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Лахно В.Д. 

Трансляционно-инвариантная биполяронная теория теплоёмкости 

слоистых высокотемпературных сверхпроводников. 

В работе рассмотрена термодинамика двумерного заряженного бозе-газа со 

щелевым спектром возбуждения трансляционно-инвариантных биполяронов. 

Получены аналитические выражения для температуры бозе-конденсации Тс, 

химического потенциала μ(Т), внутренней энергии U(T), теплоёмкости CV(T) и 

величины скачка теплоёмкости ΔCV в критической точке. Проведено 

количественное согласование модели с классическими калориметрическими 

данными группы Лорама (Loram et al.1994) для оптимального допированного 

высокотемпературного сверхпроводника YBa2Cu3O6.92 (𝑇𝑐 ≈ 91.5). Показано, что 

режим сильной энергетической щели (𝜔0 ≫ 𝑇𝑐 , 𝜔0 −  частота оптического 

фонона) позволяет с хорошей точностью описать макроскопический λ-пик 

электронной теплоёмкости при участии лишь малой концентрации ТИ-

биполяронов от полной концентрации плотности носителей в плоскостях CuO2. 

Ключевые слова: преформированные пары, бозе-конденсат, псевдощель, 

ротонный спектр, эксперименты Лорама 

 

Victor Dmitrievich Lakhno 

Translation-invariant bipolaron theory of heat capacity of layered high-

temperature superconductors. 

In this paper, the thermodynamics of a two-dimensional charged Bose gas with a 

gap excitation spectrum of translation-invariant bipolarons is considered. Analytical 

expressions are obtained for the Bose condensation temperature Tc, the chemical 

potential μ(T), the internal energy U(T), the heat capacity CV(T), and the magnitude of 

the heat capacity jump ΔCV at the critical point. A quantitative agreement between the 

model and the classical calorimetric data of Loram et al. (1994) is carried out for the 

optimally doped high-temperature superconductor YBa2Cu3O6.92 (𝑇𝑐≈91.5). It is shown 

that the regime of a strong energy gap (𝜔0 ≫ 𝑇𝑐 ,  𝜔0 −optical phonon frequency) 

allows one to describe with good accuracy the macroscopic λ-peak of the electron heat 

capacity with the participation of only a small concentration of TI bipolarons from the 

total concentration of the carrier density in the CuO2 planes. 

Key words: preformed pairs, bose-condensate, pseudogap, roton spectrum, Loram 

experiments 

 

 



1. Introduction 
High-temperature superconductivity in cuprates has remained a central problem 

in condensed matter physics for decades. Traditionally, bosonic models of preformed 

pairs inevitably faced a problem: complete pairing of free charge carriers would lead 

to the complete disappearance of the Fermi surface and suppression of Fermi energy 

(EF) in the normal metallic state, which is directly refuted by precision angle-resolved 

photoelectron spectroscopy (ARPES) data [1]. 

The main aim of this paper is to theoretically resolve the conceptual contradiction 

that has divided high-temperature superconductor physics into proponents of the Fermi 

and bosonic phase transition scenarios. To this end, we examine the thermodynamic 

properties of the charge carrier gas of the layered superconductor YBCO. The charge 

carriers in this gas are holes localized in the CuO2 layers of YBCO, which can be 

considered with good accuracy as a two-dimensional gas. 

In this paper, the concept of translation-invariant (TI) bipolaron pairing is 

developed as a model of an anisotropic rarefied two-dimensional Bose gas coexisting 

with a massive Fermi background. Previously, this model was effectively used by the 

author in the case of an isotropic 3D gas to explain various properties of HTSC [2, 3]. 

Let us recall the main provisions of this concept. It considers a translation-

invariant bipolaron gas as a gas of Bose particles capable of forming a Bose condensate. 

As shown in [2, 3], a TI bipolaron is a state of two electrons (holes) bound by electron-

phonon interaction (EPI), which remains delocalized for any value of the EPI constant. 

According to [2, 3], this state is energetically more favorable than a self-trapped 

localized two-electron state or a Pekar bipolaron and differs radically from the local 

pair model [4]. Since the TI bipolaron gas is a gas of charged bosons, its Bose 

condensate corresponds to a superconducting state. As a consequence, numerous 

experimental and theoretical studies on HTSC are currently based on the idea of 

bipolarons [2, 3]. It is important to note that the TI bipolaron theory is based on the 

same initial Fröhlich Hamiltonian as the BCS theory [5, 6]. The only difference is that 

in the BCS theory, electrons interact with acoustic phonons, whereas in the TI 

bipolaron theory, they interact with optical phonons, since most HTSCs are ionic 

crystals. In the case of doped HTSC, almost all current carriers, as in a normal metal, 

are unpaired, and only a small fraction of them (a few percent) are in a paired TI 

bipolaron state in a narrow energy layer: [𝐸𝐹 + 𝐸𝑏𝑝 2⁄ − 𝛿𝐸, 𝐸𝐹 + 𝐸𝑏𝑝 /2 + 𝛿𝐸, ], 

𝛿𝐸 → 0, Ebp is the energy of a TI bipolaron. Condensation of the bipolaron gas leads to 

an infinite density of states in this layer. Thus, the energy surface of TI bipolarons 

repeats the Fermi surface in k-space, exactly repeating the anisotropy of the Fermi 

energy sheet. As will be shown below (§4), this leads to the experimentally observed 

angular dependence of the SP gap and pseudogap in layered HTSCs. 
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2. The spectrum of a translation-invariant bipolaron 

Translation-invariant TI bipolarons in HTSC materials are formed below the 

temperature of the pseudo-gapped phase. Their spectrum, according to [2, 3, 6], has the 

form: 

 𝐸𝑘(𝒫⃗ ) = {
𝐸𝑏𝑝(𝒫⃗ ), 𝑘 = 0

𝐸𝑏𝑝(𝒫⃗ ) + 𝜔0(𝒫⃗ , 𝑘⃗ ) + 𝑘2 2𝑀⁄ − 𝑘⃗ 𝒫⃗ 𝑀𝑏𝑝⁄ , 𝑘 ≠ 0
, (1) 

where 𝒫⃗  is the total momentum of the TI bipolaron with the ground state mass 𝑀𝑏𝑝 

and energy 𝐸𝑏𝑝, 𝜔0 is the phonon frequency, 𝑀 = 2𝑚, where m is the effective mass 

of the band electron (hole), k corresponds to the wave vectors of the excited states of 

the TI bipolaron. The use of spectrum (1) is the basis of the bipolaron theory of 

superconductivity, the results of which are summarized in the book [3]. 

To describe the thermodynamic properties of HTSC, in (1) we should set 𝒫⃗  equal 

to zero. As a result, for the spectrum we get: 

 𝐸𝑘(0) = 𝐸𝑘 = 𝜔0 + 𝑘2 2𝑀⁄ ,    𝐸0(0) = 0. (2) 

In (2), the energy is calculated from the ground state energy of the TI bipolaron 𝐸𝑏𝑝. 

Spectrum (2) was first introduced by Landau [7] to describe roton excitations in the 

theory of superconductivity. Below, we use spectrum (2) to describe the 

thermodynamics of layered HTSCs, in which superconductivity is realized in 2d CuO2 

planes. 

3. Thermodynamics of a 2d-gas of TI bipolarons 
a) condensation temperature Tc 

We consider an ideal two-dimensional Bose gas of TI bipolarons with spectrum (2) to 

simulate a Bose condensate in the 2d plane of a layered HTSC. For a plane with an 

anisotropic mass spectrum (YBCO), the value M will be understood as: 

 𝑀 = √𝑀𝑎𝑀𝑏 (3) 

the effective mass in the principal axes (YBCO). 

Let us find the conditions under which the Bose gas under consideration 

undergoes condensation. At a temperature below the Bose condensation temperature, 

the chemical potential μ becomes equal to the ground state energy, i.e., μ = 0 (the 

energy is counted from the bipolaron energy Ebp). Let us assume 𝑛 = 𝑛0 + 𝑛′, where 

𝑛0  is the concentration of particles in the Bose condensate per unit surface area of the 

layer, 𝑛′ is the concentration of supracondensate particles, and n is the total 

concentration of TI bipolarons in the layer. For 𝑇 = 𝑇𝑐, the quantity 𝑛0 = 0.  In this 

case, the equation for determining 𝑇𝑐 has the form: 
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 𝑁 = ∫
𝑔(𝐸)𝑑𝐸

𝑒𝐸 𝑇𝑐⁄ −1

∞

𝜔0
 (4) 

where: 𝑔(𝐸) = 𝑀𝑆 2𝜋ℏ2⁄  is the density of states, which in the two-dimensional case 

does not depend on E, S is the surface area of the HTSC layer, and 𝑁 = 𝑛 ∙ 𝑆 is the 

total number of particles. As a result, from (3), (4) we obtain: 

 𝑛 = −
𝑀𝑇𝑐

2𝜋ℏ2
𝑙𝑛(1 − 𝑒−𝜔0 𝑇𝑐⁄ ) (5) 

Let us express this ratio in terms of the characteristic temperature: 𝑇0 = 2𝜋ℏ2 𝑛 𝑀⁄ : 

 
𝑇0

𝑇𝑐
= −𝑙𝑛(1 − 𝑒−𝜔0 𝑇𝑐⁄ ) (6) 

This equation can be represented in symmetric form: 

 𝑒−𝑇𝑜 𝑇𝑐⁄ + 𝑒−𝜔0 𝑇𝑐⁄ = 1 (7) 

When 𝜔0 = 𝑇0 equation (7) has an exact solution: 𝑇𝑐 = 𝑇0 𝑙𝑛2⁄ . Accordingly, for a 

small gap 𝜔0 ≪ 𝑇0 we obtain from (7) 𝑇𝑐 ≈ 𝑇0 𝑙𝑛(𝑇0 𝜔0⁄ )⁄ , for a large gap 𝜔0 ≫ 𝑇0, 

𝑇𝑐 ≈ 𝜔0 𝑙𝑛(𝜔0 𝑇0⁄ )⁄ . 

b) chemical potential. 

The total surface density of particles n at 𝑇 > 𝑇𝑐 is expressed through the integral 

over excited states, taking into account the chemical potential μ: 

 𝑛 = −
𝑀

2𝜋ℏ2 ∫
𝑑𝐸

𝑒(𝐸−𝜇) 𝑇⁄ −1

∞

𝜔0
  (8) 

using the characteristic temperature 𝑇0 = 2𝜋ℏ2 𝑛 𝑀⁄ , we rewrite this equation as: 

 
𝑇0

𝑇
= −𝑙𝑛(1 − 𝑒−(𝜔0−𝜇) 𝑇⁄ ) (9) 

from which it follows: 

 𝜇(𝑇) = 𝜔0 + 𝑇𝑙𝑛(1 − 𝑒−𝑇0 𝑇⁄ ),     𝑇 > 𝑇𝑐. (10) 

For 𝜇(𝑇𝑐) = 0, from (10) we obtain an equation for 𝑇𝑐 of the form of (7). 

In the region of high temperatures (𝑇 ≫ 𝑇0,   𝜔0), from (10) we get: 

 𝜇(𝑇) ≈ 𝜔0 − 𝑇𝑙𝑛 (
𝑇

𝑇0
) (11) 

This corresponds to the classical limit (Boltzmann gas) corrected for energy shift 𝜔0. 

Below the critical temperature (𝑇 < 𝑇𝑐), as in the classical Bose-Einstein 

condensate, the chemical potential is strictly fixed at the level of the ground state 

energy of the TI bipolaron: 

 𝜇(𝑇) = 0,     𝑇 ≤ 𝑇𝑐 (12) 
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c) energy and heat capacity 

To calculate the energy and heat capacity, we divide the problem into two regions: 

below the critical temperature ( 𝑇 < 𝑇𝑐 where 𝜇 = 0) and above (𝑇 > 𝑇𝑐  , where 𝜇(𝑇) 
is determined (10)). 

The energy of the system U(T) is determined by integrating the Bose-Einstein 

distribution with the weight E:  

 𝑈(𝑇) = ∫ 𝐸
𝑔𝑑𝐸

𝑒(𝐸−𝜇) 𝑇⁄ −1

∞

𝜔0
. (13) 

As a result, we have: 

 𝑈(𝑇) = 𝑔𝑇2 ∫
𝑥𝑑𝑥

𝑒𝑥−1

∞

𝑥𝑚𝑖𝑛
+ 𝑔𝑇𝜇 ∫

𝑑𝑥

𝑒𝑥−1

∞

𝑥𝑚𝑖𝑛
. (14) 

where: 

𝑥𝑚𝑖𝑛 = (𝜔0 − 𝜇) 𝑇⁄  

the second integral here is equal to the number of particles in excited states 𝑛′. 

In the region 𝑇 < 𝑇𝑐 the integration limit is equal to: 𝑥𝑚𝑖𝑛 = 𝜔0 𝑇⁄  and μ=0, 

therefore the second term is zeroed out: 

 𝑈(𝑇) = 𝑔𝑇2 ∫
𝑥𝑑𝑥

𝑒𝑥−1

∞

𝑥𝑚𝑖𝑛
 (15) 

In the region 𝑇 > 𝑇𝑐 all particles are in a supra-condensate state (𝑛 = 𝑛′). From 

equation (9) follows the expression for the lower limit in (14): 𝑥𝑚𝑖𝑛 =
−𝑙𝑛(1 − exp (−𝑇0 𝑇⁄ )). As a result, for U(T) from (14) we obtain: 

 𝑈(𝑇) = 𝑔𝑇2 ∫
𝑥𝑑𝑥

𝑒𝑥−1

∞

−𝑙𝑛(1−exp (−𝑇0 𝑇)⁄ ).
+ 𝑁𝜇(𝑇) (16) 

Heat capacity is found as a derivative of energy with respect to temperature: 𝐶𝑉 =
(𝜕𝑈 𝑇⁄ )𝑉. From (15), (16) at 𝑇 ≤ 𝑇𝑐 we obtain: 

 𝐶𝑉 =
2𝑁𝑇

𝑇0
∫

𝑥𝑑𝑥

𝑒𝑥−1

∞

𝜔0 𝑇𝑐⁄
+ 𝑁

𝜔0
2

𝑇0𝑇

1

𝑒𝜔0 𝑇⁄ −1
,   𝑇 ≤ 𝑇𝑐 (17) 

Accordingly, at 𝑇 > 𝑇𝑐 we get: 

 𝐶𝑉 = 𝑔∫ 𝐸
𝑒(𝐸−𝜇) 𝑇⁄ (

𝐸−𝜇

𝑇2 −
1

𝑇
∙
𝜕𝜇

ð𝑇
)

(𝑒(𝐸−𝜇) 𝑇⁄ −1)
2

∞

𝜔0
𝑑𝐸 (18) 

Let us find 𝜕𝜇 𝜕𝑇⁄  from the exact expression (10) for 𝜇(𝑇): 

 
𝜕𝜇

𝜕𝑇
=

𝜇−𝜔0

𝑇
−

𝑇0

𝑇
∙

1

𝑒𝑇0 𝑇⁄ −1
 (19) 

At the point 𝑇𝑐
+ (on the high temperature side) 𝜇 → 0, and 𝑒−𝑇0 𝑇𝑐⁄ = 1 − 𝑒−𝜔0 𝑇𝑐⁄ . As 

a result, the value of the derivative at the threshold is: 
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𝜕𝜇

𝜕𝑇
|
𝑇𝑐

+
= −

𝜔0

𝑇𝑐
−

𝑇0

𝑇𝑐
(𝑒𝜔0 𝑇𝑐⁄ − 1) (20) 

After substituting (20) into the integral for 𝐶𝑉(𝑇𝑐
+) and taking it by parts, the value of 

the heat capacity to the right of the transition point takes the form: 

 𝐶𝑉(𝑇𝑐
+) = 𝐶𝑉(𝑇𝑐

−) − 𝑁
𝜔0

2

𝑇0𝑇𝑐(𝑒
𝜔0 𝑇𝑐⁄ −1)

∙ [1 +
𝑇0

𝜔0
(𝑒𝜔0 𝑇𝑐⁄ − 1)]

2
 (21) 

A jump in heat capacity is defined as the difference between the values when 

approaching the critical point on the left and on the right. From (21) it follows that:  

 ∆𝐶𝑉 = 𝑁
𝜔0

2

𝑇0𝑇𝑐(𝑒
𝜔0 𝑇𝑐⁄ −1)

[1 +
𝑇0

𝜔0
(𝑒𝜔0 𝑇𝑐⁄ − 1)]

2
. (22) 

Using the identity for the critical point 𝑒𝜔0 𝑇𝑐⁄ − 1 = 1 (𝑒𝑇0 𝑇𝑐⁄ − 1)⁄ , formula (22) can 

be simplified by making it symmetric: 

 

∆𝐶𝑉 = 𝑁
𝜔0

2

𝑇0𝑇𝑐
(𝑒𝑇0 𝑇𝑐⁄ − 1)(1 +

𝑇0 𝜔0⁄

𝑒𝑇0 𝑇𝑐⁄ − 1
)

2

 

After squaring we finally get: 

 

∆𝐶𝑉 = 𝑁
(𝜔0(𝑒

𝑇0 𝑇𝑐⁄ − 1) + 𝑇0)
2

𝑇0𝑇𝑐(𝑒
𝑇0 𝑇𝑐⁄ − 1)

 

Let us consider the limiting cases. At 𝜔0 → 0 the transition temperature: 𝑇𝑐 → 0. Bose 

condensation in a purely two-dimensional case in the absence of a gap is impossible 

(Mermin-Wagner theorem [8]). The jump in heat capacity in this case tends to zero. 

For the exact solution 𝜔0 = 𝑇𝑐: 𝑇𝑐 = 𝑇0 𝑙𝑛2⁄ , 𝑒𝑇0 𝑇𝑐⁄ = 2. Substituting this value 

for ∆𝐶𝑉 we obtain ∆𝐶𝑉 ≈ 2,77𝑁. 

d) number of excited particles 

Below the critical temperature, the chemical potential is zero and the density of 

excited particles 𝑛′ = 𝑁′ 𝑆⁄   𝑁 = 𝑁′ + 𝑁0, where 𝑁0 is the number of particles in the 

condensate, 𝑁′- above the condensate, is determined by integrating over the spectrum 

with a gap 𝜔0: 

𝑛′(𝑇) =
𝑀

2𝜋ℏ2
∫

𝑑𝐸

𝑒𝐸 𝑇⁄ − 1

∞

𝜔0

, 𝑇 ≤ 𝑇𝑐 

 

or: 

𝑁′

𝑁
= −

𝑇

𝑇0
𝑙𝑛(1 − 𝜔0 𝑇⁄ ),   𝑇 ≤ 𝑇𝑐   
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accordingly: 

 

𝑁′

𝑁
=

𝑇

𝑇𝑐
∙
𝑙𝑛(1 − 𝑒−𝜔0 𝑇⁄ )

𝑙𝑛(1 − 𝑒−𝜔0 𝑇𝑐⁄ )
,   𝑇 ≤ 𝑇𝑐 

it follows that when 𝜔0 ≪ 𝑇𝑐: 
 

𝑁0

𝑁
≈ 1 −

𝑇

𝑇𝑐

𝑙𝑛(𝑇 𝜔0⁄ )

𝑙𝑛(𝑇𝑐 𝜔0⁄ )
 

as the gap tends to zero (𝜔0 → 0), the critical temperature 𝑇𝑐 → 0 and, in accordance 

with the Mermin-Wagner theorem, the condensate in the system disappears at any final 

temperature 

4. Comparison with the experiment 

Let us compare the results obtained with the classical experiments of Loram [9] – 

[11] on measuring the jump in heat capacity in an optimally doped YBa2Cu3O7 crystal. 

The strong point of these experiments is the measurement of the contribution of paired 

current carriers to the heat capacity. They succeeded in clearing the total heat capacity 

from the phonon contribution and the contribution of unpaired electrons. To compare 

the theory with the experiment, we chose the following values of the parameters: 𝑀 =
4𝑚0, where 𝑚0 is the mass of a free electron, 𝜔0 ≈ 392 𝐾 (or 33,8 meV), 𝑛3𝐷 ≈ 4,6 ∙
1019 cm-3 (which corresponds to 0.008 bosons per cell). This value is about 5% of the 

total measured hole concentration in YBCO (~1021cm-3) and corresponds to the 

concentration of TI bipolarons in the plane ≈ 2,7 ∙ 1012cm-2. 
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Fig. 1 Comparison of the theory (red line) with the experiment [9] (circles) 

Figure 1 shows a comparison of the theoretical and experimental temperature 

dependences for concentrations close to the optimally doped YBa2Cu3O6+x crystal with 

𝑥 ≈ 0,9. Note that earlier in [12], in which the effective mass of the 3D case was taken 

not as mass (3), but as the effective mass 𝑀 = √𝑀𝑎𝑀𝑏𝑀𝑐
3

, a value close to 𝑛3𝐷 ≈ 1,4 ∙

1019 cm-3 was obtained for the concentration of TI bipolarons. 

 

Fig. 2 The figure shows the opening of the YBCO gap (shaded green).  

The blue is the binding sheet, the red is the anti-binding sheet. 

Such a good agreement with the experiment, shown in Figure 1, may be surprising 

due to the isotropic value of the excited-state energy of the TI bipolaron 𝜔0. It would 

seem that this contradicts the experiment on measuring the angular dependence of the 

gap. In fact, the angular dependence of the gap in YBCO follows immediately from the 

model considered. The fact is that since the excitation energy of a TI bipolaron 𝐸𝑘 =
𝐸𝑏𝑝 + 𝜔0 does not depend on k, this value is a circle in the kx, ky plane (see Fig. 2). If 

we assume that TI bipolarons in YBCO originate in the nodal direction, then the 

condition for their formation is the fulfillment of the equality 𝐸𝑘𝐹
= 𝐸𝐹, where 𝐸𝐹  is 

the Fermi energy in the (kx, ky) plane, which corresponds to 𝑘 = 𝑘𝐹. As for other points 

in the plane, a gap Δ𝑘 arises in them equal to: Δ𝑘 = 𝐸𝑘 − 𝐸𝐹. Using a real arched 
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structure 𝐸𝐹 in this plane for YBCO with very high accuracy (approximately 1.5%) 

yields: 

Δ𝑘 = Δ0|𝑐𝑜𝑠𝑘𝑥𝑎 − 𝑐𝑜𝑠𝑘𝑦𝑎| 

 

with Δ0 ≈ 20 ÷ 25 meV, that is, the experimentally observed dependence of the gap 

on the wave vector k. 

It should be noted that the superconducting gap defined in this way is entirely 

consistent with the concept of a pseudogap, which, according to experimental 

observations, retains its shape even at 𝑇 > 𝑇𝑐 in the pseudogap phase, when 

superconductivity is no longer present. This definition of the superconducting gap fully 

corresponds to the Bogolyubov-de Gennes definition of a gap, according to which the 

spectrum of elementary excitations 𝜀(𝑘) in the superconducting gap has the form [13]: 

 

𝐸(𝑘⃗ ) = ±√𝜉2(𝑘⃗ ) + |Δ(𝑘)|2 

where 𝜉(𝑘⃗ ) = 𝜀(𝑘⃗ ) − 𝜇 is the energy of an electron in the normal (non-

superconducting) state, counted from the chemical potential μ (the Fermi energy). For 

a circle of radius 𝑘 = 𝑘𝐹 by definition 𝜉𝑘𝐹
= 0 and 𝐸(𝑘⃗ ) = Δ(𝑘⃗ ). 

In the peak region 𝑇 < 𝑇𝑐 (82-91,5) K under consideration, exponential thermal 

activation occurs. In this phase, the heat capacity increases with temperature according 

to a law close to  ~𝑒−𝜔0 𝑇⁄ . At a fixed chemical potential 𝜇 = 0, thermal energy is 

expended on the transfer of bosons from the macropopulated ground state (condensate) 

to excited states through the gap 𝜔0 = 392 𝐾 (33,8 meV). The precise coincidence of 

the slope of the red line in Fig. 1 and the experimental circles confirms the correctness 

of this value. At the critical point, the number of bosons in the condensate 𝑁0 vanishes. 

An idealized calculation yields a heat capacity cutoff at 𝑇 = 𝑇𝑐, which in an actual 

experiment is smoothed out in the interval ±1𝐾 due to spatial fluctuations in the phase 

of the order parameter and a slight heterogeneity in the oxygen distribution throughout 

the YBCO sample. 

In the region 𝑇 > 𝑇𝑐 (91,5K-102K) just above 𝑇𝑐 the heat capacity of the boson 

subsystem drops to the background level of 𝑁𝐾𝐵 ≈ 66,5 mJ/mol K. The experimental 

"tail" decays slightly slower than the theory, since TI bipolarons, due to the large gap 

𝜔0, continue to exist as short-range order (fluctuation pairs) up to the pseudogap 

temperature 𝑇∗. This confirms the hypothesis that the pseudogap phase is the 

nucleation region of preformed bound pairs. 
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5. Discussion of the results 

Loram's experiments [9]–[11] were once unambiguously interpreted as indicating 

the absence of bound pairs at 𝑇 > 𝑇𝑐. This is due to the fact that the temperature 

dependence of the heat capacity at 𝑇 > 𝑇𝑐 practically coincides with the Sommerfeld 

heat capacity of a metal in which there are no bound electron pairs. Our results 

refute this statement. Indeed, in the TI-bipolaronic model we are considering, the TI-

bipolarons remain stable even at 𝑇 > 𝑇𝑐 and, nevertheless, the temperature dependence 

of the heat capacity corresponding to them almost exactly coincides, according to Fig. 

1, with the fermionic heat capacity. This removes the objection to the existence of 

paired states at 𝑇 > 𝑇𝑐.  

It should be noted that the 𝜔0 = 33,8 meV frequency obtained in the optimally 

doped phase (YBa2Cu3O6,92-6,95, 𝑇𝑐 = 92 − 93,5 К) falls within the peak region of the 

in-plane oscillations of the О(2), О(3) oxygen atoms in the conducting CuO2 layers. 

These oscillations represent in-phase or out-of-phase displacements of the oxygen 

atoms along the crystallographic axes of the ab plane. This optical mode is strongly 

related to the planar hole gas by the electron-phonon interaction. Upon transition to the 

superconducting state, it experiences an anomalous softening and profile asymmetry 

(Fano mode) precisely in the region of 33-34 meV. 

 
 

Fig. 3 Crossover from BCS to BEC: a) theory [16], b) theory [3], c) and d) ARPES 

experiment [15] for the iron-containing superconductor FeSe1-xSx. A comparison is 

given of the theoretical spectrum of the TI bipolaron (upper right corner) shown in 

Fig.°2 (formula (2)) with the experimental one (lower right corner) [15] of the iron-
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containing superconductor FeSe1-xSx. It is shown that at a low concentration of current 

carriers, a gap is formed at k=0 (Bose condensate regime). At a high concentration of 

current carriers (upper-left corner, theory [16]), the BCS regime is realized (lower-left 

corner experiment [15]) and a gap is formed at the Fermi momentum. 

In YBCO, the absorption peak at this frequency falls in the region of the SC gap, 

the maximum of which, 2Δ0 ≈ 40 − 50 meV, lies above this frequency, so it is clearly 

visible experimentally in the SC phase. 

Sometimes, the pseudogap is understood to be the bipolaron energy Δ𝑝𝐺 = |𝐸𝑏𝑝|, 

or the energy of the temperature-induced dissociation of the bipolaron into individual 

polaron states: 𝛿|𝐸𝑏𝑝| = |𝐸𝑏𝑝 − 2𝐸𝑝|, where 𝐸𝑝 is the energy of the polaron state. Such 

a gap, naturally, does not have any angular dependence, since it is the quantity that 

determines the dissociation of the bipolaron. In optical experiments, the formation of 

bipolarons upon the opening of the pseudogap phase is accompanied by the appearance 

of an absorption peak in the infrared range: Δ𝑝𝐺~(0,06 ÷ 0,2) eV and a weak peak in 

the (0,01 ÷ 0,02) eV range, the presence of which can be attributed to the quantity 

𝛿|𝐸𝑏𝑝| [14]. 

This confirms the double-gap model of cuprates, in which the pseudogap is a high-

energy scale reflecting the binding energy of TI bipolarons, and the low-energy SC gap 

opens only when their Bose condensate is formed on Fermi arcs in the nodal directions. 

In conclusion, we note that our analysis was based on a single-band model. In 

YBCO and other layered HTSCs, the situation is somewhat more complex due to the 

fact that the YBCO unit cell contains not one, but two CuO2 superconducting planes, 

whose parameters differ slightly (Fig.°2). This means that the approach under 

consideration can be generalized to the two-band case by summing the contributions 

from each plane independently. This leads to only minor changes in the results 

obtained. 
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