʥʘ ʢʦʪʦʨʦʤ ʤʥʦʛʦʯʣʝʥ fn(x) ʠʤʝʝʪ ʪʘʢʫʶ ʧʦʩʣʝ-
ʜʦʚʘʪʝʣʴʥʦʩʪʴ ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ. ʂʨʦʤʝ ʪʦʛʦ, ʩ ʧʦʤʦʱʴʶ ʵʪʦʡ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʠ

ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ (4.5) ʪʝʦʨʝʤʳ 2 ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʤʥʦʛʦʦʙʨʘʟʠʷ,

ʩʣʝʜʫʶʱʝʛʦ ʚ ʠʝʨʘʨʭʠʠ ʢʦʤʧʦʥʝʥʪ g-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ.
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ʈʠʩ. 5. ɼʚʦʡʥʦʡ ʤʘʷʪʥʠʢ ʩʦ-

ʩʪʦʠʪ ʠʟ ʞʸʩʪʢʠʭ ʥʝʚʝʩʦʤʳʭ

ʩʪʝʨʞʥʝʡ ʜʣʠʥʳ l, ʩʦʝʜʠʥʸʥ-
ʥʳʭ ʚʷʟʢʦʫʧʨʫʛʠʤʠ ʰʘʨʥʠʨʘ-

ʤʠ O ʠ A. ɻʨʫʟʳ ʤʘʩʩʘʤʠ
2m ʠ m ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʨʘʩ-
ʧʦʣʘʛʘʶʪʩʷ ʚ ʰʘʨʥʠʨʝ A ʠ ʥʘ
ʢʦʥʮʝ ʩʪʝʨʞʥʷ AB. ʇʦʩʪʦʷʥ-
ʥʘʷ ʩʣʝʜʷʱʘʷ ʩʠʣʘ P ʧʨʠʣʦʞʝ-
ʥʘ ʢ ʩʚʦʙʦʜʥʦʤʫ ʢʦʥʮʫ ʚʜʦʣʴ

ʩʪʝʨʞʥʷ AB.

5.3. ʇʨʠʤʝʨ: ʜʚʦʡʥʦʡ ʤʘʷʪʥʠʢ ʩʦ ʩʣʝʜʷʱʝʡ ʩʠʣʦʡ. ɺ ʨʘʙʦʪʘʭ [37; 38] ʨʘʩ-

ʩʤʘʪʨʠʚʘʣʘʩʴ ʟʘʜʘʯʘ ʦʙ ʫʩʪʦʡʯʠʚʦʩʪʠ ʚ ʣʠʥʝʡʥʦʤ ʧʨʠʙʣʠʞʝʥʠʠ ʜʚʦʡʥʦʛʦ ʤʘʷʪ-

ʥʠʢʘ ʩ ʚʷʟʢʦʫʧʨʫʛʠʤʠ ʰʘʨʥʠʨʘʤʠ ʧʦʜ ʜʝʡʩʪʚʠʝʤ ʩʣʝʜʷʱʝʡ ʩʠʣʳ. ʄʝʭʘʥʠʯʝʩʢʘʷ

ʩʠʩʪʝʤʘ ʥʘ ʨʠʩ. 5 ʩʦʩʪʦʠʪ ʠʟ ʜʚʫʭ ʞʸʩʪʢʠʭ ʥʝʚʝʩʦʤʳʭ ʩʪʝʨʞʥʝʡ ʜʣʠʥʳ l, ʩʦʝʜʠ-
ʥʸʥʥʳʭ ʚʷʟʢʦʫʧʨʫʛʠʤʠʰʘʨʥʠʨʘʤʠO ʠA. ʄʘʩʩʘ ʧʦʩʣʝʜʥʝʛʦ ʨʘʚʥʘ 2m.ʐʘʨʥʠʨʳ
ʠʤʝʶʪ ʦʜʠʥʘʢʦʚʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʫʧʨʫʛʦʩʪʠ, ʥʦ ʨʘʟʣʠʯʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʚʷʟ-

ʢʦʩʪʠ. ʉʣʝʜʷʱʘʷ ʩʠʣʘ P ʧʨʠʣʦʞʝʥʘ ʢ ʩʚʦʙʦʜʥʦʤʫ ʢʦʥʮʫB ʤʘʩʩʳm ʠ ʥʘʧʨʘʚʣʝʥʘ
ʚʜʦʣʴ ʧʣʝʯʘ AB. ʃʠʥʝʘʨʠʟʦʚʘʥʥʳʝ ʫʨʘʚʥʝʥʠʷ ʜʚʠʞʝʥʠʷ ʚ ʧʝʨʝʤʝʥʥʳʭ ’1;2; _’1;2

ʠʤʝʶʪ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʠʡ ʤʥʦʛʦʯʣʝʥ �(�) ʚʠʜʘ [38]

�(�)
def
= �4 +

1

2
(
1 + 6
2)�

3 +
1

2
(
1
2 � 2p + 7)�2 +

1

2
(
1 + 
2)� +

1

2
; (5.2)

ʛʜʝ 
1;2 ʠ pð ʥʝʢʦʪʦʨʳʝ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʝ ʧʘʨʘʤʝʪʨʳ, ʚʳʨʘʞʘʶʱʠʝʩʷ ʯʝʨʝʟ
ʬʠʟʠʯʝʩʢʠʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʩʠʩʪʝʤʳ (ʩʤ. [37]).

ɺ [38, ʧʧ. 3.5.3, 8.3.1] ʠʩʩʣʝʜʦʚʘʣʠʩʴ ʦʩʦʙʝʥʥʦʩʪʠ ʛʨʘʥʠʮʳ ʤʥʦʞʝʩʪʚʘ

ʫʩʪʦʡʯʠʚʦʩʪʠ ʧʦʣʦʞʝʥʠʷ ʨʘʚʥʦʚʝʩʠʷ ʩʠʩʪʝʤʳ ʧʨʠ ʤʘʣʳʭ ʟʥʘʯʝʥʠʷʭ ʧʘʨʘʤʝʪʨʦʚ


1;2. ɿʜʝʩʴ ʨʘʩʩʤʦʪʨʠʤ ʙʦʣʝʝ ʦʙʱʫʶ ʟʘʜʘʯʫ.

ɿʘʜʘʯʘ. ʆʧʠʩʘʪʴ q-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʝ (ʨʝʟʦʥʘʥʩʥʦʝ) ʤʥʦʞʝʩʪʚʦDq(�) ʭʘʨʘʢʪʝ-
ʨʠʩʪʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ (5.2), ʪ. ʝ. ʤʥʦʞʝʩʪʚʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʘʨʘʤʝʪʨʦʚe� = (
1;
2;p), ʥʘ ʢʦʪʦʨʦʤ ʤʥʦʛʦʯʣʝʥ (5.2) ʠʤʝʝʪ ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ ʧʘʨʫ ʩʦʠʟʤʝ-
ʨʠʤʳʭ ʢʦʨʥʝʡ �j = q�i, i 6= j, q 62 f�1;0g.

ɼʣʷ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʚʤʝʩʪʦ ʦʧʝʨʘʪʦʨʘ ʍʘʥʘ Aq;! ʠʩʧʦʣʴʟʫʝʤ ʝʛʦ ʯʘʩʪʥʳʡ
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ʩʣʫʯʘʡ ð q-ʧʨʦʠʟʚʦʜʥʫʶ ɼʞʝʢʩʦʥʘ (2.4), ʧʦʣʫʯʘʶʱʫʶʩʷ ʧʨʠ ! = 0 ʠ ʦʙʦʟʥʘʯʘ-
ʝʤʫʶ ʜʘʣʝʝ Aq.

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʨʘʟʦʙʴʸʤ ʥʘ ʜʚʝ ʯʘʩʪʠ. ɺʥʘʯʘʣʝ, ʠʩʧʦʣʴʟʫʷ ʤʝʪʦʜ ʧʦʜʧʫʥʢ-

ʪʘ 5.2, ʧʦʣʫʯʠʤ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʨʝʟʦʥʘʥʩʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʧʨʠʚʝʜʸʥʥʦʡ ʢʚʘʨʪʠʢʠ

ðʤʥʦʛʦʯʣʝʥʘ 4-ʡ ʩʪʝʧʝʥʠðʧʨʠ ʬʠʢʩʠʨʦʚʘʥʥʦʤ ʟʥʘʯʝʥʠʠ ʝʛʦ ʩʚʦʙʦʜʥʦʛʦ ʯʣʝʥʘ,

ʨʘʚʥʦʤ 1/2, ʠ ʧʨʦʠʟʚʦʣʴʥʳʭ ʟʥʘʯʝʥʠʷʭ ʦʩʪʘʣʴʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ:

f4(x)
def
= x4 + a1x

3 + a2x
2 + a3x +

1

2
: (5.3)

ɿʘʪʝʤ ʩ ʧʦʤʦʱʴʶ ʧʦʣʫʯʝʥʥʦʡ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʠ ʤʝʪʦʜʘ, ʦʧʠʩʘʥʥʦʛʦ ʚ ʧʦʜ-

ʧʫʥʢʪʝ 5.1, ʧʦʣʫʯʠʤ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ q-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dq(�) ʚ

ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʩʭʦʜʥʳʭ ʧʘʨʘʤʝʪʨʦʚ e� ʟʘʜʘʯʠ.
ʏʠʩʣʦ 4ð ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f4ð ʠʤʝʝʪ ʧʷʪʴ ʨʘʟʙʠʝʥʠʡ:

�
41
�
,
�
1131

�
,�

22
�
,
�
1221

�
ʠ
�
14
�
. ʇʝʨʚʳʤ ʯʝʪʳʨʸʤ ʠʟ ʥʠʭ ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʢʦʤʧʦʥʝʥʪʳ q-ʜʠʩ-

ʢʨʠʤʠʥʘʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ Dq(�) ð ʤʥʦʞʝʩʪʚʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ � ʢʦʵʬʬʠʮʠ-
ʝʥʪʦʚ ʤʥʦʛʦʯʣʝʥʘ f4(x). ʇʦʚʪʦʨʷʷ ʨʘʩʩʫʞʜʝʥʠʷ ʧʦʜʧʫʥʢʪʘ 5.1, ʣʝʛʢʦ ʚʠʜʝʪʴ,
ʯʪʦ ʠʭ ʨʘʟʤʝʨʥʦʩʪʠ ʨʘʚʥʳ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ 0;1;1;2. ʆʙʦʟʥʘʯʠʤ ʵʪʠ ʢʦʤʧʦʥʝʥʪʳ
V0(f4); V1

1 (f4); V2
1 (f4); V2(f4) ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ.

ʅʘ ʢʦʤʧʦʥʝʥʪʝ V0(f4) ʤʥʦʛʦʯʣʝʥ (5.3) ʩʪʘʥʦʚʠʪʩʷ q-ʙʠʥʦʤʦʤ fx; t1g4;q (2.6),

ʩʚʦʙʦʜʥʳʡ ʯʣʝʥ ʢʦʪʦʨʦʛʦ q6t4
1 = 1/2. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʢʦʤʧʦʥʝʥʪʘ V0(f4) ʩʦʩʪʦʠʪ

ʠʟ ʜʚʫʭ ʪʦʯʝʢ T �
1 , ʟʘʜʘʚʘʝʤʳʭ ʟʥʘʯʝʥʠʷʤʠ ʧʘʨʘʤʝʪʨʘ t1 = �2�1/4q�3/2 ʧʨʠ

ʫʩʣʦʚʠʠ q > 0. ʂʦʦʨʜʠʥʘʪʳ ʵʪʠʭ ʪʦʯʝʢ ʩʫʪʴ

T �
1 :

(
a1 = �

[2]q
�
q2 + 1

�
21/4q3/2

; a2 =
[3]q
�
q2 + 1

�
q2

p
2

; a3 =
a1p

2

)
: (5.4)

ʕʪʠ ʪʦʯʢʠ ʷʚʣʷʶʪʩʷ ʦʩʦʙʳʤʠ ʪʦʯʢʘʤʠ 2-ʛʦ ʧʦʨʷʜʢʘ ʤʥʦʛʦʦʙʨʘʟʠʷ V2(f4).
ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʤʥʦʛʦʦʙʨʘʟʠʷ V1

1 (f4) ʩʦʩʪʘʚʠʤ ʩʠʩʪʝʤʫ
ʣʠʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʘʨʘʤʝʪʨʦʚ a1;a2;a3:�

f4(x) = 0; (Aqf4)(x) = 0;
�
A2

qf4

�
(x) = 0

	
:

ɺ ʝʸ ʨʝʰʝʥʠʠ ʧʝʨʝʤʝʥʥʫʶ x ʟʘʤʝʥʠʤ ʧʘʨʘʤʝʪʨʦʤ t1, ʠ ʦʥʦ ʧʨʠʤʝʪ ʚʠʜ

V1
1 (f4) :

(
a1 = � [3]qt1 � 1

2(qt1)3
; a2 = [3]q

�
qt2

1 +
1

2q3t2
1

�
;

a3 = � (qt1)
3 � [3]q

2q2t1

)
:

(5.5)

ʅʘ ʵʪʦʤ ʤʥʦʛʦʦʙʨʘʟʠʠ ʤʥʦʛʦʯʣʝʥ (5.3) ʠʤʝʝʪ ʚʠʜ

f4(x)jV1
1 (f4) = fx; t1g3;q �

�
x � 1

2(qt1)3

�
:
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ʄʥʦʛʦʦʙʨʘʟʠʝ V1
1 (f4) ʷʚʣʷʝʪʩʷ ʦʜʥʦʧʘʨʘʤʝʪʨʠʯʝʩʢʠʤ ʩʝʤʝʡʩʪʚʦʤ ʦʩʦʙʳʭ ʪʦʯʝʢ

1-ʛʦ ʧʦʨʷʜʢʘ ʤʥʦʛʦʦʙʨʘʟʠʷ V2(f4). ʀʟ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ (5.5) ʚʠʜʥʦ, ʯʪʦ ʤʥʦʛʦ-
ʦʙʨʘʟʠʝ V1

1 (f4) ʩʦʩʪʦʠʪ ʠʟ ʜʚʫʭ ʛʣʘʜʢʠʭ ʢʨʠʚʳʭ L�
1 , ʚʟʘʠʤʥʦ ʩʠʤʤʝʪʨʠʯʥʳʭ

ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oa2. ʂʘʞʜʘʷ ʠʟ ʵʪʠʭ ʢʨʠʚʳʭ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ

ʧʦʣʦʞʠʪʝʣʴʥʳʤʠ ʠʣʠ ʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʟʥʘʯʝʥʠʷʤʠ ʧʘʨʘʤʝʪʨʘ t1 ʠ ʧʨʦʭʦʜʠʪ

ʯʝʨʝʟ ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ ʦʩʦʙʫʶ ʪʦʯʢʫ T �
1 . ʇʨʠ q 6= 1 ʢʨʠʚʳʝ L�

1 ʥʝ ʠʤʝʶʪ

ʦʩʦʙʳʭ ʪʦʯʝʢ.

ʊʝʧʝʨʴ ʢ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ (5.5) ʧʨʠʤʝʥʠʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ (4.5) ʪʝʦʨʝʤʳ 2

ʠ ʧʦʣʫʯʠʤ ʪʘʢʫʶ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʤʥʦʛʦʦʙʨʘʟʠʷ V2(f4), ʯʪʦ ʤʥʦʛʦʯʣʝʥ (5.3) ʥʘ
ʥʸʤ ʙʫʜʝʪ ʨʘʩʢʣʘʜʳʚʘʪʴʩʷ ʥʘ ʜʚʘ ʤʥʦʞʠʪʝʣʷ

f4(x)jV2(f4) = fx; t1g2;q

 
x2 �

�
2q2t4

1 � 1
�

t0
2 +

�
q3 + 1

�
t1

2q3t4
1

x +
1

2qt2
1

!
: (5.6)

ɺʳʧʦʣʥʠʤ ʩʣʝʜʫʶʱʫʶ ʫʧʨʦʱʘʶʱʫʶ ʟʘʤʝʥʫ ʧʘʨʘʤʝʪʨʘ t0
2

t0
2 =

4q3t4
1t2 �

�
q3 + 1

�
t1

2q2t4
1 � 1

;

ʢʦʪʦʨʘʷ ʧʨʠʚʦʜʠʪ ʢʚʘʜʨʘʪʥʳʡ ʪʨʸʭʯʣʝʥ ʚ ʨʘʟʣʦʞʝʥʠʠ (5.6) ʢ ʥʘʠʙʦʣʝʝ ʧʨʦʩʪʦʤʫ

ʚʠʜʫ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ ʤʥʦʛʦʦʙʨʘʟʠʷ V2(f4) ʧʨʠʤʝʪ ʚʠʜ

V2(f4) :

(
a1 = � [2]qt1 � 2t2; a2 = qt2

1 + 2[2]qt1t2 +
1

2qt2
1

;

a3 = � 2qt2
1t2 � [2]q

2qt1

)
;

(5.7)

ʘ ʤʥʦʛʦʯʣʝʥ f4(x) ʧʝʨʝʧʠʰʝʪʩʷ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ:

f4(x)jV2(f4) = fx; t1g2;q �
�

x2 � 2t2x +
1

2qt2
1

�
: (5.8)

ʂʘʢ ʩʣʝʜʫʝʪ ʠʟ ʪʝʦʨʝʤʳ 2, ʤʥʦʛʦʦʙʨʘʟʠʝ V2(f4) ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʦʙʲʝʜʠʥʝʥʠʝ
ʜʚʫʭ ʣʠʥʝʡʯʘʪʳʭ ʧʦʚʝʨʭʥʦʩʪʝʡ S�, ʦʙʨʘʟʦʚʘʥʥʳʭ ʩʝʢʫʱʠʤʠ, ʧʝʨʝʩʝʢʘʶʱʠʤʠ
ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʢʨʠʚʳʝ L�

1 ʧʨʠ ʟʥʘʯʝʥʠʷʭ ʧʘʨʘʤʝʪʨʘ t2, ʨʘʚʥʳʭ,

t0
2 =

2t4
1 + q

4qt3
1

; t00
2 =

2q5t4
1 + 1

4q3t3
1

:

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʢʨʠʚʳʝ L�
1 ʷʚʣʷʶʪʩʷ ʢʨʠʚʳʤʠ ʩʘʤʦʧʝʨʝʩʝʯʝʥʠʷ ʧʦʚʝʨʭʥʦʩʪʝʡ

S�. ʇʦʚʝʨʭʥʦʩʪʠ S� ʚʟʘʠʤʥʦ ʩʠʤʤʝʪʨʠʯʥʳ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oa2. ʆʯʝʚʠʜʥʦ,
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ʯʪʦ ʧʨʠ q ! 1 ʠʤʝʝʤ t0
2 ! t00

2, ʩʝʢʫʱʠʝ ʩʪʘʥʦʚʷʪʩʷ ʢʘʩʘʪʝʣʴʥʳʤʠ, ʘ ʢʨʠʚʳʝ L�
1 ð

ʢʨʠʚʳʤʠ ʚʦʟʚʨʘʪʘ.

ʅʘ ʨʠʩʫʥʢʘʭ 6 ʩ ʨʘʟʥʳʭ ʨʘʢʫʨʩʦʚ ʧʦʢʘʟʘʥʳ ʫʯʘʩʪʢʠ ʧʦʚʝʨʭʥʦʩʪʠ S+ ʚʤʝʩʪʝ

ʩ ʢʨʠʚʳʤʠ L+
1 (ʛʦʣʫʙʳʤ ʮʚʝʪʦʤ), L+

2 (ʧʫʨʧʫʨʥʳʤ ʮʚʝʪʦʤ) ʠ ʦʩʦʙʳʤʠ ʪʦʯʢʘʤʠ

T +
i , i = 1;2;3. ʆʧʠʩʘʥʠʝ ʢʨʠʚʦʡ L+

2 ʠ ʪʦʯʝʢ T �
2;3 ʜʘʥʦ ʥʠʞʝ.

ʘ) ʙ)

ʈʠʩ. 6. ʋʯʘʩʪʦʢ ʧʦʚʝʨʭʥʦʩʪʠ S+. ɻʦʣʫʙʳʤ ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʘ ʢʨʠʚʘʷ L+
1 , ʧʫʨʧʫʨ-

ʥʳʤ ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʘ ʢʨʠʚʘʷ L+
2 , ʯʸʨʥʳʤ ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʳ ʦʩʦʙʳʝ ʪʦʯʢʠ T +

1 ,

T +
2 , T +

3 .

ʅʘʢʦʥʝʮ, ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʧʘʨʘʤʝʪʨʠʟʘʮʠʶ ʤʥʦʛʦʦʙʨʘʟʠʷ V2
1 (f4), ʥʘ ʢʦʪʦ-

ʨʦʤ f4(x) ʠʤʝʝʪ ʜʚʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ q-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ, ʥʫʞʥʦ, ʩʦʛʣʘʩʥʦ ʟʘ-
ʤʝʯʘʥʠʶ 4, ʧʦʜʦʙʨʘʪʴ ʪʘʢʦʝ ʟʥʘʯʝʥʠʝ ʧʘʨʘʤʝʪʨʘ t2, ʯʪʦʙʳ ʢʚʘʜʨʘʪʥʳʡ ʪʨʸʭʯʣʝʥ ʚ

ʨʘʟʣʦʞʝʥʠʠ (5.8) ʩʪʘʣ q-ʙʠʥʦʤʦʤ. ɼʣʷ ʵʪʦʛʦ ʥʝʦʙʭʦʜʠʤʦ, ʯʪʦʙʳ q-ʜʠʩʢʨʠʤʠʥʘʥʪ
ʪʨʸʭʯʣʝʥʘ x2�2t2x+1/

�
2qt2

1

�
, ʨʘʚʥʳʡ

�
8(qt1t2)

2 � (q + 1)2
�

/
�
2qt2

1

�
, ʦʙʥʫʣʷʣʩʷ.

ʕʪʦ ʜʦʩʪʠʛʘʝʪʩʷ ʧʨʠ t�
2 = �[2]q/

�
2
p

2qt1

�
. ʇʦʢʘʞʝʤ, ʯʪʦ V2

1 (f4) ʩʦʩʪʦʠʪ ʠʟ ʪʨʸʭ
ʢʨʠʚʳʭ L�

2 ʠ L3.

ʇʦʜʩʪʘʚʠʤ ʟʥʘʯʝʥʠʝ t+
2 ʚ (5.7) ʠ ʧʦʣʫʯʠʤ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ai, i = 1;2;3,

ʚʳʨʘʞʘʶʪʩʷ ʯʝʨʝʟ ʨʘʮʠʦʥʘʣʴʥʦʝ ʚʳʨʘʞʝʥʠʝ ʦʪ ʧʘʨʘʤʝʪʨʘ t1: t1 + 1/
�p

2qt1

�
.

ʕʪʦ ʚʳʨʘʞʝʥʠʝ ʧʨʠʥʠʤʘʝʪ ʟʥʘʯʝʥʠʷ ʥʘ ʜʚʫʭ ʠʥʪʝʨʚʘʣʘʭ
�
�1; �23/4/

p
q
�
ʠ�

23/4/
p

q; +1
�
.
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ʇʘʨʘʤʝʪʨʠʟʘʮʠʷ ʢʨʠʚʳʭ L�
2 ʠʤʝʝʪ ʚʠʜ:

L�
2 :

(
a1 = � [2]q

�
t1 +

1p
2qt1

�
; a2 = qt2

1 +
[2]2qp

2q
+

1

2qt2
1

;

a3 = � [2]qp
2

�
t1 +

1p
2qt1

�)
;

(5.9)

ʛʜʝ ʟʥʘʢʫ ç�è ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʠʥʪʝʨʚʘʣ (�1; �23/4/
p

q] ʠʟʤʝʥʝʥʠʷ ʧʘʨʘʤʝʪʨʘ

t1, ʘ ʟʥʘʢʫ ç+è ð ʠʥʪʨʝʚʘʣ [23/4/
p

q; +1). ɿʘʤʝʪʠʤ, ʯʪʦ ʢʨʠʚʳʝ L�
2 ʚʟʘʠʤʥʦ

ʩʠʤʤʝʪʨʠʯʥʳ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oa2. ʉʪʨʫʢʪʫʨʘ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ (5.9) ʵʪʠʭ ʢʨʠ-

ʚʳʭ ʪʘʢʦʚʘ, ʯʪʦ ʢʘʞʜʘʷ ʠʟ ʥʠʭ ʠʤʝʝʪ ʪʦʯʢʫ ʦʩʪʘʥʦʚʢʠ T �
2 , ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ

ʟʥʘʯʝʥʠʶ ʧʘʨʘʤʝʪʨʘ t1 = �2�1/4q�1/2 ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ

T �
2 :

�
a1 = �q + 1

p
q

23/4; a2 =
q2 + 4q + 1

q
p

2
; a3 =

a1p
2

�
: (5.10)

ʇʨʠ ʵʪʦʤ ʢʘʞʜʘʷ ʠʟ ʧʦʚʝʨʭʥʦʩʪʝʡ S� ʩʘʤʦʧʝʨʝʩʝʢʘʝʪʩʷ ʧʦ ʢʨʠʚʦʡ L�
2 .

ʇʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʟʥʘʯʝʥʠʷ t�
2 ʚ (5.7) ʧʦʣʫʯʠʤ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ai, i =

1;2;3, ʚʳʨʘʞʘʶʪʩʷ ʯʝʨʝʟ ʨʘʮʠʦʥʘʣʴʥʦʝ ʚʳʨʘʞʝʥʠʝ ʦʪ ʧʘʨʘʤʝʪʨʘ t1: t1�1/
�p

2qt1

�
.

ʇʘʨʘʤʝʪʨʠʟʘʮʠʷ ʢʨʠʚʦʡ L3 ʠʤʝʝʪ ʚʠʜ:

L3 :

(
a1 = � [2]q

�
t1 � 1p

2qt1

�
; a2 = qt2

1 �
[2]2qp

2q
+

1

2qt2
1

;

a3 = � [2]qp
2

�
t1 � 1p

2qt1

�)
:

(5.11)

ʇʦʚʝʨʭʥʦʩʪʠ S� ʧʝʨʝʩʝʢʘʶʪʩʷ ʧʦ ʢʨʠʚʦʡ L3.

ʄʥʦʛʦʯʣʝʥ f4(x) ʥʘ ʤʥʦʛʦʦʙʨʘʟʠʠ V2
1 (f4) ʨʘʩʢʣʘʜʳʚʘʝʪʩʷ ʥʘ ʧʨʦʠʟʚʝʜʝʥʠʝ

ʜʚʫʭ q-ʙʠʥʦʤʦʚ

f4(x)jV2
1 (f4) = fx; t1g2;q �

�
x;

1p
2qt1

�
2;q

:

ʂʨʠʚʳʝ L�
1 ʠ L�

2 ʧʝʨʝʩʝʢʘʶʪʩʷ ʚ ʩʣʝʜʫʶʱʠʭ ʪʦʯʢʘʭ: ʚ ʦʩʦʙʳʭ ʪʦʯʢʘʭ T �
1

ʠ ʚ ʪʦʯʢʘʭ T �
3 ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ

T �
3 =

(
a1 = �

[2]2q
21/4q

; a2 =

p
2[3]q
q

; a3 =
a1p

2

)
: (5.12)
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ʊʦʯʢʠ T �
3 ʠʥʪʝʨʝʩʥʳ ʪʝʤ, ʯʪʦ ʥʘ ʥʠʭ ʤʥʦʛʦʯʣʝʥ (5.3) ʠʤʝʝʪ ʧʦʩʣʝʜʦʚʘ-

ʪʝʣʴʥʦʩʪʴ q-ʩʚʷʟʘʥʥʳʭ ʢʦʨʥʝʡ ʜʣʠʥʳ 3 ʩ ʧʦʨʦʞʜʘʶʱʠʤ ʢʦʨʥʝʤ t1 = �2�1/4/q
ʠ ʧʨʦʩʪʳʤ ʢʦʨʥʝʤ t2 = �2�1/4, ʢʦʪʦʨʳʡ ʩʦʚʧʘʜʘʝʪ ʩʦ ʚʪʦʨʳʤ ʢʦʨʥʝʤ ʧʦʩʣʝ-

ʜʦʚʘʪʝʣʴʥʦʩʪʠ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʵʪʦʪ ʥʘʙʦʨ ʢʦʨʥʝʡ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʜʚʫʤ ʨʘʟʥʳʤ

ʨʘʟʙʠʝʥʠʷʤ:
�
1113

�
ʠ
�
22
�
.

ʅʘ ʨʠʩʫʥʢʝ 7 ʧʦʢʘʟʘʥʳ ʧʦʚʝʨʭʥʦʩʪʠ S+ ʠ S�, ʧʝʨʝʩʝʢʘʶʱʠʝʩʷ ʧʦ ʢʨʠ-
ʚʦʡ L3 (ʧʦʢʘʟʘʥʘ ʞʸʣʪʳʤ ʮʚʝʪʦʤ). ɺʠʜʥʳ ʫʯʘʩʪʢʠ ʢʨʠʚʳʭ L+

1 ʠ L+
2 , ʘ ʪʘʢʞʝ

ʥʝʢʦʪʦʨʳʝ ʠʟ ʦʩʦʙʳʭ ʪʦʯʝʢ.

ʈʠʩ. 7. ʇʦʚʝʨʭʥʦʩʪʠ S�, ʧʝʨʝʩʝʢʘʶʱʠʝʩʷ ʧʦ ʢʨʠʚʦʡ L3 (ʞʸʣʪʳʡ ʮʚʝʪ). ɻʦʣʫʙʳʤ

ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʘ ʢʨʠʚʘʷ L+
1 , ʧʫʨʧʫʨʥʳʤ ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʘ ʢʨʠʚʘʷ L+

2 .

ʆʪʤʝʪʠʤ, ʯʪʦ ʧʨʠ q ! 1 ʚʩʝ ʪʦʯʢʠ T �
1 , T �

2 ʠ T �
3 ʩʣʠʚʘʶʪʩʷ ʚ ʧʘʨʫ ʦʩʦʙʳʭ

ʪʦʯʝʢð ʪʦʯʝʢ ʚʦʟʚʨʘʪʘ ʥʘ ʢʨʠʚʳʭ L�
1 ʠ L�

2 . ʂʨʠʚʳʝ L�
1 ʧʨʝʚʨʘʱʘʶʪʩʷ ʚ ʧʨʝʜʝʣʝ

ʚ ʨʸʙʨʘ ʚʦʟʚʨʘʪʘ ʥʘ ʧʦʚʝʨʭʥʦʩʪʷʭ S�.
ʀʪʘʢ, ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ ʢʦʤʧʦʥʝʥʪʳ ʨʘʟʤʝʨʥʦʩʪʠ 2 q-ʜʠʩʢʨʠʤʠʥʘʥʪʥʦʛʦ

ʤʥʦʞʝʩʪʚʘ Dq(f4), ʩʦʩʪʦʷʱʝʡ ʠʟ ʧʦʚʝʨʭʥʦʩʪʝʡ S�, ʟʘʜʘʸʪʩʷ ʬʦʨʤʫʣʦʡ (5.7).
ʆʩʦʙʳʝ ʪʦʯʢʠ ʧʦʨʷʜʢʘ 1 ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʛʣʘʜʢʠʝ ʢʨʠʚʳʝ L�

1 , L�
2 , L3 ʠ
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