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I'oponnnuesn K.E., YpBaues E.M., Kyparos C.E.
Henunelinoe B3auMOICHCTBUE YIAPHON BOJHBI C aHU30TPOITHBIM SHTPOIUWHBIM
MIOJIEM BO3MYUIEHUM

C y4éroM KBaJpaTUUHBIX ONPABOK K TUAPOIMHAMUYECKUAM BEJTMUYMHAM PELIeHa
3a/1a4a 0 B3aUMOJECHCTBUM YJApHOU BOJIHBI C @aHU30TPOITHBIM SHTPONUITHBIM OJIEM
Bo3My1IeHMs. [Ioka3aHO, YTO HETMHENHBIE B3aUMOICUCTBHS MEXKTy 3BYKOBBIMU BOJI-
HaMU MPUBOJST K JOKAJIM3AlMK 3BYKOBBIX BO3MYILICHHI 32 GPOHTOM yJJapHOM BOJIHBI.
VYkazanubliii 3 dekT HaOMogaeTCs B YCIOBUSIX, KOTJa B IMHEMHOM NPUOIMKEHUH
3aTyXaHue 3ByKa OTCYTCTBYET. [IpeioxkeH aHamuTUYECKH TTOAXO0/, TTO3BOJISIFOIIUN
n30€XaTh BOSHUKHOBEHUSI CEKYJISIPHBIX ClaraeMbIX MU OMUCAHUH B3aUMOJICHCTBUS
3BYKOBBIX BOJIH C YYETOM KBaJPaTUYHBIX MONPABOK.

KuroueBble cJji0Ba: HEMMHEHHOE B3aUMO/CIICTBUE, 3BYKOBBIE BOJIHBI, YapPHbBIE
BOJIHBI, METOJ IONOJIHUTEIBHOU (ha3bl

Gorodnichev K.E., Urvachev E.M., Kuratov S.E.
Nonlinear interaction of a shock wave with an anisotropic entropy disturbance
field

The nonlinear interaction between a shock wave and an anisotropic entropy
disturbance field is investigated with second-order corrections to the hydrodynamic
variables taken into account. It is demonstrated that nonlinear coupling between
acoustic modes leads to the localization of sound perturbations behind the shock front.
This effect occurs under conditions where, in the linear approximation, no acoustic
attenuation is present. An analytical framework is developed that eliminates secular
terms in the description of acoustic—acoustic interactions when second-order effects
are included.

Key words: nonlinear interaction, acoustic waves, shock waves, additional-
phase method



1. Introduction

A large number of theoretical and experimental studies over the past fifty years
have been devoted to the interaction of planar shock waves with various perturbation
fields in a medium (see, for example, [}, 12,1314, 516, 7,89, 10} 11, [12]). In particular,
within the linear approximation, the interaction of a shock wave with acoustic waves
[2, [11], isotropic fields of turbulent vorticity [8]], and density perturbations [9, [12] has
been considered. In all these cases, behind the shock front additional acoustic and
entropy—vorticity perturbations arise on top of the initial fields.

In a series of works [[13}, 14, 15,116} 17, 18,19, 20], the problems of the temporal
evolution of various systems with density perturbations under shock-wave processes
or accelerated motion have been investigated. Within the linear approximation, it was
shown that the sound wave propagation regime in the post-shock region depends on
the angle between the axis of anisotropy of the perturbation field and the shock-wave
velocity vector. For relatively small angles 6, between the anisotropy axis and the
inward normal to the shock front ng, the projection of the sound wave velocity c,
onto the axis Ox || ng is positive. As 6 increases, the projection ¢, decreases and,
at 0y = 0, (where 0, is determined by the medium parameters behind and ahead
of the shock front [13]]), it becomes equal to the flow velocity. In the interval of
angles 6 < 6, the acoustic wave propagates behind the shock wave. When the
angle 0, reaches the threshold value 6, the projection of the velocity ¢, equals the
shock velocity. For larger angles (6y > 0;), the acoustic perturbations behind the
shock front are described by surface acoustic waves [2]]. According to these results,
in the case 0 = 0 the sound velocity coincides with the shock velocity, and spatial
attenuation of acoustic perturbations is absent. Therefore, the amplitude of these
perturbations behind the shock front must vanish. To correctly describe the spatial
structure of the acoustic field under these conditions, it is necessary to go beyond the
linear approximation.

In this paper, the problem of the interaction of a shock wave with an anisotropic
density perturbation field is solved with the inclusion of second-order corrections
to the hydrodynamic quantities. In this approximation, the hydrodynamic variables
satisfy inhomogeneous wave equations [21]. Applying the standard perturbation
theory to the pressure equation leads to the appearance of secular terms (growing with
time). A new analytical method for solving equations of this type is proposed in the
present work. It is based on a generalization of the approach used in the theory of
ordinary nonlinear differential equations [22]] and consists in introducing an additional
phase into the linear solution. Using this method, it is shown that for 6, = 6 there
exist decaying acoustic perturbations behind the shock front.
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2. Interaction of a shock wave with a density perturbation field.
Linear approximation

Let us consider the collision of two semi-infinite plates, one of which is at rest

(see Fig. [I). The incident plate (the impactor) initially contains a spatially anisotropic

field of density perturbations. As a result of the collision, shock waves propagating
outward from the contact discontinuity arise in both plates.

SW Yycp sw @

Gp:#0 6P2#0 |/

1] 8%#0 Bv2#0 1 1
5pi#0 3P1=0" \ 3
y \

0C:#0 6vi=0 h . \

| Impactor 0 Target x

/

Figure I. The problem statement.

The impactor velocity is assumed to be sufficiently large (on the order of 5 km/s).
Therefore, the elastic—plastic properties of the colliding plates can be neglected, and
the interaction of the shock wave with the density-perturbation field in the impactor
can be described using the equations of hydrodynamics:

dv

— P = 1
pdt +V 0, (1)
dp

’ — 2
de Pdp

_ P _0 3

dt  p?dt )

Equation (3)) assumes that the motion of the medium is isentropic.

The system (1)) — (3)) must be supplemented with the Rankine—Hugoniot condi-
tions at the shock front [23]]:

1 1
Vir = V2, Vip — Vo = \/(P2 — P) (— — —>; 4)
P P2

P, - P 1(1 1

ol ———)<P1+P2>, 5)
p2 — pP1 2\p2 m

3% = pip2
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where vy, v1, and vy;, V9, — the tangential and normal components of the velocity
upstream and downstream of the shock front, the mass flux j = v1p; = vopo and €1,
g9 — the mass flux and the specific internal energy on both sides of the shock wave.

Following [24]], we represent the specific internal energy € as a sum € = € + (,
where . 1s the elastic part of the internal energy and ( is the specific thermal energy.
In this case, equation (3)) can be written as:

R S ) (6)

We will employ the Mie-Gruneisen equation of state (EOS) for the medium [24],
using the cold-compression curve in the form given by the Tait-Murnaghan model

[25]: 2 )
p=H <<ﬁ) - 1) +TpC, (7)
Po

where py, ¢y — density and speed of sound for uncompressed («cold») medium; p —
the current density; I' — the Gruneisen coefficient; n — constant.

Assume that the initial densityperturbation field in the impactor is described by
the expression:

dp1 = Asp, cos (kozx + koyy) (8)

while A;,, /p1 = € < 1. The anisotropy axis for such a perturbation is aligned with
the vector ko (see Fig. [I)). The shock wave with velocity (dy — v1), that is directed
opposite to the axis z (d; — v; < 0), overtakes the perturbation from the right. The
angle between the vector kg and the Ox axis is 0y (tg 6y = ko, /ko.). The solution of
the problem will be sought using a series expansion in the small parameter ¢:

f=fo+ fie+ foe® + ..., 9

where f is an arbitrary hydrodynamic quantity.
In the linear approximation, the system (1)) — (3]) behind the shock front takes
the form (see, e.g., [[13])

009, 00va, 1 00P

5 + Vg I :_E oz (10)
R
o e v (G ) <0y
ooy (e eee) = @
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where 0vo, 0 P, and (s are the first-order corrections to the initial values of velocity,
pressure and internal energy, respectively. To determine the perturbations of the
hydrodynamic quantities in the post-shock region, the system — must be
supplemented by the Rankine—Hugoniot conditions written in the linear approximation,
@), (9), and by the EOS condition (7)) (see, e.g., [13] for details).
The solution of the resulting system can be sought in the form of a harmonic
function
df = Asycos (kyx + kyy — wt), (14)

where f denotes any hydrodynamic quantity. For convenience we will further use the
notation

o = kyx + kyy — wt. (15)

According to [23]], the solution can be represented as a superposition of acoustic and
entropy—vorticity waves. Substituting into @), (3), (7) and - yields a
system of algebraic equations. The analytical expressions for its solutions are rather
cumbersome, and therefore are not given here.

Of greatest interest for the study is the dependence of the projection of the
acoustic wave vector in the post-shock region on the initial angle of incidence. From
— it follows that the x-projection of the acoustic wave vector is equal to:

kOx(dl — Ul)(Ug — dl) + CQ\/k%x(Ul — d1)2 — (C% — (UQ — d1)2) kQ

(k) Y (16
T )+ B C% - (UQ - d1)2 7( )
and the corresponding frequency is
w® = kD, + cz\/(kg(i’)Z + k2. (17)
Then the projection of the sound speed onto the z-axis is
dw®) kY
Cop = “(8) =0t —— e (18)
According to (16), for incidence angles that belong to the interval
*ok Hok U1 — dl
0 <6y <0y, 0, = arctan ( ) (19)
C2

the solution (kg(f) ) corresponds to the «incidence» of acoustic waves from the right

onto the shock front for any values of k. Since there are no acoustic sources behind



i

the shock front responsible for the generation of such waves, in what follows we will
consider only the acoustic field with the wave vector projection <l~cg(f)> =i In
+

the case 6y = 0", the projection k;;(f) = 0, and the acoustic waves propagate parallel

to the shock front.
For large incidence angles

0 < 0y < g (20)
the projection of the wavevector 3 acquires a positive imaginary part, and according
to (18), |caz|> |dy]. It follows that the acoustic perturbations are described by surface
waves [2].

The most interesting region of angles is

—d
0," < 0y < 0, 05 = arctan i : (21)

C% — (Ug — d1)2

In this interval, the projection k:;s) 1s a negative real quantity, while the imaginary

part of k) vanishes. Thus, unlike in the case of incidence angles , the acoustic
wave must propagate toward the shock front [13]]. In the next section, the solution of
the system (T]), (2), (@) — (6)) is obtained by incorporating second-order corrections
that account for the interaction of acoustic waves with each other. It is shown that
the inclusion of nonlinear effects leads to a qualitative change in the behavior of the
solution in the post-shock region.

3. Nonlinear interaction of acoustic waves

The inhomogeneous equations for the second-order corrections to the hydrody-
namic quantities can be obtained from the system (TI)), (2)), (4) — (6) using the standard
perturbation theory [21]]. Similar to the first-order analysis, we assume that pertur-
bations of the hydrodynamic variables in the post-shock region of the impactor are
harmonic functions. In this case, one can write:

0f = Asgcos (kpx + kyy — wt) + Agi i cos (k:;x + k’;y — wl/t) ; (22)

where f denotes any hydrodynamic variable corresponding to acoustic or entropy—vor-
ticity waves. The symbol ¢ indicates first-order quantities, while §” corresponds to
second-order ones. The parameters k;, k;, and w" are the x- and y-components of the
wave vector and the frequency for the second-order correction, respectively. It should
be noted that these are not small quantities.
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Thus, in the second-order of the perturbation expansion, the system of hydrody-
namic equations ((I)) — (3) takes the form:

Ci+Ci+Ci3=0, (23)
Co + Oy + Cy3 = 0, (24)
Cs1 + O3z + C33 = 0, (25)

Cy + Cyo = 0. (26)

The explicit form of the coefficients Cyy, is given in Appendix[Al Equation follows
from (T)). Equation is obtained from the x-component of (2), while comes
from its y-component. Equation follows from (3. The terms C11, Ca1, C31, Cy
correspond to the interaction of acoustic waves with each other, and the corresponding
second-order hydrodynamic quantities are denoted by the superscript (1). The terms
Cha, C99, Cs9, Cyo describe the interaction of acoustic waves with entropy—vorticity
waves, with the corresponding second-order quantities denoted by the superscript (2).
The terms ('3, Cy3, C'33 correspond to the interaction of entropy—vorticity waves with
each other, with the associated second-order quantities denoted by the superscript (3).
In writing (26), it is taken into account that terms corresponding to the self-action of
the entropy wave cancel out.

Analysis of the equations presented in Appendix[A]shows that taking into account
sources of the second type (acoustic-entropy) and third type (entropy-entropy) does
not lead to a qualitative change in the solution. The situation is different for the
first type of source (acoustic-acoustic). As will be shown below, accounting for the
interaction of an acoustic wave with itself can lead to a qualitative change in the
solution (the emergence of attenuation) for certain values of the angle 6.

4. Additional-phase method

From equations (23| — (26)), it follows that for the first type of interaction
(acoustic—acoustic), the equations in the post-shock region take the form:

85//1};? Y 5(5”?)%) _ _i65,1P2(1) (27)
ot 2 O P Ox
05//1}2}) Y @5//1)%) _ _iaé//PQ(D 28)
ot S py Oy
95" pél) 95" pél) o 5"@51) ((9(5”1)%)
+ V2 + P2 =+ =
ot Ox ox oy

= A?;pQ (w(s) — v2k§5)> sin 20, (29)
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1 ~(1) 1 -(1) T n (1) 06" (1)
ot ox 02 ot ox
A3,T¢
__ T0p2 (s) _ (s) _ ;
207 (w (5 ) (1 —T')sin2¢p, (30)

where §"vs, 8" p9, 6" (5 — second-order corrections to the velocity, density, and specific
internal energy, respectively. The right-hand sides of equations and represent
the squares of the perturbations of the hydrodynamic quantities in the first-order
approximation.

According to — (30), the equation for the second-order correction to the
pressure " P, takes the following form:

5 As \ 2
EWH=¢< m)cw%n (31)
P2
where
(w(s) — kés) v2> 02 n—1
b= — 5 n%(—) +T(T + 1)%C2| po,
€ Po

2 2 2 2 2
Aol (1 (=) )0_+2“_;8_8_.
c; Ot & 0x? c30x0t  Oy?
Since the specific internal energy and the constants n and I' are non-negative, it
follows from expression for v that ¢ > 0.

If, following the standard perturbation theory [21], one seeks a solution of
equation in the form of a plane wave, secular terms (growing with time) appear
in 0" P, [21]]. A similar problem arises when applying standard perturbation theory
to ordinary nonlinear differential equations [22]. A method to avoid the emergence
of secular terms in such equations has long been known (see, e.g., [22]). Here, we

generalize this method to solve equation (31)).
We represent the pressure perturbation behind the shock front AP, as a sum:

APy = 6P, + 6" P. (32)
The first term in differs from the first-order pressure correction 0 P
F10P, = 0, 0Py = Asp, cos ((z,y,1)), o(z,y,t) = k¥z + koyy — wDt  (33)
by a phase correction

5ﬁ2 - A5P2 COS (90 + g(xa Y, t)) . (34)
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The frequency w'®) appearing in obeys the dispersion relation , and the
amplitude A;p, is obtained from the solution of the system — supplemented
with the linearised boundary conditions (4)), (5) and the EOS (7)), together with the
initial condition [18]. The parameter g is chosen so that the function ¢ P, satisfies
the inhomogeneous equation (31):

. A 2
FoP, =1 <ﬁ) cos 2(p. (35)

P2
The functiond” P, in this case satisfies a homogeneous wave equation:
F8"P, =0 (36)

and no secular terms arise in the second-order correction to the pressure.

Following [22], we assume that the additional phase g is small compared to ¢
(34), i.e., |g|< |¢|. The boundary condition for equation at the shock front takes
the form

g(dit,y,t) = 0. (37)

To determine the second-order corrections to the velocity, density, and specific
internal energy (as well as 6 P,), one must supplement the system - with
equations accounting for the interaction of entropy—vorticity waves with each other
and with acoustic waves (see Appendix[A)). The solutions of these inhomogeneous
equations do not contain secular terms. Therefore, the desired hydrodynamic quantities
can be computed within the framework of the standard perturbation theory [21]].

5. Standard definition of the additional phase

Using the regular method to seek a solution of equation (35]), we obtain the
following solution containing secular terms:

APy, = Asp, [cosp + a(x — dit) cos g sin ] + Agip, cos 2. (38)

Since the solution is obtained via a perturbation expansion, the resulting secular term
1s essentially the first term in the Taylor series expansion of some function. Therefore,
according to [22]], for the phase correction we can use the expression

g9(z,y,t) = —a(x — dit) cos p,
— w A5l72
2p2 [(w — kyv2) (v2 — di) + kuc3] po

a (39)

It should be noted that a similar expression for the phase of an acoustic wave, taking
into account nonlinear interactions among acoustic waves, is presented in [26].



—11 -

Consequently, the self-interaction of an acoustic wave leads to a correction in
its phase: .
Py, = Asp,cos (p — a(x — dyt) cos ) . (40)

The situation changes when 6y — 6. In this case, the expression in the square brackets
in the denominator of (39)) tends to zero.

6. Additional phase near the surface wave excitation threshold

We investigate the spatial structure of the pressure perturbation field behind
the shock front near the surface wave excitation threshold, i.e., for |6 — 0y|<< 6.
We assume that the variation of the angle 8, occurs solely due to an increase in the
x-component of the initial wave vector kg, (Ko, (Ko, = const).

In this case, the regular method for seeking a solution of equation yields

AP, = Asp, [cosgp + x (z — dqt) cos psin g + p (x — dit)* cos 2@} +
+1215~p2 cos 2(p. (41)

The emergence of the additional term in compared to expression can
be explained as follows. As 6y — 6, the expression in the denominator of tends
to zero. Therefore, when substituting into (35), the contribution of all terms
proportional to (z — d;t) also tends to zero. Consequently, for to satisfy (33)),
it is necessary to include a term proportional to (z — dt)? with a coefficient y ~ .
Higher powers of (z — d;t) do not need to be considered, since the equation under
study involves derivatives of at most second order.

In the considered region, for the x-component of the acoustic wave vector in the
post-shock region and its correction, the following holds:

k=kP(6) = —

X

ko, (42)
3/2 Yy
(cg — (vg — d1)2> Oy

Thus, the applicability region of solution corresponds to dkg, 2 kj,. Outside
this region, the order of smallness of the parameter o exceeds ¢.

It should also be noted that in the considered region, the x-component of the
sound velocity ¢y, 1s close to the shock velocity:

Cop = dy + Y Sk (43)
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and at the point 6y = 0, it exactly equals the shock velocity. Therefore, the region of
existence of the acoustic wave must be limited.

In general, the phase correction caused by nonlinear interactions has a rather
complex structure (see, e.g., [26]), so determining its exact functional dependence is
a difficult, often intractable, problem. For this reason, it is impossible to reconstruct
its full functional form using only first-order perturbation theory. However, one can
still identify the emergence of qualitative changes in the solution, as demonstrated in
this section.

The search for a solution in the considered region begins with the case 6 = 6;.
Then, we investigate how the obtained solution changes when moving away from
For 8y = 0, the denominator in expression 1s exactly zero, and the solution
(

i must be considered for k;(f) = k. In this case ¢ — ¢* = ka + kyy — (2, where,

according to , QO = Kvg + 94 /K2 + /cgy.

In this situation, the phase correction contains terms of order ~ /¢ and it is
therefore necessary to account for the phase correction of the phase itself (see (40). In
addition, terms corresponding to the x (x — d;t)? contribution in must be included.
As a result, for 5]52 one can write

0P, = Asp, cos {p" 4+ dp"} e~V (z=dit), (44)
" = 0Kk (x — dit) + Y (z,y,t) — o™ (v — dyt) X

x cos {p* 4+ 0k* (x — dit) + U(z,y,t) — o (x — dyt) cos "} eV (@=dib)
U(z,y,t) = B (x — dit)* + B3 (x — dit)* cos p* + B (x — dyt)? cos " sin .

Here, 0x*, o, v*, B, B5, B3 denote the values of the corresponding quantities at
0y = 0. Next, we examine in detail the necessity of including each of the terms in
P

Taking into account the second-order in the expansion in dp*, expression
must reduce to (41). To achieve this, it is necessary to include in dp* a term
U(x,y,t) ~ . As mentioned above, the emergence of this term is related to the
impossibility of determining the exact functional form of the hydrodynamic quantities
without including all terms of the expansion in dp*.

It should also be noted that from the series expansion it follows that y ~
dk*a* ~ ¢. Therefore, assuming that the orders of smallness of 6x* and o™ are the
same, we obtain

OK" ~ o ~ /e (45)

The necessity of including a decaying exponential in can be explained as
follows. Expanding cos (¢* + d¢*) to the second-order shows that only terms from
d¢* whose order of smallness does not exceed +/z can appear as multipliers of cos ¢*.
From the condition W(x,y,t) ~ e, it follows that terms contained in this function
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can only appear as multipliers of sin ¢*. This means that in the final expression for
A P,, second-order terms proportional to cos ¢* cannot cancel with any term from
U(z,y,t). To resolve this issue, one must account for the fact that, in general, the
phase correction may contain an imaginary part. The presence of an imaginary part in
the phase leads to a decaying exponential (the growing part is discarded).

Thus, using the expansion in small parameters in expression (44)), from the
equality AP, = § P, we obtain:

BT _ 5/{/*7*7 52 _ _2&*7*’ B;; _ (&*)2 /2’
(7*)2 = (5/<c*)2 + (()4*)2, w=a* oK. (46)
From and it follows that:

3~ Plor 1 @)

%@[Mr—wf—cg

Since ¢y > (dy — v2) (see, e.g., [23]]) and ¢ < 0 (see (31)), 7* is a real number. From
and (46), it follows that a* ~ dk* ~ v*, so the obtained solution is valid for a*
and 0K*.

When moving away from the point 6, the phase of the perturbation must ad-

ditionally account for changes in the wave vector projection k§f> = k + 0k and the
frequency w®) = O+ 9. Note that the correction ~ §x*, obtained at 6, = 05, persists
for 0y # 6;. Therefore, solution can be extended to an e-neighborhood of 6,
where 0k < 0K,

In the resulting solution for OP (see ), it 1s necessary to account for the
substitutions ¢ — ¢*, o — «a(dk), v — Y(0k), B; — B1(dK), Bs — P2(dK),
B5 — P3(dk). Moreover, expression with and k) = k + 6k + 6x* reduces
to in the limit §) — 6.

The presence of the correction dx*(x — dit) in the phase prevents the coefficient
o from diverging as 6y — 6 (see (39))). Assuming vy ~ o, we obtain the following
expression for v in the region 6y 2 65 (k, = k + 0k):

Y Asp,

V=D :
c3p3 {(dl —y)? — cg} (0k* + 0K)

(48)

where D is a constant that can, for example, be determined via numerical simulation.

To relate expression to (38), it is necessary that, when the incidence angle
6y approaches 6, the quantities dx, 31, B2 and B3 can be neglected within the second-
order approximation. This assumption is also consistent with the observed weakening
of the attenuation as as 6 approaches 0".
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Note that for 6k = 0 (6 = 6;), expression (48] coincides with (47)), and for
increasing 6, using the expansion of the wave vector, it transitions into expression
(39). A decrease in y and, consequently, in the attenuation is also observed as 6,
approaches 0;".

7. Conclusion

In this work, the interaction of a shock wave with an anisotropic density pertur-
bation field is investigated in the second-order approximation. To solve the inhomo-
geneous equations arising in this approximation, a new analytical method is proposed
that allows one to avoid the appearance of secular (time-growing) terms. This method
generalizes the approach used in the theory of ordinary nonlinear differential equations
[22] and is based on introducing an additional phase into the solution of the linear
approximation. Using this method, it is shown that for certain angles of incidence
of the shock wave on the spatially anisotropic density perturbation field, a decaying
acoustic field arises behind the shock front, which cannot be described by surface
waves.

A. Appendix
The coefficients in the equations — have the form:

o5" (1) . )
O = T2+ 00 7 V8 +va(8"p} ) + 607 7 6v47 +
+ov (7 0p8), (49)
8(5”?}(1) 85/'1}(1) 1 85”P(1) 3(51}(8) 8(51}(8)
Clyy = 2z . 2z = 2 ) (s) 2z 5 (s) 2¢
NE Ty TR T T ey T T,
_opy” 95F;" (50)
2 0
P2 X
95" vV 85"l 1 osmpM a5v) a5v)
Clay — y N y 2 S 2y sy T 2y
51 ot L ox * po Oy T 0V ox T ovyy dy
o osrl? o
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ot ox P2 ot T Vr ox

(s) (s) (s) (s)
NG (51}(5)85@ +5U(s)85pg ) i (5 (5) 00C, L5 (5) 00, ) B
Y

o, 006 g TG (acs”;é” aa%é”) B

_E 2x ox 2y o Vg or U?y &g
_(roe” Tl (00n - 00py 52)
P2 03 ot T or )’
85// (2) e s
Cra = =2+ 0 7 V5 +va(78"p) + 60 7 ov +
+8'vi ) (78ps”) + 8vy (), (53)
0"y 98" 190"y Oovy) ovy,)
Coy — 2z . 2z - 2 5 (s) 2z 5 (e) 2z
22 ot + U “or +  Or + 0Vy, By + 0V, B +
aouvl?) osvl?  5pl o5 P
5/ (s) 2z ) (e) 2z 2 2 54
+ U2y ay + U2y ay P% or ) ( )
a8"vy) 98" 1 98P svY) o0y
_ ) 100777 | o 9%y | o ()90
Can ot L ox * P2 Oy T O0Uy ox T O0U ox *
351)(6) 851}(8) 5 (e) 85P(s)
5 (s) 2y 5 (e) 2y 9P 2 55
0% Ty T g, py Oy ©3)

0= T 0T TG <86"pé2> éW’pé”) )

o oy T\ T T

(e) (e) (e) ()
TG <5U<5>85p2 4 sl 900 ) N (5 (599~ 5 (900, >

p 2 g 2 " 5y Y2 T hy 2y
_(Tog”  rGipy’ (0spy) - oopy (56)
s p% (‘925 2x 8x ’
5" (3) e e
Chy = =2 4 o7 6" 4 va(w8"pS)) + 605 7 6v) +

ot
+5vée) \V4 5/)56) , (57)



—16 —

96" v 96"vsY 1 08"PY  a0us) (o osul)

— z . x - ) € 2z 5 € 2z 58
Coy ot R Ox * Py Ox Y Ty Y2y Oy , (58)
as"vy) 98" 1 o8P dovy) asvy)

_ § — 2 sl L sl (59
Cs3 BT + vy O + Dy + 0V, o + vy, 7 (59)

Using in ([7)) an expansion up to (and including) second-order, for the region behind
the shock front we obtain the following:

n—1 2 n—2
n—1)c
0" Py = <C§ (—zz) +FC2> 5% + T3 + | 21021,—01@ (305)" +
0

+T6¢ 6 p5. (60)

Here and throughout the following text, the superscript > on the perturbation of a
hydrodynamic variable (5 f>) denotes the expression ¢ f> = § f(¥) + § (€.

The interaction of acoustic waves with one another is described in detail in the
main text of the article; from the interaction of entropy-vorticity waves with each

other — it follows:
KO8 + EDael) = o, (61)
§'P¥ =, (62)

where k) = Zkff), kl(,g) = 2k,. From equations — for the interaction of
acoustic waves with entropy-vorticity waves, it follows:

;2 55 P
('Ukaé.Q) — w(2)> 5”1)52) + 5P2(2) = k:gS)# —
P2 P2

(w(s) — kés)vgx)éPgévéi)
- ~ , (63)

5 kP )
(vgzkf) — w(2>> 5"1}5; + 2 5"PY =
P2

= = (K0ul) + ko)) ool — (KOSuE) + kyool)) dul), (64)

(vark® =) 852 4 ps (5262 + 52502 =

() — gy i)
_ w Vo (5,0%6)5P2 . 5Pé€) (kée)(SUéi) — ]{Zy(SU;Z)) _

2
P2€3

~0p" (Kdul) — kyouly)) (65)
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TG 15 © (15, (5 (s W) (967 6 <
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Note that the coordinate of the shock-wave (SW) front is xg, = d;t (d; is the speed
of the SW-front), and for the subsequent calculations we will need the expressions
for the tangent and normal vectors to the SW-front surface. The perturbation of the
SW-front can be represented in the form & = Aj¢ exp {ipe} + Asre exp {igpg}, where

the following notations are used p¢ = kyy — wet, @ = 2k,y — wgt. Then, for the
tangent vector t (|t|= 1) and the normal vector n (|n|= 1) one can write:

" 1
t = {ikyA(jge% + QikyA(gngewf; 1+ 5 (k:yA(;ge‘pg)?} , (67)
1 "
n = {1 + 5 (k’yA(;ge%f ; —Z'l{?yA(;ge% - 227%145//56@5 } . (68)

Taking the above into account, the Rankine—Hugoniot conditions expanded to second
order take the following form:

" ", >

— ity 0"€ = ik, —2———L ¢, (69)
lz — U2y Uiz — U2y
ﬂ "X @ "
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&5p2 - @(5,01 : %

_ 16P2 — 5P1 P2 2 P1 _ (5£>2 ,ZC2 + 2Zky(gg(évly - 6U2y) i (70)
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Here we have used the expression for the specific «cold» energy to second-order in
the postshock region:

s _ ok ((p_) " 1) 50y, pock [n —1 (p_) " 1] (505)°
©n \\p P3 no [ 2 \po Py
and the notation 8" f> = §"f) 4+ §"f@ 1 §" fB3) where f denotes an arbitrary
hydrodynamic quantity.

It should be noted that considering the interaction of acoustic waves with entropy-
vorticity waves leads to the system of equations — (67)), which follows from the
hydrodynamic equations. By supplementing this system with the EOS (60), the
corresponding second-order perturbation amplitudes can be determined without using
the Rankine—Hugoniot conditions at the front. To find the amplitudes of perturbations
caused by the interaction of acoustic or entropy-vorticity waves with themselves or
with each other, it is necessary to consider jointly the corresponding hydrodynamic

equations — (30), (61), (62), the Rankine—Hugoniot conditions —([72)), and
the EOS ([60).
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