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Figure 5: Combined model scene: indirect illumination both from the lamp
shade and the room walls and ceiling. This is the side view in correct scale.
The yellow cones show emission of lights. The camera view ray and its specular
reflection are drawn with red arrows. The thick green strip is the bottom plate.
The circle about it is the diffuse lamp shade. The yellow cone inside it mark
its light emission (downwards).

Figure 6: Camera images for scene from Fig. 5, calculated during the same
time (3000 sec) for BDD=0, BDD=1 and quasi-specular method with BDD=0.
For the area of 100x100 pixels around the centre, the average RGB color is:
(150,27,2.71); (150, 31.6,3) and (150, 31.4, 3), respectively. The noise level (rel-
ative to the photometric luminance) is 1000%, 200% and 76% respectively.
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direct+caustic.

However this does not work[1]. Indeed, let us consider a model scene from
Figure 3, but let now the bottom plate has BDF which is a sum of Lambert
and a nearly specular narrow lobe:

F=F,+aF
where a is the albedo (integral) of the Lambert’s component, Fyis operator for
Lambert with unit albedo and F), is the nearly-specular part of the BDF.

Those camera rays that were scattered in off-specular direction ¥ > © stop
here and collect the full illumination. Those which were scattered in near-
specular direction 1 < © collect only direct+caustic and propagate further.
Then they hit the box and their collect the full illumination.

Now let us assume that interreflections between the floor plate and the
room can be neglected (e.g. their integral scattering is low, or instead of the
“plate” there is only a small rectangle seen by camera while outside the surface
is entirely black). In this case what happens with the nearly-specular rays
and the luminance they bring to the image is independent from the Lambert
component. If we set the latter to 0, all works ezxactly as in the “standard
mode” for BDD=1. Therefore, the luminance brought by these near-specular
rays coincides with E,.I where I is the full illumination of the floor and F,,, is
the nearly-specular part of the BDF.

As to the off-specular rays, their fraction A approximately equals the fraction
of rays scattered by Lambert. In fact it is slightly lower because some rays
scattered by Lambert go near-specular direction. But their fraction is very
small and we neglect it. So, A = _&7 where b is the integral scattering of the
nearly-specular lobe. Each that ray behaves like for BDD=0, i.e. it takes the
full illumination I and convolves with the full BDF. Therefore the contribution
to the image luminance from these rays is MFI.

The total image luminance is thus

E, I+ NPT ~ F,J0+ FI
a+b
a ~
= [, Es+aF)I
+a+b( +ak)
oy
= (1 Bl
(+a b) Tarp!

which differs from the exact value FI.
Therefore, just making the near-specular and off-specular rays to collect illu-
mination according to the ray’s BDD produces wrong luminance, and one must
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apply a more sophisticated selection of the illumination components collected
in each hit point.

The key idea of the approach though remains the same: the nearly specular
narrow BDF is treated specially, not as a “genuine diffuse”; but in a sense closer
to specular ones. Such narrow BDFs (and the whole method of their treatment
in BMCRT) are thus named “quasi-specular”. The result of calculation of the
same model scene with this method is shown in the rightmost panel of Figure
6, see Section 9.1 for more explanations.

One must realize that since BDF is a linear operator, so we can treat a
surface BDF as either a single function (= the sum over all sub-BDFs) or as a
sum which gives exactly the same result.

Here and below we treat the diffuse BDF as a sum of two parts: the “gen-
uine diffuse” and “quasi-specular”. We shall prove that the separation can
be arbitrary. Roughly, we can take a sum of a Lambert and a Ward lobe so
that... the Lambert is quasi-specular while the narrow lobe is “genuine dif-
fuse”! Another question is whether such a separation is advantageous in terms
of noise. To this end, usually the separation must be “natural”’, i.e. the wide
component is “genuine diffuse” while the narrow one is “quasi-specular”. But
it is not always so e.g. in scenes with turbid media (i.e. volumetric diffuse
scattering). Although the volumetric scattering is rather specific, it has much
common with surface one and even can be approximated by a series of surface
scattering events. And, it happens that in many cases it is advantageous to
treat the volumetric scattering as quasi-specular, i.e. not add this event to the
“BDD counter”, and also not to take their indirect illumination. This improves

results even if the medium scattering (i.e. phase function) is wider than the
surface BDFs!

6 Operator series in presence of quasi-specular
BDF's

Now let us come to the formal derivation of what to do with a backward ray
when the diffuse BDF is subdivided into the “genuine diffuse” and “quasi-
specular” components:

F = Fd + Fqs
We assume that if the backward ray underwent scattering by the quasi-specular
component, this does not increment the diffuse event counter. So the ray does

not terminate and shall derive which illumination components must be taken at
which hit points so as “to be compatible” with the above behavior, i.e. so that
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the mathematical expectation of the BMCRT luminance to match the exact
value.
Luminance of a surface point @ is:

A

L(”) 33) - (Fd])(va iB) + (Fqs])(va ZB)

where

is illuminance of that point which consists of direct (that was not scattered
at all or scattered by pure specular surfaces), quasi-caustic (scattered at least
once by a specular BDF and never by a diffuse BDF) and indirect (scattered at
least once by a diffuse BDF and any times by a specular BDF or quasi-specular)
components.

The above luminance expression can be written as

L= FI=Fy (104 199) 4 B 1@ + Fy (6)

Substituting our decomposition of I into the global illumination equation
(4) one arrives at

Jlae) () — Tﬁ’qs (](0) -+ [(qc)) + Tﬁ’qsl(i) +TF,I

The right hand side term Tﬁqsl ) 4 TF,I comprises light that underwent at

least one diffuse scattering while the term Tﬁqs (I O 47 (qc)) comprises light
that underwent only specular scattering. In view of the decomposition into
diffuse and quasi-caustic illumination, this means

19 = T (Fal + FyoI®) (7)
@ — ( £ 090 4 Fr 1(0)) (8)

Here,

(EyD)(v,x) = /fd(az;v,v’)l(v',w)d%'
(Fyl)(v,x) = /qu(az;v,v')l(v’,:c)d%’

where fq(x;v,v"), fis(x;v,v') are the diffuse and quasi-specular BDFs at the
point @ and the result of the action of operator is the local luminance.
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Obviously, Eq. (7) implies

. ~ A -1 . .
10— (1 _ TFqS> TET 9)

and similarly Eq. (8) yields

N A -1 . .
[la0) — (1 _ TFqs) TE, 10 (10)

6.1 The form to be used for BDD=0
Now we substitute /) from Eq. (9) into Eq. (6) which gives:

Obviously,

NN S . .
F, (1—TFqS) T = F, (Z(T qs)m>T

SO

~

~ A\l 4
L= Fy (194 199) 4 (1= B,T)  Ful (11)

There is an alternative form. From Eq. (10) it follows that

R -1
10410 = [0 4 (1-TF,)  TF,I"

so the term F, (10 + 1@)) in Egs. (11), (14) and similar below is
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“ ~ ~ A -1
£ <I<O> +I<q0>) . (1 —TFqS) 10

- (1—15qu) £, 10 (12)

which is nothing but “direct visibility” (all specular reflections) of light source.
Substituting Eq. (12) for the first term of Eq. (11) gives:

~ N1 /. ~ s A A\TM /oA -
L= (1 _ FqST) (FqsﬂO) n Fd]) -y (FqST> (FQSI(O) n Fd]) (13)
0

3
|

6.2 The form to be used for BDD=1
Substituting I = I + 104 4 1@ in Eq. (11)

A

~ AN\ —1 /. ~ .
L=F, (1<0> + 1<q0>> ¥ (1 . Fqu) (Fd(ﬂO) 41y 4 Fdl(”)

and evaluating 1) from Eq. (9) we have

since
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There is an alternative form. We substitute Eq. (12) in the first term of
Eq. (14)

m=0
o> (Bu1)" B (B,1) Fa (16)
m=0 n=0

6.3 The form to be used for BDD=2

Substituting I = I + 1) 4 10 in the above expression and evaluating 1)
from Eq. (9) we have

A ~ A\ L 4
L = Fy <](0) 4+ ](q0)> 4+ <1 _ Fqu> Fd<(](0) 4+ [(q0)>

With the help of Eq. (15) this becomes

“ ~ \—1 .
L = F, ( 70 ]<qc>> n (1 _ Fqu> Fd(( 710 4 [(qc)>
) N ) N1 . \?2
4T (1 _ FqST> 2 (1<0> + I<q0>> n (T (1 - Fq3T> Fd> r)an

There is an alternative form. Substituting Eq. (12) into the 1st term of
Eq. (17) we obtain



22

A A\ T -1 4
+ (1 - FqST) W (1 - Fqu> I (ﬂo) + 1<q0>)
A~ A\ o . A~ A\N"L . 4 A A\ 1 4
+ (1= BT Bd (1= BT) BT (1= B T) Bl (18)

6.4 The form to be used for BDD=N

Continuing the process we obtain by induction,

L = F, ( 710 4 1(qc>>

N—-1 -1 k S
+3° ((1 _ FqST> FdT) (1 — FqST> P, (1<0> + I<q0>)
k=0
-1 \Y R
+ ((1 - F,T) FdT> (1 - ET)  Fal (19)

There is an alternative form. Substituting Eq. (12) into the 1st term of
Eq. (19) we obtain

L = 1—FqST> LRI
Nl —1 k —1
i ( 1= £,.7) m) (1= ) o (104 109)
k=0
R R T I
+< 1—FqST) FdT> (1—FQST> £yl (20)

7 Integration by paths for BMCRT
The terms like (ﬁ’qsf)m (FdT ) (Fqsf)n Fdl () mean that the scene surface lu-
minance is created in the following way:

1. endirect illumination is scattered by the diffuse BDF, then

2. it travels the scene, undergoing n quasi-specular events (and an arbitrary
number of pure specular); then
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3. it undergoes diffuse scattering, then

4. it travels the scene, undergoing m quasi-specular events (and an arbitrary
number of pure specular)

Notice that although we write a uniform n-th power of an operator, each its
term means scattering by a specific i.e. generally different (although always
quasi-specular) BDF.

In BMCRT, each operator is simulated by transformation of a backward ray.
Naturally the leftmost operator in the product is “the closest” to camera. So the
operators are read “left to right”. That is, camera ray first undergoes m quasi-
specular scattering events (with subsequent ray transport to the next hit which
may include pure specular transform), then one diffuse scattering (with sub-
sequent ray transport to the next hit), then n quasi-specular scattering events
(with subsequent ray transport to the next hit which may include pure specular
transform) here we take BDF luminance under the “indirect illumination”.

Notice that a sum of several such operators can be estimated from the same
camera rays, just in different points. That is, we trace backward rays and taking
indirect illumination after m quasi-specular scattering events. Then one diffuse
event and after n quasi-specular scattering events we accumulate the estimate
for

A A\ T A A A A\ T A .
<FqST) (FdT) (FqST) F 1
while taking direct+quasi-caustic illumination after k quasi-specular scattering

events (of the same ray, if its length is long enough) we accumulate the estimate
for

( FqT)k i, < 10 4 [<qc>>
7.1 The case of BDD=0

Rewriting Eq. (11)

I = ﬁqs (](0) + [(qC)) + Fd[ + Z ( AqST)mFdI

— F ([(0) _|_[(CIC)) —|—Fd[(l) + Z (FqST>m Ad[

m=1

which means that:
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e before (and including) the first not pure specular event we take
F (10 4+ 169) + FyI® or, which is the same, Fyy (10 + 119) + Fyl.

e after the first quasi-specular event and up to the first diffuse event we
take Fyl;

e at the first diffuse event we stop
Alternatively, Eq. (13) means that:

e from the first hit of camera ray and up to the first diffuse event we take
F IO + Byl

e at the first diffuse event we stop

7.2 The case of BDD=1
Rewriting Eq. (14)

m=1
+ 3 (B1)" B (BT Ful
m,n=0

That is,

e before (and including) the first not pure specular event we take
b (1O (),

e after the first quasi-specular event and up to the first diffuse event we
take Fy (I 4 1099);

e after the first diffuse event we take EyI

e at the second diffuse event we stop
Alternatively, Eq. (4alt) means that

e up to the 1st diffuse event we take FIO 4 Fdl(qc);

e after the 1st diffuse event we take Eyl

e at the 2nd diffuse event we stop
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7.3 The case of BDD=2
Rewriting Eq. (17)

m=1
© 3 (Rr) A (R £ (10 5 1)
m,n=0

> ~ ANE A A A AN A A /A A\ A
+ Y (BT) B (BT B (BT) Fal
k.mmn=0

that is,

e before (and including) the first not pure specular event we take
) (1O (),

e after the first quasi-specular event and up to the second diffuse event we
take Fy (100 + 149);

e after the second diffuse event we take EyI
e at the third diffuse event we stop
Alternatively, Eq. (18) means that
e up to the first diffuse event we take F1(0) + F,1(4):

e after the first diffuse event and up to the 2nd diffuse event we take
F (](0) T ](qc));

e after the second diffuse event we take EyI

e at the third diffuse event we stop

7.4 (General case of BDD=N
By induction,

e before (and including) the first not pure specular event we take
)a ([(0) + ](qc));
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Table 1
In which hit points and for which illumination com-
ponent the “genuine diffuse” BDF part Fj is used instead of the full F'.

Main variant Alternative variant
Direct+caustic ) After the 1st diffuse event
. . After the 1st quasi-specular event
Quasi-caustic Always
Indirect Always

e after the first quasispecular event and up to the N-th diffuse event we
take Fy (I + 19);

e after the N-th diffuse event we take Eyl

e at the (IV + 1)-th diffuse event we stop
Alternatively,

e up to the first diffuse event we take FIO + ByT (q¢).

e after the first diffuse event and up to the N-th diffuse event we take
Fy ([(0) + [(qc));

e after the N-th diffuse event we take Byl

e at the (IV 4 1)-th diffuse event we stop

Therefore, in both variants camera ray stops at the (N + 1)-th diffuse event. In
the intermediate hit point, if the surface is not pure specular, it takes a part of
the local luminance. Table 1 summarizes which one.

8 Volumetric scattering

8.1 Standard method

The “standard” implementation of volume scattering is that volumetric scat-
tering event is processed like a surface one. For example, suppose that camera
is inside a turbid medium and BDD=1. Then camera ray propagates in the
medium and when it undergoes the first volumetric scattering. It takes direct
and caustic illumination and “convolves” it with the phase function. In the
second volumetric scattering it takes full illumination and “convolves” it with
the phase function.
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Let us consider a model scene in which camera looks through a layer of
turbid medium onto some illuminated object. Let also the turbid medium
is absorption-free and has a large scattering coefficient, so that camera ray
undergoes many (volumetric) scattering events before it penetrates the medium
and reaches the object. Let the phase function be sharp enough so that each
scattering changes the ray direction only slightly.

If we apply the above “standard” method with BDD=0 to this example,
then camera ray terminates at the first volumetric scattering and collects the
full illumination. Because of high scattering coefficients, this happens close to
the ray origin (i.e. to the camera), and the ray does not reach the object. Since
the phase function is narrow, its convolution with that illumination which came
from the scene surfaces results in strong noise, cf. Section 4. For BDD=1 the
situation does not change much.

We must set a large BDD so that the camera ray leaves the medium, reaches
a scene surface behind and also not to collect indirect illumination in the vol-
umetric scene points which due to sharp phase function creates strong noise.
But then we must keep in memory all the volumetric scattering points (because
they still collect direct and caustic illumination). This is usually too expensive.

8.2 “Quasi-specular medium”

Applying the quasi-specular approach to the volumetric scattering greatly im-
proves the situation with the above scene.

Suppose that the scene surfaces are not quasi-specular. Let also the whole
phase function be treated as quasi-specular, i.e. its “genuine diffuse” part F,=
0.

Then, , it undergoes only quasi-specular events until the camera ray travels
inside the medium and thus does not increment the “diffuse counter”. As a
result it penetrates the medium layer and reaches for a scene surface.

Indirect illumination now is the light after diffuse scattering by scene sur-
faces. Quasi-caustic illumination is the light which underwent at least one
volumetric scattering and any specular events, but no diffuse surface scatter-
ing.

Since Fy = 0, the “main variant” from Table 1 implies that:

e the indirect illumination (=from the scene surfaces, since the volumet-
ric scattering is completely quasi-caustic) is effectively ignored inside the
medium

e the direct, caustic and quasi-caustic illumination is taken only up to the
first volumetric scattering, i.e. in fact for the first volumetric event only.
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As a result, for any BDD the camera ray reaches the scene surfaces behind
the medium layer. Only one ray event (the first volumetric) is remembered.
There is no noisy convolution of the sharp phase function with the indirect
illumination from scene surfaces.

Although there is the convolution of phase function with the direct, caustic
and scattered by the medium light. But they all do not have a wide angular
distribution that would result in strong noise.

Now let us look at the “alternative” variant from Table 1. Here, the direct
and caustic illumination will be taken “up to the first diffuse event”. Since
the volumetric scattering is treated as quasi-specular, it happens only after the
camera rays leaves the medium. In other words, we must remember all the ray
scattering events inside the medium to take direct and caustic in that points.
This is expensive in memory. So advantageous is only the “main variant”.

9 Results

9.1 Surface case

Calculations were done for the model scene from Fig. 5. They were performed
for BDD=0 and the same other conditions, including run time etc. as those for
the “standard mode” (without quasi-specular).

The results are presented in the right panel of Fig. 6. One can see the
noise level is about threefold lower than for the best case without the quasi-
specular method. And what is more essential, the calculated image has a better
estimation of color:

e for BDD=0 the image looks mainly red with rare bright green dots;
e for BDD=1 it looks mainly green with rare bright red dots;

e and only withe th quasi-specular method we see a “mixture” of red and
green.

In the meanwhile the averages obtained in the three simulations are about the
same. It means that the result e.g. for the “standard BDD=1" has very bright
red dots which “on average” would give the correct value. That is, in the
standard method achieves the correct average by very rare very bright peaks,
i.e. the worst sort of noise.

9.2 Volumetric case

The calculation had been performed for the model scene which consists of a
plane parallel plate of thickness 3 mm laid upon a paper sheet with a chessboard-
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Figure 7: Camera images for the scene with a plate of turbid medium laid upon
a chessboard-like texture. The left image is the “standard mode” of volumetric
scattering, when it is treated as diffuse. The right panel is when the volumetric
scattering is purely quasi-specular. In both cases BDD=1.

like texture, illuminated by a self-emitting sphere above it. The plate’s medium
has refraction index 1.5 and scattering coefficient 7.5 mm~!. The phase function
is the Henyey-Greenstein one [3] with ¢ = 0.9, i.e. it is rather directional
scattering in a narrow cone about the incident direction. The images calculated
during the same time (and with the same settings) are presented in Fig. 7. One
can see that in the “standard mode” the boundaries of the texture squares, seen
through the plate, are sharp while in reality they must blur. Meanwhile in the
image calculated with the quasi-specular representation of the phase function
these boundaries are smoothed.

10 Conclusion

Proposed method of treating some scene elements (surface or volumetric) as
“quasi-specular” is a flexible tool. The separation can be done using arbitrary
criterion which can be own for each BDF. For example, if a BDF contains a
sharp peak in an off-specular direction, this can be nevertheless declared quasi-
specular. For the selected separation the method admits at least two variants
(see Table 1) which differ in processing direct, caustic and quasi-specular illu-
mination components. Apparently there are more such variants which differ in
BMCRT implementation. And in different situations advantageous are different
methods.
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We demonstrate how the quasi-specular method can reduce noise for several

scenes which cannot be calculated efficiently with the “standard” method for
any value of the BDD parameter.
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