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OpanenalJlenuna
UHCTUTYT NPUKJIAJJTHOU MATEMATUKH
umenun M. B. KEJI/IBILIIA
PoccuiickoM aKkageMHMHd HAaYK

A. /1. bproHo

HopMmaau3zanus nepuoauyeckon
cucrembl I aMuibTOHA

MockBa — 2019



YAK 517.93+531.314

Agnexkcanap Amurpuesuu bprono
Hopmanuzanus nepuoandeckoit cucremsl ['amuibrona. [IpenpuHThI MHCTUTYTA TPU-
ki1agHoit marematuku um. M. B. Kennaeimma, Mocksa, 2019.

CHauasna HarloMUHAETCsl HOpMalibHas (hopMa BOJIU3U CTAIIMOHAPHOTO PEIICHUs
ABTOHOMHOM cucTeMbl ['amuinbpTOHA. 3aTEM paccCMaTpPUBAIOTCS JIMHEHHBIE IEPUOIH-
yeckue cuctembl ['amuiibToHa. J[J1si HUX HaXoJaTCsi HOpMasibHbIE (POPMBI (PYHKITHMA
["ammibTOHA B KOMIUIEKCHOM M BEIIECTBEHHOM ciydasx. OOHapykeHa crienuduka
BEILIECTBEHHOTO CJIy4as B CUTyallMy apaMeTPUIECKOr0 pe30HaHca. 3aTeM HaXOIAT-
csi HopMajbHbIe (OpMbI QYHKIIMK ["'aMUIIbTOHA HETWHEWHBIX MEPUOANYCCKUX CH-
cteM. [locpencTBOM TOMOIHUTENIBHOTO KAHOHUYECKOTO MPeoOpa3zoBaHus KOOPAUHAT
Takas HopMasibHast hopMa Bceria CBOAUTCS K aBTOHOMHOM cructeMe ['amuiibToHa, Ko-
TOpasi COXpAaHSIET BCE MaJIbI€ MapaMETPbl U CAMMETPUHU UCXOIHOU cuctemsl. E€ 1o-
KQJIbHBIM CEMENCTBAM HEMOJIBUKHBIX TOUEK COOTBETCTBYIOT CEMEUCTBA MEPUOINYEC-
CKHMX PEIICHUI UCXOIHON CUCTEeMbl. AHATIOTUYHAS TEOPHUS CTPOUTCS BOIM3U TIEPUO-
JUYECKOTO PEIICHUSI aBTOHOMHOM CHCTEMBI.

Knrwouegvie cnosa: cuctema 'amuinbsToHa, KOMIUIEKCHAss HopMalibHas (opma,
BEIIECTBEHHAsl HOpMaibHas (hopma, mpuBeAEHHAs HOpMalibHas (hopma, mapameTpu-
YECKUU PE30HAHC.

Alexander Dmitrievich Bruno
Normalization of the periodic Hamiltonian system.

First we remind the normal form near a stationary solution of an autonomous
Hamiltonian system. Second we consider the linear periodic Hamiltonian systems.
For them we find normal forms of Hamiltonian functions in both complex and real
cases. The real case has a specificy in the case of parametric resonance.Then we find
normal forms of the Hamiltonian functions for nonlinear periodic systems. By means
of additional canonical transformation of coordinates, such system always is reduced
to an autonomous Hamiltonian system, which preserves all small parameters and
symmetries of the initial system. Its local families of stationary points correspond to
families of periodic solutions of the initial system. We make similar theory in vicinity
of periodic solution to an autonomous system.

Key words: Hamiltonian system, complex normal form, real normal form, re-
duced normal form, parametric resonance.
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1. BBeaenue

Pe3onancHas HopmanbHast (popmMa aBTOHOMHOW CHUCTeMbI | aMuibToHa BOIU3H
CTaIlMOHAPHOTO PEIICHUS, YUUTHIBAIOIIAS TOJIBKO COOCTBEHHBIC YHCIIa MaTPHILl A
e MMHEHHON YacTh u 0e3 OrpaHWYeHHUN Ha ATy Marpully A, Obuta BBemeHa B [1]],
§12. Okazanock, 4TO OHA YKBUBAJIEHTHA CUCTEME | 'aMUIbTOHA C MEHBIIIUM YUCIIOM
CTEereHel CBOOOIbI.

[To3xe ObuTa BBeACHA clierka Oosiee MpocTas CBepXpEe30HaHCHAs HOpMaJIbHAs
dopma, KoTopasi yIUTHIBAIA KOPAAHOBBI KJIIETKH HOPMAIBHOW (DOPMBI MaTPHIILI A.
Ho st fononHuTenbHbIE yIPOIICHUS HE MTO3BOJISUIN JOTIOJHUTEIBHO TOHU3UTh YHC-
JIO CTENEHEN CBOOO/EI.

Teopust pe3oHaHCHOW HOPMAaJLHON (POPMBI OIPOOHO U3IOKEHA B 1. | KHHU-
ru [2], 1 31ech OHa KpaTko HanoMuHaeTcs B pazjaene 2. B . I kauru [2] uznoxena
aHaJIOrMYHas TEOPUS pe30HAHCHOU HOpMaIbHON (POPMBI JIs IEPUOUUECKON CUCTE-
MbI ['amMuiibToHa. OJJHAKO TaM UMEIOTCS IBE HEAOJEIIKU: TI0X0 U3JIOKEH CITy4aid ma-
paMEeTPUYECKOr0 pe30HaHCa W HOopMalibHasl hopMa HE MPUBOAUTCA K aBTOHOMHOM
cUCTEeME. 3]IeCh UCIPABIISIIOTCS ATU yNyIIEHUS B pasaenax 3 u 4 COOTBETCTBEHHO.
B paznene 5 ata Teopusi IEpEeHOCUTCS Ha OKPECTHOCTh MEPUOANYECKOTO PEIICHUS
ABTOHOMHOM cUCTeMBbI [ 'aMUIbTOHA.

2. HopmaabHas ¢gopMa BOJIM3M CTAIIMOHAPHOIO PellieHUS
PaCCMOTpI/IM CUCTEMY ["'amunsTOHA

_o 0y @.1)

fj—a—njy Ui ij’

C N CTCIICHAMMU CBO60,Z[I>I B OKpPCCTHOCTH HCHO,HBH)KHOﬁ TOYKH

§=(&,..-.6) =0, n=(n,....m) =0. (2.2)

Ecnu ¢ynkuums Famunsrona v(€,1) aHAIUTHYHA B 3TON TOYKE, TO OHA pa3jaraeTcs
B CTEIICHHOM Pl

v(€mn) = Z Ypa€n?, (2.3)
rme p = (p17"'7pn)9q = (q17"'7qn) S Zn: P.q > 09 £p = gfl 52’.__75571.1_[0_
CKOJIbKY TouKa ([2.2)) — HemoaBrkHas, TO pasznokeHnue (2.3)) HauMHAETCs ¢ KBaapa-

TUYHBIX WIEHOB. FIM COOTBETCTBYET JIMHEHHAsS YacTh cucTeMsl (2. 1).
CoOcTBeHHbIE YnCia €€ MaTpULIbl pa30MBAIOTCS Ha Hapbl

/\j—i—n:_/\ja ]:1,,n
IIycts A = (Mg, . ..,A\,). KaHOHHYECKHE 3aMEeHBI KOOPIHHAT

(&mn) — (xy) (2.4)



COXpPaHAI0T raMUJIBTOHOBOCTb CUCTCMBI.

Teopema 1. Cywecmeyem xanonuueckoe gopmanvroe npeoopazosanue (2.4), npu-
soosiyee cucmemy (2.1)) k Hopmanvrou popme

i’j:—, Yy = —7 jzl,...,n, (25)

2o0e pso
g(xY) = gpgx®y"

cooepocum monbko pe3oHancHvie uienvl ¢ (p — q,\) = 0, a keadpamuunas yacmo
g2(X,y) umeem c60io Hopmanbhyio popmy (max ¥mo mMampuya TUHEUHOU YacCmu Cu-
cmembl SI8NAEMCs 2AMUTILINOHOBbIM AHATI020M HCOPOAHOBOU HOPMALLHOU hopmbl).
30ecy (p,A) = p1A1 + -+ + pp\, — cKanspHOE npoussedenue.

Ecmu A # 0, To HOpManbHas ¢opma (2.5]) skBUBaNeHTHA CHCTEME C MEHBIITUM
YHCJIOM CTeIeHel CBOOOIbI U IOTIOJIHUTEIHPHBIMU TTapaMeTpaMu. [Ipu Hopmanu3yro-
mieM npeoopazoBanni (2.4)) COXpaHsSIOTCS MaJible TapaMeTPhl U JIMHEWHBIE aBTOMOP-
(bu3MbI

&n) — (Em), t—1.

JlokasbHbIe ceMelicTBa epruoaudeckux pemenuit cucrem (2.1), yIIOBIIE-
TBOPSIFOT CUCTEME YPABHEHUU
aa—ygj = \jzja, a—xgj = Nyja, j=1,....n,
I7Ie @ — CBOOOHBIN TTapaMeTp.

JlJis BEIIECTBEHHON MCXOMHON CHUCTEMBI K03()(QULUEHTBI pq KOMILIEKC-
HOM HOpMaJIbHOUM (opMbI (12.5) yIOBIAETBOPSIOT CHEUaIbHBIM COOTHOIICHUSIM Be-
HIECTBEHHOCTH, W TPU CTAHJIAPTHONW KAHOHWYECKOW JIMHEWHOUN 3aMeHe KOOpIuHAT
(x,y) — (X,Y) cucrema (2.5)) mepexonut B BELIECTBEHHYIO CHCTEMY.

NmeeTcs HECKOIBKO CTIOCOO0B BBIYMCIIEHHS KOOP(UIMEHTOB (pq HOPMAIBHOM
dopwmsr (2.5]). Haubonee npocroii onmcan B kuure XKypasnésa, [Terposa, Llynaepro-
Ka [3]].

3. Hopmanmszanusi IMHeHOU cucTemMbl [ aMuiIbTOHA

3.1. Jlu”eitHas cucremMa. PaccMOTpHUM JIMHEHWHYIO CUCTEMY

ac _

= AWC 3.1
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rie Bektop ¢ = ({1, ... ,Gn), A(Y) — MaTpuia, aHATUTHYSCKH 3aBHCAIIAS OT ).
[Tocne 3amenbl KOOpAUHAT
¢=DB)z (3.2)
cucteMa (3.1)) mepeitnét B cuctemy
dz 1 dB
— =B"(AB—— |z 3.3
i < w)z G

[Tycts Teneps cuctema (3.1)) raMmunbToHOBA:

it iy,
G_Ov dy_ Oy (3.4)

dyp  On;’ dy 0&;’

re.m=2n,¢=(§n) = (&, &nms- ), A(Y) = JT(¥), rae
0 E,

-bB, 0

['(¢) — cummerpudeckast marpuna, J = u GyHkus ['amMuibToHa
1
=5 (¢,I'(¢)C). Bnecy E,, — eauHu4Hasi n X n-Marpuia u (-,-) — CKaJSIPHOE
pou3BeCHNUE.
Ecnu npeoGpa3zoBanue (3.2)) kaHOHHYECKOE, T. €.

B*(¢)JB(v¥) =40J, 0 = const (3.5)

(3BE310YKa — CUMBOJI TPAHCIIOHUPOBAHUS MaTpHIIbl), TO cucteMa (3.3)) Takxke ra-
MUJIBTOHOBA ¢ (hyHKIMEN ["'aMunpTOHa

1 1 dB def 1
— — (z.BTBz) + — (2,B" ]z )&~ .
g 55 (z, z) + 55 <z, dez> 5 (z,Gz) , (3.6)

T.e. G =0"'B*TB+ 6 'B*JdB/dy, z = (x)y).

Paccmorpum Teneps cuctemy ['amuibroHna (3.4), B kotopoit marpuia A(y) =
JI'(v) umeer no ¥ nepuon 2, T. e. A(v) + 2m) = A(v). IlocpeacTBom ITHHEHHOM
KaHOHMYECKO# 3aMeHbl koopauHar (3.2), ¢ 2m-TeproandecKoit Marpuiei B(v))
OCTapaeMcs MOIYyYUTh FTAMUIBTOHHAH Hanbouee npocroro Buaa. [lycts Z (1))
— ¢yHaameHTanbHas Matpuua pemenuii cucremsl (3.1). Torna

Z (Y +2m) = Z(Y)N,

rae N — nmoctositHHas Matpuna, det N # (. {ns cucremsr ['aMunbpToHa OHAa KaHOHU-
qyeckasl.
Ecnu i marpunbl N CylmiecTByeT NPeICTaBICHHUE

N =exp(2nJL), (3.7)
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rie [, — mocTosiHHAsi CMMMETpUYecKas MaTpuua, To, coracHo § 1 o I kauru [2],
L = B{G By, tne By — nocTosiHHas KaHOHWYecKasi MaTpulia u G — HOpMaJlbHas
dbopma matputibl L. Takum o6pazom, mpeoopazoBanue (3.2)) ¢

B(¢) = Z(¢) exp(=¢JG)
npuBoAUT cucteMy [ 'amuinbsrona (3.4) kK HopMaabHOU opme

dz
@ = JGz, G = const, (3.8)

1
¢ ¢ynkiuei Famuibsrona g = = (z,Gz). Oanako npezcrasieHue ((3.7) umeercs He

JUIS1 BCSIKOM KaHOHM4Yeckoi MaTpulibl [V (cM. Busnbsmcon [4]]).
[lycth vy, . . . V9, — COOCTBEHHBIE YKClIa KAHOHUYECKOW MaTpuIlsl [V. BmecTe
C UKMCIIOM v; = b Cpeliu HUX eCTh U uucio b '. Boee Toro, aneMeHTapHbIe JeIUTeNr
marpulibl v — N o0nanaroT ciaexyouMu CBOMCTBAMH:
e ecmu b # £1 1 uMeeTcs POBHO k 3leMeHTapHBIX AenuTeneit (v — b)!, To ume-

. 1\
ercst poBHO k aneMeHTapHbIx Aemurenei (v —b7')';
e ecmu b = 41 u | HeUETHO, TO dNeMeHTapHbIi AeuTens (v — b)! BeTpedaercs
YETHOE YMCIIO Pas.

3.2. KommiekcHass HopMaabHas ¢gopma. 11 KOMIDIEKCHOM CHCTEMBI Mar-
puma N — xomruiekcHast. HempuBoaumbie Haj mojaeM KoMiuieKcHbIX uncen C are-
MEHTapHbIE IETUTENIN MaTPUIII /) — N OTHOCSATCS K OAHOMY U3 CJIEIYIOIINX YEThI-
PEX ciryYyaes:
Cl) (v=b)u (v—b"1), b #+1;
C2) (v—"b)u(v—>),b==+1, ] — Heudrnoe;
C3) (v — 1),
Cc4) (v+1)%.
[TocpencTBOM MOCTOSTHHOM KAHOHUYECKO# 3aMeHbl KoopauHat ¢ Marpuity I'(1)) Mox-
HO TIPUBECTH K TAKOMY OJIOUHOMY BHUY, YTO KXKJIOMY M3 IMEPEUUCICHHBIX CITyuyacB
OTBEYAET CBOS YETBEPKA OJIOKOB MOpsiKa [, a BHE OJIOKOB cTosT Hynu. [Toatomy no-
CTaTOYHO PACCMOTPETh KAKIBIA U3 3TUX CIIyYaeB B MPEIATIOIOKCHUH [ = n.

B ciiygasix C1) — C3) cymectByet npezcrasierue ((3.7); mpu 3ToMm saeMeHTap-
uple genutenu (A — a)! marpuupl A\E — J L otnocaTcs k caydasm C1) — C3) m. 1.6
1. [ kauru [2], toe

1 1 1
= —Lnb=—In[b|+ ——argb+i
a=—Ln 27Tn\|+27rarg +im

U m — JIro0oe Ooej10€ 4YucCjiaI0, a MMCHHO!



« B ciyuae Cl)

0 C*
G = :
c 0
a00..000
£a0..000
00e..000
rae C' — KoplaHoBa KJIETKa Mopsiaka [: , T. €.
000..£a0
000..0¢ca
! -1
B=aY zyi+eYy Ty (3.9)
j=1 j=1
» ciy4dait C2) ¢ b = 1 otHocutes k cinyyato Cl) ¢c a = im;
 ciy4dait C2) ¢ b = —1 otHocuTcs k ciyvato Cl) c a = im + %;
* B ciryuae C3)
0 C*
G = :
C oA

rne C' — xopaaHoBa KjeTka mopsaka [ ¢ a = 0, 0 = 41 u nQuaroHajibHas
marpunia A = {1,0,...,0}, T.e.

-1 1

g2 = 52 TiYje1 + iayf ; (3.10)

J=1

B cinyuae C4) npeacrasinenus (3.7) HET, U KOMIUIEKCHAsE HOpMajbHas hopMa

dz
- JG(Y)z
uMeeT
0 C*

G = :
C' oAexp(iy))

, )
rae C' — jKopJIaHoBa KJIETKa HopsKa [ ¢ a = im + 2 o = =*1 [5], Te.

l -1

1 .
g =a Z xjyj + € Z TjYjs1 + §ayf exp(iv)) . (3.11)
j=1 j=1
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Paccmorpum teneps yasoennsie cinyuyau C3) u C4).

C3*) JIBym snemenTtapapM gemurensm (v —1)% u (v — 1) moxHO mOCTaBUTH B CO-
OTBETCTBUE HOPMAJIBHYIO popMy ciy4dasi C2) ¢ a = ¢m 1 MPOU3BOIBHBIM
1eIsIM M (TOIbKO Terepsb | = 2[" — 4étHo).

C4*) JIsym onementapubiv nemutensam (v + 1) u (v + 1)% moxsHO mocTaButs B

COOTBETCTBUE HOpMaIbHYIO Gopmy ciyuas Cl) c
i

a= (2r)'Ln(—1) = im + 5
Wrtak, mocpencTBOM KOMIUIEKCHOH 3amensl (3.2), rne B (1)) — kaHOHUYECKasI
2-NepUOAMYECKas MaTpuIla, UcxoaHast GpyHKIus ['aMUIbTOHA

3= ${E T

MPHUBOAUTCS K HOPMAIIbHOU (hopMme, siBJIstoleiicst cymmoit dpopm Buaa (3.9), (3.10),
(3.11). Ona sABnsIeTCS MOCTOSIHHOM, €CJIM KaXKAbIM 3JIEMEHTapHBIA JEIUTENh BUIA
(v + 1)? BcTpeuaercs 4ETHOE YUCIIO Pa3 CPEIM FIEMEHTAPHBIX JIEIUTENEH MATPHUIIbI
vE — N. BunesaMcoH [4, Teopema 1] qokasail, 4To 3T0 yCI0BUE HE TOJIBKO 10CTATOY-
HO, HO ¥ HEOOXOAMMO JIJIs1 KOMIIEKCHOM MPUBOAMMOCTH.

3.3. BemecTBeHHBbIE CUCTEeMbI. J[JIs1 BEIIECTBEHHOM CUCTEMBI marpuua N siB-
asieTcs BenecTBeHHOU. [1oaToMy anieMeHTapHbie AenuTenu MaTpuilsl v — N obna-
JAFOT CIEAYIOIIMMH CBOMCTBaMU. [1yCTh 3IeMEHTapHBIN JIEIUTEND (y — b)l UMeEETCs
TOYHO k pa3.

 Ecnu yncno b kommiekcHoe, T. €. Reb - Imb # 0, u |b| # 1, To snemeHTapHbIe

nenurenn (v — I_))l, (1/ — b_l)l u (V — 5_1)l TaKKe UMEIOTCS TOUHO k Pa3.

* Ecnm yucno b BemecTBeHHOE WM €IMHUYHOTO MonyJs, b # +1, To (1/ — b‘l)l
UMeeTCsl TOYHO k pas.
* Ecnmu b = 1 u [ HeuétHO, TO k TOJDKHO OBITH YETHBIM.
31mech uepTa CBepXy 03HA4YaeT KOMILJICKCHOE COTIPSKCHHE.
[TosTOMY 2r1eMEHTapHbBIE ACTUTENNU MATPHUIlLl V' — N OTHOCSTCS K OTHOMY M3
CJICTYIOIIUX BOCBMH CITyJacB:

)
R2) (v=b)'m(v—b1),beR,b>0,b+#1;
R3) (v —b)' (v —b)', b] = 1,b # +1;
R4) (v —1)'u (v —1)!, | — HeuéTHo;
R5) (v —1)%;
R6) (v + 1) u (v + 1), | — neuértHo;
R7) (v=b)'m(v=b1),beR,b<0,b#—1;
R8) (v + 1)%.
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[TocpencTBOM BELIECTBEHHON NTOCTOSSHHOW KAHOHUYECKOM 3aMEHBI KOOPIMHAT
matpuily ['(¢)) MOXKHO MPHUBECTH K TAKOMY OJIOYHOMY BHIY, 4TO KaXKIOMY U3 Iepe-
YUCJIEHHBIX CIy4aeB OTBEUYAET CBOS IpyIina OJIOKOB, a BHE 3TUX OJIOKOB CTOSIT HYJH.
[ToaTOMY OCTATOYHO pacCMOTPETH KAXK/IbIM U3 3TUX CIIy4aeB B IPEATIOI0KEHNHN, YTO
oH ucuepnbiBaeT Matpuity N. B cnydasx R1)—R7) cymecTByer npeacrapinenue
C BENIECTBEHHOMN MaTpHIel L; IIpH 3TOM 3/1eMeHTapHble aenutenu (A —a )l MaTpuisl
AE — JL otHocarcs k ciaydasm R1) — RS5) m. 1. B 1. | kauru [2] cooTBETCTBEHHO,

e

1 1 :

a=—Lnb=—Inb+im.

2T 2
[Tpu 3ToM umcio Inb onHO3HAYHO ompenensieTcs 1o b, a 1eoe YUCIOo m HaAO BbI-
YHUCIIATH JOTOJTHUTEIBHO CIEAYIOIUM 00pa3oMm.

Beruncisiercs moboe pemienue € (1)) nuHeriHo# nmoacuctems Buaa (3.1)), otHo-

csieiicst k omHoMmy 3 ciaydaeB R1) — R7). KonudecTBo konebanuii kaxxaon u3 ero
KOOpJIMHAT Ha Mepuoie 2m — 3TO U €cTh Yuciio m. Eciau caenars A1ONOIHUTENBHOE

KaHOHHYECKOE IIpeobpa3oBaHme
T; = xjexp(—ima), y; =yexp(imy), j=1,...,,

To mosryuuM codctBeHHOe yuciao A : 0 < Im A < 1. [Ipu atom B ciiyqasx R3) u RS)
MMEETCA JOIOJIHUTEIbHBINA BEIIECTBEHHBIX MHBAPUAHT 0 = 1.

Hrak, B cinyuasx R1) — R7) umeercss mocTtositHHasi KOMIUIEKCHAsE HOpMaJibHAst
¢bopmMa raMUIIBTOHHAHA

1
g2 = § <Z7GZ> )
KOTOpast IEPEBONTCS B BEIIECTBEHHYIO HOPMAILHYIO GOpMY
1
fo= 5 (Z,FZ)

C MIOMOIIIbIO CTAaHIAPTHOTO KAHOHUYECKOIO TPE0Opa30BaHMUS
7 =CQz, detQ)=1.
[Ipu 3TOM MIOACTAHOBKA
z = Pz,

—1 o

rae 2n-marpuna P = () (), coxpaHseT raMuiIbToHHaH. KOHKpPETHBIN BUT MaTPHIT
@ u P nns kaxngoro u3 cinydaeB R1) — R7) onmcan B maBe I kuuru [2]]. Tak, B ciry-
yasix R2) — R7) nubo

ZCj:ijxj, yj:Y}'Igj, jzl,...,l, (312)
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1

= E(in - Y;) = iy;,

1 . L :
Y = E(ZXj +Y;)=iz;, j=1,...,0. (3.13)

Teopema 2. Komnnexcuas 3anucs eeujecmeeHHol HOpMaibHou gpopmul 6 ciyyae RS)
— amo cucmema (3.11)) ¢ maxum cmanoapmuvim npeobpazoeanuem:

1

vy = o (X[t dexp(—if)] = Yili + exp(—it)]},
(3.14)
i = - Xl — explit)] + Yi[1 + iexp(it)]}

30ecw
S_Uj = il‘j CXp(’Lt), gj = —iyj CXp(—it), <€j = i, g = :l:Z, j = 1, Ce ,l.

Torma B
G(v) = G(Y)

¥ TaMUJIBTOHUAH HopMasibHOU (hopMmel (3.11]) nmeet Bu

l -1 .
. [ . .
go = A E Tyt E xjyj+1:|:—(X12+}/12+X12 sint) — 2X Y] cos) — Y2 sin)).

, , 2
Jj=1 Jj=1

4. HeqmHeiinas HOpMaJibHasA ¢opma
4.1. Heauneiinasa Hopmanusanusi. Paccmorpum cuctemy ['aMuiibToHa € 1 cTerne-
HSIMH CBOOOIBI

e _ Oy dny vy (@.1)

dp  On;’ i 0&;’

IJIe 7 — CTENEHHOW psia 1o &,m ¢ 2m-TIepUOANICCKUMHU 110 1) KodpHUIImeHTaMH,
KOTOPBIN paziiaraetcs B cxoadiuics psaa [lyaccona

Y= Ypam€®n% exp(imy)) (4.2)

HAUUHAIOIIUICS C KBaJAPAaTUYHBIX WICHOB ¢ 110 &,1).
Cnemnaem NHMHEWHOE KaHOHUYECKOE MpeoOpasoBanue £, — X,Yy, KOTOpOe
2T-NIEPUOJUYHO TI0 ) ¥ MPUBOJUT KBAJPATUYHYIO YaCTh TaMUJIBTOHUAHA CUCTEMBI
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K KOMIUIEKCHON HOpMaJIbHOH (hopMe, sBIIsIoIIelics cymMMoit yacteit Buaa (3.9),
(3.10), (3-T1). Torna nHa miaBHOW IuaroHanu Marpuipsl JG cTOSAT €€ cOOCTBEHHbIE
YUCTA A1, .. A, — ALy ..y — Ap. O003HaUUM A = (Aq,...,\,). [amMuibTOHNAH
(4.2) mpumet BuJ

gXY ) = Gpam¥xPy% exp(imi)) . (4.3)

HazoBéwm ero HopmanbHo hopmoii, eciu

1) ero dopma g siBsieTcst HopManbHOU dopmoii (3.9), (3.10), (3.11)),
2) B paznoxenuu (4.2)) UMEIOTCS TOJIBKO PE30HAHCHBIE YJICHBI, /ISl KOTOPBIX

(p—q,\) +im = 0. (4.4)
3mech (-,+) — CKaJsIpHOE MPOU3BE/ICHHUE.

Teopema 3. /[ camunemonuana (4.3) cywecmsyem gpopmanvhas Kanonuyeckas 3a-
MeHA KOOpOuHam X,y, 1) — W,V

7 — (X7y> =W+ b(W,gO), ¢ =@ + b2n+1(W,g0>,

2m-nepuoduueckas no p, komopas nepesooum amurvmonuar (4.3)) 6 Hopmanvuyio
opmy
h(u,v,p) = Z hpqmuPva exp(imy) (4.5)

co ceovicmeom (4.4).

JHokazarenbcTBO cM. B 1. | w1 II kaurwm [2]].

Teopema 4. Kanonuueckoe npeobpasosarue
uj =ujexp(—ilmA;p), v, =0vexp(ilmNp), j=1,....n,

npusooum HopmavHyio gopmy eamunvmonuana (4.5)) k nocmosunomy cmenennomy
pAoy

DY) = hpgmiP¥e, (4.6)
20e
<p —q, Re )‘> = 07 <p —(q, Im >‘> = —m, (47)

p. q, m — yenouucnennsi, p,q = 0. Ilpu smom hpgm = hpqm, ecau ||p|| + ||q]] = 3,
KeaopamuyiHvle 4eHbl UMEOm 6U0

(i) = % (R.G¥).

eoe mampuya J G = JG — Im A ¢ duazonanshori mampuyer A = {\, — A}, u

OMCYymcmeyom JuHeliHble yieHsl no (W,vV) = W.
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Joka3aTeabCTBO CBOMUTCS K MPOBEpKe paBeHcTBa ((3.5)), koTopoe 31ech oueBu -
HO. 371ech ||p|| =p1 +p2 + -+ + po.

JIJi1 MICXOHOTO BEIIECTBEHHOTO TaMIIbTOHUAHA (4.2)) KOMIUIEKCHBIE KOOPH-
HAaTBI Z CBS3aHBI C BellleCTBeHHbIME KoopanHaTamu Z = (X,Y) cranmapTHbIM npe-
obpa3zoBanueM, cocrositum u3 3ameH (3.12)), (3.13), (3.14), a xoopauHaTel W U W
CBA3aHBI OTUM K€ NPEOOPA30BAHUEM C COOTBETCTBYIOIMMH BELIECTBEHHLIMH KOOP-
nuHataMu W u W, [2].

Takum oOpa3om, MPUXOIUM K aBTOHOMHOM cucTeMe ['aMuiibToHa C 1 CTeneHs-
MU CBOOO/IBI.

4.2. MaJgslie napamerpsl. [lycTs HCXOQHBINM TaMUIIBTOHHUAH PA3J1aracTcs B CTEICH-
HOH psijl IO MaJIbIM mapameTpam pt = (fi1, . . . ,jis). [To Teopeme 5.1 1. I xuuru [2]
Py HOPMAJIM3YIOIIEM MpeoOpa3oBaHUU Mallble MapaMeTpbl He MeHsatoTcs. [loaTo-
My TIOJTy4aeM aBTOHOMHSIi ramunsronnan (4.6), (@.7), rae kodpduumenTs! iy o .m
CYTb CTEIIEHHbIE PAJIbI 110 MasibIM napameTpam . llpu g = 0 311 K03 PdULHEHTHI
c ||pll + |lq|| = 1 paBusl Hy:tO, a ¢ ||p|| + ||q|| = 2 coorBerctBytOT (4.4). HoO mpu
p # 0 3T0 He 00sI13aTEIIBHO.

Jlnst cuctemsl, coorBeTcTBYIOMIEH ramuisronnany (4.6), (4.7), MoxxHO BbIuHC-
JUTh CEMEMCTBA HEMOABMKHBIX TOUeK BOIM3HM Touku U = V = 0, p = 0. 910 nena-
€TCSI C TIOMOIIBIO0 CTENIEHHOM reoMeTpuu (KHUra [6]]). UM cOOTBETCTBYIOT CeMeicTBa
NEPUOANYECKUX PEIICHUM UCXOAHON MepruoandecKkoi cucteMbl ['amunbsrona. Boo6-
nie ykopodeHus:i pyHkuuu ['aMmunbToHa U cuctemsbl ['amunbroHa u3ydeHs! B 1. [V
kHHrH [6]]. OHM He Bcerga coBnagarot. [IpuMepsl Takux BBIYMCICHH cM. B [7].

4.3. Jluneiinble KaHOHUYeckue aBToMoppu3mbl. [lycts ucxomnas cucrema (4. 1))
o0agaeT TMHEWHBIM KAHOHMYECKUM aBTOMOP(PU3MOM

¢ =MC, ¢ =0y,

rne M — mocTosiHHAs Matpuna 2n X 2n u 0 = const. CornacHo Teopeme 2.3 TII.
I kuuru [2]] npusenéunas HopmansHas dopma ([4.6), (4.7) taxxke obnamaer coot-
BETCTBYIOIIUM JIMTHEWHBIM KaHOHUYECKUM aBToMOopdu3mMoM. BrpoueM, oHa MOkeT
UMETh JOTIOJIHUTEIBHBIE aBTOMOP(GU3MBI, KOTOPHIE HE UMEIOT COOTBETCTBHUS B HC-
XOJHOM CHUCTEME.

5. HopmaJibHas ¢popMa B OKPECTHOCTH NEPUOTUYECKOTO
peleHust

5.1. JlokaabHble koopauHaThl. [lycTh BerecTBeHHAs (QYHKIHS 7y (5 ,ﬁ) aHaJu-

TUYHA B HEKOTOpoil oonactu C BelmecTBeHHoro npocrpanctsa R* 2 ¢ koopaunara-
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MU o N
S - (517 s 7§n+1)a Iﬁ - (517 s 7ﬁn+1)'
Torna uepe3 Kaxayro To4dKy obnactu C IMPOXOAUT OHA TPAEKTOPHs (OHA ke
perrenue) £(t), n(t) cucremsl 'aMmuiibToHA.
~ 8? ~ 87

':_~7 .= .:17“',n+1. 5.1
3 TR a¢; ! G-

TpaekTopun 00pasyroT Ga3zoBoe MPOCTPAHCTBO ATOM cHCTEMBI. IlycTh y cHUCTEMBI
ecth nepuonuueckoe periearne M C C ¢ nepuonom 1T' = T'(M). B nanbHeii-
mem roa U Oynem moHUMaTh JOCTaTOYHO Mayro OKpecTHOCTh perenus M, U C C.
B okpectHOCTH U CyliecTBYIOT Takue aHanmutndeckue pynkuuun & = (&1, -+ &),
n = (7717 e 77771)3 P; ¢ oT 57 ﬁ: 4qTo

1) Tpaekropus M onpenensercs paeHcTBamu £ = 1 = 0, p = 0;

2) QyHKUIHS ) SBASETCS MUKINYecKor (yrioBoit) mo mod 27;

3) OKpecTHOCTh U SIBISIETCS KOCBIM Mpom3BeaeHueM (2n + 1)-MepHOro mapa
Ha 1K ¢ € [0,27];

4) KOOpAUHATHI €, p U M, 1) SABIAIOTCS KAHOHUYECKU COMPSHKEHHBIMH, TaK YTO
B OKpPEeCTHOCTH U/ crucTeMa B OTHX KOOPJMHATAX raMUJILTOHOBA:

. Oy oy .
] | — T X~ :1,"',TL,
é] a/r]j 77] aé-j j
(5.2)
. Oy . Oy

["aMHIIBTOHMAH 7y B OKPECTHOCTHU U SIBISIETCA 27T-TIEPUOANYECKUM M0 1) U pa3-
Jaraercs B cxomsmuics pan Tennopa

v = vaqz(zb)épn"pl , (5.3)

rJe uejaourciieHssie p = 0,q > > 0, &P = & - &P, ananmuTHYECKUE DYHK-
LHH Y pq (1)) MMEIOT 1O 1) EepUOST 277 7 pa3ﬂara10Tcs{ B psianl Dypbe. [Tockoabky Ha

pemernn M umeem € = 0,7 = 0, p = 0, To Ha M cuctema (5.2)) mpuHMMaeT Bua

0= WOeJ—O(w)a 0= %jOO(@D)a J=1...n, (54)

dm/ b= o0 (1), (5.5)

rIe e — j-i eANHUYHBIH BEKTOP. I/I3 (5.5)), B wactHOCTH, CIIETyeT, 9TO Y00 (1)) =const.
Tak Kak raMWJIBTOHMAH MOYKHO 33aBaTh C TOYHOCTHIO J0 IIOCTOSHHOTO CJIAraeMoro,
MTOJIOKUM Yoo = 0.
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[Tockonbky M — mepuoandeckoe perieHue, To Ha HEM HEeT HeTTOABHKHBIX TO-

1
YeK; CIII0BATENbHO, Yoo1 () # 0 mpu BernecTBeHHbIX ). [TycTh P CpelHee 3Ha-
0

yeHue QyHKIUH , TOTJIa
Yoo1 ()
N 1+ ZOO:(CL cos M) + by, sinma))
7001(¢) — " "

TTomoxxum

o Aody
9tv) = / Yoo1(¢)

" CcacIaCM KaHOHUYCCKYIO 3aMCHY

o= T ). 56)
0

WY+ g 1 (@, sSinmay — by, cosma)
m
m=1

Torma na M ypaBHeHue 1151 @Z eCTh {Dv = —M\o, T.C. @Z = — Aot + const. [Tockonbky M
— MEPUOANYECKOE pelIeHUE ¢ mepuoaom 1, a @Z UMeeT MEePHoJ 27, TO —Ag = 2%,
e 3HadeHne 7 MOKeT OBITh JJFOOOTO 3HAKA.

B nanpHelimeM OyieM cuuTarh, 4TO IpeoOpa3oBaHue yKe caenano, u 0y-
JIEM OMYyCKaTh THJIBbIBI HaJ p W ). Eciu Teneph pa3inokuTh TAMIIBTOHUAH 7Y B P
Buja ((5.3)), rae BMECTo p 1 1) CTOSIT p U zZ, TO, OITyCKasl TUJIBJIbI, BMECTO MOy YrM

PaBEHCTBO
2
Yooo(¥) =0,  — 01 (¥) = T (5.7)

Urak, onpeneneHbl CBOOOIHBIN U TMHEHHBIN YieHbI pa3inoxeHus (9.3)).

5.2. Jluneiinas vopmanusauus. Ilycts ¢ = (&,m). Jus pasnoxenus ((5.3)) gepes

Y1 (€,p,1) Oynem 0603HauaTh OAHOPOMHYIO hopMy 10  TOpsAKa k, COMEPXKAIILYIO
TONBKO B BHe MHOKuTens p!. CornacHo (5.4) u (5.7), B ramunsronnane (5.3)) 4ieHsl

HAaUMCHBIICTO ITOPsAAKA CYTh

Y20 + Yo1 = 2% (%@IW)Q - P) : (5.8)

[Tycts npeoOpa3zoBanue (5.2) KaHOHMUECKOE B KOOPAMHATAX , T.€. YIOBIETBO-
psieT paBeHCTBY ([3.5)); ecu OAHOBPEMEHHO C HUM CJENaTh IPeoOpa3oBaHue

1/ . dB B
p_53—§<Z,BJd¢Z>, ¢—¢a
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TO MOJIYYHUM KOMIUIEKCHYIO HOpMaTbHYIO hopmy (cM. (3.10):

2m

1
920 + go1 = 7 (5 (z,Gz) — §> , G = const. (5.9)

[Tpu 3TOM Ha T71aBHOW TMaroHau MaTpuilbl J G CTOAT €€ COOCTBEHHBIC YUCHA A\, . . .,

Ais = ALy ooy — A

5.3. HeauHelinas HopMajm3auus. B pesynbrare kaHoHWYecKoi 3amensl (3.2)), ((5.8))
ramuiisTonuan (5.3) mpumert Bux g(X,y,5,10) = 61y (€,m,p,1). Pasnoxum ero B psn
ITyaccona ¢ z = (X,y)

9XY.50) = GpumXPyI5 exp(ima)). (5.10)

DTOT psiJ CXOAUTCS AOCOIOTHO ISl TOCTATOYHO MabIX |X|,|y/,|S],|Tm 4)].
Terneps Oyaem uckath HarOOJIEe MPOCTOI FAMUIBTOHHAH

h(u,v,7,0) = hag + ho1 + Z PpgimUPVIF exp(ima)), (5.11)

K KOTOpOMY MpUBOAUTCS raMuiibToHuaH (9.10) mocpeacTBoM HeTMHEHHON KaHOHU-
YECKOM 3aMEHBI KOOPAUHAT X,Y,5,1) — W,V,T,p:

z=Ww+b(w7,),
(5.12)

S=71+ b2n+1(w77n7§0)7 ,@/} =@+ b2”+2(w’lf’gp)’

e w = (u,v).

ITyctb popma gop+ go1 ecthb (5.10). Toraa Ha r1aBHOI quaroHaayn MaTpuus JG
CTOSAT €€ COOCTBEHHBIC UUCTA A1, . . - \Apy — A1, - - . ,—Ap. O003HAUUM A = (Aq, ..., \y).
['aMunbTOHHAH HA30BEM KOMNJLEKCHOU HOPMANbHOU (hOPMOLL, €CITH:

1) ero popma hgg + ho sBIsIETCS: HOpMankHOU dopmoii (5.9);
2) B pa3IOKECHUN MUMEIOTCSI TOJIBKO TaKKE YICHBI, IS KOTOPBIX

P—qA) +im=0.

Teopema 5 ([2]]). /lna eamunomonuana (5.10) cywpecmeyem popmanvroe npeobpa-

306anue (5.12)) x nHopmanvuoi hopme (5.11)).
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5.4. IlpuBeaénnas HopMaJbHas ¢opma.

Teopema 6. Kanonuueckoe npeobpazosanue
uj = 4, exp(—iIml;p), v; = 9; exp(iImA;p), j =1,....n,

npusooum HopmaivHyto gopmy camunvmonuana (S.11)) k nocmosunomy cmenennomy
pAoy
W) =) hpqun WPV (5.13)

p.q,l,m — yenouucnennsl, p,q,l = 0. Ilpu smom hpgim = hpgim, ecau
Ipll + |l4]] = 3, keadpamuunvie unenv umerom 6uo

~ 27 (1 ~
hao + hor = = (5 (WGW) =7 )
20 + No1 = T <2 T )
20e mampuya J G = JG — ilmA ¢ duazonanshoi mampuyer A = {\, — A} u
omcymemeyiom qunetinvle yienst no (a,v) = w. 3decw ||pl| = p1 +p2 + -+ + P

Taxum o6pa3oM, npuxonum kK aBToHOMHOU cucteme ["amunbToHa (5.13)), (5.14)
C m CTENEHSMU CBOOOBI, IByMsI IONIOJTHUTEILHBIMU YPAaBHEHUSMH

oh _ oh

T = 8@ =0, 90:_5 (5.15)

U JTIOTIOJHUTEIBbHBIM MaJIbIM MapaMeTpoOM 7, KOTOPYIO HA308EM NPUBEOEHHOU HOP-
manvuou ¢hopmoti. OHa TIO3BOJISIET U3y4aTh OM(ypKaIMKU CEMENCTB MEPUOIUYECKIX
pELIEHUN CUCTEMBI B OKPECTHOCTH PE30HAHCHOI'O MEPUOANYECKOTO PELICHUS.

JI1s1 UICXOTHOTO BEIIECTBEHHOIO TAMUJIBTOHUAHA KOMIUJIEKCHBIE KOOP/IH-
HATbI Z CBSI3aHBI C BelecTBeHHbIMU KoopauHatamu Z = (X, Y) cTaHaapTHBIM Mpe-
obpazopanueM (3.12) — (3.14)), a koopaAUHATBEI W M W CBA3aHBI 3TUM e IpeoOpa3oBa-
HUEM C COOTBETCTBYIOIIMMU BelleCTBEHHbIMU KoopauHaramu W nu W. Koopaunarsl
T A (0 BENIECTBECHHBI.

Hpyrue cBoiicTBa NPUBEAEHHON HOpMaIbHOM (OPMBI (COXpaHEHUE MaJIbIX Ia-
pamMeTpoB M JIMHEWHBIX aBTOMOP(U3MOB) aHAJOTUYHBI TAKUM e CBOMCTBaM HOp-
manbHo# popmst (5.12)), onucannsim B . 2.1 u 2. /1 massl 11 kauru [2]).

5.5. [onu:keHue yncaa creneneit cBodonbl. Ilycts k — uncino TMHEITHO HE3aBU-
CHUMBIX PELIEHUH p € Z" cucteMbl ypaBHEHUIN

(p,ReA) =0, (p,JmA)=0.

Torna npuBenénnas HopMmasibHas dopma (5.12) — ((5.15)) kaHOHHYECKUM TIpeoOpa-
30BaHHEM CBOJMTCS K aBTOHOMHOU cructeme ['amuibToHa ¢ k + 1 cTeneHbpo CBOOO B
u c n — k mapamerpamu coracHo §3 maBel | kauru [2]].
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5.6. JlokaabHbIe ceMeiicTBa HEMOABHKHBIX TOYEK. 37ECh CIIPaBEIMBO BCE, YTO
OBLIO CKa3aHO B KOHIIE MTOApa3aesa TOJIBKO HAJ0 YYMTHIBATH CIIE OTUH MalIbli
napameTp.
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