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Jlaxuo B.JI.

CynepcuMMeTPpUYHBIN MOJISIPOH

[locTpoena cynmepcuMMeTprudHasl Teopust noyisipoHa. CyrnepnapTHEPOM TakKON
KBa3UYaCTHUIIbl SIBJIACTCS 3apsOKeHHBIM (oHOH. Teopus mpuMeHuMa K pa3iudHbIM
TUIAM TOJIIPOHOB, KOTOpPBIE B KaXIOM CJIy4ae HMMEIOT CBOMX CyNEpHapTHEPOB.
VYkazaHbl cr1ocoObl SKCIIEPUMEHTAIBHON MPOBEPKU TEOPUH.

Knrwouesvie cnoea: cynepnapTHep, 3apsoKeHHBIM (OHOH, cymepanredpa Jlu,

pPaMaHOBCKOC PaCCCAHHUC, IIPOTOH

Lakhno V.D.

The supersymmetric polaron

A polaron sypersymmetry theory is developed. The superpartner of this
quasiparticle is a charged phonon. The theory can be applied to different polarons
which have their superpartners in each case. A possible experimental verification of
the theory is discussed.

Key words: superpartner, charged phonon, Lie superalgebra, Raman scattering,

proton



Dedicated to memory of N.M. Plakida

1. Introduction

The theory of elementary particles assumes the possibility of exact
supersymmetry at high particle energies.

At low energies, supersymmetry breaks down and superpartner particles turn out
to have different masses and spectral characteristics [1] — [3]. In recent experiments at
the hadron collider, however, superpartner particles were not detected (at least in the
energy range accessible to the hadron collider). This fact called into question the
supersymmetric theory of elementary particles.

Regardless of the existence of supersymmetry of elementary particles, its
mathematical apparatus can be used to describe the properties of elementary
quasiparticles in the theory of condensed systems.

In this paper, we discuss the conclusions which follow from the exact
supersymmetry of translation-invariant (T1) polaron quasiparticles, whose properties
underlie the explanation of the mechanism of high-temperature superconductivity
(HTSC) [4, 5].

Section 2 considers the Hamiltonian of a free polaron, which is expressed in
terms of creation and annihilation operators of a polaron which obey the fermion
permutation relations.

Section 3 deals with the same Hamiltonian expressed in terms of creation and
annihilation operators of a T1 polaron, which obey the bosonic permutation relations.

This contradiction is resolved in Section 4, where we analyze a transformation
which mixes bosons and fermions and combines fermions and bosons into one
supermultiplet. Thus, it has been shown that a polaron and TI polarons are
superpartners.

Section 5 discusses the possibility of experimental verification of the theory and

its applications of the theory to various condensed media.



2. Fermionic polaron

The polaron theory is the simplest example of a non-relativistic quantum theory
of a fermionic particle interacting with a bosonic field.

The Hamiltonian of such a system has the form:
2 , ,
H =2+ Y hw()aia, + Ty Vi[ae™ + aife ], (1)

where r is the electron radius-vector, p is its momentum, m is the electron effective
mass; ay, a; are operators of creation and annihilation of the bosonic (phonon) field
quanta with energy hw(k), V, is the matrix element of the interaction of an electron
with a bosonic field.

A polaron as a quasiparticle is an electron surrounded by a cloud of bosons,

whose Green's function has the form [6], [7]:
- - -1
G(prE) Z{E—SP—M(]?,E)} 1 (2)
where the mass operator M(p, E) is determined by the diagrammatic series:
M(PE)= <o 4 £ ¢ ol @)

where the solid and dashed lines correspond to the free electron and bosonic Green's

2
functions, g5 = p /Zm’ E(P) = ¢, + M(p,E(p)) is the polaron energy.
Thus, a polaron, like an electron, is a fermion whose Hamiltonian can be written

as.

H=3Y,E®)c; cp, (4)



where c,, ¢, has the meaning of the fermionic operators of creation and annihilation
of a polaron.

Using the idea of a free polaron (4) as a fermionic quasiparticle, we can consider
its interaction with other quasiparticles (for example, scattering of an optical polaron
by optical phonons [8], [9]). We note that the spin indices are not involved in

Hamiltonian (4), since this does not matter in the case of an isolated quasiparticle.

3. Bosonic polaron

The above procedure leads to the idea of a polaron as a fermion, since it actually
excludes the bosonic components from consideration.

When studying Hamiltonian (1), we could proceed differently and carry out
relevant canonical transformations. In fact, the characteristics and spectral properties,
as is known, are not changed by such transformations.

For this purpose, let us use the Heisenberg transformation, which excludes

electronic coordinates from Hamiltonian (1) [10]:

S, = expli Yy kafa, )i | (5)

S7ta,S, = age ", Silafs, = afet .

With the use of (5) the transformed Hamiltonian (1) takes the form:

H

STHS, , (6)

~ - 2
i = i (X hkata,)” + SuVi(ax + af) + Xy hw(k)ai ay

and does not contain electronic coordinates.
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As is shown in [10], the application of the Lee-Low-Pines canonical

transformations to Hamiltonian (6), such that:

S, = exp{Xk fk(a;cr —ag)}, (7)

SytaS, = ax + fi., SytagS, = af + fi

where f, are real numbers, as well as the canonical squeezed transformation:

1
S3 = Cexp {EZk,ki alJcrAkkralJcrr} ) (8)

1 _ +
S37akS3 = Y Mipp Qs + 2er Mg s

where the explicit form of the matrices A and M is given in [10], leads to the following

expression for the polaron energy:

H = S;'S71S7 HS, 8,85 = Yy Eratib 9)
where aj, a; are operators of a Tl polaron which satisfy the bosonic permutation
relations.

Hence a Tl polaron, according to (9) is a boson.

Below we will show that a Tl polaron can be both a boson and a fermion,

representing an example of a supersymmetric particle.

4. Polaron as a supersymmetric particle

Since both the approaches presented above describe the same fermion-bosonic

system, the spectrum of the fermionic Hamiltonian:

H =Yy Excicy, (10)



where the creation and annihilation c;, c;, operators obey the Fermi permutation
relations: coincides with the spectrum of the Tl polaron Hamiltonian: {c,c},} =

CkChr + ChCk = Onr-
H =Y Ecajay, (11)
where the operators of creation and annihilation of a Tl polaron a}, a; obey the Bose

permutation relations: [ayaf,] = axaf, — afiay = S

Let us introduce a supersymmetric Hamiltonian #:

H =Yy Ex(cier + agay) = X 3y, (12)

j{k = Ek(CZCk + a;ak) .

Let us introduce the operators:

Qr = \/E_kakcl-lc-’ Qk = \/E_kal-cl-ck» (13)

where Q; is an operator which transforms a boson with a momentum k into a fermion
with a momentum k, @, is an operator which transforms a fermion with a momentum
k into a boson with a momentum k.

Then the operators Qqy, Q.-

Qi = Q + Qk, Qzx = —i(QF — Q) (14)

form a Lie superalgebra [11]:

{Qir, Qji} = 26, (15)
[Qi, Hy] = 0.



Expressed in terms of the operators Q;, Hamiltonian H has the form:

H =Yk 0k = Xk Q5 = Xi{QF, Qi) (16)

Hence the "fermionic™ polaron described in Section 2 is the superpartner of the

"bosonic” polaron described in Section 3.

5. Discussion

As shown above, Tl polarons are an example of supersymmetric quasiparticles
in the physics of condensed systems, which, unlike elementary particles, have an exact
supersymmetry.

The supersymmetry of Tl polarons has found interesting applications in
condensed matter physics. Thus, the presence of supersymmetry made it possible to
explain the coexistence of such particles in strongly correlated fermionic systems with
ordinary fermions, in particular, to explain the nontrivial behavior of the
magnetoresistance of cuprate superconductors [12].

The exact supersymmetry of Tl polarons makes it difficult to study them
experimentally. In the case of a weak electron-bosonic coupling, the properties of a Tl
polaron differ only slightly from the properties of a band electron or its superpartner -
bosonic excitation (when its spin does not matter).

In the case of strong coupling the presence of Tl polarons as fermions can be
detected in experiments on their capture by crystal impurities [10].

The occurrence of bosonic properties of a Tl polaron can be revealed when
studying the Raman spectra (combination scattering). Scattering of light by TI
polarons, as well as by free bosons, will contain a doublet of satellites separated by a
frequency *w(k) from the fundamental frequency of the scattered light. The

contribution of TI polarons into this doublet can be detected from a change in their
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concentration in a magnetic field. According to [12], this contribution will be
proportional to the concentration of Tl polarons ny = n(kgT /ugH)th(ugH /kgT),
where T is the temperature, H is the external magnetic field, and n is the concentration
of Tl polarons in the absence of a magnetic field. The contribution of ordinary bosons
(if they are not magnetic excitations) will not be affected by an external magnetic field.

Supersymmetry implies doubling the number of known elementary
quasiparticles due to the availability of superpartners.

We can say that in the case of polarons (optical or acoustic), these will be charged
(optical or acoustic) phonons, that is, phonon TI polarons. In the case of plasmorons
(electrons interacting with plasmons [13]), these will be charged plasmons, and so on.

As was noted in [4]-[5] nonrelativistic theory of nucleon interaction with meson
field on the scale of nuclear force radius has the same structure as polaron theory. Thus
the proton superpartner will be 7+ meson, antiproton 7~ meson, neutron (antineutron)

7% meson. This is evident from hadronic resonance

pt+ty=n+m,

where the role of proton excitation spectrum is played by = mesons [14].

The availability of supersymmetry proton or neutron partner in nuclei can be
detected in experiments on inelastic scattering of y - quanta in nuclei [15], by revealing
the pion satellites in scattered quanta analogously to what was mentioned above for the
case of Tl-polarons.

Superpartner particles can combine to form compound particles. For example,
TI polarons can combine to form TI bipolarons. Such composite particles, as in the

theory of elementary particles, have no superpartners-quasiparticles.
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6. Afterword

This preprint is dedicated to a remarkable scientist and man Nikolai
Maksimilyanovich Plakida. When | was at the Joint Institute for Nuclear Research
(JINR) in Dubna, I asked Nikolai Maksimilyanovich, which of their scientists was in
charge of superconductivity then. He told me that he was in charge ¥. Then | gave him
my manuscript on the TI-polaron theory of superconductivity and asked him to be a
reviewer. Some time later, having read the manuscript, he told me that he could not be
my reviewer, because he did not understand why such a fermionic particle as a polaron
Is described in the Tl-polaron theory by bosonic creation and annihilation operators.
My answer then, based on the concept of bound phonons, did not convince him, since
charged phonons in solid state physics were not known to anyone.

This article provides an answer to Nikolai Maksimilyanovich's question, which
could possibly convince him. Unfortunately, he is no longer with us and we will never

know about it.

1) Being the author of a fundamental monograph on superconductivity published
by Springer (Plakida N.M. (2010), High Temperature Cuprate Superconductors:
Experiment, Theory and Applications, Hidelberg, Germany) Nikolai

Maksimilyanovich had every right to such an answer.
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