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YK 521.1+531.314
B.I1. Bapun. Kpurepuu uppanuonasibnocru tuna bpyna u Hupuxiie. Ilpe-
npuaTt Vucruryra npuknagioin maremaruku uM. M.B. Kenaoima PAH, Mocksa,
2025.

Ycremnnbie J0Ka3aTeIbCTBa UPPAMOHAIBHOCTH (DYHIAMEHTAJIbHBIX KOHCTAHT
KpaiiHe peJIKi 1 UCUUCJIAIOTCS HECKOJIbKUMU IIpuMepaMu. Bee amu npuMepbl 0CHO-
BaHbl Ha CBOMCTBAX JIGJTMMOCTHU YUCJUTENCH 1 3HAMEHaTeJ el Moy YeHHbIX Palll-
OHAJIbHBIX NPUOJIMXKEHUI, a TaK»Ke Ha KPUTEpUu upparuoHajbHocTu upuxie.
Kpome Toro, 3ToT KpUTepuil HEABHO JIC2KUT B OCHOBE JPYIHX MAJOU3BECTHBLIX
KpUTEpHEeB HppaIMoOHAJbHOCTH, HampuMep KpurtepueB DBpyna u Jlambepra—
Jlexkanpa. 3/1ecb Mbl JIa€M JIBa KPUTEPHUsl UPPAIMOHAIBHOCTH, KOTOPbIE 0000-
matoT Kpurepur Bpyna u Jlupuxie, u gaeM npuMepbl UX HPUMEHEHHsI.

KuatoueBbie cjoBa. Kpurepun nppamoHaJbHOCTH, TayCCOBDI 1EJIbIe, aCHMII-
TOTUKA 110CJIE/I0BATEJILHOCTEN.

V.P. Varin. Irrationality criteria of the Brun and Dirichlet types. Preprint of
the Keldysh Institute of Applied Mathematics of RAS, Moscow, 2025.

Successful proofs of irrationality of some fundamental constants are extremely
rare and count only a few examples. All these examples are based on the properties
of divisibility of numerators and denominators of the obtained rational approxi-
mations as well as on the Dirichlet criterion. This criterion also implicitly underlies
other less known criteria of irrationality such as, for example, the Brun and
Lambert—Legendre criteria. Here we give two irrationality criteria, which generalize
the Brun and Dirichlet criteria, and give some examples of their application.

Key words. Irrationality criteria, Gaussian integers, asymptotics of sequences.

© UIIM um. M.B. Kespima PAH.
Mocksa, 2025 1.
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1. BBEJEHINE

JlokazaTebCTBO UPPANMOHAIBHOCTH (M TPAHCIIEHICHTHOCTH ) (byHIAMEHTAJ b
HBIX MATEMATHIECKUX IOCTOSHHBIX — 9TO KJAACCUICCKHUN pas3jies aHaJIuTHIECKOI
Teopun dncest. ppanuoHaJbHOCTh 9nC/ia € Obliia M3BeCTHa elne Ditiepy, a uppa-
MUOHAJBHOCTD dncia m Oblia jokasana Jlambeprom (u Gosee mogpodbuo Jlexan-
apowm, eM. [1]).

OjHako HecMOTpsT Ha, psiji (PYHIAMEHTAJIbHBIX TEOPETHIECKUX PE3yJIbTaTOB,
IOJIy Y€HHBIX 3a 00Jiee YeM JiBa CTOJIeTHs, CJIe Iy OlInii 3HaUnTe IbHbI yerex (1mo-
MUMO JIOKA3aTeJILCTB TPAHCIICHICHTHOCTH ) OBLIT JIOCTUTHYT Amepu TOJBKO B 1978
TOJTy, KOTJIa OH JIOKa3aJl UPPAIHOHAIBHOCTL «KOHCTAHTHI Atepu» ((3).

Aliepu U3J102K1JI CBOE JIOKA3aTEIHCTBO B KOPOTKOI 3aMeTke [2] BechMa cxema-
TaHO. Bosiee 110jpobHOe JI0KAa3aTeIbCTBO MOXKHO HaiiTu B crarbe [3| BMecre ¢
00CY2KJIEHHEM er0 MCKJIIOUYUTEIHLHOCTH B TOM CMBICJIE, ITO 9TO JIOKA3ATEJIHLCTBO
He BIIMCBIBAETCS B KAKOW-TMO0 METO/I, a sIBJISIETCS CKOpee CYACTIMBOM CJrydaiiHo-
CTHIO, KOTOpast 1M0Ka YTO HUKAK He 0000IaeTcs.

B pasn. 2 MBI DpuBOAMM TPH IIPEMEPa JOKA3ATEIbCTBA HPPAIMOHATLHOCTH
nuist koucranT In(2), ((2) u ((3), KoTOpble UMEIOT SBHOE CXOJCTBO M, KA3aJ0Ch
ObI, JIAJIEKO UJIyIINE aHAJIOIUH,

Ojtrako 91u aHajgornu (1Mo KpaifHeii Mepe, HEKOTOpPbIE U3 HUX) ObLIN JABHO
3aMEYEHDI, W TOMBITKA WX ODOOIUTH MPEeMPUHUMAJUCH HEOJAHOKPATHO (1 Ge3-
VCIIETITHO ).

Bce Tpu gaHHBIX pUMeEpa CYHIECTBEHHO ONMUPAIOTCsT Ha CBOMCTBA JIEJIMMOCTH
JUCTUTEICH p U 3HAMEHATe el ¢ MOJyIeHHBIX PAIMOHAILHLIX MPUOIMKEHU, a
TaK»Ke Ha KJIACCHIEeCKU KpUTepuil uppalmonaabuocTu Jupuxie. 9ToT KpuTepuii
BECbMa IPOCT:

ITyecmv nocaedosamenrvrocms payuonasvhuix wuces {p/q} cmpemumesn x npe-
denry o u NP IMoMm

p—agl =0, 1)

mo2da (v UPPALUOHANLHO, AK KAK UHAYE, M.€. ecat & = a/b, a, b € 7, noayum
nocaedosamesvbHocmy Hamypasonux wucea, |bp — aql — 0, wmo nesozmoorcno.

DTOT KpUTEpuii UPpaIuoHaJIbHOCTH, HACKOJbKO HaM H3BECTHO, Yallle BCEIro
HPUMEHSIETCS Ha NPAKTUKE, [IPUYEM CJIydau ero yClelHoro npuMeHeHust Kpaiine
pejiki (CM. HUXKE).

OjiHaKO M JiBa JIPYI'HMX, 3HAUYUTEJbHO MEHee M3BECTHBIX KPUTEpPUsS HpPPaIio-
HAJILHOCTH, a uMeHHo: kpurepuii Jlambepra—/lexxanapa u kpurepun Bpyna (cM.
0030p B [4]) onupatorcest B cBouX Jokasaresaberax (em. [1] u [5]) Ha cBejenue K
IIPOTUBOPEUNIO, KOTOPOE BbIPAXKAETCS B IOCTPOCHUU TTOCJIEI0BATEIBHOCTH HATY-
PAJIbHBIX YUCEJI, CTPEMAININXCA K HYJIIO.
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Takum ob6pazom, cBOHCTBO (1) JIEKUT B OCHOBE M 9THX JIBYX MaJOM3BECTHBIX
KPUTEPUEB U TI03TOMY SABJISICTCS OA30BbLIM.

OueBuiHo, Kpurepuil JIupuxie, eciyu OH BBIIOJHEH, MOXKHO JIEMKO HAPYIIUTD,
ecsin OpaTh IPUBOJMMBIE IOCJIEJI0BATEILHOCTH JIPOOEi p/q. DT0 3HAUUT, YTO eCJIu
HE 3HATH MHOXKHUTEJIEH YMCes P U ¢, HA KOTOPbIE MX MOXKHO ObLIO Obl COKPATUTD,
to Kpurepuil Jupuxiie Moxer ObITh OeCIIoes3eH, J1axKe eCyr MOy YeHHasl 10Ce-
JIOBATEIHLHOCTD PAIlMOHAJbHBIX IPUOIMKEHUI CXOAUTCS OYeHb OBICTPO.

HackoJbKO HaM M3BECTHO, BCE YCUJIMSL 110 JIOKA3ATEIbLCTBAM UPPAIMOHAILHO-
cru (Hanpumep, KoucTanTbl ¢(5)) YKIAJAbIBAIOTCS B TY YKe MapaJurmy, 4To U JiJis
JAHHDBIX BBILIE KOHCTAHT. A MMEHHO, JOKa3aTeIbCTBO UPPAIMOHAJLHOCTH BCEr A
IPEJIIONATACT MOCTPOCHUE JTOCTATOYHO OBICTPO CXOAAIICHCH OCIEI0BATCILHOCTH
PaIMOHAJILHBLIX NPUOJIMIKEHUI, J1JIsi KOTOPOi BBINOJIHACTC KpuTepuit Jupuxie.

B jammoii crarbe JejaeTcs HOIbITKA B3TISHYTh Ha 3Ty HPOobJIeMy II0J APyIuM
YIJIOM, T.€. MONBITATHCS KAK-TO PACIIMPUTH MMEIONIUICS CKyIHbIH HabOp KpuTe-
PUEB UPPALMOHAJILHOCTH.

Hanpuwmep, B pabore [4] nokazano, 4o jijist jl0Ka3aTe/IbCTBA UPPAIUOHAJIBLHO-
CTH HEKOTOPO¥ KOHCTAHTBI JOCTATOYHO HOCTPOUTDL IOCJEI0BATEIHLHOCTD PAIAO-
HaJIbHBIX IPUOIXKEHUIT, KOTOpast CTPEMUTCsI K Heil ObIcTpee, 4eM M0C/Ie10BaTe  b-
HOCTbH TIOJIXOJIAIINX JApobeil ee 0ObIKHOBEHHOM 1erHoil japobu (cM. Takxke [6]).

Pazymeercsi, 3T10T «KpuTepuii» abCoJIOTHO HE IPaKTHYeH, TaK KaK CBOWCTBA
HY>KHOI1 IIEeIHOMI JpoOdu 3apaHee HE U3BECTHHI.

B paszji. 3 MbI HOKaxKeM, 4TO MPPAMOHAIBHOCTH HEKOTOPOH KOHCTAHThI (¥ TEC-
HO CBsIi3aHa C CYHNIECTBOBAHMEM aCUMIITOTBI /IS HOCJIEA0BATEILHOCTH T'ayCCOBBIX
IEJIBIX, ACCOIUMUPOBAHHOMN C [IOCJIEOBATEILHOCTHIO €6 PAIMOHATLHBIX TPUOJIHKe-
HUIA.

DT0 CBOWCTBO IayCCOBBIX MEJbIX JaeT BO3MOXKHOCTL 0CaabuTh Kpurepuii (1),
B KOTOPOM T€IEPb JIOCTATOUHO 10TPeHOBATH OIPAHUUEHHOCTH BEJIMUUH |p — aql.

2. ITPUMEPHI IIPUMEHEHUA KPUTEPUA JINPUXJIE

[IpuBejem npuMepbl yCIEITHOTO HPUMeHeHusi Kpurepus Jlupuxie, KoTtopbie
CYIIIECTBEHHO OMUPAIOTCA Ha CBOUCTBA JEJAUMOCTH YUCJIUTEJICA P U 3HaMeHaTe e
¢ TIOJIYUEHHBIX PAIMOHAJbHBIX NPUOJIMKEHUIA.

Paccmorpum 1iennyio apobb

-2 K= K& )
3+ n=2 6n—3 n=1 b,

KOTOpas COOTBETCTBYeT JuaroHajbHoil [1ajie—annpoKcuMalyn CTeNeHHOro psijia
dbyskuun In(x + 1) B Hyse npu nojcranoske B Hee © = 1 (cm. [7]).
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SameTnm, 9TO KJlaccudeckasi IernHasi JIpoOb KOHCTaHThI Jditjaepa—lomnepriia
BECbMa, [TIOX02Ka Ha, IPEJbIIYITYIO:

1 f% —(n —1)?

0= ,
24 n=2 2n

¥ OHa TaK K€ COOTBETCTBYET JMaroHajbHoO Ilaje—annpokcumanmum acuMITOTH-
weckoro psaga dyaxmuu exp(l/x) Ei(1,1/x) B Hyse, HO st Hee HalijeHHbIE aHA-
jorun (CM. HUKE) HE TTPHMEHUMBI.

Hpobb (2) MoxkHO MOJyuuTh ¢ MoMoIpilo e—ajiropurMa Bunna (Wynn) (cwm.
4, 8]). A uMeHHO: TTOJIOKUM

W(n, k) =0, k<0 Wi(n,0)=s(n)— é(—l)k‘l/k;

1
Wn,k+1)=W(n+1k—1 k>0
(n: &+ 1) (n+1, )+W(n+1,k)—W(n,k) T

torga Besuauabl W (0,2n), n € N — 910 mocsie1oBaTeIbHOCTD TOXOJISIIHX JIPO-
Oeit sipobu (2).

[TocsieoBaTebHOCTH panuoHabbix pubsimxkenunit W (0, 2n) yjaosiersopsier
Kpurepuio Jlupuxie, HO 5TO SMIUPUICCKUI PE3yJIbTAT, TaK KaK aJIOPUTM IIpPHU-
BOJIUT JIPOOU aBTOMATUIECKHU.

[TocjieioBaTe/IbHOCTH YUCAUTENECH P, U BHAMEHATEJIEN ¢, MOJAXOASIIUX JIPo0eit
pas3siokeHnst (2) BBIUUCIAIOTCA MO CTAHJAPTHBIM (OPMYJIaM, KOTOPBIE MOYKHO
TaK»Ke 3alucaTb OJHON (POPMYJION JIJIs MOCEOBATEIbHOCTH 24YCCOBHLL UENDIL

Gn = Gn + 1 Dn, = -1
g-1= 7;7 go = 17 gn = bn Gn-1+ Qngn—2, N > O, (3)
TI€e Ay, by € Z — 970 dacTHBIE ducauTenn U 3HaMenaresn apoou (2). [ogyaaewm:

{pn} = {2, 18,262, 5340, 139988, 4486104, 169918488, 7426512864, .. .},
{g.} = {3,26, 378, 7704, 201960, 6472080, 245140560, 10714193280, . . .}.

OjtHaKo JIJIs1 TOCJIeI0BATEILHOCTER Py, U @, KpuTepuii upuxjie He BBITOJIHEH,
TaK KaK 3TU BEJUIUHBI PACTYT CJIUIIKOM OBICTPO.
MoxxHo 1npoBepuTh, 4TO

Pn+1  DPn 2 1 2 1 2
— (= Y3 an’ ) ) RIS ,TLEN().
It 3’39’ 2457’ 40446’ 2701215

O603HaUUM

ci(n) = C(n,k)C(n+k,k), d,=1lem(1,2,...,n), neN,
k=0
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riae C() — 1o Gunomuasbhblil Koaddunment, a lem() — 910 HauMenbiee obiee
kparHoe. Torga nosyaum passioxkenne, SKBUBAJICHTHOE 1enHOH j1podu (2):

- 2
In(2) = Z necy(n)e(n—1)

n=1

[Tomoxkum Tenepnb

. duypn . dygn
pn - ' 9 Qn - '
mn! mn!

Tora MOXKHO TPOBEPUTD, ITO

{pn} = {2, 18,262,2670,69994, 373842, 14159874, 154719018, 2554703978, . . .},
{@,} = {3, 26,378, 3852, 100980, 539340, 20428380, 223212360, 3685658760, . . .},

T.€. 9TH MOCIEI0BATEIBHOCTH COCTOIT U3 HEJIbIX YUCeJl U Jijist HuX Kpurepuii u-
PUXJIE BBIIIOJIHEH.

JlokazaTesbeTBa C/ICAHHBIX BBINIE YTBEPXKICHUN JadeKo He odeBuHbl. OHH
HOYTH 3€PKAJBHO BOCIPOU3BOJAT JIOKA3ATEIbCTBA UPPAIIMOHAILHOCTH KOHCTAHT
C(2) u ¢(3), nannbix Anepu (cm. [2], a rakxke Gosiee 110pobHO [3, 9]).

[lepeitiiem x creytomemy mpumepy. Pacemorpum tennyio 1pods (em. |3, 4])

5 1 (n—1) 5 1 16 81 256

2) = — =
¢2) 3+ n=211n?2—11n+3 3+ 25+ 69+ 135+ 223+

(4)

D1a JApobb COOTBETCTBYET MOC/IEI0BATEILHOCTH DAIMOHAJIBHBIX TIPUOJIMKEHWI,
MOJIy Ie€HHBIX ATiepn B [2|, HO B SIBHOM BHJIe TaM OHA He TIPUBOJIUIIACD.

Jpobb (4) MOKHO 10JTy9UTh ¢ MOMOIIBIO p—ajropurma BubHa, KOTOpbIil HjeH-
TdeH aJropurmy THiie MOCTPOCHUST HHTEPIOJIAMOHHON PAIMOHAIBHOMN AlllPOK-
CHMAITMN B BUJIE TIENHOf gpodu (cM. [4]). A nMeHHO: TTOJI0KAM

T(n,k) =0, k<0; T(n0) =s(n)=> 1/k

Hn 4 k) — t(n) oo ®
Tt Lk—1)—Tn k-1 ’

Tn,k)=T(n+1,k—2)+

rje t(n) = m — 9TO BCmoOMOTraTe bHAs MOCJIEI0BATEIBHOCTD (MOI0NpaeMast MIIH-
puueckn ). Torga sesmannnt T'(0,2n) = p,/qn, n € N — 3710 1ocje10BaTeIbHOCT
MOJIXOJIAIIMX Jpobeit apobu (4).

[lyctb g, = ¢n + Py — 9T0 MOCJEJOBATEILHOCTD TAYCCOBBIX MEJbIX (3) st
nenHoii jipobu (4). Torga MOKHO MPOBEPUTD, YTO

Pntl P 5 =5 5 —9 1 —9 N
—— (=95 N () :
n+1 On 372287 251377 2942352’ 703875157 42519730572 ’ 0
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ca(n) = Z C?(n, k) C(n+k, k).
k=0

Tora nostyanm passioKenue, SKBUBAJCHTHOE HEMHON Jpobu (4):

n—1

- —1
(2) =5 ; n? CQEn) c)g(n —1)

[Tomoxkum Tenepnb

Toria MOXKHO TPOBEPUTH, YTO

(5.} = {5,125,8705, 296325, 66637595, 621542285, 201416115945, . . .},
{G.} = {3,76,5292, 180144, 40510800, 377852400, 177159754800, . . .},

T.€. 9TU MOCJIEIOBATEILHOCTH COCTOAT U3 NEJIbIX YUCEN U Jijist HuX Kpurepuii J{u-
puxJie BbinosiHeH. Jlokazaresbersa MOXKHO HadiTu B [2| (cxemarnuno) u B [3] 6osiee
10/IPOOHO.

Hakomer, npuseieM nocyieunii (I/I3BeCTHbH'71 HaM) npumep. Paccmorpum men-
HYIO JIpOOb
6(3)—6 iy —(n—1)° 6 1 64 729
b+ n=234n3 —51n2+27n+5  5— 117— 535— 1463—

910 (BecbMa m3BecTHas) TenHas pobb Amepn (cm. [4], a Takxe [2, 3, 9]).

(6)

Hpobp (6) MOXKHO MOTYyIUTh ¢ TOMOTIBI0 ajroputMa Tume-(Bumnna) tak xe,
Kak 1 Jipodb (4). st aroro B hopmysax (5) cieyer mosoxuTh

n

1
s(n) = g 3 t(n)=n(n+1).
k=1
BamernM, 9T0 ATepH UCIOJB30BAT B |2| crenuajbHbIil ajiropuT™M yCKOPEHUs
cxogumoctu (0 uem pejiko tmryT). [pu arom Anepu uexoqui u3 (BecbMa Heoue-

BUJIHOI ) bOpMYJIbI
o0

3) = > —(_1)n—1 7
C()_§2n30(2n,n)' (7)
Ho pesysibrar ObL1 TOT 2Ke: JiBe JuHedinble GOpMbI, T.€. JIBe MOJOHOMHDIX MOCJIe-
JI0BaTEJIbHOCTH, S9KBUBaJIeHTHbIE J[pobu (6).

CymecrBoBanue JByX JUHEHHBIX (OPM BeChbMa CYIIECTBEHHO, TAK KaK 9TO
II03BOJIMJIO OLEHUTH ACUMIITOTHKY POCTa TOJOHOMHBIX HOC/IE[0BATEILHOCTENH, T.€.
qucauTesieil p u 3namenareseit ¢ (em. [3]).
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[TocietoBaTeIbHOCTH YUCAUTEIEH Py M BHAMEHATENEH ¢, TOAXOAAIINX JIpobeii
pazsioxkenust (6), BbraucssieMmbix 1mo gopmysie (3), umer Bu/

{pn} = {6,702, 375186, 548385360, 1701199780944, 9628728237797760, . . .},
{g.} = {5,584, 312120, 456205824, 1415240640000, 8010210009600000, . ..},

U JIJIsl HUX, pa3yMmeercs, Kpurepuii Jlupuxie Hapymaercs.
OTHAKO MOXKHO MIPOBEPUTD, 9TO 1j1s1 1 € Ny,

Pn+1 . p_n . 9 3 2 3 6 1
Gt qn ) 5714607 949365° 1525966240  3378493000625° 632754827248500° [
Ob6o3HaunM .
es(n) =Y C3(n,k)C*(n+ k., k).
k=0
Torpa mojyuuM pasJjioKeHue, SKBUBaAJIEHTHOE IEIHO# Jpodu (6):

- 6
¢3) = ; n3c3(n)ez(n — 1)

[Tonoxkum renepb
__dype . dyaa
Toria MOXKHO TPOBEPUTH, UTO

{5} = {6,702, 375186, 68548170, 212649972618, 5572180693170, 52037240544974502, . . .},
{G.} = {5,584, 312120, 57025728, 176905080000, 4635538200000, 43290164058120000, . . .},

T.€. 9TH MOCJIEIOBATEIbHOCTH COCTOSAT U3 TEJIBIX TUCEJT U JIJI HUX Kputepuit [lu-
puxJie BbinosiHeH. JlokazaresberBa MOXKHO Haditu B [2| (cxemarnuno) u B [3] 6osiee
10/IPOOHO.

Anasioruu B s0Ka3aTeIHCTBAX UPPAMOHAILHOCTH KoHcTanT 1n(2), (2) u ((3)
oueBuIHbl (0COBEHHO B HaleM u3jioxkenun). Pasymeercs, s1u anajgoruu Oblin
3aMEUYEHbl MHOTMMHU ABTOPAMHU, U IONBLITKM uUX 06001UThL jiuist KoHcTant ((n),
5 < n, HEOJHOKPATHO NPEIIPUHUMAJICE paHee (cM., Hampumep, [9]). Ograxo
9TH YCUJINS HU K 9eMy He TpuBesin (cM. Takxke [4]).

[To-Buymumomy, mexty ((2), ¢(3) u nocaepyomumu suadenusivu ((n), 4 < n,
CyIIECTBYET HEeKuit Oapbep, MpUpojia KOTOPOro MoKa He siCHA.

3. KPUTEPUU NPPATIMOHAJIBHOCTU TUITA BPYHA 11 JTUPUXJIE

[Tycrh umeeTcst OrpaHUuIeHHOE MHOYKECTBO PalMOHAJIbHbIX uuces, « = {p/q},
p, ¢ € N, umeromiee eMHCTBEHHYIO PEIeNbHYI0 TOUKY. DTa TOUKA ABJIACTCS Be-
IECTBEHHBIM YMCIOM, KOTOpoe 0603HauaeTcs: Kak . Bosiee Toro, corsacno onpe-
JICJICHUIO BEIIECTBEHHBIX YNUCE/I KaK MONOJHEeHUs MHOXKECTBA, PAlMOHAILHbBIX, Ca-
MO MHOYKECTBO v (TIOCJIEJOBATEIBHOCTD ) PATIMOHATBHBIX YHCEJT — 9TO JIUIITH (OpMa
3aIIMCH BEIIECTBEHHOTO YUCJIA, (V.
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Henpusojgumocts jipobeit p/q, BXOJSANINX B MHOXKECTBO (v, HE [IPEJIIIOJIAraeTCs.
Ho ycisioBue, uro npejesbHasi TOUKa €JMHCTBEHHA, JIMOO MCKJIIOYAET CJiydail, Ko-
IJ1a MHOYKECTBO (v COJIEPXKHUT OECKOHEUHOE MHOXKECTBO IIPUBOJUMBIX JIpobeil B1jIa
nP«/Nqs, n € N, b0 qucsio o = p,/q. 3aBEJOMO PAIUOHAJIBLHO. DTOT CJIy4ail
Mbl MCKJIIoUaeM. MHbIMEU cjloBaM#, B MHOXKECTBE (v MOXKET ObITh JIMIIIb KOHETHOE
YUCJI0 COKPATUMBIX JIpoOeil, paBHBIX JPYT JIPYTY.

OueBuIHO TaKXKe, UTO MHOMXKECTBO 3HaMeHaTesell ¢ (Kak W JIucjauTesieil p)
HEOI'PDAHUYIEHHO, MHAYe (v PallMOHAJIbLHO. Bolpoc, siBjsieTcsi Jin 1npejes o uppa-
IIMOHAJIbHBIM YHUCJOM IPU ITUX OIPAHUYCHUAX, MO-TIPEKHEMY OTKPBIT.

Hapsity ¢ pannoHajbHBIMA 9UCIAME P/q € ( PACCMOTPUM TaK¥Ke MHOXKECTBO
rayccoBbix 1eJsibix ¢ + 1p € C. OueBujHO, OJHOMY U TOMY K€ PalMOHAJIBLHOMY
QUCILY T = Py /@ € O MOKET COOTBETCTBOBATH MHOI'O I'ayCCOBBIX 1€JIbIX, HO JIUIIIb
KOHEYHOE YUCJI0, COTJIACHO HAJIOXKEHHOMY OIpaHUYCHUIO.

Ectb emme ol TpUBHAJIBHBINA CTydail (BKJI}OanOHmI'/’I HpGILbI,Z[yIH;Hﬁ), KOTOPDIN
CJIeJIyeT UCKJIIOUNTD, TaK KaK MHAYE (v 3aBEJIOMO PAIMOHAIBLHO. DTO MOXKET ObITh,
ecJim OECKOHEYHOEe MHOYKECTBO I'ayCCOBBIX IEJIbIX ¢+ 1 P JIEXKUT Ha, OJIHON 11PsiMOI:

p=aq+p. (8)
Torna, oueBniHO, v 1 B palMOHAJBHBI U HaXOsATCst siBHO. Hanpuwmep,

P1— P2 P2q1 — P142
a=——"" f[B=""" pia=aq+p.
41— q2 41— Q2

PaccMOTpuM 1OC/IEI0BATEIBLHOCTD TAyCCOBLIX HENbIX ¢ = ¢ + i pp, 1 € N,
OMpEJIEJIUM €€ ACUMIITOTY (eCJii OHa CYIEeCTBYeT) Kak mpsamyto (8), Takyio, 9ro
s ioboro € > 0 cymecrsyer N, Takoe, U4TO BCE UJICHBI IIOCJIEJI0BATEILHOCTH

gn, n > N, jexar BHYTPHU II0JOCHI

OueBuIHO, €CJIM TayCCOBDI IEJIbIE COSJIMHIUTD HEKOTOPO IJIaIKO KPUBOit (I/IJH/I
IPOCTO JIOMAHO1), TO 9TO ONPEJEJCHUE ACUMITOTHI COBIAAET C TEM, KOTODBIIi
JIAIOT B Kypcax aHaJ/iu3a, 3a WCKJIOYEHUEM TOro, 4TO OOBIYHO TPeOyIoT, 4ToObI
KpUBasi He [IePeceKasia, aCUMIITOTY.

JlaHHBIE OlpeJiesIeHHS TO3BOJISIOT CPOPMYTUPOBATHL KPUTEPHUl HPPAIHOHA b
HOCTH, KOTODbIii 0bobmaer kpurepun Bpyna (cum. [5, 6]).

Teopema 1. Ecau nocaedosamesvhocms 2aycco6ulr Ueavix q + tp umeem
acumnmomy p = «q + 5, mo aubo wucso o = limp/q asasemesa uppayuo-
HANDHBM, AUOO HAYUHAA C HEKOMOP020 HOMEPA 6ce ¢ + 1P npunadiexncam 3mot
acumMnmome u mo2da o PatUOHaALHO.
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Joka3zareabcTBO. Eciin Ha acumirore Jiexkur 0oJjiee OJIHOIO U3 I'ayCCOBbIX
HEeJIbIX, TO v ¥ 3 panuoHaJbHbL. [[09TOMY MOXHO CYUTATH, UTO ACUMIITOTA HE
COJIEPXKUT TIEJIOUKNCICHHBIX TOUYeK. Ecim Bce Ke o palyoHaJbHO, TO aCUMIITO-
Ty MOXXHO PaCcCMOTPETh TakXKe KakK 3aMKHYTyl0 oOMOTKYy Ha Tope. [losrtomy B
JIOCTATOYHO Y3KO 110JI0Ce, CoJiepKalleil acuMIITOTY, BOOOIIE HE COAEPXKUTCS T1e-
JIOUYNCJICHHBIX TOYEK, UTO MPOTUBOPEUHUT OIpeieeHnio acuMaToTsl. 1.T. /1.

[IpuBesniem crepBa mpuMmep, Korja TeopeMa 1 He paboraert, T.e. TubO He JaeT
BO3MOYKHOCTH CJIeJIaTh BBIBOJ 00 MPPAIMOHATLHOCTH Tipejiena p/q — o, Jubo «
palroHaJIbHO.

IIyctb p=n+1, ¢ =n, Torjia p = q + 1, T.€. Bce rayccoBbl 1EJIbIE ), JIEKAT
Ha OJTHOW MpsAMOi, 1 o = 1 panuoHaJbHO. DTO ¥XKe CIPaBeJINBO, HAIIPUMED, JIJIs
nocJesoparesbocTn p = n? + 1, ¢ = n?.

[Iycrs teneps p = n? +n + 1, ¢ = n?. Toraa, ouesniuHo, npejes Tor xe. Ho
Tenepb

p=q+a+1,
T.e. ACUMIITOThI HE CYIIECTBYET, U TeopeMa 1 He PUMEHUMA.

Tenepn npusejiem npumep, kak reopema 1 padboraer. Paccmorpum rnocsieioBa-
TesibHOCTD unces Pubonaauu {F),, n € N}, koropyio 3amnuiiem B Bujie

1++5
9

VEF,=¢"— (1 —¢)", ¢= ~ 1.61803,

IJIe ¢ — 9TO 30JI0TOE CeUYeHue.

Pazywmeercs, ornommenne F,yq1/F, — 9T0 MOCIEI0BATETBHOCTD MOIXOJAIINX
Jipobeii 0OBIKHOBEHHOM 1ENHO JIpoOKU KOHCTAHThI (), U TI09TOMY OHO CTPEMUTCS K
uppannoHaabHoMy 1pejesny. Ho ecsim Obl Mbl 9TOr0 He 3HaJIM, TO, 0OO3HAUUB

p=V5F,1, §d=V5F,

110CJIe HEKOTOPBIX Ipeodpa30BaHmil MOy YUM:

pP=¢q+(2¢—-1)(1—-9)",

9TO BJIEUET UPPAIMOHAJIBHOCTD ¢ COTIACHO TeopeMe 1, tak Kak |1 — ¢| < 1.

Teopema 1 ob6obmiaer kputepuii Bpyna (cm. [5]), Tak kax 9T0T Kpurepuii (um
ero 3epkaJjibHoe orpaxkenne (cm. [4, 6])) Kak pas u rapaHTHpyeT CyIIECTBOBAHUE
ACUMITOTHL.

B camoMm jiesie, BLIIYKJ/asi BBEPX KpUBasl WX JIOMaHasl, COCIMHSION[Asl MaycCo-
BbI 1eJible, (CTpeMsIascs K OECKOHEUHOCTH) TOYKa Ha KOTOPOW BUJIHA M3 HEKO-
TOPOM TOYKM HA MHUMOU OCH, JIEXKAIE CO CTOPOHBI BBIINYKJIOCTU KPUBOM, MO/
YIJIOM, KOTOPBI MOHOTOHHO BO3pPACTAeT U OrpAHMYCH BeJIMUUHOM arctan o, — Ta-
Kas KpUBas OUEBUHO UMEET acuMIToTy (8).
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Kak nokazano B [4], Bce mocsie[oBaTe/IbHOCTH YeTHBIX (HEYETHBIX) MOJIXOJIsI-
X Jpobeit 0ObIKHOBEHHBIX HEIMHBIX APO0eil nPPaMOHaIbHBIX YUCE YI0BIETBO-
psitoT KpuTepusiM Bpyna. Teopema, 1 mosBoJisier 0TKa3aThCst OT YCJIOBUSI MOHOTOH-
HOCTH ¥ /WJIM BbIIYKJIOCTH B KpUTEepHsix BpyHa u paccmarpusBaTh HPOU3BOJILHbDIE
1OCJIEI0BATEILHOCTH.

[lepeiijieM K KJIacCHYeCKOMY KPHUTEPHIO MppaloHajbHocTH Jupuxie, Koro-
PbIil, HACKOJLKO HaM M3BECTHO, Yallle BCEro MPUMEHSIETCS Ha [PaKTHKe, HPUUIeM
CJIydad ero yCrenHoro MpuMeHeHns Kpailne pejiku (CM. BbIIIe).

[Tokaxkem, 4r0 TpebGoBaHue crpemieHust K Hyao B Kpurepuu lupuxie (1)
SIBJISIETCSI, HA, CAMOM JIeJIe, CJUIIKOM OMPaHHYUTEN]bHBIM U €r0 MOXKHO OCJIa0UTh.

Teopema 2. I[Tycmv nocaedosamesvocms payuorasbror wucea {p/q} cmpe-
mumes x npedeay o. U nycmov mmoocecmeo wucen |p — «q| ozpanuyeno, m.e.

lp — aq| < C = const. (10)

Tozda aubo wucro @ UPPAUUOHAALHO, AUOO HATIEMCA PAUUOHAALHOE YUCAO 3,
makoe, 4Mmo OeCKOHEUWHOE YUCAO 2GYCCOBHLL UCABT ¢ + 1P AeACUm HG NPAMOT
p=aq+ 5, umozda & pauuoHaILHO.

Jloka3zaresabcTBO. OrpanndeHHoe OECKOHETHOE MHOYKECTBO BEIECTBEHHBIX
qUcesl P — (v @ UMeeT XOTs Obl OJ[HY IIpejleJibHYI0 TOUKY. BodbMeM JiroOyi0 13 HUX
n obosuauum ee . Torma mpsmas p = aq + [ 9BASETCS ACUMITOTONR HEKOTO-
POii MOJIIIOCIEIOBATEILHOCTH I'ayCCOBBIX MEJIbIX ¢ + ¢ P, U IIPUMEHUMa TeopeMa 1.

T

[IpuBeseM mpuMep, Korja Teopema 2 paboTaeT, B TO BpeMs KaK KPUTEPHil
Hupuxse nenpumenum. Pacemorpum mocsienoBaresbuocts {p/q}, tie

p=el'(n+1,1), ¢g=T(n+1), neN,

n'(n+1,1) — sro nenosnnas Famma-GyHKims. DT0 MOCI0BATETLHOCTD TaCTHY-

HbIX CYMM pdja
— — e —
€= Z k!’ 0n Z k!

Kak 11oka3aHo B [5], jiJist 970 110C/1€/10BaTEIbHOCTY IIPUMEHUM KpuTepuil Bpy-
Ha, npudeM (cM. [4]) p u ¢ Hy:KHO OpaTh WMEHHO KAaK YKAa3aHO BBIIIE, T.€. IPUBe-
JleHue J1poobeit p/ ¢ HapyIiaeT Kputepuii bpyna.

[Tpumennm cnepsa Teopemy 1. Benomunas nnrerpanbioe npejcrasaenne Famma-
dyHkuit, umeem:

1
p:eq—/ t" exp(1 —t)dt,
0
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YTO JIAeT aCUMIITOTY JIJIsI PAyCCOBBIX IEJBIX, 8 YCJIOBUsI BBIMYKJIOCTH W MOHOTOH-
HOCTH MOXKHO HE TIPOBEPATh.

Ecnu BMecTO p U ¢ BBIIIE B3SITH IIOCJE0BATENHHOCTh PAIMOHAJBHBIX THCEJT
(p+cn)/(q+dy), vae ¢, d,, — 970 IPOU3BOJILHBIE OIPAHUUYEHHbIE OCJIE[0BATE b
HOCTH IEJIbIX, TO Kpurepuil JIupuxie o4eBMpIHO HAPYIIAETCsI, B TO BPEMs KakK
TeopeMa 2 JIaeT UPPaAIMOHAJBLHOCTD IIpejIea.

[IpaBga, MbI OIYyCTHIM HPOBEPKY YCJIOBHsI, UTO TAyCCOBDLI TEJIbIe HE JIeXKAT
Ha OjHON mnpsimoii. OpHako Tako# coydait (KaK HpaBHﬂo) TpUBUAJIEH U JIEI'KO
[IPOBEPSIETCSI.

Teopembl 1 1 2 UMEIOT MPOCTYO, HO HE BIOJHE OYEBUIHYIO M€OMETPHIECKYIO
UHTEPIIPETALNIO.

Paccmorpum Komiuiekcnyto miockoctb ¢ +ip = z € C u cemelicTBO NpsMbIX
(8) ma meii, e B € R — 310 mapamerp. OueBuiHo, ipn u3MeHeHun [ mpsMast (8)
IpoiijieT Yepes Jroboe rayccoBo Mmesoe.

Ouprako st « € Q u st o € Q npsimast (8) nepecekaer rayccoBbl HEJble
HPUHIMITAAIBHO PA3IMIHBIM 00Pa30M.

IIpensoxenune. Ecau a € Q, mo npamaa (8) aubo codeporcum beckonennoe
YUCAO 2GYCCOBVLT UEAVT, AUOO OHA Aeotcum 6 nekomopot nosoce (9), 2de nem
eayccoeux yeanx. Ecau orce o & Q, mo npamas (8) aubo codepocum moavko
0010 2aYCCOB0 UeAoe, AUO0 UL He codeporcum, U OHa 6Ce20a ABAACTNCA ACUMIINO-
Mot 20YCCOBHIT YEABLT, AEHCAULUT GviuLe U Hudtce npamot (8).

Jloka3zaTeabcTBO. [lepBas yacTb oueBnjiHa, TaK KaK I1IJIOCKOCTh MOXKHO CBEP-
HYTh B TOP, T.€. KOMIaKTHBIA 00bekT. st o & Q Takoif TproK He MPOXOJINT.

[Ipamas (8) me Moxker wMerTh GoJiee OJHON IMEJOUUCTCHHON TOYKH, HHATE
a, f € Q (cm. Boime). [losromy Hao jlokazaTh, 4To NpsiMast (8) He MOXKET JiexKaTh
BHYTpH 110J10ChI (9), TJie HET [EJOUUCIEeHHbIX TOYeK. [IpejnosoKuM mpoTuBHOE.
Tora BO3bMEM BEPXHIOK TPAHUILY 3TOi MOJIOCHL /1 HEKOTOporo B = 3+ £. Dra
IpsiMast COJIEPXKUT €IMHCTBEHHYIO MEJOUUCICHHYIO TOUKY, yCTh 2o = o + % Po-
Ho Torya MOXKHO cjiesiaTh 3aMEeHy KOOPJIMHAT W MEPEMECTUTH TOUKY 2) B HAYAJIO
KOOD/IMHAT.

[t nppaIoHaJIbHOrO (v MOy IeHHAST IPsIMast ABJISIETCS AaCUMIITOTOM, TaK KaK
HY>KHbBIE T'ayCCOBBI IEJIbIE TOJYYIaloTCs U3 Pa3JIoKeHusI (@ B MemHyoo apodb. [1pn
9TOM YETHBIE TOJXOJIAINE JPOOU MOHOTOHHO BO3PACTAIOT. SHAUUT, TayCCOBDI T1e-
Jible Herm30€e:KHO MosBATCA BHYTpH moJsiockl. H.T. ]I,

Kaxk o4dyeBuJHOE CJIEJCTBHE IIOJIyda€eM, YTO 3IJIEMCHTDI JII0001 I'PYIIIIbI

{p+aq, p,qg €Z, o ¢ Q} BCcrojy 1IOTHBI Ha BEIECTBEHHON OCH.
[pumep: —588 + 418 /2 ~ 7 ¢ norpernoctsio ~ 0.000323581.
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4. SAKJIIOYEHUE

Kak MbI mokaszaJiu, Teopema, 1 siBJISIeTCsl €CTeCTBEHHBIM 0000IEeHNEM KPUTEPHs
Jupuxye, B KOTOPOM, 0YeBUIHO, acuMiToTa (8) cymectByer u tam [ = 0.

Teopema 2 siBjisieTcst IPsIMbIM CJIEJICTBUEM TEOPEMbI 1, HO MOXKeT ObITh YJI00Hee
B npuMenennr. OCHOBHOE ee OTJIMYKE OT TEOPEMbI 1 — 9TO BO3MOXKHOCTL CyIIie-
CTBOBAHUs HECKOJBKUX (MM Jlayke GECKOHETHOTO KOJIMIECTBA) aCUMIITOT.

Muorue 3arpadeHHble YCUJINS MATEMATUKOB, HAIIPABJICHHLIC Ha IPUMEHEHHUE
KJIACCUMYECKOrO KpuTepus JIupuxiie B I0Ka3aTebCTBaxX UPPAMOHAJIBLHOCTH, U KO-
TOpbIE HEe MPHUBEIU K yCIEeXY, BO3SMOXKHO, H3HAYAJLHO ObLIM HAIPACHBIMU.

Panbr s xkoucrant In(2), ((2) u ((3), nomydentbie B pasj. 2, CXOAATCS
ObICTpee, YeM SKCIOHEHIMAJBHBIA PsJl, ¥ JlasKe ObICTpee, YeM MOC/Ie0BATE b
HOCTH HOAXOJSAIINX Jpobeii COOTBETCTBYIONMX OOLIKHOBEHHDBIX HEMHBIX JIpPo0Oeit
9TUX KOHCTAHT.

Kpowme Toro, 911 paszsioxkeHust BeCbMa HATIOMUHAIOT Dsijibl Duress (cm. [10]),
HO, K COKAJICHUIO, TAKOBLIMU HE SIBJISIFOTCS.

Kak maMm npeJcTaBisieTcsi, HOMCK HOBBIX MeHee OrpaHUIUTeIbHBIX KPUTEPHEB
UPPAIMOHAIBHOCTH MOXKET ObITh BECbMa HEepPCIeKTUBHBIM HAIPaBJICHHEM HCCIIe-
noBatuii. B 910i ¢Bsizu yMecTHO yroMsiHyTh (xopoino 3abbiryio) kuury [10], rie
IPUBEJCH Psiji MAJOM3BECTHBIX PA3JIOXKEHUil, KOTOPBLIE IapaHTUPYIOT HPPAIMO-
HAJIbHOCTD HYKHOU KOHCTAHTDI.
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